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Abstract

We study the asymptotic behaviour of (exact or approximate) min-
imizers of 3D nonlinear elasticity for plates of thickness A in the limit
h — 0. We prove that 3D minimizers converge, after suitable rescal-
ing, to minimizers of a hierarchy of plate models. What distinguishes



the different limit models is the scaling of the elastic energy per unit
volume ~ h?. This is in turn governed by the strength of the applied
force ~ h®. Membrane theory, derived earlier by Le Dret and Raoult,
corresponds to a = [ = 0, nonlinear bending theory to a = g = 2,
Foppl von Kérméan theory to @ = 3, § = 4 and linearized vK theory
to a > 3. Intermediate values of a lead to certain novel theories with
constraints. A key ingredient in the proof is a generalization to higher
derivatives of our rigidity result [31] that for maps v : (0,1)3 — R3,
the L? distance of Vv from a single rotation is bounded by a multiple
of the L? distance from the set SO(3) of all rotations.
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1 Introduction

A fundamental problem in nonlinear elasticity is to understand the relation
between the three-dimensional theory and theories for lower-dimensional
objects (plates, shells, rods, ...). There are many such theories (see e.g.
[52, 3, 18]) and their derivation and validity has been a subject of many
discussions. In particular the von Kdrman plate equations, first formulated
almost a hundred years ago [45], have been a subject of heated controversy
in the continuum mechanics and applied mathematics communities. On
the one hand these equations have been very widely used by engineers and
nonlinear analysts alike; on the other hand their derivation has faced harsh
criticism. Truesdell [76] writes about von Kdrman’s theory: “Analysts seem
to love it, and it makes no sense to critical students of mechanics”. His
main criticisms (which he attributes to S.S. Antman) are: approximate ge-
ometry, assumptions one the way the stresses vary over the cross-section,
commitment to some specific linear constitutive relation, neglect of some
components of the strain and an apparent confusion of the referential and
the spatial descriptions. These five criticisms are also quoted in [17] and
we discuss them in more detail in Section 9. Villaggio [78] refers to the
von Karman theory as a typical example of a “bad theory” in the introduc-
tion of his text book on structural analysis and Ciarlet writes in his three
volume treatise on nonlinear elasticity, plate and shell theories: “The two-
dimensional von Karmén equations for nonlinearly elastic plates, originally
proposed by T. von Karman in 1910, play an almost mythical role in applied
mathematics” [18, p. 367].

In this paper we show that the vK equations arise as a rigorous vari-
ational limit (or I'-limit) of the equations of nonlinear three dimensional
elasticity in the limit of vanishing thickness. In fact we derive a hierarchy
of limiting theories which include the vK theory (see Table 1 in Section 2.6



for an overview and see Theorems 2 and 4 for precise statements). The
different limiting theories are distinguished by different scaling exponents of
the energy as a function of the thickness. The scaling of the energy in turn
is controlled by the scaling of the applied forces.

Our approach begins with the elastic energy

Ehw) = / W(Vw(z))dz (1)
Qp

of a deformation

w:Qh:Sx(—g,g)eR‘?‘.

It is natural to consider the energy per unit volume £"/h, see (2) below.

Heuristically one expects that deformations with £"/h ~ 1 correspond
to a stretching of the midplane S leading to a membrane theory, while
E"/h ~ h? corresponds to a bending deformation (where S remains un-
stretched) leading to nonlinear plate theory (first proposed by Kirchhoff
[44]). If E"/h ~ h* one expects that the relevant rotations vary only by or-
der h and that one can linearize around a rigid motion. Scaling the in-plane
and the out-of-plane deviation differently, one is formally lead to the von
Karman theory of plates.

Membrane theory was rigorously justified in [47, 48, 49] in the sense of T'-
convergence [24, 22] (for related work see also [1, 4] and for connections with
the classical tension field theory in mechanics [80, 70, 71] see [65, 66]). The
bending theory of plates and shells was recently obtained as a I'-limit [30,
31, 33|, see also [62, 63]. It is more delicate since the limit problem involves
higher derivatives and hence the limit A — 0 corresponds to a singular
perturbation. (The earlier work [13] also uses I'-convergence, but the authors
need to impose additional constraints on the admissible three dimensional
deformations to get enough compactness to complete the argument).

In this paper we study limiting theories corresponding to the scaling
E"/h ~ 1P, B > 2, and we rigorously derive a hierarchy of theories by I'-
convergence. For 3 = 4 we obtain the vK theory, for 8 > 4 we obtain the
usual linear theory (leading to the biharmonic equation for the out-of-plane
component for isotropic energies) and for 2 < § < 4 we obtain a theory
with constraints. From the point of view of vK theory the constraint is that
the vK stretching energy has to vanish, from the point of view of nonlinear
bending theory the constraint can be seen as a geometrically linear version of



the isometry constraint. The famous expression (1/2)[V'u+ (V'u)T + Vv ®
V'v] for the membrane strain with its dependence on the in-plane and out-
of-plane displacement, which leads to the nonlinearity in the vK equations,
was used earlier in Foppl’s work [27]. Consequently, in the physics literature
one also finds frequently the term Foppl-von-Karman theory. In contrast to
von Karman, however, Foppl considers only a membrane contribution to the
energy and no bending contribution. In Section 2.5 we briefly discuss how (a
relaxed version of) Foppl’s theory arises if one assumes clamped boundary
conditions. The different scalings and the corresponding limiting theories
are summarized in Tables 1 and 2 in Section 2.6 below.

Various hierarchies of theories have been previously suggested in the lit-
erature based on formal asymptotic expansions or extra assumptions on the
kinematics of the three-dimensional deformations; for recent contributions
see, e.g., [29, 53]. However, the constrained theory we obtain for 2 < § < 4
and which involves non-integer scaling exponents seems to be new among
theories derived either rigorously or formally. One typical problem with for-
mal expansions is that they can miss important effects if the class of ansatz
functions is not rich enough. One example is the membrane theory con-
sidered in [29], which misses the fact the membranes have no resistance to
compression (due to lack of bending energy they show “crumpling”). We do
not discuss here the huge literature on the derivation of lower dimensional
theories starting from geometrically linear three dimensional elasticity; rig-
orous convergence results go at least back to [54], see [18] for an extensive
discussion of the literature.

That suitable bounds on the scaled displacements imply rigorous I'-
convergence of the energy to the vK functional has been shown by A. Raoult
[69]. For a different rigorous approach to the von Karman equations based
on a clever use of the implicit function theorem see [56]. A justification of
the von Kdrman equations through formal asymptotics was given by Ciarlet
[17]. Some of the results proved here have been announced in [32].

2 Main results

2.1 Setup

To state our results it is convenient to work in a fixed domain 2 = S X

(=3, %), change variables z = (z1, 22, 22) and rescale deformations according

to y(x) = w(z(x)) so that y : Q — R3. We abbreviate 2’ = (x1,22) and use



the notation V'y =y 1 ® e; + y2 ® ez for the in-plane gradient so that

1
Vw = (V'y, 79:3) = Viy

and

%S(w) = I"(y) == /W(Vhy) dx. (2)
Q

We assume that the stored energy W is Borel measurable with values in
[0, 00] and satisfies

W(QF)=W(F) VQ € SO(3), (3
W=0 on SO@3), (4

W(F) > cdist®(F,SO(3)),  ¢>0, (5
W is C? in a neighborhood of SO(3). (6

— — ~— ~—

Since in many cases the relevant deformation gradients will be close to
SO(3) we also consider the quadratic form

2
Qs(F) = S (1a)(F.F), @

which is twice the linearized energy, and Qs : R2*? — R,

Q2(G) = Helgé Q3(G+a®ez+e3®a) (8)

obtained by minimizing over stretches in the x3 directions. In view of (4)
and (5) both forms are positive semidefinite and hence convex. For the
special case of isotropic elasticity we have

F+T

Qs(F) =2 2+ A(tr F)?,
_ G+GT 2 2u\ )
Q2(G) = 2u|—5—["+ 2MJF)\(trG) : 9)

In view of (4)-(6) Q2 and @3 are positive-definite on symmetric matrices.



2.2 From membrane theory to nonlinear bending theory: 0 <
a <2

Here we quickly review the known (and some recent) results for forces with
scaling exponent o between 0 and 2. In the case o = 0, which leads to
membrane theory, we need some additional assumptions and notation. We
assume that the three-dimensional energy density W satisfies

W(F) < C(1+|FPP), W(F)>c[FP—C, forsomep>2c>0. (10)

Weaker growth hypotheses, which are compatible with the condition W (F') —
oo as det F' — 0, are also possible, see [7]. For the corresponding membrane
theory we consider the two-dimensional energy density Wap : R3*2? — [0, oc],
defined by minimizing out over stretches in the z3 direction,

Wop(F') := mﬁg W(F' +a®e3) (11)
ac

and its quasiconvexification
Wmembrane(F/) = WQ(ILC)(F,)
= inf{/ Waop(F' 4+ V'n) : n € CH(S,R?)}. (12)
S

In this way the membrane energy Wiembrane takes into account the energy
reducing effect of possible fine-scale oscillations. These do indeed arise in
compression and Wipembrane(F’) vanishes whenever (F')TF’ < Id. This
effect is missed by theories based on formal asymptotic expansion.

The results about limiting theories can be stated in terms of convergence
of minimizers or using the closely related notion of I'-convergence. For the
former we consider the functionals

) = [ W(Th) = 1)y da, (13)
Q
where the applied forces f(") : S — R? satisfy
1
ﬁﬂh) — f in L*(S;R3). (14)

Here and in the following the half-arrow — denotes weak convergence. We
assume that the total force and the total moment applied to the reference
configuration is zero, i.e.

/Qf(h)dx:(), /Qx/\f(h)dx:O. (15)



Here, the former avoids the absence of a lower bound arising from the trivial
invariance y — y+ const.. The latter can always be satisfied by rotating the
forces f(M) — QM () Q) ¢ SO(3), this being without loss of generality
because of the rotational invariance of W in (13). Since f*) is independent
of x5 the conditions (15) are equivalent to

/S FM da' =0, /S o f{ da’ =0, /S o f —aafM da’ = 0. (16)

For a > 2 we also assume that the limiting force points in a single direction
which we may choose to be the x3 direction

fi=f2=0. (17)

If one imposes suitable boundary conditions which prevent a rigid motion
of the plate one can also consider a combination of normal and tangential
forces with different scalings. This will be discussed in detail in [35].

To cover cases where there may be nonattainment of the 3D energy, it
is convenient to study not only convergence of exact minimizers but also
of almost minimizers of J". Since the energy J" will typically scale like a
power of h we say that a sequence of deformations y is a B-minimizing
sequence if

lim sup i(Jh(y(h)) —inf J") = 0. (18)
hoo  hP
Theorem 1 (Membrane to nonlinear bending theory) Suppose that the
stored energy W satisfies (3)—(6) and the forces satisfy (14) and (16). The
following assertions hold.

i) (membrane theory [47, 48, 49])  Suppose in addition (10). Suppose
that o = 0 and set 3 = 0. Then |inf J*| < C. Ify"M is a B-minimizing
sequence then yM — g in WH2(Q;R®) (for a subsequence). The limit
y is independent of x3 and minimizes

Jg(y) = /SWmembmne(v/y) - f . yd$/ (19)

among all y : S — R3.

it) (constrained membrane theory [19])  Suppose that 0 < o < 1 and
set f = a. Then |inf J*| < Ch® and every B-minimizing sequence



y") has a subsequence with yM — g in WI2(Q;R?). The limit § is
independent of x3, satisfies (V'5)TV'y < Id and minimizes

10(y) = /g Cfoydd! (20)

among all y : S — R3 with (V'y)TV'y < Id.

i11) (nonlinear bending theory [30, 31])  Suppose that @ = 2 and set
B =2. Then |inf J"| < Ch? and if y™ is a B-minimizing sequence we
have strong convergence y") — g in Wh2(Q;R3) (for a subsequence).
The limit map is independent of x3, is an isometric immersion, i.e.
(V'9)T'V'y = Id, and belongs to W22(Q;R3). Introducing the normal
v =191 Nyao one can consider the second fundamental form flij =
—¥4j - U, where i,j € {1,2}. Then § minimizes

1 /
B = [ 33@A) -~ [ yde (21)

among all isometries y : S — R3 which belong to W?2(S;R3). The
nonlinear strain satisfies

W (Vay™M) Vg™ — 1d) — 23(A(2") + sym amin @ e3),

where 2sym G = GT + G and where apy, is the vector which appears
in the definition (8) of Qa, i.e. Q2(A) = Q3(A + amin @ €3).

In all cases we have convergence of energy, i.e.

lim Bk (M) = lim h=Pinf J* = J%(7) = min JO. (22)

Convergence of minimizers for the nonlinear bending theory was ob-

tained independently by Pantz [62, 63] under the stronger assumption that
(Viay") T,y is uniformly close to the identity.

The range 1 < a < 2 is largely unexplored. In the context of delamina-
tion and blistering of thin films [37] one is lead to the study of compressive
Dirichlet boundary conditions such as y) (2/, 23) = (A\z/, has) on dS x I,
with 0 < A < 1 and one can show that ch < inf Ih(y(h)) < Ch, with ¢ > 0,
see [9] (as well as [40, 8] for related work), and [19] for the extension to
anisotropic compression. The T-limit of A~'I" is not known.

If instead of Dirichlet boundary conditions we only assume that y( —
(Az’,0) in W12 then much less is known. S. Venkataramani has constructed



maps with periodic boundary conditions whose energy scales like h%/3. His
construction shows that for A\ = 0 one can achieve an energy bound Ch%/3.
Conti and Maggi [20] have generalized this construction to a much large
class of limit maps. They have also shown that every short map (i.e. every
map satisfying (V'y)TV'y < Id) can be approximated in L (and weakly
in W'?) by maps ¥, with energy bounded by Ch®/3~¢. Thus part ii) of
Theorem 1 can be extended to the regime a = 3 < 5/3.

