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Abstract

Usually, the fast evaluation of a convolution integral [; f(y)g(x — y)dy requires
that the functions f,g are discretised on an equidistant grid in order to apply the
fast Fourier transform. Here we discuss the efficient performance of the convolution in
locally refined grids. More precisely, the convolution result is projected into some given
locally refined grid. Under certain conditions, the overall costs are still O(N log N),
where N is the sum of the dimensions of the subspaces containing f, g and the resulting
function.

AMS Subject Classifications: 44A35, 42A55
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1 Introduction

We consider the convolution integral

e () = (f # 9) () = / )9z — y)dy (1.1)

for functions f, g of bounded support and note that f x g = g * f.

The computations are restricted to f, g which are piecewise polynomials defined on locally
refined meshes with possible discontinuities at the grid points. A simple example of such a
locally refined mesh is depicted below:

\\\\\\\\\

0 1/4 172 1 (1.2a)

The mesh size 1/8 in [1/2,1], 1/16 in [1/4,1/2] and 1/16 in [0,1/4] is a typical refinement
towards z = 0. The depicted mesh can be decomposed into different levels as indicated in

level O

YY) level 1
0 1/4 level 2 (1.2b)




The latter representation uses several levels. Each level ¢ is associated with an equidistant
grid of size
he:=2"h  (0<({<L) (1.3)

(in the above figure with h = 1/8). The largest level number appearing in the grid hierarchy
will be denoted by L.

Such a refinement approach is well-known from the adaptive wavelet technique. Grids
like the depicted ones are obtainable from a first coarse grid with mesh size h at level ¢ = 0
after a recursive local refinement by halving certain subintervals. The exact description of
the locally refined mesh will be given in Section 2.

The standard tool for convolutions is the Fast Fourier Transform (FFT), which, however,
applies only for data in a uniform grid. In principle, one can convert the functions f, g from
the refined grid into functions defined on the finest uniform grid of level L (with step size
hr). Since this step increases the data size extremely, the almost linear complexity of FFT
does not help.

Remark 1.1 Another construction of graded meshes is based on a grid {9(%) i <1 < 2'2},
where 6 is a smooth monotonous mapping. This corresponds to the substitution y = 6(n)
in f(60 ( )) F ( ) which is now given on an equidistant grid. However, the integral
(f*g) fR —y)dy = [z F(n)g(z — 0(n))0 (n)dn is not a convolution of F with
another functwn

In principle, one can approximate f x g via Fourier transform: Also for non-equidistant
grids there are ways to approximate the Fourier transform f and § (see [4]) and the back
transform of f - § would yield an approximation of f  ¢g. A fast algorithm for a generalised
convolution is described in [5]. However, in these approaches the approximation error de-
pends on the interpolation error and we do not guarantee any smoothness of f or g. In
contrary, the use of locally refined meshes indicates a nonsmooth situation. In our approach
we avoid interpolation errors, since the quantities of interest are computed exactly.

To cover the general case, we will allow that the functions f and ¢ involved in the
convolution belong to different locally refined meshes.

Remark 1.2 The convolution Wexaet = f * g leads to two difficulties.

a) First, the convolution of piecewise constant functions is no longer piecewise constant
but piecewise linear and globally continuous®. Hence, the image belongs to another class of
functions.

b) The second difficulty is even more disturbing. For efficiency it is an important fact
that f and g are given on locally refined meshes (instead of an equidistant grid of the smallest
size). As mentioned before, the convolution is piecewise linear, but the intervals in which
it is linear correspond to the smallest step size appearing in the representations of f and
g. Therefore, Wexact Mot only belongs to another function class, its exact description requires
also much more data than f and g.

'Tf, more general, f and g are piecewise polynomials of the respective degrees p and g, the convolution is
a piecewise polynomial of degree p 4+ ¢+ 1.



However, since the locally refined meshes have the purpose to approximate some functions
fexact and Gexact i an adaptive way by f and g, it is only natural to approximate weyact also by
a simpler function w in a third given locally refined mesh, e.g., again by piecewise constant
functions. We use the L?-orthogonal projection onto this space to obtain w from wexact. The
result w can be considered as the Galerkin approximation of the convolution operation.

Therefore, the goal of the algorithm is to compute w as the L2-orthogonal projec-
tion of f*g. Note that we compute the ezact L*-orthogonal projection, i.e., there is no
approximation error except the unavoidable projection error.

We return to the situation of Remark 1.1. If f and g are given via a grid of the form
{9(%) tip <1 < ig} , they can be projected into suitable locally refined grids as requested for
our approach. The results f and § yield the projected convolution w which returned onto the
desired graded mesh via projection. If the grids are chosen accordingly to the smoothness of
the functions f, g, w, the additional projection error is not larger than the already involved
approximation error.

Section 2 gives a precise definition of locally refined meshes and of the corresponding
ansatz spaces 87,89 which f and g belong to and of the target space S for the projection
w Of Wexact = f * g. In particular, the basis functions (IDf are introduced in §2.3. From §2.3
to §5 we restrict the description to the case of piecewise constant functions.

Section 4 introduces several families of coefficients which are essential for the representa-
tion of the projected values. Some of these coefficients will also appear later in the algorithm.

The main chapter of this paper is Section 5 which describes the algorithm. Three disjoint
cases A, B, C must be treated differently (see §§5.1-5.3).

In all three cases mentioned above, we have to perform a discrete convolution of sequences
by means of the FFT technique. Section 6 is devoted to this problem. It starts with the
definition of the notations N, and N, for the data size (§6.1). The well-known basic FFT
algorithm for the discrete convolution (§6.2) is modified in §§6.3, 6.5, 6.6 to minimise the
computational work.

The cost of the previous algorithm is analysed in Section 7. There, under certain condi-
tions, the bound

O (NlogN)

is derived, where N describes the data size of the factors f, g and the projected convolution
w=P(f *g).

So far, the case of piecewise constant functions is considered. In Section 8, the generali-
sation to arbitrary piecewise polynomial approximation spaces is discussed.

A variant of the convolution (1.1) is the convolution of periodic functions. Their compu-
tations follows the same lines (see Section 9).

The Appendix contains alternative algorithms, which however turn out to be less efficient
than the algorithms presented in the Section 5.



2 Spaces

2.1 The Locally Refined Meshes

The grids depicted in (1.2b) are embedded into infinite grids M, which are defined below.
With h, from (1.3) we denote the subintervals of level ¢ by

IY .= [vhy, (v +1)hy)  forv €Z, £ €Ny, (2.1)
This defines the meshes
My:={I,:veL} for ¢ € Ny. (2.2)

The (equidistant) grid points of M, are {vh, : v € Z} .
A finite and locally refined mesh M is a set of finitely many disjoint intervals from various
levels, i.e.,?

M C UEGN My, all I,I' € M with I # I’ are disjoint,  #M < co. (2.3)
0

Definition (2.3) corresponds to the representation (1.2a), whereas (1.2b) gives rise to the
following dynamic definition. Let M{ C M, be a finite part of the infinite grid M. Certain
intervals I0 € M are refined, i.e., I? is removed from M} and the resulting new subintervals
I3, and I, , of halved size are added to M) C M (initialised by M} := (). Recursively,
certain I € M are replaced by I5}!, IF € M, . Let M} be the final value of M), after
terminating the refinement process. Then M := | J,cy, My yields the set from (2.3).

2.2 The Ansatz Spaces

For each interval I = I € M we can fix a polynomial degree p’, € Ny. Then a piecewise
polynomial space S corresponding to the mesh M and the polynomial degree distribution
{pf} is defined by

> . 0 1 < 0 y4
S:S(./\/l):{ ¢ € L=(R) QS\IV polynomial of degree < p if I, € M, }

p(r)=0ifx ¢ I forall I e M
Such a space § is a typical result of the hp-adaptive refinement procedure.

The two factors f, g of the convolution as well as the (projected) image w may be organised
by three different locally refined meshes

Mf7 Mga MW7 (24)
which are all of the form (2.3). These give rise to three spaces
S=sM), S§=SM), S§:=8(M).

We recall that f € S/ and g € &Y are the input data, while the result is the exact L2-
orthogonal projection of f % g onto S“.

In [2], the underlying problem takes the principal form df/dt = ... + f * f (here S =
89 = S is the appropriate choice of the spaces). In [1], the problem to be solved is a fixed
point equation f = ...+ f *g. Therefore S = S holds, while S9 may be chosen differently.

2The sign # denotes the cardinality of a set.



2.3 Basis Functions

Functions from S (M) may be discontinuous at the grid points of the mesh. This fact has
the advantage that the basis functions spanning S (M) have minimal support (the support
is just one interval of M). For the case p/, > 0 of piecewise non-constant functions, the basis
functions will be described in Section 8.

Here, we consider the case of piecewise constant functions, i.e., p’, = 0. The generating
function is

0(2) ::{ 1Vh  ifxe(0,h),

0 otherwise. (2:5)

leading to the basis functions of level ¢/ =0 :
Y (z) := ®Y(x — ih) (ieZ).
For levels ¢ > 0 we have
O (x) == 22@0(2%),  ®Y(x) == B (x — ihy) = 272®0(2%) (teNy, i €Z). (2.6)
Note that supp(®¢) = If. The space S (M) has the representation
S (M) =span {®} : Il € M} .

In the following, we make use of relations which are well-known from wavelet approaches.
Let Sy be the space of piecewise constant functions of level ¢ (on the infinite mesh M, from

(2.2)):
Sp=span{® i€ Z} (¢ € Np). (2.7)

For fixed ¢, the basis {@f 11 € Z} is orthonormal due to the chosen scaling.
The spaces are nested, i.e.,
S, C Sg+1.

In particular, ®¢ can be represented by means of @?*1:

1
o = 5 (04 + 04fh). 25)

3 Notations and Definition of the Problem

3.1 Representations of f € S/ and g € §Y

Following the definition of S/, we have S = span {®{ : I € M/} . We can decompose the
set M/ into different levels: M/ = fzfo M{ , where M{ := M7 N M,. This gives rise to
the related index set

Tl = {iez:lfe/\/t{} (3.1)
and to the corresponding decomposition

L’
ST = Uz:o S/ with S/ = span {be (1€ Ilf} :

5



Here, L/ is the largest level ¢ with M # 0.
We start from the representation

Lf
f=> fe fo=>Y_flojes! (3.2)
=0 iez]
and, similarly,
L9
9= de, ge = ng@f €S/, (3.3)
£=0 i€Z]

for the factors f, g of the convolution.

