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Abstract
Filaments of bacterial ﬂagella are perfect tubular stackings polymerized out of just
one kind of building block: the ﬂagellin protein. Surprisingly, they do not form
straight rods, but exhibit a symmetry-breaking coiling into helical shapes which is
essential for their biological function as cell “propeller”. The co-existence of two
conformational states for ﬂagellin within the ﬁlament is believed to be responsible
for the helical shapes by producing local misﬁt which results in curvature and
twist. In this paper, we present a coarse-grained description with an elastic energy
functional for the ﬁlament derived from its microscopic structure. By minimising
this functional we can answer the question of spatial distribution of ﬂagellin states
which is crucial for the observed coupling of curvature and twist.
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Introduction

Bacteria such as Escherichia coli and Salmonella typhimurium use rotating ﬂagella
to swim. Each ﬂagellum consists of a ∼ 3µm long ﬁlament coiled into a helix which
is connected at one end to a nanomotor embedded into the cell membrane [1, 2].
The ﬁlament shows an ability for polymorphism allowing for several stable helical
shape states with diﬀerent curvature and twist. Switching between these distinct
helical states may be caused by changes in pH, ionic strength or applied torsional
load [3].
Polymorphism plays a central role for cell motility which is characterised by
switching back and forth between helical states of opposite chirality in adaptive
intervals ∼ 1s corresponding to the run and tumble mode of motion [4, 5].
Outline. In Section 1.1, we present the microscopic details of the ﬁlament that
will be cast in our model. Then we discuss the classic approach by Calladine
superimposing two separate models for curvature and twist (1.2-1.4) and a recent
1
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model by Srigiriraju and Powers which lacks curvature-twist-coupling. In Section
2, we extend Calladine’s model by formulating an elastic energy functional for the
ﬁlament. Minimisation of this functional leads to a multi-state control problem,
which we study in Section 3, to answer the question of helical shapes and the
spatial distribution of ﬂagellin states.

1.1

The microscopic structure of the filament

In a cross-section of the ﬁlament, one distinguishes high density regions at radii
25Å and r := 45Å, referred to as inner and outer tube [3, 1]. Chemically, the
ﬁlament is a polymer consisting of ∼ 104 copies of the protein ﬂagellin [1, 2].
Each ﬂagellin has a domain in the inner as well as in the outer tube, roughly
aligned in the radial direction as pictured in Fig. 1.
D1
D0

Inner tube
Outer tube

Figure 1: Position of ﬂagellin in the ﬁlament
In both the inner and in the outer tube, the respective domains form a twodimensional lattice as shown in Fig. 2, with each domain represented by a reference dot [3].

Figure 2: 2D-lattice formed by the ﬂagellin units
Note that the labelling of the monomers is chosen for convenience and does not
imply that monomer i is binding to monomer i + 1. The binding scheme is as
follows: In the inner tube, there exist bonds between monomer i and i ± 5, i ± 6
and i ± 11; in the outer tube, the bonds are between i and i ± 5, i ± 11 plus a
minor bond to i ± 16 [3, 1, 6].
All monomers in the residue class [2i] ∈ Z/11Z modulo 11 are referred to as the
ith protofilament.
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crosssection
of ﬁlament
curvature [µm−1 ]
twist [rad µm−1 ]
name

0
1.1
2.7
3.0
-5.6
-2.1
+1.8
+3.9
R-straight normal semi-coiled curly-1

0
13.5
L-straight

Table 1: Distinct helical states of ﬂagellar ﬁlament (R=black, L=white)
Microscopic variables: We introduce microscopic variables for the outer tube
lattice (cf. Fig. 2): (a) the axial spacing Qi between the successive ﬂagellins i and
i + 11 within protoﬁlament [2i] and (b) the axial oﬀset Pi between the ﬂagellins i
and i − 5 in the neighbouring protoﬁlaments [2i] and [2i+1].
5
It is convenient to normalise qi := Qi /Qref and pi := Pi + 11
Qref , where Qref is the
axial spacing in the unstrained inner tube lattice. In the coarse-grained description
to be studied, we will use continuous variables q[2i] (s) and p[2i] (s) depending on a
length parameter s parametrising the ﬁlament.
The conformational switch: One distinguishes two conformational states of
ﬂagellin: R and L [7], which are believed to result from a conformational switch
in the domain D1 [8].
Table 1.1 displays curvature and twist for various polymorphic states together
with the assumed spatial distribution of ﬂagellin states (all ﬂagellins in a single
protoﬁlament are either in state R (black) or L (white)) [3].
Using the mutants R-straight and L-straight, Yamashita et al. [3] measured the
axial spacing Q as well as the axial oﬀset P for each of the two states with results
as follows
QR = 51.9 Å, PR = −24.6 Å

and

QL = 52.7 Å, PL = −22.0Å.