On the other hand no general lower bound is known, except for the trivial
one liminfj, o h~2I"(y") = oo, which follows from part iii) of the theorem.
The scaling exponent h%/3 has been suggested in the physics literature on
crumpling as a natural exponent based on a formal scaling argument and an
assumed equipartition of bending and stretching energy [51, 25] (for further
discussion of crumpling see e.g. [6, 14]). Experimentally the structure of
crumpled sheets is characterized by cone like singularities (smoothed at a
scale h) which are connected by ridges whose width varies with the distance
from the singularities. It is believed that the energy contribution of the cones
is of order h21n(1/h) while the ridges contribute h%/3. For a single ridge with
well-defined boundary conditions Venkataramani recently showed that the
energy scales indeed like h/3 [77]. A related, but different, problem arises
in the study of complex folding patterns at free boundaries after rupture
and it has been suggested that similar patterns might be relevant in certain
growth models in biology [73, 5].

2.3 von Karman like theories: o > 2

For o > 2 we will show that the limit map ¥ is not only an isometry (as in
part iii) of Theorem 1 above) but is even close to a rigid motion. Then it is
natural to study the deviation from the rigid motion and its scaling with h.
To a map y™ : Q — R3 we associate

g = (RMHYTy (") — (W) with constants R € SO(3), ¢ e R3. (23)

We set I = (—1/2,1/2) and consider the averaged in-plane and out-of-plane
displacements

o)
Y -

o) = (G ) ) = (1) o VO o= [ (20
I \Yy L2 I

and their rescalings

um = Lym o ym — Lym (25)



defined by parameters 7, §.
For u € Wh2(S,R?) and v € W22(S) we introduce the generalized von
Kérman functional

IUK( =
—/QQ Viu+ ( V') + V'v @ V'v]) da’ +—/Q2 v ,
(26)

oo if2<a<3,
Ay = 1 if a =3,
0 ifa>3

with the convention that 0- oo = 0. In other words for &« = 3 we have the
usual von Karman functional

1'% (u,v) = % /SQ2(%[V/’U, + (V') + Vv V') + %Qz((V')zv) da’,
(27)

for @ > 3 we have the “linearized” von Karman functional

hn 24/Q2 U 3 (28)

and for 2 < a < 3 we also have Iﬁf but subject to the nonlinear constraint

Vu+ (Vu)' + Vv Vv =0. (29)

A symmetrized gradient e = sym V’u satisfies e11,22 +€22.11 — 2e12,12 = 0 (in
the sense of distributions). Thus if (29) holds with v € W?22(S) we must
have

det((V")?v) = 0. (30)

Conversely (30) is sufficient for the existence of a map w such that (29) holds
(see Proposition 30 below).

Geometrically (30) is exactly the condition that the Gauss curvature of
the graph of v vanishes. Thus, at least for sufficiently smooth functions,
(30) is equivalent to existence of an isometric map from the graph of v to
R2. See Theorem 25 for a precise statement.

11



Theorem 2 (von Karmadn like theories) Suppose that W satisfies (3)-
(6) and the applied forces satisfy (14), (16) and (17). Then the following
assertions hold.

i) (linearized isometry constraint)  Suppose 2 < a < 3 and set } =
20 — 2, v = 2(a—2), § = a— 2 (recall (25) for the definitions of
v,0). If a € (2,5/2) suppose in addition that S is simply connected.
Then 0 > inf J* > —ChP. If y) is a B-minimizing sequence (in the
sense of (18)) then there exists constants R™ € SO(3) and ¢ ¢
R? such R™ — R and §™ and the scaled in-plane and out-of-plane
deformations given by (23)—(25) satisfy (for a subsequence)

Vg™ — Id in L2 R3*3), (31)

W™ =@ in WS R?), oM S5 i W2 (32)

equation (29) holds and v € W*2. Moreover the pair (v, R) minimizes
the functional

Jlm (v, R) = /QQ )dm —Rgg/ f3-vdx, (33)

subject to
det(V')?v = 0. (34)
i1) (vK theory)  Suppose that o« =3 and set 3 =4, v=2, 5 =1. Then
0> J" > —ChP and for a (subsequence of a) B-minimizing sequence

(31)-(32) hold and the limit (4, v, R) minimizes the usual von Kdrmdn
functional

J*(u, v, R) = I*(u,v) — Rgg/ f3-vda. (35)
S

i11) (linearized vK theory)  Suppose a > 3 and set f =2a—2, v =a—1
and 6 = a — 2. Then 0 > inf J* > —ChP and for a (subsequence of
a) B-minimizing sequence (32) holds with 4 = 0 and the pair (v, R)
minimizes the linearized von Kdrmdn functional

‘]lzn ’ 24/Q2 d-T _R33/f3 ’UdIE (36)

12



In all cases we have convergence of the scaled energy h_ﬁJh(y(h)) to the
minimum of the limit functional 1% (u,v) — Ra3 fS f-v. Moreover for fs £ 0
we have R33 =1 or Rz = —1.

Remark 3 If Rss = 1 then R is an in-plane rotation and y™ is close
to R(%/) (up to tramslation). If Rsz3 = —1 then R is an in-plane rotation
followed by a 180° degree out-of-plane rotation Ry = diag(—1,1,—1). Since
JO is invariant under the transformation (u,v, R) — (u, —v, RoR) it suffices
to consider the (conventional) situation Rsz = 1.

For convergence of the nonlinear strain
(Vhy(h))TVhy(h) - (vhg(h))thg(h) (37)

see (165) below. In particular the limiting strain is affine in z3, see (110).
In formal derivations of the vK equations such a form of the strain is often
assumed a priori, whereas here it arises as a consequence of the scaling of
the forces (and hence the energy).

2.4 TI'-convergence

Next we turn to the closely related description in terms of I'-convergence.
In this setting we consider the behavior of general sequences with bounded
(scaled) energy rather than minimizing sequences. The I'-limit I of a se-
quence of functionals I on a Banach space X captures the lowest limiting
value of I"(y™) among all sequences y® converging to y. More precisely
I-convergence with respect to the weak (respectively strong) topology of X
requires that the following holds: (i) (Ansatz-free lower bound) For all se-
quences 3" converging weakly (resp. strongly) to y, liminfj,_ I() (y)) >
I°(y), (i) (Attainment of lower bound) For each y € X there exists a se-
quence y" converging weakly (resp. strongly) to y such that

lim 10 (y™)) = I°(y). (38)
See [22] for a comprehensive treatment of I'-convergence.
We restrict attention to the von Karman like theories; for membrane
theory (o = 0) see [47, 48, 49|, for nonlinear bending theory of plates and
shells (o = 2) see [30, 31, 33, 62, 63] and for 0 < a < 1 see [19].

Theorem 4 (I'-convergence) Suppose that W satisfies (3)—(6) and the
applied forces satisfy (14), (16) and (17). Let o > 2 and let [3,7,6 be as in

13



Theorem 2 (see Table 1). If o € (2,5/2) suppose that S is simply connected.
Then the functionals h~PI" are T'-convergent to the generalized von Kdrmdn
functional I¥*. More precisely we have

i) (Compactness and lower bound) If

lim sup ifh(y(“) < o0 (39)

h—0 hﬁ
then there exists constants R™ € SO(3) and ¢ € R3 such (for a
subsequence) RM™ — R and g™ and the scaled in-plane and out-of-
plane deformations given by (23)—(25) satisfy

Vg™ — Id in L2(Q;R3*3), (40)
u™ —~uin WH2(S;R?), (41)
o™ v in WHA(S), ve W2(9). (42)

For 2 < o < 3 we have

V'u+ (Vu)! + Ve V=0, det(V)*v =0 (43)
liminf — 17y ®) > [ 2 0u((V')20) do’ (44)
—0 hP = Jg24 %2
For a = 3 we have
timinf L 1 (y ") > 1% (u,0), (45)

and for o > 3 we have

P N () 1 "2 /
liminf -5 I"(y™) 2 SﬁQz((V)v)dw- (46)

ii) (Optimality of lower bound) If2 < a < 3 and if v € W?2(S) with
det(V')%2v = 0 then there exist u € WH2(S;R?) such that (43) holds
and there exists a sequence ™) such that (40)-(42) hold (with §)
replaced with §™ and RM = Id, ¢ =0) and

Ly [ L N2 N g0
lim 5 I7(5™) = 524Q2((V) v) da’. (47)

14



Ifoao=3,veW22(S) and u € WY2(S;R?) then there exists §™ such
that (40)-(42) hold and

L)y oK

lim 5 I(5™) = I (u, v). (48)

If > 3 and v € W>2(S) then there exists §) such that (40) and
(42) hold

1
lim inf —

1 /! /
mint 15 1(50) = [ 7@ (V)P0)da. (49)

Remark 5 In part i) one has in addition w = 0 provided that o > 3.
Further convergence results for Vyy" are given in Lemmas 13 and 15 as
well as in Corollary 14.

2.5 Clamped boundary conditions and Foppl’s theory

The scaling of the energy and the solutions can also depend strongly on the
boundary conditions. The influence of boundary conditions will be discussed
in more detail in [35]. Here we focus on an extreme case, the fully clamped
plate. We thus assume that

x/

In terms of the averaged in-plane and out-of-plane displacements ((25) with
RM = Id, ¢™ =0) this implies in particular that
u=0, v=0 ondSs, (51)

where we have omitted the superscript (h) here and below for simplicity.
The first equation has an important consequence. It implies that

/ sym V'udz' = 0.
S

Therefore control the membrane energy (1/8)Q2(2sym V'u + Vv @ V'v)
alone provides an estimate for v. Indeed we have by Jensen’s inequality and
the obvious estimate Qq2(A) > c|tr A%,

/ Q2(2sym V'u + Vv @ V'v) d2’
s

1
EQQ </s 2sym V'u + Vv @ Vv dx')

c (/S \V'v[2dx’>2. (53)

15
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This implies that the clamped plate is much stiffer in response to applied
normal loads than a plate with free boundaries (see the different exponents
for 0 in Tables 1 and 2). Note also that the above lower bound for the
membrane energy scales like the fourth power of the displacement, while the
bending energy (1/24) [ Q2((V’)?v) scales only quadratically, leading to a
sublinear (in fact cubic root) behavior of the displacement in terms of the
strength of the applied force, when the membrane term is dominant. This
crossover from linear response for very weak forces (a > 3) to sublinear
behavior for stronger forces (0 < a < 3) is exactly what Foppl [27] and von
Kérman [45] wanted to capture with their extension of the linear, purely
bending dominated theory.

A precise statement is contained in the following theorem. We define the
relaxed membrane energy by

bob
gm&m:mmgbm+—§—+MyzszﬂJ4zm (54)

for all A € R?*2, b € R?. This relaxed energy is a geometrically linear version
of the membrane energy of LeDret and Raoult: it vanishes if sym A+(1/2)b®
b is negative semidefinite (pure compression) and it agrees with Qg if the
stress 0 = L(sym A + (1/2)b ®b) is positive semidefinite (here L is the self-
adjoint operator associated to the quadratic form @2, i.e. (LA, A) = Q2(A)).
In fact Q%! is both the quasiconvex and the rank-one convex envelope of Qo
if the latter if viewed as a function on 3 x 2 matrices (Z‘). We consider the
limiting energy functional

. 1
JE (u,v) = §/SQ561(VU, V) dm’—/ngvdx/. (55)

Theorem 6 ([21]) Suppose that W satisfies (3)—(6) and that Q) is strictly
star-shaped with C? boundary. Suppose also that 0 < a < 3, that fl(h) =
fQ(h) =0 and that féh) : S — R satisfies

L e 12(s),

ha 3
Set
ﬂ:%a, ’y:ga, 5:10z
3
Then
0 > inf{J"(y) : y satisfies (50)} > —Ch”. (58)
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If y™ is a B-minimizing sequence (subject to (50)) then (for a subsequence)
ul™ —uin LN(S;R?),  sym Vu® B sym Vi in M(S;R??),  (59)
oW v in Wol’Q(S) (60)

1 "
lim inf —7" (5 ") = Jif (u, 0). (61)
and (u,v) minimizes JrFei’ subject to the boundary conditions v =0 on 0S5 on
u”(2') = Mz v(a'), with X > 0, on 3S, where v denotes the outer normal
and u~ is the inner trace of u (which exists for functions whose symmetrized
distributional gradient is a Radon measure).

Remark 7 Foppl [27] considered the limiting functional with Qo instead of
Q5. This misses the degeneracy due to the possibility of crumpling, but
Foppl’s functional is correct if the plate is always in a state of stretch (and
it may well be possible to prove that this is the case for certain reasonable
loading conditions). Table 2 makes precise von Kdrmdn’s assertion that his
theory lies in between the fully linear theory (which arises for a > 3) and
Foppl’s theory.

Remark 8 It might at first glance seem surprising that the limiting bound-
ary condition for u is not simply w = 0. The reason is that displacements
satisfying the condition in the theorem can be approrimated well in energy by
deformations with zero boundary conditions. Indeed assume the inequality
condition and consider an approrimation ug with zero boundary conditions
which agrees with u except on a boundary layer of thickness § in which ug is
almost linear in the direction normal to the boundary. The Vus is approx-
imately —u~ @ v in the boundary layer and therefore sym Vug is (almost)
negative semidefinite since X > 0, i.e. ug is (almost) compressive. Now the
relaxed energy is zero on compressive deformations, hence there is almost
no extra energy in the boundary layer.

If the forces are scaled with exponent o > 3 and we impose the clamped
boundary conditions (50) then we obtain I'-convergence to the same limit
functionals as above, subject to the constraints

u=0, v=Vuv=0. (62)

The only slightly delicate point is to establish the new boundary condition
V'v = 0. For this one can use Corollary 14; see [35] for the details. The
upper bound in the proof of I'-convergence is easy since the ansatz functions
essentially inherit the clamped boundary conditions from (62).
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@ 16} ¥ 1)
applied force | energy | in-plane | out-of-plane | limit model
a=0 0 0 0 Membrane
l<ax<l1 o 0 0 Constrained membrane
a=2 «a 0 0 Bending, isometric mid-
plane
2<a<3 |2a—-2|2a-2) a—2 Linearized isometry
constraint
a=3 20 -2 | 2(a—2) a—2 von Karman
a>3 200 — 2 a—1 a—2 Linearized vK

Table 1: Relation between the scaling exponents « of the applied forces,
B of the energy « of the in-plane deformation and & of the out-of-plane
deformation. For a > 2 we assume that the limit force is normal (see (17);
cf., also Theorem 2)

2.6 Overview of scaling exponents and limit models

Given the scaling exponent of the applied force, the exponents describing the
convergence of the energy and of the solution, together with the expression
for the limiting theory, are determined by Theorems 1-6. Tables 1 and 2
give an overview of the different exponents, for unconstrained and clamped
boundary conditions, respectively.