3.2 Projection F;

The L*-orthogonal projection P, onto S from (2.7) is defined by
Prp:=) (p o) (3.4)
i€z

with (p, ) = fR pydx, provided that {CIDf } forms an orthonormal basis® as it holds for ®¢
from (2.6).

3.3 Definition of the Basic Problem

We use the decomposition into scales expressed by f = Eﬁfzo ferand g = ZZO ge (see (3.2)
and (3.3)). The convolution f * g can be written as

Lf L9

Frg=>_> frxg.
¢

'=0 {=0

Since the convolution is symmetric, we can rewrite the sum as

Fxg=> foxg+> g fo, (3.5)
v<t o<t

where ¢, ¢ are restricted to the level intervals 0 < ¢ < Lf, 0 < ¢ < L9. Hence, the basic
task is as follows.

Problem 3.1 Let ¢/ < {, fo € Sy, g¢ € Sp, and " € Ny a further level. Then, the
projection Py (fo % go) is to be computed. More precisely, only the restriction of P (fe * go)
to Uid;/ [f" is needed, since only this part appears in Sp.

Because of the splitting (3.5), we may assume ¢ < ¢ without loss of generality. In the
case of the second sum one has to interchange the roles of the symbols f and g.

Before we present the solution algorithm in Section 5, we introduce some further notations
in the next Section.

30therwise, a Gram matrix has to be inverted.



4 Auxiliary Coefficients

4.1 ~-Coefficients

For level numbers ¢”, ¢, ¢ € Ny and all 4, j, k € Z we define
’yﬁ/; ﬁl ; // o (x y) @ (r — y)dady (4.1)

(all integrations over R). We remark that ]f; £ = <<I>£” (IDE/ * @) is the L*-scalar product

of the basis function ®¢" and the convolution CI>§ * L.
The connection to the computation of the projection

Wyerr = Pz// (fg/ * gg) (42)

of the convolution f» % g, from Problem 3.1 is as follows. wy» is a function represented by
wen = ZZEZ w!"®"  where the coefficients w!" result from

Wl = / (for + ge)(x) @f () dv = / ¥ (« (Z 17 @ + Zgzﬂ*) (43)

JEZ kEZ

_ Z ff' // q)f" q)f q)€<x_ )dl‘dy— Z ff/gll; 71{/]/':5’[

JkEZ 7,kEZ

(again, orthonormality of the basis {®¢"} is used).

The recursion formula (2 8) can be applied to all three basis functions in the integrand
(IDf"(a:)CIDZ( ) (z — y) of AL i £ The resulting formulae for ’y”/’ﬁl’g are given in the next
Remark.

Remark 4.1 For all ", 0,0 € Ny and all i, 5,k € Z we have

" opr ]_ 7" 'y " ,
00 SN S W,
Vijk — ﬁ (%i,j,k + 721+1J A ) (4.4&)
]. K",K’«l»]_’ﬁ f”,f’«}l,f
- ﬁ (%721‘,1@ + Yi2j ik ) (4.4b)
1 o o+l o0 041
- ﬁ (71':3?2’“ T Vi2k+1 > - (4.4¢)

4.2 Simplified y-Coefficients
For levels ¢, ¢, 0" with ¢ > max{¢', {"} we set

ot e e wele - pisdy  vez). (4.5)
ie., yW00 = ygjlo’f;’z = <CI>€",CI>€'* ®f> We call these coefficients simplified v-coefficients,

since only one subindex v is involved.
Under the condition £ > max{¢, ¢"}, it suffices to use the quantities v*-*"* from (4.5) as
shown in the next Lemma.



Lemma 4.2 Let ¢ > max{¢,{"}. Then

N N N
igk T Thoigt—t 4 joe-t/

for any i,j,k € Z. (4.6)

Proof. Using (2.6), we get by substitution
5:]/ f: // o (x (IDK V0L (2 — y)dady = // (2 — ihe ) (y — jhe ) PL(x — y)dady
_ / / B (2)DL(y) DL (x — y + i — jhe)dzdy
~ [[ @Sttt -+ 2 h - g2 sy

/! / Z [/ e
= // (I)f) (m)(I)f)<y)q)£,i2z—z”+j2ﬁ—ﬁ’ (3: - y)dxdy 7k iot—t/ y ot

£.0.0

Remark 4.3 In the case of piecewise constant functions, i.e. (2.5), the values of v5** are

%M ZM \/7/2 and %”—Oforygé{—l,()}.

4.3 G- and I'-Coefficients

As stated in (4.3), we have to compute >, ff’gﬁyf;’i/’e. Performing only the sum over k,
leads us to
f”,f’,f L ) K",K’,K
Gij "= I Vigk - (4.7)
keZ

We can introduce simpler G-coefficients, where the first or second subindex is fixed by
Zero.

Remark 4.4 In the case " < V' </ there holds

K" e VA A AN V4N
ng V—izt- Yy goe—t! T Go,j—izf’—f’” (4-8)
keZ
whereas for 0/ < 0" </
ZII [/ Z [ Z",ZI,Z - ZN,ZI,[
G 4,7 — : :gk ’yk,igefe/urjzefel - Gifj%”*f’,o . (49)
keZ

Using the recursions (4.4a,b) from Remark 4.1, one proves the following result.

Remark 4.5 For all 0", 0,0 € Ny and all i,j € Z we have

11 gl 1 s / s /!
el 01,000 01,000
Gif "= \/5 (Gzzj GZZi_l,j ) (4.10a)
1 NS WA NS,
-5 (G + Gl (4.10b)

If the first two levels are equal: ¢/ = ¢’ < {, the coefficients are denoted by

N N N N VNN
Lh=Gp =G = Ik Vy_ioe—e'- (4.11)
keZ



5 Algorithm

A general assumption of this Section is the choice of piecewise constant functions.
In Problem 3.1 three level numbers ¢”, ¢, ¢ appear. Without loss of generality ¢ < ¢
holds. In the following we have to distinguish the following three cases:

(A) o< e <o,
(B) ro< < (5.1)
(©) o< o0 o<

51 Case A: "<V </
Case A is illustrated by the following figure.
fo ' ' ' ' 1

gr L e |

fg, * gy 1 ] ] ] ] 1

w ot L} t 1

In the figure, the difference ¢ — ¢/ = 2 corresponds to the fact that g, is given on a grid of
step size hy = hy /4. The given intervals should show the support of the functions f, and
ge. The convolution fy * gy is a piecewise linear function, where the pieces correspond to the
smaller step size hy. The projection Py of fy * gy is required in two intervals. Because of
0" < (" < ( the step size hyr is equal or larger than the other ones. In the figure, ¢ = ¢ — 1
is chosen. Note that in each interval of level ¢” the function wys is a certain average of 8
pieces of fu * gy.
Another illustration of Case A can be given by means of the related basis functions?.

Y ]

@ ]

Y + f /—\

7 ]

The convolution ®§ * & is a piecewise linear function. The projection Py uses the scalar
products of shifts of the basis function ®; shown in the last row.

The following algorithm has to compute the projection of wpr = Pprwegact Of Wexact 1=
for % go. A straightforward but naive approach would be to compute weyact first and then
its projection. The problem is that in the case ¢/ < /¢, the product fy * g, requires
O N.(fr) + N.(ge)) data (the data size N,(-) is introduced in §6.1). The possibly large
factor 26~ underlines the difficulty described in item b) of Remark 1.2 and spoils efficiency.

4Note that the heights of the basis functions <I>g, ®§ are not correctly reproduced in the figure.



The projection would map the many data into few: each component w!" of w is an average
of 27" data of Wegaet. The essence of the following algorithm is to incorporate the projection
Py before a discrete convolution is performed.

5.1.1 Computation of I'-Coefficients (Step 1)

Step 1la We start with the sequence I'y, = (Ff’e)iez. Formally, I';, is a kind of discrete

¢ 4Ll L0

convolution Y, , g5 7,~; of the sequences (gf)rez and (V" rez (see §6.4). But since 7,

is non-zero only for k € {—1,0} (cf. Remark 4.3), Iy, is explicitly available by

h
Ff!g = g (gf + 9571) for all i € Z. (5.2)

Step 1b  Next we compute 'y, = (Fel’ﬁ)iez for /! =0—-1,0—2,...,0.

)

Lemma 5.1 For 0 < { < {, the relation
/ / 1 / !/
R T (ngﬂ’e + ré;}’ﬁ foralli € Z (5.3)

can be used for its computation.

Proof. We use the recursions (4.10a,b) for Gf:;’el’z:

et — gl — 1 (Ge'+1,z’,e 4 Ge’+1,z’,e>
7 (4.11) 2,0 (4.10a) \/5 21,0 2:+1,0
1 1 K/ / / / ]_ / / !/ !
_ +1,0041,6 0410410 041,041, 041,041,
= —=\—= (Gm’,o + Gy ) +—= (G2i+1,0 + Gaii1a )
(4.100) /2 \ V2 V2

Ll v, ea10 | 011,041,000 HLEHLE | OO
—<G+’+’+G+’+’+G+’+’+G+’+’>

(19) 2 \ 260 2i—1,0 2i+1,0 2,0
/ 1 / U
41,6 S WA AN W
(411) Ly 7+ B (inq + Doy > :
[
Hence, Ff/’z = ven Ut yf;/jéffe, (' < £) can be computed without referring to the data

I
5.1.2 Step 2a

Let ¢ be any level in the interval [0, ], i.e., ¢/ < £. Then for each ¢/ = ¢/, ¢’ —1,...,0 the
projection Py (fe % g¢) is to be computed (see Problem 3.1). Following (4.2) and (4.3), the

. V4 ) oy . o
coefficients wi =, ; f 9x7i ;% are needed. The sequence is denoted by wpr = (w; )icz.