One might say that, when switching from R to L, a ﬂagellin i becomes 0.8Å longer
and slides down by 2.6Å relative to its neighbour ﬂagellin i − 5.
In a normal ﬁlament there will be mixed phases; thus the monomers cannot attain
their relaxed geometry and the resulting pre-stress deforms the ﬁlament-tube, i.e.
it becomes slightly twisted and curved.

1.2

Calladine’s model for curvature

The ﬁrst model explaining curvature was given by Calladine [9, 10, 11], supposing
Calladine’s rule: In a single protofilament [2i], all flagellins are in the same
state, say χi ∈ {L, R} for i = 1, . . . , 11.
Calladine then models an inﬁnitesimal section of the ﬁlament as two rigid disks
of radius r connected by 11 Hookean springs, assuming that the protoﬁlaments
are equally spaced around the circumference of the disks with spring rest length
qR or qL according to χi (cf. Fig. 3). Let qi denote the actual length of the ith
spring.
 k
2
In order to minimise the spring energy of this conﬁguration E = 11
i=1 2 (qi − qχi ) ,
the two disks will be tilted, resulting in local curvature, if the number of L3

10 9
11
1

8
2

7
3

6
5
4

Figure 3: Calladine’s spring model
protoﬁlaments diﬀers from 0 or 11. Furthermore, it is energetically favourable
to group L-protoﬁlaments together, i.e. minimise #{i|χi = χi+1 }. Assume that
χi = L for i = 1, . . . , l, and = R otherwise. Taking into account thesymmetry
 of
2π
l+1
th
the assembly, the length qi of the i spring will be qi = a + b cos 11 i − 2 , for
some a, b. A short calculation using trigonometric identities yields the minimising
values aopt =

1
(lqL
11

+ (11 − l)qR ) and bopt =

determine the curvature k of the ﬁlament

1.3

aopt −bopt
aopt

#Lπ
11
π
11

2 sin
11 sin

=

(qL − qR ). These values

2π (1/k−r)
2π 1/k

= 1 − rk.

Lattice-rotation-model for twist

A separate model is needed for twist, which is best explained geometrically [12].
Parallel alignment of 11+1 protoﬁlaments (with given oﬀset between neighbouring
protoﬁlaments) yields a strip of lattice as in Fig. 4.
Filament axis

Figure 4: Gluing a strip of lattice into a tube
If the outer rims match, this strip can be closed to a tubular lattice by identifying
the two outer protoﬁlaments,
In case there is a mismatch p, we have to rotate the strip of lattice by an angle
p
θ = arctan 2πr
before gluing, to obtain a twisted tube with twist 1r sin θ, as in Fig.
5.
Filament axis

Q

Figure 5: Gluing a rotated strip of lattice into a twisted tube
If the ith protoﬁlament switches from state R to L, its oﬀset relative to the (i+1)th
protoﬁlament will change by pL − pR , and thus the twist k3 of the ﬁlament will
−pR
change by approximately pL2πr
2 .
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1.4

Discussion of the classical approach

Approximately, one can superimpose the predictions of both Calladine’s and the
lattice rotation model to obtain theoretical values for the helix parameters of the
diﬀerent polymorphic states, in good agreement with experimental data [4, 9].
However, it is not clear why the models do not interfere. Also, Calladine’s rule
remains unexplained.