3 Outline of the proof

a) Rigidity estimates. As in the work on the nonlinear bending theory [31]
the crucial ingredient is a quantitative estimate that bounds the squared L?
distance of the deformation gradient Vw from a rigid motion in terms of the
energy [ W(Vw). We recall this estimate in Theorem 9 at the beginning of
the next section.

b) Scaled rigidity estimates in thin domains. In a thin domain Q) =
S x (—h/2,h/2) the constant in the rigidity estimate degenerates as h — 0.
We show that globally the constant degenerates like h~2. Locally one can
obtain a good approximation of Vw by covering € by cubes of size h
and using a constant rotation in each cube. This leads to two important
approximations: one by a piecewise constant maps R™ with values in the
rotations SO(3) and another one R™ (obtained by a difference quotient
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@ I} ~y )
applied force | energy | in-plane | out-of-plane | limit model
a=0 0 0 0 Membrane
0<a<3 | (4/3)a| (2/3) (1/3) Relaxed Foppl
= lin. membrane
a=3 20 -2 | 2( —2) a—2 von Kérmén
a>3 200 — 2 a—1 a—2 Linearized vK

Table 2: Relation between the scaling exponents for a clamped plate, assum-
ing normal forces. Féppl’s theory (or more precisely its relaxed version, can
be seen as a geometrically linear version of membrane theory. von Karmén’s
theory which has both membrane and bending contributions lies in between
Foppl’s theory (capturing only membrane energy) and the linear theory
(capturing only bending energy)

estimate and smoothing) which is differentiable, takes values close to SO(n)
(in an L? sense) and whose gradient can be bounded in terms of the energy.
While this is straightforward in the interior some care has to be taken near
the boundary. All these estimates are carried out in Theorem 10 in the
next section. It is convenient to state them in the fixed domain 2 = § x
(—1/2,1/2). Thus the gradient has to be replaced by the scaled gradient
V.

c) Scaling of the in-plane and out-of-plane components. From b) one
sees that if the energy is small compared to h? then the deformation is close
a rigid rotation even in a thin domain. Normalizing this rotation to the
identity one easily derives the natural scaling exponents for the in-plane
and out-of-plane components (see Table 1). This is done in Lemma 13 in
Section 5.

d) Identification of the limiting strain. The estimates in b) show that
the scaled approximate nonlinear strain G = p?=*[(RM)TV,w) — Id]
is bounded in L?. Using a difference quotient argument we show that the
limiting strain G is affine in x3, i.e. G = Go(2') + x3G1(2") and we identify
(the relevant submatrices) of the coefficients Gy and G in terms of the lim-
iting in-plane and out-of-plane components v and v. From this one obtains
the lower bounds in Theorem 4 by a careful Taylor expansion. All this is
done in Lemma 15 and Corollary 16.

e) I'-convergence The lower bound follows directly from d). For the
upper bound one has to identify good test functions. For o > 3 one can
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use a more or less the standard ansatz (which is often assumed a priori in
heuristic arguments in favour of the von-Kdrmén theory). For o < 5/2
the situation is more delicate, since the standard ansatz only produces an
approximate isometry of the mid-plane (the mid-plane is isometric only in
the sense of geometrically linear elasticity) and the deviation from a true
isometry leads to a too high elastic energy. To overcome this problem we
need to study carefully the relation between geometrically linear isometries
and full isometries. This is done in detail in Section 8. In addition we need
to approximate W22 isometries by W2> maps which are isometries except
on a very small set (such an approximation was already used in [31]).

) Convergence of minimizers This follows from I'-convergence by a suit-
able Poincaré inequality, see Section 7.1. To establish strong convergence of
the in-plane components in W12 (and not just weak convergence) we use
an equiintegrable version of the rigidity estimates. This is carried out in
Section 7.2.

Finally in Section 9 we discuss how our results address the criticisms
raised against the vK theory. We also discuss possible extensions, open
questions, and directions for future research.

For a first reading we recommend the reader to focus on I'-convergence
for the vK case, i.e. « =3, # =4 and E" = h*. This case already contains
the main ideas of our analysis and Sections 4, 5 and Subsection 6.1 are suffi-
cient to obtain I'-convergence to the vK functional. The main points in this
case are the bounds on the scaled in-plane and out-of-plane displacements
u™ and v (see Lemma 13) and the identification of the limiting strain
in Lemma 15. This immediately yields the lower bound for I'-convergence,
and the upper bound follows by using the usual test function (123).

4 Geometric rigidity

Theorem 9 (Quantitative rigidity estimates) Let U be a bounded Lip-
schitz domain in R™, n > 2. There ezists a constant C(U) with the follow-
ing property. For each v € WY2(U,R") there is an associated rotation R €
SO(n) such that,

Vo = R 2@y < C(U) || dist(Vv, SO(n))| L2 (wr)- (63)

The constant C(U) can be chosen uniformly for a family of domains which
are Bilipschitz equivalent with controlled Lipschitz constants. The constant
C(U) is invariant under dilations.
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For a proof see [31]. The estimate (63) was established by John [41, 42]
under the stronger hypothesis that v is locally Bilipschitz (for further devel-
opments along this line see [10]). The main difficulty with this assumption
is that it does not follow from suitable bounds on the elastic energy alone.
Reshetnyak [72] established a rigidity results for almost conformal maps
(rather than almost isometries). He showed that if Vv is close to the set
R{SO(n) of all conformal matrices in L™ then Vo is close to the gradient
of a single conformal map in L™ His argument does, however, not give a
quantitative estimate like (63).

In a thin domain 5, = S x (=h/2,h/2) the constant C(£2;) degenerates
like h=2 (see (66) below). We can obtain a good approximation (at least
in the interior) for Vy by a piecewise constant map R (with values in
SO(3)) by covering £, by cubes of size h. Application of Theorem 9 to two
neighbouring cubes in addition yields a difference quotient estimate. Thus
after mollification on a scale h we can obtain another approximation R™
(which in general no longer takes values exactly in SO(3)) whose gradient
can be controlled in terms of the energy. This second approximation will
prove useful to establish compactness and also higher regularity of the limits
as h — 0. The following result summarizes the estimates (up to the bound-
ary) one can obtain in this way. As before we rescale to a fixed domain §2
and use the scaled gradient Vj = (V/,h™103).

Theorem 10 (Approximation by rotations in thin domains) Suppose
that S C R? is a bounded Lipschitz domain and Q = S x (—%,1). Let
y € WH2(Q;R?) and

E= / dist?(Vyy, SO(3))dz,
Q

where h € (0,1]. Then there exist maps R : S — SO(3) and R:S — R3*3,
with |R| < C, R € WY2(S,R3*3) such that

IVay = Rll72q) < CE, [|R— Rl|[j2) < CE, (64)
- C - C
IVR[[72s) < 72l IR = R0 sy < 2k (65)

Moreover there exists a constant rotation Q € SO(3) such that

¢

1Vhy = QllZz) < 735 (66)
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and

~ C
IR = QlIZ»(S) < 3B, Wp <oo. (67)

Here all constants depend only on S (and on p where indicated).

Remark 11 If E < 6oh? for a sufficiently small value of 8 then, in view
of (80) we always have R(x’) € U, where U is a tubular neighbourhood of
SO(3). Hence the map R : S — SO(3) obtained by projection to SO(3) is
in WH and ||VR||7, < Ch™2E. Thus in this case the relevant estimates
can be stated in terms of R directly and R appears only as an intermediate
quantity.

Proof.  The result is implicit in [31]. We could follow the strategy used
there and use Theorem 9 to first construct a map R which is constant on
squares of size h and then mollify R to obtain R (using a suitable change
of variables and tangential mollification near the boundary). For variety
we follow a different approach, constructing R first. One advantage of this
approach is that the map y — R is linear (as long as E < Ch?, which is the
main case of interest). To construct R we use separate constructions in the
interior and near the boundary and then glue them together by a partition
of unity. We begin with the relevant local estimates.

Step 1 (local estimates).  Let U be an open set in R?, and let K C
U be compact. We suppose that 3h < disteo(K,0U), where dists, is the
distance with respect to the norm |(x1,z2)|cc = max(|z1],|z2|). Let y €
W2(U x (-1, 3);R3). To abbreviate the notation we write F(z) for the
scaled gradient and F'(z') for its vertical average

F(z) = Vyy(z), F(2)= /F(x',xg)dxg, I=(-1/2,1/2).
I
For each point 2’ € K we consider the square
Sz',h =a + (07 h)2

with lower left corner z’. Let 1 € C§°((0,—1)?) be a standard mollifier, i.e.
¥ >0, [ =1and set ¢¥p(-) = h=2(-/h). On K we define the smoothed
rotation R by

szh*F
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Here we write R instead of R or Ry, to simplify the notation. The R defined
above is not the map R mentioned in the theorem. Explicitly we have

/

/ —
R(z') = /S Ih*% (x - : ) F(z)dZ dzs.
x/,hX

We claim that

/ F(2) — R()[2dz < C dist(F(2), SO(3)) d=,  (68)
Sm/,hXI Sac’,QhXI
ne o © .2
IVR(z")]* < —4/ dist“(F'(z), SO(3)) dz (69)
h Sx/,hXI

dist?(R(z"), SO(3)) < % /S . dist?(F(z), SO(3)) dz (70)

To prove (68) we use Theorem 9 applied to a cube of size h. Keeping in
mind that y(z1,x9,x3) = y(z1,29, hes) and F(x) = Vy(x1,ze, has) we see
that there exists R, € SO(3) such that

/ () = Ry pl2dz < C dist(F(2), SO(3)) dz.  (T1)
Sx/,hXI Sac/,hxl

Since ¢, > 0 and [ 1), = 1 Jensen’s inequality yields

R(z') — Ry pl? < /S Vo’ = IP(E) = Rov
z’,hX

C C
<= |F(2) = Ry p?dz < — dist?(F(z),SO(3)) dz(72)
h Sz/’hXI h Sz’,hXI

This establishes (70). Using the fact that [ Vi), = 0 we obtain similarly for
7' e S:v’,h

IVR(Z)|* < % / dist?(F(z),SO(3)) dz < % / dist?(F(z), SO(3)) d=.
Si’,hXI Sz/,QhXI

(73)
and this proves in particular (69). We also conclude that for &’ € Sy,

|R(i') — R(z")|? < % /S z,’QhXIdist2(F(z),SO(3)) dz. (74)
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and combining this with (71), (72) and the elementary inequality

/ F(2) - R(z')2dz < 2(/ F(2) = Rupfdz + 02 sup  |Ryp — R(&)P)
S, S

ol n X o n X1 (Z298, <1

we obtain (68).
Finally, for future reference consider a lattice of squares of size h in R?,

sum (68) over all squares which intersect K and integrate (69) over K x I.
This yields

/ |R—F|2+h2|VR|2dz§/ dist?(F(2),S0(3))dz  (75)
KxI UxI

Step 2 (estimates near the boundary). ~ We fix again an open set U C R?
and a compact subset K C U. We first consider the situation near a flat
piece of the boundary of S. More precisely we suppose that UNS = UNR2,
UNaS =UnNOR%, where R = {(x1,22) : x2 > 0} is the upper half plane.
For 2/ € KNR? we define as before R(z') = (¢, * F')(z'). Since the support
of v is contained in the lower half plane R is indeed well-defined when h is
small enough. Proceeding as in Step 1 (and using the standard lattice (hZ)?
for the summation) we obtain (75) with K and U replaced by K NS and
U NS, respectively.

Now suppose that S is locally the epigraph of a Lipschitz function, i.e.
there exist a bounded open interval J C R, a Lipschitz function f:J — R
and an orthonormal coordinate system (still denoted (x1,x2)) such that

UﬂSZ{.%’GU:.%'1€J,{L‘2>f(.%'1)}, (76)

UnNnaos = {1‘ eU:x1€J,xy= f(xl)} (77)

To flatten the boundary of S consider the map ® : U N S — @ given by
®(z) = (x1,22 — f(x1). Note that ® is Bilipschitz and area preserving. Now
set

(Ro®™) =y + (Fo ™),

Then for ¢ € ®(K) and sufficiently small h the value (Ro ®~1)(¢) is well-
defined. Application of Theorem 9 shows that there exists Re j, € SO(3)

24



such that
[ IR@C ) - Real iz,
SE/,h x 1
— / ’F(Z/, 23) — R&/’h‘Q dZ/d23
<I>—1(S€/7h)><l
<C / dist?(F(2/, z3), SO(3)) d2'dz3
‘1>_1(S€/’h)><1

=C dist?(F, SO(3))(®7({'), 23)) d('dz3.
Sg/’hXI

The constant C' is independent of &’ since the estimate in Theorem 9 holds
uniformly in domains which are Bilipschitzly equivalent. As before we de-
duce from the above estimate the following analogue of (72)

|[Ro® (&) = Rer|? < % / dist®(F, SO(3))(® ("), 23)) d('dz3
Sg/’hXI

as well as the pointwise estimates for V(R o ®~1) and R o ®~!. This yields
again an estimate for ||[Ro ®~! — Fo @_1||L2(S§ ,x1) and after summation
over the standard lattice we obtain the counterpart of (75), namely

/ (1R~ FP +0|VR?) d= < O dist2(F(2), SO(3)) d=.
(KNS)xI (UNS)xI
(78)

Step 3 (global estimates for R).  Now it suffices to combine the es-
timates in Steps 1 and 2 via a partition of unity. Since S is a Lipschitz
domain its closure S can be covered by open sets Uy, ..., U; where Uy C S
and where Uy, ..., U; are of the form (76) and (77) (after a possible rotation
of the coordinates). Consider a partition of unity subordinate to the cover
{U;}, ie.

ni € C(U;), mi =0, > mi=1in§

and set K; = supp;. Denote by Ry, ... R, the maps on Kp,...,K; con-
structed in Steps 1 and 2 and set

R = Z’OZRZ
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Using the fact that > Vn; =V > 1, =0 in S we find

R-F = Y n(Ri—F),
VR = anVRerZV??z(Rz—F)

Applying (75) and (78) we deduce
/'(m—FR+meﬁmg0E. (79)
SxI
This proves the first estimate in (65). Similarly we get

sup dist(R, SO(3)) < < sup/ dist?(Vay, SO(3)) dz < %
s h? wes J(B,, o aNS) h

(80)

Here C( depends only on S (through the Lipschitz constants of the maps ®;
used to flatten the boundary of S).