For the starting value ¢ = ¢ we have

o _ e e el NN _ oL -
Wi = E Ii 9675k (16) E i Ik Vi (i—jyat—v (411) E fi T for all ¢ € Z.
jkeZ JkEL jez

10



The sum >, , ff’l“f:? describes the discrete convolution of the sequences® fp = ( f]?’) iz
and I'p y := (Fil’g) rez. Concerning the performance of the discrete convolution
Wpr = f[/ * Fg/j (54)
we refer to Section 6.
5.1.3 Step 2b
Given wy from (5.4), we compute wyr for £ = ¢'—1, ..., 0 by the following recursion formula.
Lemma 5.2 The recursion
1! 1 1! 1!
Wi = 7 <w§z+l + wéif) foralli € Z (5.5)

holds for all 0 < " < /.

Proof. Note that

S ¢ z e” ve o 041,000 VESW.,
Wy (1.3) E :f Yi gk (4.40) \/— E :f gk (%mk +72z+1,gk>

JkeZ JkeZ
e ZII+1 Z/ Z/ ZII+1 Z/ 1 Z//_,'_l ZN“FI
= E f k Yoijk T E :f k721+1,]k + Wy ) -
\/— (4. 5) \/—
J,kEZ j,kEZ

5.1.4 Intertwining the Computations for all ¢/ < ¢ </

The superindex ¢ in Ff/’z indicates that this sequence at level ¢ is originating from the data
ge. Since the further treatment of Ff * does not depend on ¢, we can gather all Ff “into

L9
rf=3"r" (0<r<r). (5.6)
L=

Hence, their computation is performed by the loop®

for /' := L9 downto 0 do explanations:

begin if ¢/ = L9 then I'Y’ :=0 starting value,
else IV :=T5 " +1 (Fg;tll + Fg;fl) ; | recursion (5.3), (5.7)
¢ =r¢+1'" I defined in (5.2),

end; all 9. T, ..., T defined.

5We use the same symbol fy for the sequence fy := (ffl)jez and for the function Zjez ff' @g'from M.
The reference to the “discrete convolution” shows that here the interpretation as sequence is required.

6Tn this notation, Ff/ stands for the whole sequence I'yy = (Ff/)iez. More precisely, the computations have
to be performed for 7 belonging to the support of T'y:.

11



Having available T for all 0 < ¢ < L9, we can compute wy for any ¢’ (cf. (5.4)). For
a moment, we use the symbols wy p,wp_1,...,werp for the quantities computed in Step
2a,b. Here, the additional second index ¢ expresses the fact that the data stem from f, (see

(5.4)).

The coarsening wy g — wy_1p — ... — wer ¢ can again be done jointly for the different
7, ie., we form
) ]

Lf
Wyrn 1= Z Wer g1 (0 S g// S min{L“’, Lf, Lg}) .
Y=

The algorithmic form is

for (" .= min{L’, L9} downto 0 do explanations:

begin if ¢/ = min{L/, L9} then wy := 0 | starting value,
else w!' = % (wﬁgﬂ - wﬁ;’jf) ; recursion (5.5), (5.8)
Werr 1= Wy —|— w@",f” (,dg//l// = fg// >k Fg// deﬁned in (54),

end; all wo, w1, ..., Wiingrs, Loy defined.

Note that this algorithm yields”

L9 14
Wy = Pg// (Z Z fg/ * gg) (0 S E/, S min{L‘“, Lf7 Lg})

o=p!" p1—=p1

involving all combinations of indices with ¢ < ¢ < /.
Note that, in addition, the contribution wy, = le!( f:gg,, 41 E,:K,, 41 90 % fg) corre-

sponding to the second sum in (3.5) has to be computed by the same procedure with g and
f interchanged.

52 Case B: V' </ </

Case B is illustrated by the following figure.
fo ' } } ' 1

gg —

fZ’ * gy 1 1 1 1 1 1

w ot L} t t 1

Differently from Case A, the step size hyr used by the projection P is smaller than the step
size hy but larger than hy.
The basis functions related to Case B are shown below*.

"The restriction ¢ < min{L¥, L' L9} follows from ¢ < ¢' < ¢, since ¢/ < L, ¢ < L9, and ¢" < L¥.

12
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i

]

L * ®f
Y |—|

5.2.1 Explanations for ¢/ =/¢" +1

We will use a loop of ¢’ from ¢ + 1 to £. Here we discuss the first value ¢/ = ¢ + 1 and
assume ¢ +1 < /.

( 1)‘he function fy = J ff/q)f/ can be transformed into a function of level ¢/ + 1 by using
2.8):

“pl !/ / ]. /
T S A Y R e 59

Let fgurl = (ffurl) . be the sequence of the newly defined coefficients. Since ¢/ = ¢/+1 < ¢,
je
the three level numbers ¢, ¢’ + 1, ¢ satisfy the inequalities of Case A. As in Step 2a of Case

A (see §5.1.2) the desired coefﬁments of the projection at level £" = &'+ 1 are Wit =
dez fZ/HI‘[ +h e i.e., the discrete convolution wy, = f[/+1 * I'pr41 0 1s to be performed.

In the glven formulation, the reinterpretation of f» as a function of level ¢/ + 1 seems
dangerous, since by (5.9) the number of coefficients is doubled. If we repeat this procedure
up to level L, the number of coefficients would be multiplied by 2¢~¢. The remedy is a
restriction of (5.9) to those coefficients FY+1 which are really needed. The coefficients u/ 1
are required only for ¢ € Zy (cf. (3.1)), say for i € {iy,...,i5}. Let the nonzero coefficients

41,0 Ry 0 41,0 . . . .
IS Jie in if < j < if. The sum in w} 7' = Siez Sy T for i € {if,. .. 15} involves

only ff *coefficients with i — i} < j <% — 4}, Hence, the number of fflﬂ—coeﬂicients is
bounded by i — ¢ + 5 — 4} + 1. A similar number appears for later levels.

Since in the further recursions also w! for £/ = ¢’ + 2, ..., min{L¥, L9} are to be deter-
mined, the interval [i{, 4] from above is to be increased a bit (using the notation of §6.1, we
have to replace S.(wpy1) by See(weri1)).

5.2.2 Complete Recursion

Steps la,b in Case A have already produced the coefficients I’ fl gathering all Fﬁl’z >0,
cf. (5.6)). For £" =+ 1,0'+2,...,{ we represent the function fy at these levels (" by
computing the coefficients [ as in (5.9):

f-el = flf// (starting value), (5.10a)

17 /! 1 " __ / 7/
fal = faig = ﬂff ! +1<0"<0). (5.10b)
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Note, however, that only those coefficients are to be determined which are really needed in
the next step, which is the discrete convolution

Worr = fzu % Fe// (El + 1 S EN S E) (5106)
of the sequence fpr = ( ff”) jez With Tgn.

5.2.3 Combined Computations for all ¢/ < ¢’ </

The algorithm is

f)=0; explanations:
for ¢ := 1 to min{L*, L9} do
begin ff"_l = ffﬂ_l + ff"_l; starting value (5.10a),
5;.’ — ?K;IH — ff”_l/\/i; see (5.10b),
Wenr 1= fz// ES Fe// see (510C)

(5.11)

end;

The limitation by ¢” < min{L¥, L9} in line 2 is correct, since for ¢ > L“ no wy» are required,
while for ¢” > L9 the sequence I'y» is not defined (i.e., formally Ty = 0).
per 1 o1 . . . e —1 . -1
?.il}le sur/{l J; + J; in the third line defines f; as coefficients of >, fr =
p ff _1<I>§ ~!. Therefore the next two lines consider all combinations of ¢ < ¢”. Since Iy
contains all contributions from ¢ > £”, wpr is the projection Pp (Y y iy pepr<e for ¥ ge)-

53 Case C: 0 </t </t

The following figure illustrates Case C.
fo ' ' ' ' 1

gg —

foxge ) ) ) ) )

Wy N T T I I |

Now the step size hys used by the projection Py is smaller than both hy and hy.
The basis functions related to Case C are sketched below?*.

®Y
o [
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5.3.1 Explanations

This case is completely different from the previous cases. The exact convolution

Wexact(x) = /f[’ (y)gf(x - y)dy (I € ]R)

is a piecewise linear and globally continuous function with possible jumps of the derivative
at the grid points vh, (v € Z) of the grid at level £. The projection Puwege = d; wi ®f
requires all scalar products

wf" = / @f"(:c)wexact(a:)dx.

Note that the whole support of ®¢" belongs to one of the intervals [vhy, (v + 1)h], where
Wexact () 1s an affine linear function. Consider, e.g., the interval [0, hy] and note that
supp(®¢’) C [0, hg] holds if and only if 0 < i < 2% — 1. Hence, 2"~ functionals of
wexact|[07he] are to be evaluated. Since the space of affine linear functions has dimension 2,
there are not more than 2 linearly independent functionals! It suffices to compute the two
functionals

g = /(I)é"(;c)wexact(ﬂf)dma ﬁO _/ 2;/// ¢ l(m)wexact<x)d$.

Because of ag = VI Wexact (her /2) and By = vV her Wexact (B¢ — her /2), we obtain all func-
tionals by linear interpolation:

o 1
wi = + 2@//7@ _ 1

(50 - Oé()) for 0 S 7 S 2ZN_Z — 1.

Similarly, values «, and 3, have to be computed for each interval [vhy, (v + 1)h,|, where
the evaluation of Pprwexacer is desired. The computation of the sequences o = (o) ez and
B = (B;);ez corresponds to the previous case ¢’ < (" = (. The only difference is that in the
definition of fyff ,f = [[ ®i(x @el )@ (z — y)dzdy one has to replace ®¢ by @Z;W , for the

computation of a; and by <I>2@,,_,z for the computation of j3;.

(i+1)—1
We do not give further details, since we recommend another approach which reduces the

cost by one half.
5.3.2 Pointwise Evaluations

Since wWeyact 1S continuous in R, the point values
0.
), = Wexact (V) for v eZ

are well-defined. For each interval [vhy, (v + 1)h,] we have two functionals &/, and 4%, ,, but
since each 8% serves for two adjacent intervals, this approach is cheaper.
The computation of the sequence 6 = (5,{)%2 will be described in §5.3.3. Here we

assume that we have the values §° at the points of interest. Then we get the desired w!" as
follows. Write the index 7 as

i=v2" "y witho<pu<2f—1.