1.5

Alternative approaches

Hasegawa et al. [13] proposed a modiﬁcation of Asakura’s L-and-R-state hypothesis in that no distinct conformational states, but instead alternate pairs of binding
sites (A1 , A2 ) and (B1 , B2 ) exist at ﬂagellin i, each of which can form the −5-bond
to a pair (C1 , C2 ) of binding sites at ﬂagellin i − 5. A diﬀerence in the axial oﬀset between the two binding points for the A and the B-pair is said to compress
ﬂagellin i by 0.8Å when the A-pair is used, thus leading to a coupling of axial
oﬀset and axial spacing. However, when the A-pair is used, ﬂagellin i − 5 becomes stretched, making it questionable whether the right coupling arises from
this theory.
Recently, Srigiriraju and Powers [14] proposed a continuum model for bacterial
ﬂagella using double-well potentials for the axial spacing variables. In this model
Calladine’s rule is forced by an explicit phase boundary penalization. Their model
can explain the response of the ﬁlament to torsional load but lacks the twistcurvature coupling implied by the conformational switch.

2

Mesoscopic model

We will employ a semi-continuous approach, modelling the protoﬁlaments as space
curves to set up an elastic energy functional E for the ﬁlament exhibiting twistcurvature-coupling.
Variables. Let us consider the back-bone of the ﬂagellum x(s) ∈ R3 parametrised
by arc-length s together with a vector ﬁeld e1 (s) ∈ R3 perpendicular to e3 (s) :=
x (s) and pointing towards the 11th protoﬁlament. A prime will always denote
diﬀerentiation w.r.t. s. Setting e2 (s) := e3 (s) × e1 (s) completes a material frame
d
for x(s) [15, 16]. Using 12 ei , ei  = ds
|ei |2 = 0, one shows ei (s) = k(s) × ei (s)
3
for a uniquely determined k := (k1 , k2 , k3) : [0, 1] →
 R . The case k = const.
2
corresponds to a perfect helix x with curvature k = k1 + k22 and twist k3 . The
physically sound range for |k3| is |k3 |  1r ; for k it is k < R1 ≈ 80µm−1 , where R is
the radius of injectivity of the ﬁlament. Note that up to rotations and translations,
we can recover the space curve x from k.
We assume ﬁxed radial distance r between protoﬁlaments and back-bone, as
between laterally-adjacent protoﬁlaments. This
well as ﬁxed angular spacing 2π
11
already determines the protoﬁlaments as abstract space curves, but not their
parametrisation. This will be speciﬁed by variables si (t), the ith protoﬁlament
being given as
xi (t) := x(si (t)) + αi e1 (si (t)) + βi e2 (si (t)), where αi := r cos
5

2πi
2πi
, βi := r sin
,
11
11

where t is a material parmaterization of the protoﬁlament. The si have the physical meaning of describing axial sliding and axial stretching of protoﬁlaments and
must satisfy si > 0. The relaxed state corresponds to si = 1, whereas si < 1
corresponds to compression and si > 1 to stretching of the ith protoﬁlament.
Furthermore, we will consider characteristic state functions χi (s) ∈ {L, R}, i =
th
1, . . . , 11, specifying the state of the ﬂagellin at position xi (s−1
i (s)) in the i
protoﬁlament.
We will study a bulk section of the ﬁlament s ∈ I := (0, 1), neglecting boundary
eﬀects at both ends.
Linearization. For the axial spacing qi , we have (using r  1, the boundedness
of k1 , k2 , rk3 and si ≈ 1)


d


qi =  xi (t) = |e3 − αi k2 e3 + αi k1 e2 + βi k1 e3 − βi k3 e1 | si (t) ≈ si − αi k2 + βi k1 .
dt
In order to express the axial oﬀset pi between neighboring protoﬁlaments, we
consider lateral bonds connecting the ith and the (i + 1)th protoﬁlaments which
lie in the outer tube and are perpendicular to the two protoﬁlaments. According
to the lattice-rotation-model, (the space curve for) the lateral bond starting at
xi (s−1
i (s)) will be given to ﬁrst-order by
yi,i+1 (u) = x(s(u)) + r cos

2π(i + u)
2π(i + u)
e1 (s(u)) + r sin
e2 (s(u)),
11
11

where s(u) = s − γk3 u,
2

. Note that  dtd xi (t)|t=s−1
, d yi,i+1 (u)|u=0 = 0 + o(r 2 ).
with u ∈ [0, 1], γ := 2πr
11
i (s) du
Thus the axial oﬀset between the ith and the (i + 1)th protoﬁlament at arc-length
position s is (using si ≈ 1 and γk3  1)
−1
pi (s) = s−1
i+1 (s − γk3 ) − si (s) ≈ si (s) − si+1 (s) + γk3 .