This essentially finishes the construction of R, but we need to address one
more point. As defined, R may not be bounded (unless E < Ch? in which
case we can use (80)). To remedy this it suffices to replace R by its projection
m,R onto a sufficiently large ball B, C R3*3 which contains SO(3). Indeed
we have |V(7, o R)| < |VR| since 7, is a contraction. Moreover

n,oR—F| < |m,oR—m,0F|+|r,0F —F)|
< |R - F| + dist(F, SO(3)).

Moreover, trivially dist(m, o R, S0(3)) < dist(R, SO(3)). Hence (79), (80)
also hold with R replaced by ¢p o R, establishing the first estimate in (65).
Step 4 (estimates for R € L>(S,S0(3))).
Since SO(3) is a smooth manifold there exists a tubular neighbourhood
U of SO(3) such that the nearest-point projection 7 : U — SO(3) is smooth.
Let

N
R(x') = { Id else

Then |R(z') — R(a')| = dist(R(z'), SO(3)) if dist(R(z'), SO(3)) < §. Hence
we always have |R — R| < Cdist(R, SO(3)). Now (80) implies the second
estimate in (65), and (79) proves (64).

Step 5 (remaining estimates).  The estimates in (66) and (67) follow
from the Poincaré-Sobolev inequality. Indeed in view of the first estimate

26



in (65) there exists a @ such that ||R — Q||2, < C,h 2E so Q satisfies
(67). Taking p = 2 and using (64) we infer that Q satisfies (66). Finally,
dist*(Q, SO(3)) = |7 [, dist*(Q, SO(3)) < CE, since @ satisfies (67) and
(66). Hence these two estimates continue to hold with @) replaced by any
rotation with minimal distance from Q. U

For future reference we recall that Korn’s inequality holds for Lipschitz
domains (we will only need it for S C R?).

Proposition 12 (Korn’s inequality) Suppose that Q C R™ is a bounded
Lipschitz domain and let 1 < p < co. Consider the space

EP(Q) := {u € LP(;R™) : sym Vu € LP(; R™™) }
Then

EP(Q) = WHP(Q; R"), (81)

ul [, = /Q P + [Vl de < C,(9) /Q P + [sym ValP dz,  (82)

mm@m—Ax—w@,A+AT:QAeRmmbewﬁ
< Cp(Q) /Q | sym VulP.
IfT C 0 has positive H" ™! measure then
|ullf , < Cp(Q,T) /Q |sym Vul?,  for all u with ujp = 0. (84)

Proof. For (81) and (82) see [36], Theorem 1. To establish the assertion
(83) one uses the compact embedding of W' into LP and the usual argu-
ment by contradiction starting with a sequence with ||ug||1, =1, [u =0,
[ Vur — (Vug)T = 0 and |[sym Vug|l, — 0. Any weak limit u in WP
satisfies sym Vu = 0 and hence is an affine map with skew symmetric gradi-
ent and therefore zero by the normalization above. Together with (82) one
obtains the desired contradiction. Similarly one obtains (84). O
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5 Scaling of in-plane and out-of-plane components
and limiting strain

5.1 Scaling exponents

It follows from Theorem 10 that for energies E* small compared to h? the
deformation y is close to the trivial map (', x3) — (2, hxs), up to a rigid
motion. The following lemma provides detailed estimates for the difference
between 3" and the trivial deformation (cf. Table 1). In view of future
applications it is convenient to consider a general sequence E" and not to
restrict attention to powers of h.

Lemma 13 (Convergence of scaled out-of-plane and in-plane deformations)
Suppose that

"y™y < Ce" (85)
lim h2E" = 0. (86)
h—0

Then there exists a maps R™ : S — SO(3) and constants R") € SO(3),

M) e R3 such that -
g(h) — (R(h))Ty(h) _ )

and the in-plane and out-of-plane displacements

~(h)
00y = [ (T) & = () o, VO i= [ 3
I \Ys T2 I

satisfy
V5™ = RW||2(0) < CVEP, (88)

|IR™ — Id|| a5y < Cgh ™' VE" Vg < oo, ||V'RM||2) < ChTIVEN

(89)
Moreover there exists a subsequence (not relabeled) such that
h
)= —_yMh in Wh2(S € W>2(S 90
v — v n , v ,
— (s) (s) (90)
' N S
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h

@(R(h) —Id) — A in LYQ;R¥3), Vg < oo, (92)
L(vhg(“ —Id)) — A in LA R>3) (93)
\/ﬁ ) )

A3=0, AcWh?(S;R¥3), (94)
A=e3@Vv—-Vv®es, (95)

h2 A2
= sym(R™ — Id) — 5 in LI(S; R, Vg < oo (96)

Corollary 14 In connection with boundary value problems it is also useful
to study the convergence of the first moment

/
C(h)(q;/) — /Ix3 [g(h)(x/7$3) — <ha;3>:| d.’IJ3 (97)
We have
1 1 1 (Vv .
Ehc(m N EA63 — _E< 0 ) inWhH2(S;R3). (98)

The analogous assertion holds if E" = h%. Then Vy™ — R in L? and
R=1¢) —~ (1/12)(R — Id)es in W2,

Note that in the vK scaling E" ~ h* the convergence results (90), (91)
and (98) are consistent with the commonly used ansatz

o= (L) () (5

Indeed it follows from (103) below that, for v € {1, 2},

h2(GW (z) — [2 + hPu(z) — 23h®V'v(2)]) — 0 in L*(;R?),

W (GW (2) — [has + ho(2))]) — 0 L3(Q).

The right hand of (99) side by itself, however, does not lead an almost opti-
mal approximation of the energy since it misses an extension or contraction

29



of the vertical fibers in case of non-zero Poisson’s ratio; see (123) below for
an ansatz which includes this phenomenon and leads to an almost optimal
approximation.

Proof of the lemma. Step 1(normalization) Estimates (88) and (89) fol-
low immediately from Theorem 10 and Remark 11 since one can choose R
so that (66) holds with Q = Id. This implies that the average deformation
gradient F(") = |Q|7! [ vV, 5" satisfies |F(M) — Id| < Ch~'WVE" and by
applying an additional constant in-plane rotation to of order h=VE" to
y™ and R™ we may assume that in addition to (88) and (89) we have

/Q ") =) dw = 0. (100)

By choosing ¢) suitably we may also assume that

(T V=0 (101)
o’ hxs o

Step 2 (convergence of A" := (h/v E")(R™ —Id)). ;From (89) we get
for a subsequence

AW A4 in WH2(S;R3>P).

Using the compact Sobolev embedding we deduce (92). Together with (88)
we obtain (93). Since R is independent of z3 we also obtain (94).

Step 3 (convergence of (h?/E") sym(R™ — Id)). Since (R")TRM = Id
we have AM + (AT = —(n/VER)(AM)T AM . Hence A+ AT = 0 and
after multiplication by h/ VE! we obtain (96) from the strong convergence
of A,

Step 4 (convergence of the scaled normal and tangential deviations).
The convergence (90) of the scaled normal component immediately follows
from (93). Moreover v; = Ag; for i = 1,2. Hence v € W22 as A € Wh2,
;From (88) and (96) we see that sym V'u is bounded in L?. Using Korn’s
inequality (see Proposition 12) and the normalizations (100) and (101) we
obtain (91).

Step 5 (identification of A). By Steps 3 and 4 the matrix A is skew-
symmetric, Az; = v and Asy = vs. It only remains to identify Ajs.
Now (91) and (93) imply that (along the subsequence considered) Ajp =
limy, o max(vVE"/h, h)ughQ) and in view of the assumption (86) we see that
Ajg = 0. Thus (95) holds and the proof is finished. O

30



Proof of the corollary. Let

h
y®) — 50 ( 2/ > ) _ /Y(h) diry — (U( ))’ 20) _ y () _ )
I

has v (h)
(102)
Then
1290 = 28 — e = (Vg™ — RW)es + (RO — Td)es,
and thus
1h1 25 — (R™) — Id)es|| 20 < CVEN.
Since [, ZM =0 and I 23(R™ — Id)es dzz = 0 this implies that
172" — 23(R®) — Id)es|| 20y < CVER. (103)

Now multiply the quantity inside the norm by hxzs/v E" and integrate in
x3. This yields

HLC(M _ i h
VB 12Eh

Together with (92) and (88) we obtain

(R™ — Id)es|| 12y < Ch.

V%C(h) - 1_12A63 in L2(S). (104)

On the other hand we have for v € {1,2}

¢ = /1333?],(3) drs = /I$3(Vhﬂ(h) — RM)e, dx,

since R is independent of x3. In view of (88) this shows that (1/@)(5@
is bounded in L?(S) and therefore the convergence in (104) is also weakly in
WhH2(S). The above reasoning also applies for E* = h2, if one replaces (92)
by the L? compactness of R To obtain this compactness it suffices to note
that by (64) and (65) in Theorem 10 there exist R with [|[R")||j12 < C
and ||R"™ — RM||;. < Ch2. O
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5.2 The limiting strain

We know that V,y" can be well approximated by rotations R (z'). Since
W is invariant under rotations the energy of y( is essentially controlled
by the deviation of (R")TV,y™ from the identity. In view of (88) the
quantities G := (1/VER)[(R™)TV,y" — Id] converge weakly in L? (for
a subsequence) to G. The following lemma shows that the relevant part of
G (i.e. the symmetric part of the in-plane components) can be identified in
terms of u and v, the limits of the scaled in-plane and out-of-plane displace-
ments. In particular, we show that the relevant components of G are affine
in the thickness variable x3, a fact which is often assumed a priori. The
representation of G immediately yields the lower bound in the definition of
I-convergence (see the corollary immediately following the lemma).

We will later apply the lemma below to the sequences gj(h), R () 4(h)
obtained in Lemma 13 above. In view of future applications we state the
result in a slightly more general (and more self-contained) form, assuming
only (105), (106) and (107) and not the other conclusions of Lemma 13.

Lemma 15 (Identification of scaled limiting strain) Consider y) :
Q — R3 and R® : S — SO(3) and E" > 0 and set

u™ := min h—2 . / y%h) (a/, x3) — 1) da
: Eh’\/ﬁ ; yéh) s L3 T 3

h
(h) ._ (h)
o= s

Suppose that

lim h2E" =0, (105)
h—0
IVay™ = RW|| 12y < CVER, (106)

u™ —~u i WEA(S;R?), oW v in WHA(S), ve W23(S). (107)

Then
h

R (R(h) - Id) —A=e3@Vv—Vuv@es inL*(SR¥P).  (108)

S
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and

o . (R(h))thg(h) —Id
v/ Eh

and the 2 x 2 submatriz G" given by G¢ 5 = Gag for 1 < a, 8 < 2 satisfies

— G in LA(Q;R33) (109)

G"(2',23) = Go(2') + 23G1 (") (110)
where
G1 = —(V')v. (111)
Moreover
Viu+ (Vu) + Voo Ve=0, ifh*E" - o, (112)
symGo = s(Vu+ (Vu! + Ve V), ifh*E"—1, (113)
symGo = s(Vu+ (Vw?h), ifh*E" —o0. (114)

Corollary 16 Let E", y(h), R™M ™) (") be qs in the lemma above. Then
we have the following lower semicontinuity results.

(i) If limy,_oh™*E" = 0 or limy_oh™*E" = oo then

1 1
liznjgfﬁlh(y(h)) > SﬂQQ((V’)%) dz’. (115)
(ii) If limy, o h=*E" = 1 then
lim inf %Ih(y(h)) > / %@(%[v’u + (V') + Vv ® V'v])

- S

1
+ ﬂ/QQ((V/)Q’U)dx/. (116)

S

Remark 17 If in the inequalities (115) or (116) we have equality then we
obtain strong convergence of the nonlinear strain

1
 Eh
see (165) below.

((Vhy(h))thy(h)l/Q B Id) LsymGin L2(S;RPY),
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Proof of Lemma 15. Step 1. We first assume (108) (for the special
sequence coming from Lemma 13 we know this anyhow) and establish the
main assertion, namely the representation formula for G.

Using the identity sym(Q — Id) = —(Q — Id)"(Q — Id) which holds for
all @ € SO(3) we immediately deduce from (108) that

h2
T Sym (R(h) - Id) — A2 = Vv Vv — |V'v|’es @ e3. (117)
By assumption G™ is bounded in L2, thus a subsequence converges weakly.

To show that the limit matrix G” is affine in z3 we consider the difference

quotients

H(h) (:C/’ IE3) = S_I[G(h) (:C/a 3+ 8) - G(h) (:C/a 563)]

Multiply the definition of G by R take the difference quotient and
express the difference quotient acting on y by an integral over y 3. This
yields for a, 8 € {1,2}

S

\/LE_h %/%g]gg(x’,xg + o)do = (R(h)H(h))aﬂ(fE/,CCg).
0 B

In view of (108) and (106) the left hand side converges in W~12(S x
(—=1,1-5)) to Apz 5(2") = —v 45(2"). We have R — Id boundedly a.e. and
H®™ —~ H in L? and we thus obtain H,3 = —v 3. Since v is independent
of z3 and since s > 0 was arbitrary we conclude that G” is affine in x3 and
(1 has the form given in the lemma. In order to prove the formula for Gg
it suffices to study

1
G(Oh)(x') = /21 G (2! z5)dxs.
2

We have for o, 8 € {1,2}

(G(h))aﬁ(x/) =
(Vg —Id)ap  (RW) — Id)ag e - Id)TM 118)
VER VE" B s

First suppose h™*E" — 1, i.e. E" ~ h*. Using the convergence of u,
(117), (108) and the hypothesis (106) we see that

A2
(sym Géh))aﬂ — [sym Viu— 7} in L'(S) (119)
af
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and using again (117) we obtain (113). Similarly we obtain (114).

To derive (112) multiply (118) by h2/vE" and use again the weak con-
vergence of u™ and (117), as well the hypotheses (106) and (108).