15



Then

z+l he// Wexact (( %)h€”>

Wexac (x)dx - hf”
\% h[” ihyn * \/ h[//

_l’_
hg// Wexact (th + ([L + )h,g//) = 4/ hg// (5z ,u[,, 7 ((SﬁJrl — (55)) . (512)

wfw / <I>ZN (%) Wexaet ()dx =

Obviously, this formula holds for all levels ¢” > ¢ simultaneously. In the particular case
of /" = ¢ + 1, the previous formula becomes

1 +
w! = \/hest (55 “2 (5§+1—54)) for i = 2v + p, p€ {0,1}. (5.13)

5.3.3 Computation of §

We define new ~-coefficients
Vg = /@f(y)q)ﬁ(ihz —y)dy  (i,4, k € Z)

(®%(z) from (4.1) replaced by the Dirac function at ih,), which involves only one level /.
Simple substitutions yield

= [ By = B~ W) he — )iy
— [ BB~ kb~ (v ho)dy = [ )P (i~ b~ g)he ) dy
= /‘I)K( )‘I)k it 2l (= y)dy:’?f;ﬂ'ﬂ

for the “simplified” coefficient ¥/ := Yo.0.0
The d-values of f, x g, are

o = (for g0) (i) = 3 ot / O (y) @ ihe —y)dy = > 1 96

J,kE€L J,kEZ
_ng 1,5 whereéﬁ = ng’yz]k
JEL kEZ

fy” L= YE_ i+, shows Gf = Gt ;00 S0 that 6 = >ien ff Cvr’f_j)o becomes a discrete convolu-
tion. Since the y-values are rather simple:

N 1 for k = —

7= 0 otherwise,
Gt o= gffjfl holds, leading to the direct representation

=Y fg i (5.14)

JEZ
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The values &' belong to level £ in the sense that 6' = (f; * g¢) (ihs) is evaluated in the
mesh of size hy. We can evaluate the same function at levels ¢/ > ¢ :

8" = (fo* go) (ihen).

Since f; * g, is linear in I} = [ihy, (i + 1)h,), the obvious recursion is

1! 1’ 1’ 1 1! 1’
o =o' a =5 (T AETY) >0 (5.15)

7

5.3.4 Combined Computations for all ¢/ < ¢ < ("

for / :=0to L* — 1 do
begin if £ = 0 then begin f° :=0; 6° := 0 end else
begin compute f from f/~! by (5.10b);
compute 6¢ from 6/~ by (5.15)

end;

if ¢ < L then f!:= fl+ ¢,
if ¢ < L9 then
begin compute §¢ by the convolution ez ff gf_j_l;
Sf = Sf + (5f;
end;
compute w'*! from 8¢ by (5.13)
end;

(5.16)

The quantities ff obtained in line 6 of the algorithm are the coefficients of EE’:O fo =

> ffCI)f Therefore the §¢ from line 8 are the evaluations of Zﬁ/:o fo % go at ihy. The

quantities Sf updated in line 9 contain all levels from 0 to the actual ¢. Hence, the w!*! in

line 11 belong to the projection Py (EZ’,/\ with 0<er<a<e Jo % g,\> at level ¢ = ¢ 4 1, where /¢
is the actual value of the loop index.

5.4 Range of Products

In the previous subsections we have reduced the problem to a number of specific discrete con-
volutions (the first example is (5.4)). The resulting products are infinite sequences (c, ), -
The first reasonable reduction would be to determine (c,),2, only in the support [v1, 5] NZ
of the sequence. But it is essential to go a step further. Even if we need the function f, * g,
(see (3.5)) in the whole support S := supp( fr*gs), the projections Py ( fir*gy) are required in
disjoint subsets Sy» C S. In terms of the sequences (c, ), this means that we are interested
in the components ¢, in an index interval [, 5] N Z which is possibly much smaller than
the support [vq, vs].

The analysis of the cost in §7 will assume that only the necessary parts are evaluated.
Therefore the restriction of the evaluation to the minimal range of the discrete product
(¢v),ez is an essential part of the algorithm. The treatment of this information in the fast
discrete convolution will be explained in §6.6.
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6 Discrete Convolution and Applications

The basic tool for the discrete convolution ¢ := a * b is the well-known FFT. Here, we check
the cost in dependence of the size of the factors a,b and the required part of the product c.
In the following subsection, we first introduce measures of the data size.

6.1 Data Sizes
6.1.1 Definitions of Sy(fs), Na(fe) and S.(fe), Ne(feo)

We use a notation like f, ambiguously for the function Y, , ff®f as well as for the (infinite)
sequence f, = ( ff)iez. In both cases the discrete support of f, is

Sa(fe) :={ieZ: f{ #0}

with the corresponding cardinality

Na(fe) := #5a(fe)

(the subindex “d” indicates “discrete support”).
Unfortunately, the computational cost often depends on the convex hull of Sy(f,), which
is
S, = {4mins bmin + 1, - -+, Tmax with 250 := min 7, fy. ;= max i, 6.1
C(fZ) { } i€Sa(fe) i€S4(fe) ( )

and on the number
NC(ff) = #Sc<f€) = imax - imin +1

(here, the subindex “c” indicates “convex hull”).

The definitions from above require a non-empty set Sy(f¢). Formally, we set S.(f,) = 0
and N.(f;) = 0 for the uninteresting case of Sy(f;) = 0.

In the case of discrete convolutions, we often use the symbols a, b, ¢ for the sequences:
¢ = axb. Correspondingly, the supports and sizes are S.(a) = {i € Z : a; # 0}, Sa(a), N.(a),
Ny(a), ete.

6.1.2 Definitions of Sy4(f¢), Naa(fe) and Sec(fe), Nee(fo)
Next, we define a modification of Sy, S. and N,., Ny, which we denote by doubled subscripts:

Saa(fe) == {z el: [f/; C I! for some ' > ¢ and iy € Sd(fg/)} .

The intervals I! with® i € Sgs(f,) are those which are either used at level ¢ by f, or refined
into smaller intervals used by fy, ¢/ > {. Therefore, an equivalent definition is that Sgq(fe) is
the smallest set so that J ) I! contains the support of the function > 5_, fo. Another
explicit definition is

1€S44(

Sualfe) = UZZZ {2 i e st} (6.2)

8In fact, the notation Sgq(fe, fex1,---,fr) would be more precise, since this set depends on all data
fes fet1, - .., fo. However, we avoid this long expression.
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In the case of Figure (1.2b), Su(fo) is contained in {4,5,6,7} corresponding to [1/2,1),
while Sg4(fo) is contained in {0,1,...,7} corresponding to [0, 1).

As above Ny denotes the cardinality of Sy, while S..(f¢) — as is (6.1) — is the convex
hull of Syy and Ny is its cardinality:

Naalfy) = #SulF), Seel ) ::[ min 4, max ] N2 Nulf)) = £l fo).

iede(fg) 1€de(f£)

The characterisation of Sg(f) by (6.2) shows that roughly

Naa(fe) S ZQe_elNd(fz’>- (6.3)

o=t

6.1.3 Meaning of S;(w/) etc.

In order not to introduce other notations, we use the notations Sy, ..., N.. also for the
argument wy, with the following meaning:

Sd(u.)g//) = IZ})/ (64)

The function or sequence wy is obtained, e.g., by the projected convolution Py (fe * go).
Although the support may be larger, we only consider the coefficients w!" for i € . If we
redefine w!" := 0 for i ¢ Z%, the definition (6.4) coincides with the usual definition. The
further notations Nd<u)[//), SC(WZH), NAW[//), de(wW), Ndd<u)[//), Scc(wf”)7 Ncc(wf”> follow as
before from Sy(wyr).

6.1.4 Meaning of N,(f) etc.

The functions f € S/ consists of the level contributions f, whose size is measured either by
Na(fe) or N.(fe). The size of f is defined by their sums:

L L L
Nd(f) = ZN ( c ZNC fl Ndd ZNdd f[ Nec ) = ZNCC(JCZ)
=0 £=0 =0

In standard applications the supports of f, and f,_; are neighboured, so that there is
no gap between S.(f;) and S.(fr—1). In such a case, (6.3) can be extended to the convex
supports:

cc fﬁ < Z2£ El ff’ (65)

An immediate conclusion from this 1nequahty is

SO 27IN(fe) 2> Ne(for) = 2Ne(f).

(=0 0'=¢ V=0
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6.2 Basic Convolution Problem

Let
a = (aV)V€Z7 b = (bV)VGZ

be given sequences of real or complex numbers with support contained in {0,1,...,n — 1}:
Sa(a) € {0,1,...,n—1}, S4(b) C{0,1,...,n— 1},

ie, a, =0, =0forv ¢ {0,1,...,n—1}. The third sequence ¢ := (c,), ., is defined as
discrete convolution product:

c:=axb, ie., c¢,:= g Aoby_q -
Q€L

Obviously,
Sd(C) C {0,1,...,2n—2}.

Fix some m € Z with m > 2n—1. By means of the fast Fourier transform one determines

m—1
the coefficients a,, b of @ = (a,);. 70 and b = (b > such that
pu=0
m—1 m—1
a, = d#e“’“%/m, b, = b#e“”‘%/m for0<v<m-—1.
'u,:O },LZO
Since
m—1 m—1m—1 m—1
c, = aab,,,a _ E E &,u eza,u27r/m E b ez(u—a))\27r/m
a=0 a=0 pu=0 A=0
m—1m—1 m—1 m—1m—1 m—1
— CAL#b)\ 6z(a,u+ v—a)\)2r/m _ E E CL b ew)\27r/m E eza n—A)2m/m
pn=0 A=0 a=0 pn=0 A\=0 a=
N ~~ -
My, \
m—1
o ~ 7 ivu2m/m o
=m ayb, e / forv=0,1,...,2n — 2,
pu=0

m products ¢, := may,b, (0 < u < m — 1) and the back transformation ¢, = ZT;ol ¢, etvrmim

(0 <v <m—1) are to be computed.