Integration along protoﬁlaments will be replaced by integration w.r.t. ds, this
being permissible since si ≈ 1.
Potentials. The elastic energy E of the ﬁlament will consist of parts coming
from the inner and the outer tube plus a term Ek which penalises distortion of
the protoﬁlaments due to curvature

E = EIT + EOT + Ek = WIT + WOT + Wk ds.
The energy
WIT amounts to an axial strain response, thus depending on s ,
11 density
1

s := 11 i=1 si (s), with a local minimum at qIT = 1. We assume WIT = µ(s −1)2 .
Since the protein assembly of the ﬁlament is held together
only by local bonds,
11
we expect WOT to be a sum WOT ({pi }, {qi }, {χi }) = i=1 wOT (pi (s), qi (s), χi (s)).
Little is known about wOT , except its non-convexity with distinct local minima at
(pR , qR , R) and (pL , qL , L). Thus, we make a quadratic expansion wOT (p, q, S) =
wp (p, S) + wq (q, S) with wp (p, S) = λ1 (p − pS )2 and wq (q, S) = λ2 (q − qS )2 . We
normalise λ2 = 1 and write λ := λ1 .
Finally, Wk = ε(k12 + k22 ) to second order.
6

A coupled control problem. Thus we are led to consider the following control
problem (∗).
backbone
states
axial shift

k1 , k2 , k3 ∈ L2 (I), I := (0, 1)
χ1 , . . . , χ11 : I → S := {R, L}
s1 , . . . , s11 ∈ H 1 (I)

constants

αi := r cos 2πi
, βi := r sin 2πi
, γ := 2πr
, µ, λ, ε > 0
11
11
11
p : S → R, p∗i := p ◦ χi and q : S → R, qi∗ := q ◦ χi
11
1
pi := ti − ti+1 + γk3 , where s := 11
i=1 si , ti := si − s


qi := s + ti − αi k2 + βi k1

E(k, s, χ) := I WIT + Wp + Wq + Wk ds


11
∗ 2
∗ 2
2
2
= I µ(s − 1)2 + +λ 11
i=1 (pi − pi ) +
i=1 (qi − qi ) + ε(k1 + k2 ) ds

2

axial oﬀset
axial strain
energy

3

Analysis of the model

Assuming the ﬁlament to be in an equilibrium state minimising E, we can address
the question of spatial distribution of ﬂagellin states and ask for helical shapes.

3.1

Calladine’s rule

We can prove Calladine’s rule in the limiting case of large λ.
Theorem 1. There exists a constant C = C(p, q) such that for all λ > C the
opt
opt
control problem (∗) admits minimiser (k opt , sopt
i χi ), all of which satisfy χi (s) ≡
const. Moreover, for fixed and constant χi , the minimiser is unique.
The proof consists of several lemmas whose proofs can be found in the appendix.
First let us present the main idea. For large λ, pi (s) will stay in an ε-tube of
p(Si ) for an appropriate Si ∈ S, if E is less than a certain constant. Next, for
C 1 -candidates si with χi chosen optimally, each jump of χi (s) will cost at least an
energy amount of ε̃ > 0. Applying this argument to a minimising sequence rules
out the possibility of convergence to non-trivial Young measures. So we need not
convexify the integrand in (∗) at any point in the proof. However, we will not
work with the original functional (∗) directly, but with a transformed problem (1)
obtained by ﬁrst eliminating those variables whose derivatives do not appear in
the functional, and then applying a Fourier transform.
For given ti , χi , we can eliminate k1 , k2 , k3, u := s from the functional. First
µ
2
we deﬁne shorthand notation di := ti − (qi∗ − q ∗ ), µ̃ := 11+µ
, ν := 11+2ε/r
2,
11 ∗
11 ∗
∗
∗
p := i=1 pi /11, and q := i=1 qi /11.
Lemma 2 (Elimination of variables). We have
W̃ ({ti }, {χi}) := min W (k, {si }, {χi})
k1 ,k2 ,k3 ,u