Step 2. We now prove (108). Since R™ ig independent of x5 we have
for o, 5 € {1,2}

Eh
(R — Id),5 = /I(R(h) = Viy™)ag das + max <V E", —) gy

(R™ — Id)sg = /(R(h) - Vhy(h))gg dxs + PR
I bl

Thus

h h .
\/? (R(h) — Id) B — 0, \/? (R(h) — Id) 38 — U”g m LQ(S) (120)

Using the fact that R(") takes values in SO(3) we deduce that ||Rg§)|| 2 <

CVE"/h. To get control on Rég) we use that fact that for @ € SO(3) we
have

2
|1 — Qs3] = |detQ — Q33| < C Z (Q — Id)ap| + C(|Q13Q31] + [Q23Q32]).

a,B=1

Substituting @ = R™ and using (120) and the generalized dominated con-
vergence theorem (with L' convergent majorant rather than constant majo-
rant) we easily deduce that (h/ \/ﬁ)(Rggl) —1) — 0 in L2 To control R(lg)
we thus the fact that the first and third row of R are orthogonal. This
yields

IR% + R{Y| < (R — 1)+ |RY — 1)+ |RY)

and together with (120) and the convergence of Rég)

convergence for Rgg). The same argument applies to Rég) and this finishes
the proof. O

Proof of Corollary 16. To show (115) and (116) we use a careful Taylor
expansion. Let w : [0,00) — [0,00) denote a modulus of continuity of D?W
near the identity and consider the good set Q, := {z € Q : |G (z)] < h~1}.
Its characteristic function yy, is bounded and satisfies x5, — 1in L'(€). Thus
we have x,Gj, — G in L*(Q). By Taylor expansion

this gives the desired

1 1
ZaW I+ VERG®) > 2Qs(xnG™) — w(h ™ VEN|GMP.
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Thus using (105)

lim inf —Ih( (R)y
h—0

= hznl(r)lf—/ W (R ,y M) da

> lizniélf[ /Qg hG( dx + —/(1 —Xh)W(Vhy(h))dx

> 2 /Q Qs(G)dr > /Q Q2(G") d. (121)

Here we used the fact that Q3 is a positive semidefinite quadratic form and
therefore the functional v — [, Q3(v) is weakly lower semicontinuous in L?.
Now by (110)

1/2 1
) Q2(G") (', w3) dwg = Q2(Go (7)) + 5 Q2(G1(2)). (122)
~1/2
Together with the representations (111), (113) and (114) this implies (115)
and (116) and the proof of Corollary 16 is finished. O

6 von Karman like theories: I'-convergence

Proof of Theorem 4. We now return to the situation were the energy scaling
is given by powers of h rather than more general functions. The situation
of Theorem 4 corresponds to the choice

Eh — h2a72

and the borderline case E" = h* corresponds to the exponent a = 3.

With these choices part i) of Theorem 4 follows immediately from Lemma 13
and Lemma 15.

To prove part ii) of the theorem we consider the cases o = 3, a < 3 and
a > 3 separately.

6.1 Upper bound, a =3

We assume first that © and v are smooth and we make the ansatz

/ h2 V1 h3
g (2! x3) = T+ “) - R2x3 | vo | + h3x3d® + —a2d™),
hxs hv 0 2

(123)
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Then

27/ _ 1 N\T n2
th)(h):ld—i—(hvu‘ h(V'v) >_h2x3((V)v 0

hV'v ‘ 0 0 0 ) (124)
+h2dO @ e3 + h2x3dM @ e3 + O(h®)
Using the identities (I + A)T (I + A) = I +2sym A + ATA and (e3 ® o' —

ad ®e3)l(e3®a —d ®@e3) =a @ad + |a'|*e3 ® e3 for a’ € R? we obtain for
the nonlinear strain

(vh@(h))th@(h)
= Id + 2h*(sym V'u — 23(V')%0) + h*(V'v @ V' + |[V'v|%e3 @ e3)
+2h2 sym|[(d© + z3dV) @ es] + O(h?). (125)

Taking the square root and using the frame indifference (3) of W and Taylor
expansion we get

W (30 = B W) Vg Y2) — SQu(A + asB),
where

A = symVu+3iVee Ve + %]V'U\Qeg ® es +symd? @ es,
B = —(V)v+symdY @ es.

For a symmetric 2 x 2 matrix A” let ¢ = LA” € R? denote the vector which
realizes the minimum in the definition of )9, i.e.

Q2(A") = Q3(A" + c® ez +e3 @)

Since Q3 is positive definite on symmetric matrices, ¢ is uniquely determined
and the map £ is linear. We now take

d9 = —1V'vPes + L(V'u+ (Vu)T +V'v® V') (126)
dV = —2L((V) ). (127)

This finishes the proof of Theorem 4 ii) for &« = 3 and smooth wu, v. For gen-

eral u,v it suffices to consider suitable smooth approximations ("), SONICDN

dLh)
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6.2 Upper bound, a > 3
This is simpler. We take u = 0 and

g (2! x3) = v + 0 S 271 +ﬂx2d(1) (128)
3 hxs ho—2y 3 (’)2 2 3T

In this case the term in the nonlinear strain involving V'v becomes of higher

order and we obtain h=2"2¢W (V,5") — Qs(x3B), where B is as above,
and we conclude easily.

6.3 Upper bound, 2 < a < 3

In analogy with the case o = 3 we could make the ansatz

) o p2(a-2),, B vl
y(h)(SCI,CCg) = (hfbg) + < ha—2q > —h* 1:63 V2

h2a73

hCV
+ z3d® + 7x§d(1>. (129)
Proceeding as above we obtain the desired conclusion at least for a > 5/2.
This ansatz can, however, not work for « close to 2. Indeed we obtain for
the strain in the midplane

[(Vhﬂ(h))th@(h)]ij(xl,0) = pHe=2(vu) TV fori,j e {1,2}

and this leads to an energy contribution of order h3(®~2) which is larger than
the desired estimate h?*~2 if o < 7/3.

Thus instead of the ansatz (129) which only leads to an approximate
isometry of the midplane we will first construct an exact isometry

'+ 52u5(x’)>

o) (130)

g : S — R ge() = (

We then consider the normal v, := . 1A¥J: 2 and as for the nonlinear bending
theory we make the ansatz

h2
G (2 23) = e (a') + ehasve (') + 5?x§d(a@’), where ¢ = h*72. (131)

Assume for the moment that v belongs to W2 (then also u € W2>°(S; R?)

in view of (199) below). Then the existence of y]éh) and uniform W2
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bounds on u. are established in Section 8 (see Theorem 25 and the explicit
expressions (187), (190) and (194) below). Assume in addition that d is
Lipschitz. Keeping in mind that (v.) ; - v. = 0 we find

Vit = Q. (Id + has [(V'ye)"'V've + QTed @ e3]) + O(h%),  (132)
where
Qz—:(x/) = (VIQE,VE) € 50(3)~ (133)

Now

Ve =—¢ < (V(I))QU 8 > +0(Y), Q.=1d+0O(e) (134)

and thus, using frame indifference, we get

h2f2aw(vg(h)) = 572h72W(QZV@(h))

o AV
- Lo () o)
1

= ST,

where in the last equality we used the choice
d=—2L((V")?v). (135)

This finishes the proof of the upper bound for 2 < o < 3 for v € W2, The
general case is treated in the following subsection. O

6.4 Approximation of W?? data for 2 < o < 3

In general we only have v € W22(S) and standard mollification arguments
would destroy the crucial constraint det(V’)?v = 0. Pakzad [61] showed (us-
ing earlier work of Kirchheim [43]) that for convex domains S there nonethe-
less exist approximations v, € C? which satisfy det(V’)?v;, = 0 and converge
to v in W22, Since the limit functional is continuous with respect to this
convergence a standard argument in I'-convergence shows that it suffices to
construct the upper bound for v € C? and this we have already achieved.
For general domains S we face two difficulties. First, the construction of
the isometry y. requires that |[eVuv| < 1 (see Theorem 25) but for Lipschitz
domains we do not always have a global Lipschitz bound for v. Second, we
do not have a bound for the term hV’v. in the supremum norm and hence
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Taylor expansion may not be justified. The second difficulty will be handled
by a truncation argument for Sobolev functions as in [31].

To overcome the first difficulty we use Theorem 37 and Proposition 30.
Thus for each admissible pair (u,v) there exist v, € W22 N W1 such that
det(V")?vx = 0 and vy — v in W22 and an admissible pair (uy,vy) with
up — u in W24 for all ¢ < 2 (cf. (199)). In particular IVE (uy,vy) —
I"K(u,v). Thus by a standard density and diagonalization argument in
I'-convergence we may suppose that v € W1H(S).

Applying Theorem 25 to V = ev. we find a W22 map ®. : S — R? such

that
D,
7. — 136
Ye (61}5) (136)

is an isometric immersion. Moreover ®. = Id + £%u, and
l[uel w2209y < C (137)

Next we replace §. by a W2 map which agrees with 7. except on a
very small set. We use the following truncation result, which is a special
case of results by Liu [50] and Ziemer [81].

Proposition 18 (Approximation by W% maps) Let S be a bounded
Lipschitz domain in R™, let 1 < p < 0o, k € N and A > 0. Suppose that
u € WEP and let

[ul(@) = Y [Vu|().

lal<k

Then there exists u* € W+ such that

||u)\||Wk’°° S C(p,k,S) )\a
C(p, k
wes @ Ao < CELL O up
|ulp=A/2
leMlwes < Clo,k, S)llulles (139)
In particular,
/\lim Nz e S :ut(z) #u(z)} =0 (140)
and
Jim [ — ullyes = 0. (141)
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Remark 19 One can also include boundary conditions as follows (see [31],
Proposition A.2 for the details). LetT be a closed subset of S which satisfies
H*"Y(B(z,r)NT) > cr™ ! for allz €T and all 7 € (0,7¢). If u € W2P(S)
andu =Vu=0 onT (in the sense of trace) then the approximation u? can
be chosen such that u» = Vu* =0 on T,

We now make the specific choice

e=h""2 A= % = ho-3, (142)

We apply Proposition 18 to each component of Y, = g. — id and set ng‘ =
Y2 +id and v, ) = gjél A gjg‘g. As before we set d = —2£((V’)?v) and we
choose Lipschitz approximations dj, satisfying

dp — dinL? hdy — 0 in W2, (143)

Finally we denote the set of bad points by

3
E’\:{xeS:gjé‘yégE}:U{xGS:(YE)‘)i#(YE)Z}. (144)
i=1
As before we consider the ansatz
2
§ M (2!, 23) = () + hasvaa(2) + eh2%dh(az’), (145)
We have
Vg™ = QW + ehaza™ + chazb™,
where

QW = (V2 12), o™ = (1v"12,0), [pP) —dy ® es] < h|V'dy].

grve

We claim that

Q"™ — Id uniformly, (146)
2

a < (VO) ! 8 > in L2, eha™ -0 inL>®, (147

VW d®es in L% ehb™ =0 in L. (148)
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In S\ E we have Q) € SO(3) and thus W (V™) = W(QMW v,5M).
One can then use (146)—(148) in connection with the dominated convergence
theorem to conclude that (cf. Proposition 20 below)

W (V™M)

lim sup

=7
h—0 B2 Jio\ payxr

1 T
< limsup/ — W (QW th](h)
h—0 Js\Br)x1 (€h)? ( )

- [ Lo (3< (VP 8>+x3d®63>=i [ Qv 2oy149)

We now first prove (146)—(148) and then bound the energy contribution
on E*. We first derive L bounds for V/u2 and v*. By the definition of g
we have

lle2ud||w2ce < CA,  [|ev? |2 < CA. (150)
Proposition 18 yields
2 [lw22 < fuellwee < O, [ lwee < [ollyz2 < C.

Hence by the Brezis-Wainger inequality

A _
| V6| e < Cln5 <Clng— < Ce 1/2

and similarly
V0| e < Ce V2,

The normal v can be expanded as

I/)\ — 0 + c VI'U)\ + 82 0 + €3Bl(vlv>\ v/uk) + 8432(v/u>\ v/u)\)
© 1 0 divu) ’ € &’ e
where B; and Bs are bilinear forms whose precise expression does not mat-
ter. Taking into account the L bounds for V'u2 and V'v* we see that
|Q" — Id| < Ce'/?, which proves (146). Differentiating the expression for

v2 we see using (150) that

A A A
/D 2 3_.—1/2
V22l < CeZ + 25 +e% / 5) <CA (151)
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and
N2,A
Hv/yg)\ _ E( (V) v 0 > S 0(62 +€3€—1/2 +€4€—1/2) S C€2'

0 [0 /||

Since hA = e goes to zero as h goes to zero this implies (147). Finally (148)
follows immediately from the properties of dj. This finishes the proof of
(149).

It only remains to estimate the contribution from E*. We claim that

L, A2y
ﬁ|E|:€—2|E|—>O, as h — 0, (152)

|dist(Q™, SO(3))| < CA|EMNY? < Ce. (153)

To prove the first inequality we use (138) for each component of u. and
for v separately. With the notation |v|y = |v| + |V'v| + [(V/)?v] this yields

|
&
>
IA

1 1
5 C— v dx’+—2/ |e%u |3 da’
€ €7 Jlev|a>A/2 € Js

C v|3 da’ + Ce?,
[v]2>1/(2h)

A

and (152) follows. To prove (153) we first recall that |(V/)25}| < CA.
Together with (151) this yields |V’ dist(V,5™, SO(3))] < CX. Moreover
dist(V, 9™, SO(3)) = 0 on (S\ E*) x I. Now every point in € has distance
at most C|E*"/? from the set (S \ E*) x I and this yields (153).

Using (153) and the L bounds for hea™ and heb®™ and the behaviour
of W in a neighbourhood of SO(3) we see that

W(Vig") < 2 + C(eh)?(Ja®? + 7).

Together with the L? convergence of (™ and b and the fact that |EA — 0
we obtain from (152)

1 1
limsup —— w Vh@(h) dr < limsup — |E*| = 0.
ho (he)? Jpaxs ( ) h—0 h2’ |

Combining this with (149) we obtain the desired upper bound. O
In the estimate (149) above we have made use of the following version
of the dominated convergence theorem.
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Proposition 20 Suppose that for 6 — 0 we have

G° -G inL*), 6G° -0 inL™. (154)
Then )

S 2W((Id + 6G°) — 5Q3(G) in LN(Q). (155)

Proof. For a subsequence we have G® — G a.e. Hence, for this subse-
quence,

52W((1d + 6G°) — %Qg(a) ac. (156)
In view of the L convergence we also have
§72W ((Id + 6G?)) < Co~2[6G°* < |GY)2. (157)

Since the right hand side converges in L!(£2) the generalized dominated con-
vergence theorem implies that (155) holds along the subsequence considered.
Since the limit is unique we have convergence of the full sequence. O

7 von Karman like theories: convergence of mini-
mizers

The convergence of minimizers follows from the I'-convergence result and a
Poincaré like inequality related to the rigidity estimates.