Remark 6.1 a) A reasonable choice of m is m = 2P with the smallest p € N such that
2P > 2n — 1.

b) If ¢, = EZ:OI e,eVrm/m s evaluated for v ¢ {0,1,...,2n — 2}, this value is in general
different from the true value c, = 0.

c¢) The computational cost of the convolution a,b— ¢ = ax*b is O(nlogn), provided that m
is chosen < Cn as, e.g., proposed in Part a).
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6.3 General Finite Sequences

Let a := (a,) b:= (by),cy be general sequences with

VEZL

ng = Ne(a) < oo, ny:= N.(b) < 0. (6.6)

Then, for suitable i,,i, € Z, we have S.(a) = {ig, i + 1,...,i4 + ng — 1} and S.(b) =
{iy,ip + 1,...,ip +np — 1}. The support of ¢ := a * b has length N.(¢) < N.(a) + N.(b) — 1
and is contained in

Se(c) = {icyic+1,.. . ic+ Ne(c) — 1} with i. 1= i, + ip.
To return to the situation of §6.2, we introduce the shifted sequences
a, b with @}, :=a,_;, and b, :==b,_, (veZz). (6.7)

Together with
n = max{ng, ny}

we can apply §6.2 and obtain ¢’ := a’ % '. Then the desired convolution ¢ = a * b results from
a back shift:

Cu = Cugi, (heZ).

According to n := max{n,, ny} and Remark 6.1c, the required work is
O(max{ng,, ny} log(max{n,, ny})).

As we will see from §6.5, this complexity can be improved a little.

6.4 Conjugate Convolution

Sometimes, a sequence ¢ with

= Zal,bl,_# (€ Z)

VEZ
appears. We may interpret this operation ¢ := a*b as conjugate convolution, since
(axb,d) = {a,b* d)

holds ((-,-) is the Euclidean scalar product). Note that the operation * is not symmetric!
To return to the situation of §6.2, we introduce the sequence ¢ with b, := b_,, and observe
that c=a x .

6.5 Reduced Computational Cost for N.(b) < N.(a)

According to the two last subsections, we may assume without loss of generality the basic
situation of §6.2.
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The cost of the convolution ¢ = a * b given in Remark 6.1c is expressed in terms of n,
which is at least max{n,,n,} with

na = Ne(a), np = Ne(b). (6.8a)

Next we consider the situation that n, and n, have quite different sizes. Since the convolution
is symmetric, we may assume without loss of generality that n, < n,. Note that we assume

Se(a) =40,1,...,n, — 1} and S.(b) ={0,1,...,n — 1} (6.8b)

as obtained after applying (6.7).

If ny is a small constant, even the naive summation ZZ:Ol baa,_o may be performed for
all v € S.(c). Obviously, the overall cost is O(n,) without any logarithmic factor.

ny, < n, allows a factorisation n, = (¢ — 1) ny + 7 (¢, € N) with remainder 1 < r <.
Then the data a = (al,)jjgl can be split into ¢ packages

np—1 2np—1 — —1)np—1 Ng—1
a(l) - (aV)Vbzo ’ a(2) = (au);/:bnb PRI a(q D= (au)l(/q:(q)_gb)nbv a(q) = (aV)I/Z(Q7].)nb7

where the components outside the given ranges are defined by zero. Note that Y 7_, a¥ =q
and that N.(a'¥) < ny for all £ = 1,...,q. Therefore, the convolutions a'¥) % b cost at most
O(nplog ny) for each £. Finally, one has to add the results:

q
a*b:Za(Z)*b,
=0

which requires O(n,) additions. Here, we use that N,(a® *b) = N,(a©)+ N.(b) —1 < O(ny)
and gny = n, +ny < O(nyg,).

Altogether, the number of operations is ¢ * O(nylogn,) + O(n,) = O(n,logny), since
q* O(ny) = O(n,). This proves the following Remark.

Remark 6.2 The convolution a x b of two finite sequences a and b of the respective sizes
Nc(a) and N.(b) can be performed with

O (max{Nc(a), Nc(b) } log (min{Ne(a), Ne(b) }))
operations.
The difference to the straightforward FF'T approach with cost
O(max{Ne(a), Ne(b)} log (max{N.(a), N(b)}))
is the minor change from max{N.(a), N.(b)} to min{N.(a), N.(b)} in the logarithmic
1)

factor. In particular, for N.(a) = O(1) the logarithmic term vanishes because of

log (min{Ne(a), Ne(b)}) = log(O(1)) = O(1).
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6.6 Possible Cost Reductions for L. < N.(c)

As in §6.5 we assume (6.8a,b), i.e., a,b are sequences of the respective sizes n, = N.(a),
ny = N.(b) with S.(a) = {0,1,...,n, — 1} and S.(b) = {0,1,...,n, — 1}. Then the product
¢ = a * b has the support S.(c) ={0,1,...,n. — 1} with n. = N.(c) = N.(a) + N.(b) — 1.

Now we assume that we are not interested in all non-zero components (Ci)?;al but only
in those ¢; with ¢ from a set

{ag, ac+1,...,8:} C Se(c).
The length of the new interval {a., .+ 1,..., .} is denoted by
L.:=0.—a.+1< N.c).

Without loss of generality we assume N.(a) < N.(b). The case N.(a) < N.(b) < L. is not
of interest, since then L. = O(N,(c)) is not really different from the unrestricted situation
L. = N.(c).

First we consider the case N.(a) < L. < N.(b) and claim that the required cost is

O(Lclog(Ne(a))).

Proof. Assume® N,(b) = mL.. We split b into m packages b, ... b™ of size
N.(b%) = L,. The support of ¢ := a % b has size N.(c'")) < N.(a) + Lo +1<2L.+1=
O(L.). The number of indices i with S.(c®)) N [ae, 3] # 0 is a fixed number. Hence, in
order to compute ¢ = >, ¢ restricted to [, 3., only O(1) convolutions ¢ := a * b®) are
involved. The cost is O(1) - O(max{N.(a), L.} log(min{ N.(a), L.})) = O(L.log(N.(a))).

Next, we assume the case L. < N.(a) < N.(b). Now both a and b are split into packages
of size L. The cost of ) := a® b0 is O(L.log(L.)). There are O(N,(a)/L.) combinations
of i and j so that S.(c)) N [ae, 8] # . This leads to an arithmetical work of

O(Ne(a)log(Le)).

Gathering the previous results and including the opposite inequality N.(a) > N.(b), we
obtain the following estimates.

Lemma 6.3 For all sizes of L., N.(a), and N.(b) the restriction of axb to [a., B.]NZ C S.(c)
with L. = B. — a. + 1 < N.(¢) can be computed such that the cost is

O (max (L., min (N.(a), N.(b))) log (min (L., N.(a), N.(b)))) .

Corollary 6.4 Since we have assumed that L. < O(max (N.(a), N.(b))), we can state the
result of Lemma 6.3 also in the following form: The cost is bounded by O(Alog B), where
B :=min (L., N.(a), N.(b)), while A is the second largest (also the second smallest) of the
three quantities L., N.(a), N.(b).

9The case N.(b)/L. ¢ N is treated as in §6.5 with one package of smaller size between 1 and L. — 1.
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For the practical computation, the sequences a, b should be shortened to sequences a’, v’
with possibly smaller support. This step can lead to a smaller amount of operations than
considered in Lemma 6.3, because the intersection of the index set {ae, .+ 1,...,05.} and
the support of a * b might be much smaller than in the worst case. Since

min{iq+Nec(a)—1,v—ip}

Cy = Zaabu—a = Z aaby—a

Q€ a=max{iq,v—(ip+Nc(b)—1)}

for generally situated supports of a and b, the values ¢, with v € {a., a.+1,..., (.} depend
only on those components a, with

max{i,, a. — (ip + Ne(b) — 1)} < a <min{i, + N.(a) — 1, 8. — iy }.
Let @’ be the restriction to this index interval. Its length is

N.(a') = min{i, + N.(a) — 1, . — iy} — max{i,, o — (ip + No(b) — 1)} + 1
< min{N.(a), L. + N.(b) — 1}. (6.9)

Similarly, b can be reduced to O’ with N.(0') < min{N.(b), L. + N.(a') — 1}. In (6.9), N.(b)
may be replaced by N, (b').

6.7 Possible Cost Reductions for Ny(a) < N.(a)

We recall that the cardinality Ny(a) of the discrete support is the true number of non-zero
entries of a, whereas N,(a) is the size after convexification. The difference N.(a) — Ny(a) is
the number of zero components in S.(a).

Figure 6.1: The basis grid (upper line) is refined at the endpoints. Formally, the gap between
contains zero components.

A typical and realistic example is shown in Figure 6.1. A first uniform grid is refined
close to both endpoints'®. The grid points of the left and right fine meshes correspond to
the discrete support Sy(a). The gap in the middle leads to zero values a, = 0. Depending
of the size of the gap, N4(a) may be much smaller than N.(a). Unfortunately, the cost of
computing @ is described by N.(a), since, in general, & has no extra zero components.

Let a * b to be computed. If N.(a) < N.(b) &~ Ny(b), the computational cost is mainly
determined by N.(b) (see Remark 6.2). In this case, improvements exploiting N,(a) < N.(a)
are less effective. Therefore, we next suppose the case Ny(a) = N.(b) < N.(a).

In the case of one big gap as in Figure 6.1, i.e., a, = 0 for n’ < v < n”, we can split the

1 .
sequence a = (a,) " into

a=d +ad', whered = (a,)" ", a’ = (a,)" ). (6.10)

v=0 > v=n'

10Refinement at only one endpoint leads to the optimal case of N.(a) = Ng(a).
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Since N.(a’) =n’ and N.(a") = n, —n”, we have
N.(a') + N.(a") = N.(a) — g with the gap-length g := n" —n/.

Note that in the case that all components a, for v € [0,n' — 1] U [n”, n, — 1] are non-zero,
we have N.(a') + N.(a”) = Ny(a).
Instead of a*b we perform a’*b and a” b and form the sum. The overall cost is bounded
by
O (max{N.(a') + N.(a"), N.(b) } log (min{N.(a') + N.(a"), N.(b)})) .

Provided that N.(a’) + N.(a”) = Ny(a), we obtain the cost

O (max{Nqy(a), N(b) } log (min{Na(a), Ne(b)})) .
If the assumptions apply to a and b, even the cost

O (max{Na(a), Na(b) } log (min{Ny(a), N4(b)}))

can be reached. These numbers may improve when we make use of Lemma 6.3.

In the situation that there are two gaps, one can try to split a into a = a’ + a” + a’”, but
now more sequences a’ x b, ... must be added.