=11µ̃(q ∗ − 1)2 + λ

11

(ti − ti+1 + p∗ − p∗i )2 +
i=1

11

i=1

d2i − ν

11

i,j=1
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di dj cos

2π
(j − i).
11



The minimum is attained for k1opt = −ν/r 2 11
βi di, k2opt = ν/r 2 11
i=1
i=1 αi di ,
 opt
opt
µ+11q ∗
∗
= µ+11 for given functions χi .
k3 = p /γ, and s
Next we can decouple the ti in W̃ by using discrete Fourier transform w.r.t. i.
Definition 1 (Fourier transform). For any 11-tuple c1 , . . . , c11 we denote their
Fourier transform as
ĉn :=
Note cm =

11

n, m
√
cm , n = 1, . . . , 11,
11
m=1

11
n=1

where n, m = exp

2πi
n · m.
11

−n,m
√
ĉn .
11

Lemma 3 (Fourier transform). By using the Fourier transforms t̂i of ti , we
can express W̃ as follows
W̃ (t̂, χ) =

√

µ̃(q̂0∗ −

5
5








∗ 2

t̂k − q̂k∗ 2 −11ν t̂1 − q̂1∗ 2 ,
11) +2
λ (1 − −k, 1)t̂k − p̂k +2
2

k=1

k=1

or by defining new variables fk = Re t̂i , fk+5 = Im t̂i , k = 1, . . . , 5 as:
W̃ (f , χ) =

µ̃(q̂0∗

−

√

2

11) +

10


2λk (fk − p̃∗k )2 + 2νk (fk − q̃k∗ )2

k=1

where for k = 1, . . . , 5 we set λk = λk+5 := λ|1 − −k, 1|2 , p̃∗k := Re p̂∗k (1 −
∗
−k, 1)−1, p̃∗k+5 := Im p̂∗k (1 − −k, 1)−1 , q̃k∗ := Re q̂k∗ , q̃k+5
:= Im q̂k∗ , νk = νk+5 :=
2
εν/r if k = 1 and = 1 else.
A simple control problem. Thus we have transformed the original control
problem (∗) into a decoupled sum of simple control problems of the form (with
n = 211 )

(1)
E(f, χ) := λ2 (f − p∗ )2 + (f  − q ∗ )2 → min,
I

where I := (0, 1), S := {0, . . . , n − 1}, and p, q : S → R are given functions, and
where variation is taken over
χ : I → S, required to be left-sided continuous, and
f : I → R with f ∈ H 1 (I).
We have used the short-hand notation p∗ := p ◦ χ and q ∗ := q ◦ χ.
By Morrey’s lemma, the candidate f is continuous. Thus the case λ = ∞ corresponds to χ ≡ const (i.e. selection of a single state) for all (f, χ) with ﬁnite
energy E. On the other hand, for λ = 0, we can get minimising sequences
(fn , χn ) converging to non-trivial Young-measures [17]. Which behaviour arises
for 0 < λ < ∞, is a question of theoretical interest. We show that λ  0 gives
χ ≡ const as well.

8

The case of a single state: For n = 1 we have an ordinary variational problem
for which the Euler-Lagrange equation reads
λ2 (f − p) = f  .

(2)

From the standard theory [18, 19], we know that a minimiser f will be a weak
solution of (2). Furthermore, basic regularity theory gives f ∈ C ∞ , hence f will
be a strong solution of (2).
A straightforward calculation shows that the general solution of (2) is given by
f (x) = p + c1 cosh(λx) − c2 cosh(λ(x − 1)).

q
minimises E(f ) to E(f opt ) = q 2 1 −
The choice c1 = c2 = λ sinh(λ)

2
λ


tanh( λ2 ) .

The case n > 1 with λ large: By Lemma 3, the following proposition proves
the Theorem. Note that the condition of the proposition can easily be veriﬁed by
a numerical check.
Proposition 4. Assume p and q to be injective. Then there exists a constant
C := C(p, q), such that for all λ > C the control problem (1) admits minimiser
(f, χ), all of which satisfy χ ≡ const. For fixed, constant χ, the minimiser is
unique.
A key ingredient in the proof of the proposition is the following lemma.
Lemma 5. Let (f, χ) be such that E(f, χ) < Q2 , where Q := maxS∈S |q(S)|. Then
there exists an S ∈
that |f − p(S)| ≤ 2ε in I, where
S such

3
ε := Q max{1/λ, 2/λ, 2/λ2 }.