7.1 A priori estimates and application of I'-convergence

Proof of Theorem 2. By (66) there exist R € SO(3) and ¢ € R? such
that

/
Y0 () = (RONTy () _ () _ <hx ) (158)
Z3
satisfies
1Y Oy + 190Y Dllaey < OHHIOG®). - (150)

Using the test function x — (2/, hxg) and the conditions (16) and (17) on
the total force and total moment of f® we obtain the trivial bound

inf J® < 0. (160)
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Using once more the conditions on £ and the fact the 3" is a 3-minimizing
sequence (see (18) we deduce that

Iy = 0wy 4 / (ROYT £0) . (RUNT (B gy

Q
T () 4 / (RINYT () .y ) gy
Q
1/2
< Ch? +Cho! (I(h) (y(h))> 2
Since 8 = 2a — 2 this immediately yields
1M (WY < onP. (161)

Now all the assertions of Theorem 2 follow from Theorem 4 and Lemma 13
except for the strong convergence of u®) in (32). This will be addressed in
the following subsection.

7.2 Strong convergence of the in-plane components

To establish strong convergence of the in-plane components we first show
that

Al dist(V,5™M, SO(3)) — |sym G| in L3(Q). (162)

Indeed, since y is a B-minimizing sequence in the sense of (18) we must
have equality in (121) and all the limits inferior can be replaced by limits.
Thus

tim, [ QunG™) o = [ Qu(G)

ti 1272 [ (1= )W (V45 ") do =0, (163)

where yj, is the characteristic function of the set {|G"™| < h=1}. Since Q3
is positive definite on symmetric matrices the first identity yields

xpsym G — sym G in L2(Q; R3*3). (164)
Thus by the definition (109) of G® (recall that E" = h2%=2)
W=\ dist(V,5™, SO(3)) = h' =%y, dist(Id + k2~ G| SO(3))
= xulsym G|+, O(h*HGW?) — [sym G| in L*(9),
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since sup x,h* HGW| < h*=2 — 0. Together with (163) and the coercivity
condition (5) on W we deduce (162). We remark in passing that using the
pointwise estimate |(FTF)Y/2 — Id)| < Cdist(F,SO(3)) and (164) we can
deduce in the same way the convergence of the nonlinear strain, i.e.,

hime ([(thi(h>)TVh@(h>]1/2 - Id) —symG in L2(S;R3).  (165)

From (162) we deduce in particular that h?~2* dist?(V,35"™, SO(3)) is
equiintegrable. Using a refined version of Theorems 9 and 10 (see Proposi-
tions 21 and 22 below) we deduce that

G2 = p2722 v, — RW|?2 s equiintegrable. (166)
In connection with (164) this implies that
symGM — sym G in L*(Q;R33).

Since R — Id in L? and |R™| = /n we also deduce (using e.g. Egoroff’s
theorem) from (166) that

(RM — 1d)G™ — 0 in L2(Q;R3*3).
Thus by the definition (109) of G® and the convergence of sym G()

A= sym(V 5" — RWY = B~ sym(RWGM)) — sym G in L2(Q; R3*3).
(167)

Now by (96)

A2
hi=2 sym(R™ — I1d) — 5 L2(Q; R3*3).

Hence h4—2@ sym(Vhy(h) — Id) converges in L? if o < 3, while for a > 3 the
expression h'~*sym(V,y") — Id) converges in L?. Recalling the definition
of u™ (see (91) and Table 1) we see that sym V'u(® converges strongly in
L?(S;R?*2) for all o > 2. Finally Korn’s inequality and weak convergence
of V'u™ in L? imply strong convergence of V'u®. This finishes the proof
of Theorem 2 O

In the proof of strong convergence we used the following equiintegrable
version of the rigidity estimate in thin sets.
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Proposition 21 Suppose that o > 2 and
dist (Vg™ SO(3)) < h* (M + f»)

with M € R, M > 0 and fo € L*(Q). Let R™ be the map constructed in
the proof of Theorem 10. Then

Viy™ — R < b Y(Gy + Ga) (168)
with
|G1l|pr) < CM,  for some p > 2, ||Gallr2) < Cllfellr2).  (169)
In particular, if
h2=2 dist?(Vy ™, SO(3)) s equiintegrable
then
h2_2o‘|Vhy(h) — R(h)|2 is equiintegrable.

To prove this we use a refined version of Theorem 9 which can be proved
in essentially the same way as the original result, see [34].

Proposition 22 Let U be a bounded Lipschitz domain in R™, n > 2, and let
1 < p1 < p2 < oo. Then there exist constants C(p1,pe, U) with the following
properties. If v € WHL(U;R™) and

dist(Vv, SO(n)) < fi + f2, with f; € LPY(U) (170)
then there exist g; € LP1(U) and R € SO(n) such that
Vo —R| <g1+92, |gillee:wy < Clp1, p2, U)l|fil e (v)- (171)
The constants C(p1,p2,U) are invariant under dilations of U.

Proof of Proposition 21. We only show the interior estimate. The esti-
mates near 05 are obtained in a similar way by first flattening a sufficiently
small piece of 35 as in the proof of Theorem 10. Thus let K C S be compact
and suppose that dist(K,0S) > Ch. Let L' denote the set of points 2’ in
the lattice (hZ)? for which the lattice cell

Sa:’,h =2 + (0, h)2
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intersects K, i.e.
L ={z' € (hZ)*: Spp N K # 0}

Let fi = M, f = M + fo, fix 2/ € £/ and write F" = v,y(". By
Proposition 22 applied to f;xs_, , x1 there exist g; ,» and g2 ,» and a rotation
R, j, such that

|F(h)(z) — Ryp| < ho‘*l(gl,m/(z) + 92.0(2)), for z€ Sy p x1,
(172)
[ lmePaz<onm, [ jgpupissc Fal? dz.
Sz’,hx Sz’,hXI Sz’,hXI

(173)

Strictly speaking we apply Proposition 22 to S,/ j, x hl, rescale the functions
fi in x3 accordingly and then unscale again.

Using the definition of R = R in the proof of Theorem 10 and arguing
as done there we see that this implies

1
\R(h)(x’) . Rz/,h\Q < ChQazﬁ/S ) ]F(h) _ Rz/,h\Q dz
x/,hX

1
< Chp*? <M2 + 3 / \ f2]2dz> .
Sz/,hXI

By (74) we have for &’ € Sy,

hZ

1
< Ch*o? <M2+ﬁ / y fg]Zdz>.
SI/’QhXI

RO~ RO <ot [ s
Syt on X1

Thus

[FW(2) — RM()P? 1
h2a—2 <c M? +gix’ + g%,a:’ + ﬁ ’fQ‘Q dz |,
Sm/,QhXI

(174)

for z € Sy, x I. Hence

[F®) — R < h*Y(Gy + Gy) i K,
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where

Gl = C<M+ Z gl,x’XSI/’h)7

el
1 1/2
G = (X mans+ X (i [ 1Pas) xs).
fopy iy S/ 2hx I

From this one easily deduces (169). The assertion about equiintegrability is
an immediate consequence. O

8 Construction of isometries from infinitesimal isome-
tries

8.1 Construction of isometries

In this section we always deal with maps or functions defined on a bounded
Lipschitz domain S C R2. To simplify the notation we write V instead of
V' for the two-dimensional gradient. Given a map V € W22(S) we seek to
construct an isometric immersion

d
y:S — R of the form y = (V>

We thus need to solve the equation
(Vy)Ivy = (V®)IVD + VV @ VV = Id.

The main result of this section is that (for simply connected domains) the
condition det V2V = 0 is necessary and sufficient for this, see Theorem 25
below. The same condition is sufficient and necessary to obtain a linearized
isometric immersion, i.e. a solution of

VW + (VW) +VV @ VV =0, (175)

where W : S — R?, see Proposition 30 below.

To put these results in perspective we first review some general properties
of isometric immersions for the convenience of the reader. These properties
are classical for smooth maps, but we will need them for W22 maps. For a
general W22 map y : S — R? we define the induced metric by 9ij = YiYj
and we set n =y 1 Ay2 and

Aij = _y,ij - n. (176)
If y is an isometric immersion, i.e. if g;; = §;;, then n is a unit normal to

the image of y and A is the second fundamental form.
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Proposition 23 Suppose that S € R? is a bounded Lipschitz domain and
y € W22(S;R3) is an isometric immersion. Then

y.ij = Ain, (177)
Ajtg = A1, for i=1,2, (178)
in the sense of distributions. Moreover
det A = 0. (179)
Proof. Since g;; = 0;; we have |n| = 1. Differentiation of g;; yields

yij - yxr = 0. Thus y;; is parallel to n and this proves (177). To establish
(178) first note that for smooth y we have the identity

At — Aol = Yi1 N2 — Y2 N1 (180)

By approximation this identity holds in the sense of distributions if y € W?2?2.
By (177) the vector y;; is parallel to n (a.e.), but nj is perpendicular to n,
since |n| = 1. This proves (178).

Finally to establish (179) we start from the identity

911,22 + 922,11 — 2912,12 = 2Y,12 " Y,12 — 2Y,11 - Y,22- (181)

This holds pointwise for smooth y and by approximation it holds in the
sense of distribution for y € W?22. For an isometric immersion the left hand
side vanishes and together with (177) this proves (179). O

Remark 24 Ify is smooth then one can deduce from (179) that locally Vy
1s either a constant or is constant on a smooth curve. In the latter case one
can further conclude that the smooth curve is a line defined by the kernel
of A. It turns out that the latter conclusion is still true for y € W22 (see
Theorem 35 below). The proof, however, requires a much finer analysis
/43, 61]) (for even weaker conditions see Pogorelov’s work [67, 68]). The
following arguments do not require this geometric property, except for the
fine regularity estimates in Subsection 8.3.

Now we come the the announced result on the construction of isometric
immersions from linearized isometric immersions.

Theorem 25 Let S € R? be a bounded, simply connected domain with Lip-
schitz boundary. Suppose that V€ W22(S) and ||[VV||L=~ < 1. Then there
ezists ® € WH2(S) with det ® > 0 and

(VO)IV® = 1d - VV @ VV (182)
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if and only of
det V2V = 0. (183)

Moreover ® is unique up to a rigid motion. If (183) holds and ||VV ||pe <
1/2 then ® can be chosen such that U := ® — id satisfies

IV2Ul| 2 < CIIVV | [V2V ]2, (184)

1Ullw22 < Cl[VV ||| [V2V |12 + C[[VV][72. (185)

Remark 26 If S is not simply connected then the condition det V2V = 0
is not sufficient. Consider e.g. the annulus S = {x : 1/2 < |x| < 1} and
the map V. = e|z|. Let r = |z|, ©® = x/r. Then, using the notation be-
low in (189), (190) one easily computes that VO = hp = (1/r)((V1 —e2 —
1)/(vV1—¢€2))0+. Hence in polar coordinates (r,a) we get that 0(r,a) —
0(r,0) = ((1/V1 —e2)—1)a. We see that 0 is well defined only if 1/v/1 — % €
Z.

We will see in Proposition 31 that for V' € W22 the condition (183)
actually implies that V' € C1(S). If S is of class C1*“ then VV is continuous

up to the boundary, see Theorem 33 below.
Proof of Theorem 25. Let g = Id —VV @ VV and let F = ¢'/2, i.e.

1—+v1-—s

F=1Id-M|VV?)VV @ VV, where \(s) = (186)
s
Then we need to show that there exists a rotation
(0 (080 TSmO Ve — ¢ (187)
sinff  cos@

The following result gives a necessary and sufficient condition for this.
We associate to F' a vector field

FT curl F = (cof F~1) curl F, (188)

he = det I/

where

(curl F)p = L'p21 — Fp1,2-
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Proposition 27 ([26], Prop. 3.1) Let S be a bounded, simply connected
domain with Lipschitz boundary. Suppose that F € WH1(S;R?%?), det F >
0 and |[F~Y < C. Then F can be written in the form F = e V& with
® € W2L(S;R**%) and § € WHL(S;R**2) if and only if

curlhp =0 (189)
in the sense of distributions. Moreover in this case
VO = hp. (190)

From (190) we easily read off the estimate (184) for V2® = V2U. To
estimate the lower derivatives of U we use the fact that 6 is only defined up
to a constant. Hence we may suppose [6 = 0 and thus ||0]|z2 < ||V0)]| 2.
Therefore (187) yields

VUl = [[V® — Id|| > < C|6]|> + C||F = Id||2 < C||V0[ 2 + C|||VV || 2.
(191)

To control the last term we use the estimate
122 < CUA + CUV 2l < ClIfIZ2 + ClA IVl (192)
for f = |VV|2. Together with the previous estimate for V@ this yields
IVUllz2 < ClIVV | [[V2V ][22 + ClIV VL. (193)

Finally using the freedom to add a constant to U we obtain (185).
To prove Theorem 25 it only remains to show that the condition curl F' =
0 is equivalent to det V2V = 0. To check this we write

1—+v1—s

S

a=VV, x=2Xa*), As)=

Then F' = Id — Aa ® a and using a1 = az 1 we get

(curl F'), = — curl(Aapa) = —a,VA A a — AVa, Aa,
where we used the notation a A 8 = a102 — ag31. Thus

(FT curl F);
= —a;VAAa—AVa; Aa+ dajla?VAAa+ Naja,Va, Aa
=ajg/Na— AVa; Aa,
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where
g=—VA+[aPAVA+ A21V|a|* = V(=X + 3\ %a]?).
A short calculation shows that g = 0. Indeed writing s = |a|? we have

M = (3)(s) s

1-vV1—-5)?2 2—s5—2y1-
_ = )7 _2-s S _on—1.
s s
Since det F =1 — Aa|? and Va; = a j we get
(hr) A A (194)
" aiAa
F)j 1—)\’0,‘2 3J

and the following proposition shows that curl hx = 0 if and only if det V2V =
0. O

Proposition 28 Let S be a domain in R? and suppose that V € W22(9)
and ¢ € CH(R) with ¢ and ¢’ bounded. Define h : S — R? by

hj = ¢(|[VV[?)) VV; AVV.
Then,
curl h = (|VV|?) det V2V, (195)
where
P(s) = —4dsd/(s) — 20(s) = —4V/5(V/59)". (196)

Remark 29 If in addition |VV|> < M a.e. then it suffices that ¢ be C' on
[0, M] since such ¢ can be extended to R in such a way that ¢ and ¢’ remain
globally bounded.