The most unfavourable case is given by examples where the zero components are spread
almost equally among the non-zero components. Then the gap lengths are rather small and
the construction from above does no work.

Nevertheless, even for more than one gap there is hope that Ny(a) < N.(a) or
Ny(b) < N.(b) can be exploited. In §6.6 we have seen that either a or b or both must be
split into many packages a®) or b of smaller length. In the situation of (6.10) it is very
likely that the first package a") equals @', the last package equals a” and all other ones meet
the gap, i.e., a®? = 0. Omitting the latter zero-sequences, we have optimally exploited the
fact that Ny(a) < N.(a).

7 Analysis of the Computational Costs

7.1 Recursion Formulae

(5.5) and (A.4a,b) are typical examples where sequences on different levels are determined

viall

af? = 1 (agf.“) + aéﬁi?) for all i € Z. (7.1)
Such a recursion starts with a given sequence a™) and is performed for ¢ = L—1,L—2, ... 0.

Let a'™) have the length N := N,(a'"). The length of />~ is £ for even N and ¥
for odd N. Hence,

N, (4+1) 1
N.(a®) < {%J forall 0 << L—1, (7.2)

where the rounding |z] is the largest integer < .

HThe kind of linear combination does not matter.
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Lemma 7.1 The inequalities (7.2) lead to
N (a¥) <2 EN(aP)) +1—-2F for0< (< L.

The size is almost geometrically decreasing. Performance of (7.1) for all ¢ = L — 1,
L —2,...,0 (of course restricted to the non-zero components of a\”) requires O(N + L)
operations (more precisely, 2N + L — 1 for the particular linear combination in (7.1)). Since
usually L < N, we may simplify the complexity to O(N) = O(N,(aP)).

The performance of (7.1) requires two operations for each component az(»e), hence 2N, (a")
for the whole sequence. The constant 1 in N,(a®) < 25N, (a)) + 1 seems harmless,
however, in the appendix we may have 2~ problems of the size N,(a'?), so that the overall
number of arithmetical operations is proportional to 267N (a?) < N,(a®))) + 2L~ In this
case, the exponential growth with respect to the level number L is undesirable.

The remedy of this problem is discussed in the following two cases.
Case 1: N (a') > 2F. Then 1 < 2N, (a'P)), so that

N,(a¥) <2°IN,(aP)) +1<2- 2N (D)) forall 0 < ¢ < L.

Case 2: N.(a'®)) < 2L, Then there is a level ¢; € [1,L] NN with 1 < 2°LN,(aP)) for
all ¢, < ¢ < Land 1 > 2°EN (aP) for all 0 < ¢ < (1. For £; < £ < L we have again
N.(a®) < 22N, (aP)), whereas for 0 < ¢ < /; the identity N.(a'?) = 1 follows from
N.(a®) < 2N (a)) 41— 2L < 2 and the fact that N.(a®) = 1 implies N (a*"V) = 1.
In the latter case we use the algorithm as described below.

Remark 7.2 a) As soon as the recursion (7.1) leads to a sequence a\’) with only one non-
zero component (i.e., N.(a'"V) = 1), the recursion (7.1) is no more used for the numerical
computation. Instead we know that agfl) # 0 implies agg) = agfl)/2(f1*f)/2 Jori(0) = |iy /27
and al@ = 0 for all other i € Z.

(€1)
b) In particular, a discrete convolution a¥) xb yields the sequence c with ¢; = @73 Dimi(6)-

This involves a shift and multiplication by a constant. The cost is, in general, N.(b), and if
only L. components are wanted, min{L., N.(b)}.
¢) In Case 1 and in the first subcase of Case 2 from above, the convolution a® * b

(restricted to L. < N.(a¥) + N.(b) components) requires

O (max (L, min (Nc(a(z)), N,(b))) log (min (L, N,(a'?), N.(b))))

< O (max (L, min (27" N.(a™), N.(b))) log (min (L., 2 “N(a™), N.(b))))
operations. In the second subcase of Case 2, the cost min{L., N.(b)} from Part b) can be
estimated by the same bound:

min{ L., N.(b)} < L.

<O (max (Lc, min (QK*LNC((I(L)), Nc(b))) log (min (Lc, QK*LNC(a(L)), Nc(b)))) .
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7.2 Case A
7.2.1 Step 1

Algorithm (5.7) corresponds to the Steps la,b in §5.1.1.
The computation of T in (5.2) costs O(N,(g¢)) operations. In line 4 of (5.7) we need

I‘f/’el for all 0 < ¢’ < L. This requires
@ (NC(Q))

operations. This includes the addition I'Y + Ffl’zl.

The recursion (5.3) is not exactly of the form (7.1), but the cost for its performance is
similar. This proves the following statement.

The computation of Ff/’ﬁ forall ¢ =¢—1,0—2,...,0 costs O(N(g¢)) operations. Lines
3-4 in (5.7) refer to 'Y which is the sum of I' ** over all £ > ¢'. This fact increases N,(g;) to
Nee(ge), so that the total work is

O (Nee(9)) - (7.3a)

7.2.2 Step 2

The recursion in line 3 of (5.8) has to be done for the true support of

L
Wy = Z Pell(f[/ * Fel)

Y

L
The number of coefficients is bounded by O ( ST 28 (NL(fo) + NC(F@))) Summation
o =0

L L
over 0 < (" < L yields the bound O <Z (N:(fer) + NC(F@))> =0 <Nc(f) + > NC(FE/)> :
=0 =0
As in the previous step, we have O <Z;:0 NC(I‘[/)) <0 <Z;:0 Ncc(g[/)) = O (N.(g)) as
in (7.3a).

In line 4 of (5.8), the discrete convolution wyr := fyr * Tyv from (5.4) is to be evaluated
for all 0 < ¢” < L. The length N.(I'y) equals O(N.(gr)). Hence, the convolution cost
is O(max {N.(fe), No(Tpr)} log (min {N.(fer), Ne(Ter)}) . Summation over all 7 yields the
bound

O(max {Ne(f), Nee(9) } log (min {Ne(f), Nee(9))}) - (7.3b)

7.3 Case B

We analyse the cost of (5.11). The number of coefficients involved in line 4 of (5.11) is
Nee(wpr) + No(Tp). Since Sh_y Noe(wpr) < O hi_y No(wpr)) = O(N.(w)) (see (6.3)), this
cost is less than the next part.

The convolution in line 5 costs

@ (max (Nc(wg//), min{Nc(fn), NAF@//)}) log (miH{Nc@dg//), Nc<f//), NC<F5//)}>>
< O (max (Ne(wpr ), Ne(T'pr)) log (min{ NVe(w), Ne(9)})) -
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Summation over all 1 < ¢” < L yields the upper bound
O (max (Ne(w), Ne(g)) log (min{ Ne(w), Ne(g)})) (7.4)
for the cost of algorithm (5.11).

7.4 Case C

The components 6! are needed for all wp with ¢/ > (. Therefore their number is
O(Nee(wey1)). To obtain these df-values by the convolution > iz f;9f_;_1, the number

of necessary components f,f is O(Nee(wes1) + Ne(ge)). Hence, the lines 3-6 and 9-11 of
algorithm (5.16) lead to O(N..(w1)+ N.(g)) operations, while the convolution in line 8 takes
O (max { Nee(wir1), Ne(ge) } log (min { Nee(wpy1), Ne(ge)})) operations for each ¢. The total
sum is bounded by

O ((Nee(w) + Ne(g)) log (Ne(9))) - (7.5)

7.5 Overall Costs

Adding (7.3a,b) for Case A, (7.4) for Case B, and (7.5) for Case C, we obtain the final result
for the cost:

O(max {(Nee(w) + Ne(f) + Nee(g))} log (min {Ne(f) + Ne(9))}) - (7.6)
Under the condition (6.5), this bound becomes
O(NlogN), where N := N (w) + N.(f) + Ne(9).
N describes the total data size of the three function f € 87, g € 9, w € S¥.

8 General Polynomial Ansatz Functions

The purpose of this chapter is to explain why the described method can be generalised
to higher polynomial degrees. Details will be given a forthcoming paper. The example of
piecewise linear ansatz functions can be found in [3].

8.1 Basis Functions

Now we allow that the function f restricted to I/ € M, is represented by a polynomial
of degree p! (see §2.2). In this case we need pf + 1 basis functions per interval. For this
purpose we replace the index i used for the piecewise constant basis function ®¢ by the
pair (i,a), where i € Z refers to the interval, while a € {0,1,...,p!} distinguishes the

basis functions CID@ o) with support in I. As before, we need orthonormal basis functions

{¢€i,a) i €7, 0<a<p} The best choice are the Legendre polynomials; more precisely,
the standard Legendre polynomials of degree o defined in the reference interval [—1,1] are
to be mapped onto I{ by an affine mapping and scaled such that f \@fw)\zdx = 1. In the
following, the choice of the Legendre polynomials as basis functions is required'?.

120ther orthonormal sets of basis functions are possible, but the Legendre polynomials are the only ones
with the property that the degree of ‘I’f ) is a.

i,
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8.2 ~v-Coefficients
Replacing i, j, k by pairs (i, «), (4,3), (k, »), we define analogously to (4.1)

o e
O / / DY () B, () B, (x — y)dady. (8.1)

Again, simplified y-coefficients can be defined by setting : = j = 0, however their simplicity
is reduced by the fact that they depend on the triple «, 3, »

[// el [ 173 /
Wit = [ [ 0@ 205(0) @) o~ )y

As in Lemma 4.2 we can prove the following relation.

Lemma 8.1 Let ¢ > max{¢ ("}. Then

VN VN

Vs, G8),kr) = Vi ie—e" 1 ot~ (5.0 foranyi,j k€ 7. (8.2)

Some of these coefficients need not be computed since they vanish.