3.2

Coexistence of phases

If the axial spacing qIT = 1 in the inner tube does not match one of the preferred
values for the axial spacing in the outer tube, qR nor qL , mismatch will arise
between the inner tube and the outer tube in a pure phase state, i.e. R-straight
or L-straight, thus possibly making a phase mix energetically favourable.
To illustrate the phenomenon, we consider the limit λ = ∞, ε = 0, which forces
the constraint t̂k ≡ p̂∗k , t̂k = 0. Thus the energy simpliﬁes to
E=

µ̃(q̂0∗

−

√

2

11) + 2

5


|q̂k∗ |2 .

k=2

Once we specify q := 12 (qL + qR ), we can easily determine χopt numerically. For q
close to qIT = 1 the number of L-protoﬁlaments in the optimal conﬁguration will
be diﬀerent from 0 or 11, if the stiﬀness of the inner tube µ is not too small (cf.
Fig. 6). In this parameter region ﬁlaments will be helically coiled.
Figure 6 does not show parameter regions for the normal or semi-coiled helical
state (cf. Table 1.1) which are typical for the wild-type. This deﬁency might be
due to the use of simple, quadratic potentials. Recent experiments suggest, that
the strain-stress-response of α-helices (the most-common motif in ﬂagellin [8, 6])
lead to 4th -order potentials instead [20]. If we use wq (q, S) = (q − q(S))4 in the
energy functional, we get a modiﬁed picture with more helical states (not shown).
9

1+Dq/2

q

1

1-Dq/2

Stiffness inner tube m

Figure 6: Coexistence of Phases

3.3

Connection with the classic approach

The limit λ = ∞, ε = µ = 0 with χ prescribed recovers the combination of
Calladine’s model and the lattice-rotation-model yielding the curvature and twist
values reported in the literature (cf. e.g. [3]).

4

Discussion

Using an elasticity functional for the bacterial ﬂagellar ﬁlament, we have shown
rigorously that a strong interaction between laterally adjacent protoﬁlaments can
force Calladine’s rule, i.e. that each of the ﬁlament’s protoﬁlaments is in a single
state. Figuratively, our argument can be put as follows: If, on a protoﬁlament,
L-state and R-state regions meet, these regions will correspond to diﬀerent values
for the preferred oﬀset to the neighbouring protoﬁlament and a mismatch arises,
making such a conﬁguration energetically unfavourable. Once Calladine’s rule has
been established, we can deduce helical shapes for the ﬁlament.

5

Appendix

Proof of Lemma 2. The proof is straight-forward using standard calculus and
trigonometric identities.
Proof of Lemma 3. The proof follows immediately from the following list of identities
Linearity: (αcm + βdm )ˆ = αĉm + βĉm
11 2
11
2
Isometry:
m=1 cm =
n=1 |ĉn |
√
11

2
2
Constants:
11d)2 + 10
m=1 (cm − d) = (ĉ0 −
n=1 |ĉn |
11
11
2
2
Phase shift:
(c
−
d
)
=
m
m+1
m=1
n=1 |ĉn − −n, 1d̂n |
10

1st mode:

11
m,n=1

cos 2π
(n − m)cm cn = 11|ĉ1 |2
11

Proof of Proposition 4. Consider a minimising sequence {(fn , χn )} such that
E(fn , χn ) → inf E. We may assume w.l.o.g. that all fn ∈ C 1 (I). and that
E(fn , χn ) = inf φ E(fn , φ). (Since f ∈ C 1 , the inﬁmum is attained for a χn having
only a ﬁnite number of jumps.)
If none of the χn jumps, we may assume χn ≡ const, by restricting to a subsequence (not relabeled). Then the assertion follows from the general theory for
convex problems [18, 19].
Therefore, we may assume w.l.o.g. that each χn jumps at least once. Suppose we
could prove the following for some ε̃ > 0 independent from n:
∀n ∃(f˜n , χ̃n ) : E(f˜n , χ̃n ) + ε̃ ≤ E(fn , χn ),
where the number of jumps of χ̃n is less than the one of χn .