Proof. If suffices to show the result for V € O3 since the general case
follows by approximation. As before let a = VV and note that a A § =
—B+ - . Since a,12 = a2 we have

curlh
= [otaP)a -an)] , = [otlaP)a* - a)]

= ¢(lal*) (a3 a1 —aj-ap)

+2¢/(|al?) [(a- a2)(a* - a1) = (a- a1)(a* -a)|.

1
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Now
az - as = —ag - a’ = —det Va = — det V2V,
and using the linearity of the determinant in rows we compute
al-al aJ--ag 2 1 € a1 € -a9
det : - ) = E ajajdet ( 0 Tt
a-a; a-as? ] €j-ai1 €5-a:2
Z?J:

= (ataz — ayay) det ( Zl’l 21’2 ) = —2|a|? det V*V.
2,1 022

This finishes the proof, once it is noted that v (s) has no zeroes on [0, 1) for

¢(s) = —(A/(1 = sA). =

Proposition 30 Suppose that S is a simply connected, bounded Lipschitz
domain. Let V.€ W22(S). Then the equation

VW 4+ (VW) +VV @ VV =0 (197)
admits a solution W € W12(S;R?) if and only if
det V2V = 0. (198)
If (198) holds then W € W22(S;R?) and
Wik = =ViV k- (199)

In particular det V2W; = 0, fori = 1,2. Moreover W is uniquely determined
up to an affine map with skew-symmetric gradient. In particular one can
choose W such that

VW (|2 < C|[VV ||| [V2V]] 2, (200)
W2z < ClIVV||2][V?V || 2 + C||VV][72. (201)
Proof. Let
1
e= —§VV ®VV. (202)

For a smooth V' we have

e11,22 + 2211 — 2e12,12 = det V2V, (203)
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and by approximation this identity holds in the sense of distributions if
V e W22 Now an L’ mape: S — RZYXHQI is the symmetrized gradient of a
W12 function W, i.e.

2¢ = (VW)T + VW, (204)

if and only if
e11,22 + e2211 — 2e12,12 = 0, (205)

see e.g. [52], Chapter 1, §17, equation (25) (note that in Love’s notation
€xz = €11, €yy = €22, but ey, = 2e12, see his equation (24) or [17], p. 372).
Hence the condition det V2V = 0 is sufficient and necessary for the existence
of W. Now (204) implies that

Wijk = €ijk + €ikj — €jk (206)

and after a short calculation this yields (199), which in turn implies (200).
Using the equation (197) for W and the estimate (192) with f = |VV|? we
see that

[sym VW|[z2 < ClIVVIL: + ClIVVI|2[ V2V 2. (207)
Now (201) follows from Korn’s inequality. O

8.2 Simple regularity estimates

In general functions in W22(S) just fail to be in C'. The situation is,
however, better for isometric immersions. We begin with a scalar result.

Proposition 31 Suppose that V € W22(S) and det V2V = 0. Then V €
CY(S). If B,(x) C Br(z) C S we have more precisely

R
oscp, VV < C(In ;)—1/2”v2vuL2(BR), (208)

where oscp, [ := diam f(B,).

Proof. Following Kirchheim [43] we consider the map fo(zy,z3) =
(VV)(x1,22) + 6(—x2,21) and compute

detVf‘S:det( vgia v%;a > =62 > 0.

Since the map f9 in addition belongs W12 it it is monotone and hence con-
tinuous by a result of Vodopyanov and Goldstein [79] ( see also [75], [39] and

95



[28], Theorem 5.14). In fact f° is monotone in the sense of Lebesgue (i.e.
Of%(B(z,r)) = fO(0B(z,r)) and in particular 0SCRB(z,p) fo< 0SCB(z,r) fo<
0SCHB(x,r) f°, for r € (p, R). Now we can apply the Sobolev embedding the-
orem W12(0B(z,r)) — C%'/2(dB(x,r)) for a.e. r € (p, R), take squares,
divide by r and integrate from p to R to obtain the desired logarithmic mod-
ulus of continuity for f (see e.g. [55], (4.3.17), p. 110). Since the constants
involved are independent of § we obtain the assertion for f by taking the
limit § — 0. O

Now each component of an isometric immersion satisfies det V2y; = 0
(see Proposition 23). Hence we obtain the following corollary.

Corollary 32 Let S, V, ® and U be as in Theorem 25. Then V, ® und U
are C! in S. Moreover, for any compactly contained subset S' we have

IVU|| o (sry < CSNIVV oo () IV2V | £2(5)- (209)

8.3 Refined regularity estimates

For sufficiently smooth domains the continuity estimates in Proposition 31
hold up to the boundary.

Theorem 33 Suppose that S is a CY® domain (for some o > 0) and that
V € W22(S) with det V2V = 0. Then V € CY(S) and for sufficiently small
p, R with 0 < p < R we have

R _
oscg,ns VV < C(In ;) Y2 V2V | L2 (Bpns)s (210)

In particular

1
VV lieo(g)y < — vVd
IVl < | [ 9V o

+ ClIVV I 2s)- (211)

Remark 34 The result does not hold for Lipschitz domains. Consider for
example the truncated cone {(x1,xz2) : x1 € (0,1/2),|z2| < 1} and V(z) =
v(x1) with v'(0) = oo and fol tl"(t)|*> < co. One may take e.g. v'(t) =
|Int|% 0 < a < 1/2. A slight modification shows that even C* domains are
not sufficient. One needs a certain logarithmic modulus of continuity of the
normal.

Proof. See [60].
In the setting of Theorem 25 we thus obtain for C1® domains the esti-
mates
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IVV[Lee(s) < ClIVIIw22(s) (212)
IVU|Loe(s) +1IV?UllL2s) < ClIVIpaags)- (213)

The proof of Theorem 33 uses the fact that the gradient of an isometric
immersion is either locally constant or constant along a line segment which
touches S at both ends. This is classical for smooth maps. For C? maps it
follows as a special case of more general results of Hartman and Nirenberg
[38]. Pogorelov [67, 68] has established the result under very weak hypothe-
ses. He only requires that the surface is C' and that the image of the Gauss
map (which maps each point on then surface to its normal) has measure zero
on S2. Pakzad recently gave a shorter proof (using results of Kirchheim) for
W22 isometric immersions. For later use we state both the scalar version
(for functions with det V2V = 0) of this result and the version for isometric
immersions.

Theorem 35 [43, 61] Let S be a bounded Lipschitz domain. Suppose that
V € W22(S) with det V2V = 0. Consider the open set

S1={x €S : VVis constant in a neighbourhood of x}. (214)

Then through every point x € S\ Sy there exists a line segment which inter-
sects S at both ends and on which VV is constant.
The same characterization holds for an isometric immersion in W22(S;R3).

Remark 36 The statement for isometric immersions follows from that for
scalar functions as follows. By Proposition 23 the second fundamental form
A is curl-free and thus can be locally written as A = Vf. Since A is sym-
metric we also have locally f = VV. Hence det V2V = det A = 0. Thus if
f is not locally constant, it is constant on a line segment. Now (177) and
Lemma 39 imply that for each component y; the gradient Vy; is constant on
that segment.

The above characterization can also be used to approximate W?? func-
tions which satisfy det V2V = 0 by functions in W22 N WH* which satisfy
the same constraint. The idea is that each component of the set {|VV| < k}
is bounded by line segments on which VV is constant and by pieces of 05S.
If k is sufficiently big then by local regularity there is one large component
U of {|[VV| < k} and we obtain a good approximation by replacing V' by
a constant in the regions between OU and 9S. The precise statement is as
follows.
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Theorem 37 ([60]) Suppose that S is a bounded Lipschitz domain. Let
V € W22(S) with det V2V = 0. Then there exist an increasing sequence of
open sets Sy C S and Vi, € W2(S) such that

Vi =V inSk, V2V, =0 a.e. inS\ Sk, (215)
IVVi| <k inS, (216)
Usi=s (217)

k=1

In particular det V2V, = 0, |[[V2Villr2(s) < [|[V2V]|12(s) and Vi — V in
W22(8S).

Remark 38 ([60]) If ' C 0S is a finite union of intervals and VV = 0
on I' (in the sense of trace) then we can achieve that Vi, =V and VVj, =

VV =0 on . In fact there exists an subset of S whose boundary includes
I' on which V;, = V.

In Remark 36 we have used the fact that if Vu and Vv are parallel in
an L? sense in S and if v is constant on a line so is u. The following lemma
gives a precise statement.

Lemma 39 Let I' = {(x1,22) : 22 = h(x1),z1 € (0,a)} be a Lipschitz
graph and let

U={(x1,22) : h(x1) < x2 < h(xz1)+b,21 € (0,a)} (218)

be a strip above T'. Suppose that u € WHL(U), by, v, € WH2(U) and

Vu = Z b, V. (219)
k

If the functions vy are constant onT' (in the sense of trace) then u is constant
on I

Proof. We may assume that h = 0, since otherwise we can consider
the functions @, by, v given by @(zy,z2) = u(zy, h(x1),z2) etc. We may
also suppose that the vy vanish on I' since otherwise we can first subtract
suitable constants. So suppose h = 0 and let @(x;) = u(x1,0) denote the
trace of w on I'. We claim that

/a@’ dry =0, Vo€ Cye(0,a). (220)
I
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This immediately applies the assertion. To prove (220) fix ¢ and consider
Y € C5o([0,1)) with ¢ =1 on [0,1/2]. Set ©°(x) = @(x1)1(x2/5). Then for
sufficiently small 6 > 0 the function ¢? vanishes on OU \ I". Thus

/ Vu AV de = / (up’y) 1 — (up?) 2 d = / up dxy. (221)
U v’ ’ r
On the other hand we have
/ Vu AV de = / Vg A bV da
U U
= / Vg AV (bpe?) da — / Vo A @ Vby, da.
U U

Now the first term vanishes. To see this, approximate the b; by smooth
functions and use that vy vanishes on I' and the calculation in (221). The
second term goes to zero as § — 0. Hence (220) holds. O

9 Conclusions

We have shown that variational methods and rigidity estimates yield rigor-
ous convergence proofs of 3D energy-minimizing solutions to solutions of a
hierarchy of plate theories as the plate thickness tends to zero. Unlike in
heuristic derivations of such plate theories, no a priori assumptions whatso-
ever on the structure of the 3D solutions are made. The different theories in
the hierarchy are distinguished by the relation between the strength of the
applied force and the thickness.

9.1 vK theory revisited

It is instructive to see how our results address the criticisms raised by Trues-
dell and Antman against the usual derivations of von Kérmaéan’s plate theory.
This were [76]:

(i
(i

) approximate geometry
)

(iii) commitment to some specific linear constitutive relation
)
)

assumptions on the way the stresses vary over the cross-section

(iv) neglect of some components of the strain

(v) an apparent confusion of the referential and the spatial descriptions
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The first and last criticisms in particular refer to the fact that nonlinear
elasticity is invariant under the full group SO(n) of rotations while von
Karmén’s theory is based on geometrically linear elasticity which is only
invariant under the tangent space of skew-symmetric matrices. Since the
three-dimensional elastic energy is invariant under rotations, large rotations
could in principal occur and these would not be compatible with the use of
geometrically linear theory. This point is addressed by our rigidity estimate,
Theorem 10. In the energy scaling regime in which von Karméan theory is
valid (i.e. E" ~ h*) the three-dimensional deformation gradient is very well
approximated by a constant rotation (see (66)), which we may assume to be
the identity. This is the reason why geometrically linear theory works. The
crucial expression sym V'u+ (1/2)V'v® V'v which represents the membrane
strain in vK theory is derived rigorously in Lemma 15, see (113). At the
heart of the matter is a second order estimate for the deviation of the local
deformation gradient from a constant rotation (see (96) and (88), where the
constant rotation is taken as the identity and where E" = h%).

Point (iii) is again essentially addressed by (66). This allows one to use
a Taylor expansion of the energy and therefore only the linearization of the
full elastic energy matters and we get a linear constitutive relation in the
limiting model. One subtle point is that from smallness of the energy one
can only prove that the gradient is close to the identity in L2, while Taylor
expansion requires an L™ estimate. Here lies the strength of the variational
character of I'-convergence. For the lower bound we can ignore the very
small set were the gradient may not be uniformly close the identity (see
(121)). For the upper we only need to construct a test function and this we
can choose so that uniform convergence holds.

Point (ii) is also taken care of by Lemma 15. It shows that the relevant
components of the limiting strain are affine in x3. Since the limiting stress-
strain relation is linear, the same holds for the stress.

Finally (iv) emerges naturally in our analysis. Again Lemma 15 shows
that certain components of the limiting strain can be predicted from the
limiting in-plane and out-of-plane deformations. Minimization over the re-
maining components leads a lower bound for the energy and the construction
of test functions for the upper bound shows that this lower bound is already
sharp. Hence for (almost) minimizing sequences in the sense of (18) the
remaining components of the strain are essentially slaved to the ones which
enter directly into the theory.
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9.2 Extensions

The approach discussed here can be extended to many other settings and a
lot of work is currently in progress. Let us just mention shells [49, 33|, rods
[57, 58, 64], other boundary conditions and stability [35], heterogeneous films
and multilayers [74] and multiwell problems [11, 74, 15, 16, 46, 59]. We also
believe that the estimates developed here should be useful for the numerical
analysis of thin elastic bodies.

9.3 Theories which involve membrane and bending energy

A wide open problem is the question whether one can in a rigorous way jus-
tify theories which are two-dimensional but still involve the small thickness
parameter h. There are many cases of interest with boundary conditions
that do not fall into any of the categories. A typical case involves boundary
conditions that cause part of the shell to stretch, but another part to bend
with no stretching. This apparently can also happen near a singularity.