Lemma 8.2 Vfﬁ(f;%) =0 for all v € Z follows from each of the following conditions:

a) " > max{l,0'} and o > B+ »x+ 1,

b) 0! > max{l,{"} and § > o+ »x+ 1,

c) > max{l' ("} and x> o+ [+ 1.
Proof. a) Since @fgﬁ) and @fwﬁ) are of degree 3 and s, the convolution Cl%ﬁ) * @fw‘) is
locally — in particular, in any support of @ZS (0a) — & polynomial of degree < [ + » + 1.
Because <I>€O o) 18 orthogonal to any polynomial of degree smaller than «, we get yeﬂ(f é o =

o _
(@ Py * Do) = 0.
b) Define CIDfV’%) (x) = @fy’%)(—a:). Then [ CID%’&) (x) CD@}() (x —y)dz = (@fo o) ¥ (pfu,%)) (v)

is locally a polynomial of degree < a + s 4 1. Since ’yﬁ”(’fé o = <(I>f’ 0,6)° @fgm * (I)fu,%) , we
argue as in part a).
c¢) The last case follows from the symmetry (I%’ 8 * (ID@%) = CID(V 9 * (ID( 8)- |

8.3 Recursion Formulae

The support of (I)fi,%) is the interval I! = [ihy, (i + 1) hy). Its restriction @fi7%)|15+1 to the
first subinterval 57! = [ihy, (i +1/2) hy) is a polynomial of degree s and can therefore be

written as a linear combination of the basis functions <I>f+1 ) (0<a<5)in I
Zg,{a@f;& for z € IS5 = [ihy, (i 4+ 1/2) hy) .
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Remark 8.3 a) By symmetry reasons the representation in the other part 15;1 18

r

Bliog(@) = Y (1) Ea®(Fh (@) foraw € I = [(+1/2) he, (i + 1) he),

a=0

so that altogether we obtain the representation
Zém (@5, + (0 e, L) (83)

b) The coefficients &,., depend neither on i nor on {.

The identity (8.3) is the generalisation of (2.8), where o = 1/v/2.
The representations of f =), fr and g = >, g¢ require a further sum over all degrees:

f/l g,¢
Pj
K’ z E/
le - Z ijﬁ)q) (4,6) = SE” ge = E 5 g(k%)q)(k,%) < Sg (84)
jez}, =0 keTd #=0

(cf. (3.2), (3.3)). The local polynomial degrees p;c’el and pg’[ are part of the new definition
of ng and S;. Similarly, Sy involves polynomial degrees p‘;’gu. For convenience, we replace

the individual degrees pj’ , p] , p;"z by their maximum p.
p KII ®£l

The projected convolution takes the form w = 3 wer with wer = 3° 350w 0) P 0)-

o i€T,

The coefficients satisfy

Vi) = D D F8)90 Voo 6960

(7:8) (k,)

(cf. (4.3)).
Again summation over k and s defines the coefficients

zll E/ zll E/
GloayG6) = 229 ), (5:8)(k,32)
x=0 keZ
and allows to obtain wy» from
ZN [// el
=SS 1
B=0 jEZ

The only difference to the piecewise constant case is (a) the additional sum the degree
index (B or s) and (b) other recursion formulae. For instance, the recursion Gz Ol —

ILESWLN. 041,000
% (G%er T+ GQZ-L’J- ’ > from (4.10a) now becomes

5// K’ [”+1 AN d+a ~O"+1,0 4
Z§a5< s G T (=1) G(%Hﬁ»(jﬁ))'
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8.4 Algorithm, Cost

The generalisation of the algorithm is straightforward. Even the estimation of the cost
follows the same lines provided that the maximal degree p can be considered as a constant.

9 Convolution of Periodic Functions

Let 27 be the period of the functions f and g. Then the corresponding periodic convolution
is defined by

2

Wexact (7) 1= (f * g) (x) := i fg(z—y)dy  for all z € [0,2n)

instead of (1.1). The computation of the projected periodic convolution is very similar to
the convolution in R. We only list the items which are to be changed.

The step size h of the coarsest grid must be restricted to the discrete set {27/m : m € N} .
In the following we assume that m denotes the integer such that h = hg = 27 /m.

The set of basis functions is now finite. The index i of ®¢ is restricted to the set
{0, 1,...,2m — 1}. Furthermore, the location index i must be understood modulo 2‘m.
This holds in particular for the index v — « in the following discrete periodic convolution (of
period 2‘m):

20m—1
c:=axb, ie., c, = Z aoby_o forall 0 < v <2m—1.

a=0

Also intervals in Z/ (2ZmZ) are to be understood in the period sense. If
0 S imin S imax < 2Zm7

[imin, max] 18 @ usual interval embedded into Zsye,, containing imyayx — imin + 1 elements. In the
case 0 < ipax < imin < 2°m, the union {imin, imin + 1, ..., 2m — 1} U{0,1,...,4nax} of two
standard intervals can be interpreted as one interval {imin — 2, i — 2'm + 1, ... ,imax}
modulo 2‘m containing imax — imin + 2°m + 1 elements. This fact is important for a new
definition of the convexified set S.(-). We define S.(-) as the smallest interval (in the periodic
sense) containing the set Sy(-). In the example depicted in Figure 6.1, the grid at level 1
leads to S.(+) = Sa(+)!

For the basic discrete convolution problem (see §6.2) we can always use the fixed value'®
2m (depending on the level number ¢, but not depending on n). The former condition
2m > 2n — 1 is not required. However, if 2m > 2n — 1 holds (and hopefully there are
many discrete convolution problems with rather small n), the discrete convolution can be
performed as be in the non-period fashion. Therefore, the estimates of the cost are the same
as before.

132¢m replaces m in §6.2.
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In the Sections of the appendix we give alternative approaches to the Cases A-C, which
however need more work than the algorithms given in the main part.

A Appendix: Second Variant of Step 2b in Case A

A.1 Algorithm

In §5.1.3, the convolution is first evaluated at level ' and then coarsened to levels ¢ < ¢'.
Therefore, wy has to be computed in its whole support S.(wy). The following variant tries
to compute wyp, wp_1, ... individually, so that their evaluation requires only the necessary
part. However, it will turn out that the costs are higher than for the variant presented in
§5.1.3.

The second variant uses another organisation of the j-sum in w! = > ikez ff’ gr yfgge
First, we give the example ¢ = ¢’ — 1 in detail, before we describe the general procedure.

A.1.1 Example /" =/ —1
We split the sequence f, = ( ff/)jeZ into two subsequences fro = ( fé;)jez and fp1 =
[/

: - [/—1 S K’ K —I,ZI,Z
(f2g+1> . Then the summation over j in w; —~ = EMGZ Ii 9x i becomes
Z’—l 1,00 1,00
E f2]9k%23k + E :f2]+19k7123+1k
J,k€EZ J,k€EZ

For the first y-factor we use
O-100 010 _ - S W
i 25,k (4.6) ’yk_iQZ—(Z’—l)+(2j)2g,g/ 7k—(i—j)2£ (¢'—-1) (4. ) Vi —73,0,k °
The second ~v-factor is treated similarly:

O-100 _ 0-100 Y e NN’ Y WO
Vi, 2541,k 7,{71-2@7(@/71)+(2j+1)24_4/ Vi (i—j)2t= (' =1) poe—e/ = Tij1k

Summation over k yields

¢ 0—100 TN e e
9k Vigjk = 9k Vi—jok = Yi—jo
kez keZ
O—100 01,00
and 3, 9k Visjs1e = Giji - The final result is
z’ 1_ QUL QUL
Z 7,0 2]+l i—j5,1

]EZ JEZ

Hence, introducing the notations Gf"l’el’z = (Gf/,j_ 1!’%) with v € {0, 1}, we can represent
’ 1€EZ

/_
the sequence wy_1 = (wé !

s ) by the sum of two discrete convolutions:
i€z

01,00 01,00
we—1 = foo* Gy + foax Gy :
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In order to get the coefficients of G5~ GY 1! We use (4.10a) and (4.11):
’ / 1 /gl i 1
O—10'0 Ny oy oy
Gz 0 ' \/§ (Gm‘,o + G2¢+1,0> = \/5 (Fm + F21+1> (A-l)
’ / 1 ! pr 1 gl 7
0—1,0'0 o0 e i 1 o0
Gz 1 \/§ (GQi,l + G2i+1,1> (E) \/— ( (Fm 1+ 1y > ‘

Note that the coefficients Ffl’z are known from Step 1b (see §5.1.1).

o0 NNANE
GQ@ 1,0 + GQi,O > -

§H

A.1.2 General Recursion

Let (" € {¢/ — 1,0 —2,...,0}. We split the sequence fp = (ff/)jGZ into 2" subsequences

f[/ = <f2;/ /”j‘H/)jeZ for O S 1% S QZI_ZH — 1. (AQ)
Summation over the indices 2°~"j 4+ v (v fixed) yields

z// E/ z// E/ o GEN K’
f2€/ ey gk: "}/Z 2@/ iy, o f2€’ ity gk: Vi —jvk T f2el iy g

7,kE€Z YR A JEZ

by the same arguments as before. The right-hand side is the discrete convolution fg/W*Gl{”’E/’K,

"oty oy .
where GY"¢¢ is the sequence <GW’ ’ ) . Summation over v produces the final result:
’ i€

24/—ZII
1! 1 pl
Werr 1= <wf > = E fgly,/ * Gﬁ £ ’E. (A3)
iE€Z
v=0
The necessary coefficients GZ Ol are recursively computable via
e ES W ES W g
G, \/— <G21Jlf +Goilhy ) for 0 < v <2701 1, (Ada)
[//j/)e . 1 ZN+1,ZI,Z [//_"_ljl’e ZI—ZH—I [/—ZN
Gi,V — ﬁ <G2i7]_71/72zl—z”—1 + G2i71/72z/—4//—1> fOI‘ 2 S 1% S 2 - ]. (A4b)

For the first step ¢ = ¢’ — 1, the right-hand side in (A.4a,b) can be expressed by the known
coefficients T (see (A.1)).

A.2 Cost of the Second Version of Step 2b

Step 2a has to be reinterpreted. In the case of the second version of Step 2b the product
we = fp * Iy y is needed in only Ly components (Ly < N.(wy) replaces L. from §6.6).
According to Lemma 6.3 and Remark 7.2c, the cost is'4

-1 /
max (Lg/, min (Nc(fz'), 9t —KNC(QK))))
; O ( -log (min (Lgf, Nc(fe), 2£/4Nc<911))>) )

(Z max Lg/ fg/)) log (mln (Lg/, Nc(fg/)))> .