(3)

This will contradict the minimising sequence property of (fn , χn ).
In the following, we will prove (3). For simplicity, we drop the subscript n.
By Lemma 5, we know |f − p(S1 )| ≤ 2ε for some S1 ∈ S with ε = c1 λ−2/3 for
λ > Λ1 where here and in the following we use c and Λ for positive constants
depending only on p and q.
We choose a, b ∈ I maximal such that χ(s) = S1 in (0, a] and χ(s) = S2 = S1 in
(a, b] for some S2 ∈ S (possibly a = 0).
We deﬁne shorthand notation pi := p(Si ), qi := q(Si ), i = 1, 2, p21 := p2 − p1 , p :=
1
(p1 + p2 ), q21 := q2 − q1 , q := 12 (q1 + q2 ), δ := b − a > 0, h := f (b) − f (a) − q1 δ,
2
as well as (f˜, χ̃)
⎧
⎪
if t ≤ a
⎨f (t) + h
S1
if t ≤ b
χ̃(t) :=
.
f˜(t) := f (b) + q1 (t − b) if a ≤ t ≤ b ,
⎪
χ(t) if t > b
⎩
f (t)
if t ≥ b
The assumption χ being optimal implies q21 (f  − q) ≥ −λ2 p21 (f − p) for t ∈ (a, b).
We estimate
 b
 b

2
f (t) − q dt ≥ −2λ p21
f (t) − p dt
2q21 (f (b) − f (a) − qδ) = 2q21
a
a
 b


2
p221 − 2p21 (f (t) − p1 ) ≥ λ2 p221 − 4ε|p21 | δ
=λ
a

This gives us



2q21 h ≥ λ2 p221 − 4ε|p21| δ − 2q21 (q1 − q) δ.

Since ε = c1 λ−2/3 , we thus obtain c2 λ2 < |h|/δ for λ > Λ2 > Λ1 . From |h| ≤
4ε + δ|q1 |, we get |h| ≤ c4 λ−2/3 for λ > Λ3 > Λ2 . Now we are ready to estimate
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˜ χ̃) − E(f, χ)
E(f,

 a
˜
λ2 (f (t) + h − p1 )2 − λ2 (f (t) − p1 )2 dt
E(f, χ̃) − E(f, χ) =
0
 b
2
λ2 (f (b) + q1 (t − b) − p1 )2 − λ2 (f (t) − p2 )2 − (f  (t) − q2 ) dt
+

2

a


(h − q21 δ)2
h2 + 4ε|h| + λ2 (2ε + |q1 |δ)2 δ − λ2 min{0, |p21| − 2ε}2 −
δ
4/3
−4/3
2
− c7 λ )|h| − ε̃ ≤ −ε̃ for λ > Λ4 > Λ3 ,
≤(c5 λ + c6 λ

Jensen

≤ λ

where ε̃ := λ2 minS=T |p(S) − p(T )|2 /4.
Proof of Lemma 5. We distinguish between three cases.
Case 1: The lemma holds.
Case 2: For all S ∈ S it holds |f − p(S)| ≥ ε . Then E(u, χ) ≥ λ2 ε2 ≥ Q2 ,
which is a contradiction.
Case 3: There exist S ∈ S, t1 , t2 ∈ I such that |f (t1 ) − p(S)| ≤ ε and
|f (t2 )−p(S)| ≥ 2ε. W.l.o.g. |f (t)−p(S)| ≥ ε for all t ∈ [t1 , t2 ]. Deﬁne δ := |t2 −t1 |
(t1 )
. Note |σ| ≥ ε/δ. We set
and σ := f (t2t2)−f
−t1
⎧
2
⎪
if ζ ≤ −Q
⎨(ζ + Q)
h(ζ) := 0
if − Q ≤ ζ ≤ Q
⎪
⎩
2
(ζ − Q)
if ζ ≥ Q
Now
2 2

E≥λ ε δ+



t2

Jensen

h(f  ) ≥ λ2 ε2 δ + h(σ)δ.

t1

 2
Case 3.1: |σ| ≥ 2Q holds. We obtain E ≥ λ2 ε2 δ + σ2 δ ≥ λ2 ε2 δ +
Q2 .
2 3
ε
, we see E ≥ λ2Qε ≥ Q2 .
Case 3.2: |σ| ≤ 2Q holds. From δ ≥ 2Q
Since we have ruled out cases 2 and 3, we proved the lemma.
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ε2
4δ

≥

λε2
2

≥
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