The theories derived in the limit A — 0 (see Table 1) also often show
certain degeneracies. In such cases membrane theory exhibits no resistance
to compression, leading to undesirable instabilities. While membrane theory
is thus too soft, Kirchhoff’s bending theory is often too stiff. It captures the
bending energy correctly but only isometric immersions have finite energy.
Practitioners often use theories which involve both membrane and bending
contributions to the energy (and thus retain the small parameter h), i.e.,
geometrically nonlinear versions of the von Karméan theory. The question
whether any one of these theories has a rigorous asymptotic status is unclear.
There have been some attempts to extend the concept of I'-convergence to I'-
expansion in order to capture not only the limit, but also higher order terms,
but so far this approach has been mostly successful for linear problems
[4]. It seems that these I'-expansions tend to separate the regimes more
than is desirable; each successive term in the I'-expansion can only make
an arbitrarily small perturbation to the preceeding theory. In ongoing work
Braides and Truskinovsky [12] are studying a number of nonlinear examples
where such a I'-expansion would be very desirable. The issue of simplified
theories which still contain the small parameter is of particular interest in
the force range 1 < a0 < 2, as we already discussed in Section 2.2.

61



Acknowledgement

RDJ thanks NSEF (NIRT DMS 0304326) and the MURI program (ONR-
N000140140110761) for supporting his work. GF and SM were partially
supported by the TMR network FMRX-CT98-0229 and the RTN network
MRTN-CT-2004-505226.

References

1]

2]

E. Acerbi, G. Buttazzo and D. Percivale, A variational definition of the
strain energy for an elastic string, J. Elasticity 25 (1991), 137-148.

L. Ambrosio, A. Coscia and G. DalMaso, Fine properties of functions
with bounded deformation, Arch. Rational Mech. Anal. 139 (1997),
201-238.

S.S. Antman, Nonlinear problems of elasticity, Springer: New York
(1995).

G. Anzelotti, S. Baldo, D. Percivale, Dimension reduction in variational
problems, asymptotic development in I'-convergence and thin structures
in elasticity, Asymptotic Anal. 9 (1994), 61-100.

B. Audoly and A. Boudaoud, Self-similar structures near boundaries in
strained systems, Phys. Rev. Lett. 91 (2003), 086105.

M. Ben Amar and Y. Pomeau, Crumpled paper, Proc. Royal Soc. Lond.
A 453 (1997), 729-755.

H. Ben Belgacem, Une méthode de I'-convergence pour un modele de
membrane non linéaire. (French) [A I'-convergence method for a non-
linear membrane model] C. R. Acad. Sci. Paris Sér. I 324 (1997),
845-849.

H. Ben Belgacem, S. Conti, A. DeSimone, S. Miiller, Rigorous bounds
for the Foppl-von Karméan theory of isotropically compressed plates, J.
Nonlinear Sci. 10 (2000), 661-685.

H. Ben Belgacem, S. Conti, A. DeSimone, S. Miiller, Energy scaling
of compressed elastic films — three-dimensional elasticity and reduced
theories, Arch. Rat. Mech. Anal. 164 (2002), 1-37.

62



[10]

[11]

[17]

18]

[19]

Y. Benyamini, J. Lindenstrauss, Geometric nonlinear functional anal-
ysis Vol. I, American Math. Soc., 2000.

K. Bhattacharya and R. D. James, A theory of thin films of martensitic
materials with applications to microactuators, J. Mech. Phys. Solids 47
(1999), 531-576.

A. Braides and L. Truskinosky, in preparation.

V. Casarino, D. Percivale, A variational model for nonlinear elastic
plates, J. Conver Anal. 3 (1996), 221-243.

E. Cerda, S. Chaieb, F. Melo and L. Mahadevan, Conical dislocations
in crumpling, Nature 401 (1999), 46-49.

N. Chaudhuri and S. Miiller, Rigidity estimate for two incompatible
wells, Calc. Var. 19 (2004), 379-390.

N. Chaudhuri and S. Miiller, Scaling of the energy for thin martensitic
films, Preprint MPI-MIS 59,/2004.

P. G. Ciarlet, A justification of the von Karmén equations, Arch. Ra-
tional Mech. Anal. 73 (1980), 349-389.

P. G. Ciarlet, Mathematical elasticity II — theory of plates, Elsevier,
Amsterdam, 1997.

S. Conti, Low energy deformations of thin elastic plates: isometric em-
beddings and branching patterns, Habilitation thesis, submitted to the
University of Leipzig, 2003.

S. Conti and F. Maggi, in preparation.
S. Conti, F. Maggi and S. Miiller, in preparation.
G. Dal Maso, An introduction to I'-convergence, Birkhauser, 1993.

G. Dal Maso, M. Negri and D. Percivale, Linearized elasticity as
Gamma-limit of finite elasticity, Set Valued Analysis 10 (2002), 165—
183.

E. DeGiorgi and T. Franzoni, Su un tipo di convergenza variazionale,
Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. 58 (1975),
842-850.

63



[25]

B. A. DiDonna, S. C. Venkataramani, T. A. Witten and E. M. Kramer,
Singularities, structures and scaling in deformed elastic m-sheets, Phys.
Rev. E 65 (2002), 016603.

G. Dolzmann and S. Miiller, Microstructure with finite surface energy:
the two-well problem, Arch. Rational Mech. Anal. 132 (1995), 101-141.

A. Foppl, Vorlesungen dber technische Mechanik 5, Leipzig, 1907, pp.
132-139.

I. Fonseca and W. Gangbo, Degree theory in analysis and applications,
Oxford Univ. Press, 1995.

D.D. Fox, A. Raoult, J.C. Simo, A justification of nonlinear properly
invariant plate theories, Arch. Rational Mech. Anal. 124 (1993), 157
199.

G. Friesecke, R.D. James and S. Miiller, Rigorous derivation of nonlin-
ear plate theory and geometric rigidity, C. R. Acad. Sci. Paris. Sér. 1
334 (2002), 173-178.

G. Friesecke, R.D. James and S. Miiller, A theorem on geometric rigidity
and the derivation of nonlinear plate theory from three dimensional
elasticity, Comm. Pure Appl. Math. 55 (2002), 1461-1506.

G. Friesecke, R.D. James and S. Miiller, The Foppl von Karmaéan
plate theory as a low energy I-limit of nonlinear -elasticity,
C. R. Acad. Sci. Paris. Sér. I 335 (2002), 201-206.

G. Friesecke, R.D. James, S. Miiller and M.G. Mora, Derivation of
nonlinear bending theory for shells from three dimensional nonlinear
elasticity by Gamma-convergence, C. R. Acad. Sci. Paris. Sér. I 336
(2003), 697-702.

G. Friesecke, R.D. James and S. Miiller, Rigidity of maps close to SO(n)
and equiintegrability, in preparation.

G. Friesecke, R.D. James and S. Miiller, Stability of slender bodies un-
der compression and validity of the von Karmén theory, in preparation.

G. Geymonat and P. Suquet, Functional spaces for Norton-Hoff mate-
rials, Math. Meth. in the Appl. Sci. 8 (1986), 206-222.

G. Gioia and M. Ortiz, Delamination of compressed thin films, Adv.
Appl. Mech. 33 (1997), 119-192.

64



[38]

[39]

[40]

[41]

[42]

[43]

P. Hartmann and L. Nirenberg, On spherical image maps whose Jaco-
bians do not change sign, Amer. J. Math. 81 (1959), 901-920.

T. Iwaniec and V. Sverdk, On mappings with integrable dilatation,
Proc. Amer. Math. Soc. 118 (1993), 181-188.

W.M. Jin and P. Sternberg, Energy estimates for the von Karméan model
of thin film blistering, J. Math. Phys. 42 (2001), 192-199.

F. John, Rotation and strain, Comm. Pure Appl. Math. 14 (1961),
391-413.

F. John, Bounds for deformations in terms of average strains, in O.
Shisha (ed.), Inequalities IIT (1972), 129-144.

B. Kirchheim, Geometry and rigidity of microstructures, Habilitation
thesis, University of Leipzig, 2001 (see also: MPI-MIS Lecture Notes.
16/ 2003 http://www.mis.mpg.de/preprints/ln/index.html).

G. Kirchhoff, Uber das Gleichgewicht und die Bewegung einer elastis-
chen Scheibe, J. Reine Angew. Math. 40 (1850), 51-88.

T. von Kéarmén, Festigkeitsprobleme im Maschinenbau, om FEncy-
clopadie der Mathematischen Wissenschaften. Vol. IV /4, pp. 311-385,
Leipzig, 1910.

H. LeDret and N. Meunier, Heterogeneous wires made of martensitic
material, C.R. Acad. Sci. Paris Sér. I 337 (2003), 143-147.

H. LeDret and A. Raoult, Le modéle de membrane non linéaire
comme limite variationelle de 1’élasticité non linéaire tridimensionelle,
C. R. Acad. Sci. Paris Sér. I 317 (1993), 221-226.

H. LeDret and A. Raoult, The nonlinear membrane model as a vari-
ational limit of nonlinear three-dimensional elasticity, J. Math. Pures
Appl. 73 (1995), 549-578.

H. LeDret and A. Raoult, The membrane shell model in nonlinear
elasticity: a variational asymptotic derivation, J. Nonlinear Science
6 (1996), 59-84.

F.-C. Liu, A Lusin property of Sobolev functions, Indiana U. Math. J.
26 (1977), 645-651.

65



[51]

[52]

[53]

[54]

[55]

[56]

[59]

[60]

[61]

[62]

[63]

[64]

A. E. Lobkovsky, Boundary layer analysis of the ridge singularity in a
thin plate, Phys. Rev. E 53 (1996), 3750-3759.

A. E. H. Love, A Treatise on the Mathematical Theory of Elasticity,
4the Fdition, Cambridge University Press: Cambridge (1927).

J.J. Marigo, H. Ghidouche, Z. Sedkaoui, Des poutres flexibles
aux fils extensibles: une hiérachie de modeles asymptotiques,
C. R. Acad. Sci. Paris Sér. IIb 326 (1998), 79-84.

D. Morgenstern, Herleitung der Plattentheorie aus der dreidimension-
alen Elastizitétztheorie, Arch. Rational Mech. Anal. 4 (1959), 145-152.

C.B. Morrey, Multiple integrals in the calculus of variations , Springer,
1966.

R. Monneau, Justification of nonlinear Kirchhoff-Love theory of plates
as the application of a new singular inverse method, Arch. Rational
Mech. Anal. 169 (2003), 1-34.

M.G. Mora, S. Miiller, Derivation of the nonlinear bending-torsion the-
ory for inextensible rods by I'-convergence, Calc. Var. 18 (2003), 287—
305.

M.G. Mora, S. Miiller, A nonlinear model for inextensible rods as a low
energy ['-limit of three-dimensional nonlinear elasticity, Ann. Inst. H.
Poincaré Analyse non linéaire 21 (2004), 271-299.

M.G. Mora, S. Miiller, Derivation of a rod theory for phase-transforming
materials, in preparation.

S. Miiller and R. Pakzad, Regularity properties of isometric immersions,
Preprint MPI-MIS 4/ 2004, to appear in Math. Z.

R. Pakzad, On the Sobolev space of isometric immersions, Preprint
MPI-MIS 41/2003, to appear in J. Diff. Geom. 66 (2004), 47-69.

O. Pantz, Une justification partielle du modele de plaque en flexion par
I-convergence, C. R. Acad. Sci. Paris Sér. I 332 (2001), 587-592.

O. Pantz, On the justification of the nonlinear inextensional plate
model, Arch. Rational Mech. Anal. 167 (2003), 179-209.

O. Pantz, personal communication.

66



[65]

[66]

[67]

[68]

[69]
[70]

[71]

[72]

73]

[74]

[75]

[76]

A.C. Pipkin, The relaxed energy density for isotropic elastic mem-
branes, IMA J. Appl. Math. 36 (1986), 85-99.

A.C. Pipkin, Continuously distributed wrinkles in fabrics, Arch. Ratio-
nal Mech. Anal. 95 (1986), 93-115.

A.V. Pogorelov, Surfaces with bounded extrinsic curvature (Russian),
Kharhov, 1956

A.V. Pogorelov, Extrinsic geometry of convex surfaces, Translation of
mathematical monographs vol. 35, American Math. Soc., 1973.

A. Raoult, Personal communication.

E. Reissner, On tension field theory. Proc. 5th Internat. Congr. Appl.
Mech. (1938), 88-92 (reprinted in [71]).

E. Reissner, Selected works in applied mechanics and mathematics,
Jones and Bartlett Publ., London, 1996, pp. 134-146.

Y. G. Reshetnyak, Liouville’s theory on conformal mappings under
minimial regularity assumptions, Siberian Math. J. 8 (1967), 69-85
(Sibirskii Mat. Zh. 8 (1967), 91-114).

E. Sharon, B. Roman, M. Marder, G.S. Shin and H.L. Swinney, Me-
chanics: Buckling cascades in free sheets - Wavy leaves may not depend
only on their genes to make their edges crinkle, Nature 419 (2002), 579.

Y.C. Shu, Heteregeneous thin films of martensitic materials, Arch. Ra-
tional Mech. Anal. 153 (2000), 39-90.

V. Sverdk, Regulartiy properties of deformations with finite energy,
Arch. Rational Mech. Anal. 100 (1988), 105-127.

C. Truesdell, Comments on rational continuum mechanics, Three lec-
tures for the international Symposium on Continuum Mechanics and
Partial Differential Equations, Instituto de Matematica, University Fed-
eral do Rio de Janeiro, August 1-5, 1977, pp. 495603 of Contem-
porary developments in continuum mechanics and partial differential
equations ed. G.M. LaPenha and L.E. Medeiros, North-Holland, Ams-
terdam, 1978.

S. Venkataramani, Lower bounds for the energy in a crumpled sheet -
A minimal ridge, Nonlinearity 17 (2004), 301-312,

67



[78] P. Villaggio, Mathematical models for elastic structures, Cambridge
Univ. Press, 1997.

[79] S.K. Vodopyanov and V.M. Goldstein, Quasiconformal mappings and
spaces with generalized first derivatives, Siberian Math. J. 17 (1976),
399-411 (Sibirskii Mat. Zh. 17 (1976), 515-531).

[80] H. Wagner, Ebene Blechwandtriger mit sehr diinnem Steigblech, Z.
Flugtechnik u. Motorluftschiffahrt 20 (1929), 200-207, 227-233, 256—
262, 279-284, 306-314.

[81] W. Ziemer, Weakly Differentiable Functions, Springer-Verlag: New
York (1989).

68