\We have replaced min (Nc(fg/), 2€_€/Nc(gg))) by the upper bound N.(fe) because of shorter notation.
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. o —¢’ 1" g1 "ot
Before we perform (A.3), i.e., wpr := >0 fo, x G5 " we have to compute G5 for

all 0 < ¢" < ¢ < ¢ by means of (A.4a,b). Since the range of v doubles when ¢/ — ¢ — 1,
the cost for computing the G-quantities is ¢'- (2°~*N.(g,))) for all 0 < ¢” < ¢’ — 1. Summing
over all 1 < ¢ </ yields

Next, we consider the discrete product f, * G4 “*. Note that N.(fr,) = 2" N(fu)
and N, (G4 ') = O (29 ~*N.(g¢)) (cf. Remark 7.2¢). According to Remark 6.2, the convolu-
tion cost is O (max (2 ~“ No(fir), 2 ~*Ne(ge)) log (min (2“7 N.(fe),2" *N.(g¢)))). Since
for fixed levels ¢, ¢" there are 2¢~¢" different values of v, the convolutions for all v require
O (max (Ne(fr), 2°*N.(g¢)) log (min (No(fr),2°*N.(g¢)))) operations'®. Summation over

0 < ¢" < ¢ introduces an addition factor (¢ 4 1). Further summation over 0 < ¢’ < / leads
tol5

0 (m (Z (4 1) Ne(fo), (¢ +1) Nc<ge>> log (min (N.(fy). Nc@[)))) .

£'=0

B Second Variant in Case B

In this variant, we need to compute the coefficients Gi}ﬁl’g for few v and all j € Z. In Step
1 we start with ¢’ = ¢ and proceed with /" =/¢+ 1,0+ 2,...,¢' — 1 in Step 2.

B.1 Step 1: Start

The first part is the computation of Ff"’z = Gf:['),zﬂ,e = Gg:’f;/’z (" =0,0+1,...,1,cf. (4.11)).
Since these quantities are already known from Step 1b in §5.1.1 (there the index ¢” is called
"), this part does not require additional cost.

Note that different from Case A, the first loop involves the index ¢/ = ¢, ¢+ 1,...,1,

while ¢/ = ¢" —1,...,0 is the second loop. Together, we cover all situations ¢’ < ¢ </ for
a fixed /.
B.2 Step 2

. zl/ E// K E// K E// zl E
The coefficients G, ;= I';_; are known from Step 1. Now we want to compute G, ;"

for coarser levels ¢/ = ¢" —1,...,0. We can write any index i € Z as i'2"~¢ + v with
ve{0,1,...,2" % —1}. Since

E”,El,g o K”,K’,K o E”,K’,E
Gif " = Gigrv ;= Gujivs

15Note that the argument of log (min (...)) contains the maximum over the summation index.
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AN N : o —g 16 A" 00 . e _
the data G; ;" can be organised by 2 sequences° G, = (Gyﬁj )jez, v = 0,...,

2¢"=¢ _ 1. For their computation use the following formulae for ¢ = ¢’ —1,...,0:
VN - VNN, 0 01,0 o —pr—1
G = <Gy,2j + Gl ) for 0 < v < 2 _ 1, (B.1a)
1 pr 1 11 pl 1 pl s /
EN A iT 7 (G,{ﬁéﬁj’f + Gl *”) for 0 <v <2011, (B.1b)

Together, the coefficients Gf:/]?el’[ are defined for all 0 < v <2~ —1 and all j € Z.
For a proof of (B.1a,b) use Gf:/]fgl’g = > (GZH’K-/H’z + Gf/’/éﬁ:rll’q (cf. (4.10b)) and

V2 v,2j
Gz" 0410 . 000410 VAN S W
22” -1 2] k V+2£N -1 ,24.k (4 6) k k‘*I/*ZZ”_ZI_l+(2j)24//_2l_1
kEZ keZ
Z VNS W . GE”,E’+1,£
T v(2j—1)2¢" —(¢'+1) v,2j—1
keZ
GZ” V41,0 - VAN AW - AN W _GZ”,Z’+1,Z
v2t =1 24541 kT—y—2t/'—t/=14 (25 41)2¢"—¢/—1 — ETp—pq(25)2¢"—¢-1 = w25 :
kEZ kEZ

B.3 Step 3

The projection Py (fp * g¢) has the coefficients wf" which are split into 2¢'~% subsequences
(indexed again by ¢ with fixed v):

" / o e "_pr .
w;zn_llwﬂj = E fZ gk 72[” Z/”H‘l/j & for 0 S 14 S 24 & _ 1 and - Z
J,kEZ

. [ ZH El Z E// zl E o [ ZH zl z
Since Zkez 9k 724” 4’Z+V] k ZkeZ 24//—4/i+,j)24—4”+]-24—4/ - Zkez Ik fYk v2L— z"+( i)2¢- o

Z Z// E/ E zl
> _kez Yk ’YV]_Z w =G, i, we have
" / " " _pt 3
w;zll_gli+u = Z fZ Gf]{f for 0 <v< 24 e landicZ
JEZ

" . . . p! p! .
Hence, the subsequence wyr, = (wge,_e,i +V> is the discrete convolution fy * G *+* with
i€Z

QAN 0"l .
R (G I
JEZL

ey = fo % GEEE (o <p<2t 1) . (B.2)

Together, the sequences wp,, 0 < v < 2t"=t" _ 1, represent all coefficients of wp =
Pg// (fg/ * gg)

16The definition uses —j in (Gil,,f;’z)jez in order to obtain a standard discrete convolution in (B.2).
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B.4 Combining the Computations for all ¢ < ¢ </

Again, we use the already computed T from (5.6) instead of IV, to treat all levels ¢ =
0" 0"+ 1,...,L at once. The further algorithm is

for /" :=1to L do explanations:
for ¢/ := (" — 1 downto 0 do
begin GK" “=rv '] ; starting value,
for v :=0to 2“1 do
begin GZNZZ/ f (ijl;ﬁlﬂ Gil;ﬁ:rll) recursion (B.1a),
Gi”fz/’” vy = \/_ (G€IQ§/+1” Gf//2§/+”> recursion (B.1b),
end;
for v :=0to 2 ¥ do wy, = fu * GL see (B.2).
end;

The resulting sequences wy» contain all contributions P ( fyr * g¢) with ¢ < " < /.

B.5 Corresponding Cost

As already mentioned, Step 1 does not require additional cost.
In Step 2 we have to perform (B.1la,b) for ¢ = ¢"—1,,...,0 and 0 < v < 2¢-¢ —1. With

(" — ¢'—1 the length of GI"*"f = (GZN’N> is halved, but since the range 0 < v < 2¢~¢ 1
JEL

doubles, we have Z?f:: IN(GEY < ZV 0 ““1o O (2°7*N.(g0)) = O (2" *N.(ge)) (ct.
Lemma 7.1 and Remark 7.2¢). Summatlon over 1 < (" </ yields the bound N,(g) for the
data size. The number of operations needed for their computation is proportional:

O (Ne(ge)) - (B.3)

In Step 3 the discrete convolutions wer, = fp * G,{N’Z"Z are to be performed for all
0<wv<2t_1. Weneed Ly components of wg. Since wypr is split into 2¢~¢ subsequences
wer , in the average we have to compute 2" L,» components of wer . The corresponding
cost is

-1

Z Z 25” o ( max (2Z/_Z//L€”7Imin (Nc<f€’)7 2€1_€N0<9Z))) )

-log (min (2€ " Lon, N(for), 2Z/_€Nc(gg)))

=1 =

< Ezi i: O (max (Lgu, 24"_4N0(94)> log (min (Le"7 Ne(fe), 2ZN_£NC(9Z)>>>
0=0 0"=+1

= Zz_i O (max ( Z Ly, N, ) log (mln (H%ax Ly, Ne(fer), Nc(gz)))>
=0 =41

<O (max (Z z"Le,,,mc@z)) log (Nc(gg))> (B.4)

=1

(cf. Lemma 6.3 and Remark 7.2c).
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C Second Variant in Case C

C.1 Computation of ¢
C.1.1 Definitions

We define new ¥-coefficients'”
YN CI)ZI 0 - / ..
71,] kT J (y)q)k(lhf - y)dy (O S ¢ S ga RWE k€ Z)
(®¢(x) replaced by the Dirac function at ihy). Simple substitutions yield
0 = [ 88— ahe) (G k) b =)y
= /‘Pff ()6((i = k) he = (y + jhe))dy = /‘Pff ()% ((i = k= j2“)he — y) dy
= /(b[l( )(bi i+j 90— 4/( )dy = f?li £Z+‘72£ o

defining simplified coefficients ;Y’t;',z with one subindex. The values can be given explicitly:

g 2702 for —1> k> -2
10 otherwise.

Instead one may use the recursion

7[14 _ { 1 for k’ = —1, (C_la)

k 0  otherwise,
o1 ,
W= S (A ) <t (C.1b)

which follows from

7k-z’+j2€’4 = Yijk = \/5

so that for ¢ = 5 = 0 the identity ﬁﬁl’g =1 (iﬁlﬂ’ﬁ + 7£/+1’f _1> is derived.

. Y Y LERLE | b 1 e’+1e 4R
Vi 25,k Vi, 2541,k \/— Vh—igjor—t T Vhipjor—t yor—e—1 )

V2 k+2t=¢
The §-values are

5= (v i) i) = 3 £ f [ @ @)@tibe — )y = 3 11 o341

7,kEZ 7,kEZ
. o 50000
=> 5 Gt
jez

where we have introduced
G . 0000
ij oo 9k Vijik -

kcz

17 As for 71 . k " we write ﬁ/f’fllf with three superindices. However, the first one is not really needed because
of ¢ = 1. -
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C.1.2 Step 1: V' =

For ¢/ = ¢ we have to compute GZ” = > kez Ih yﬁf,f = > ez Ik % i1+ Using (C.la) we

obtain
GZZZ GZZZO _ GZJ ; gf_j_l (Z,] E Z) .
C.1.3 Step2: 0/ =(-1,...,0

For ¢/ < ¢, the recursion
Y 1
N 0041, 00410
G = (G +GY 251 )

2,7 \/ﬁ ©,27

holds again (cf. (4.10b)). Note that for i = 2" +v (0 < v <20 — 1)

0,006 NN Z 000 0,0/ 0 _ AL
Gi,j - gk %,J k Ik 7k z+32¢ 4 Gz j2t=t' o0 Gu+(u—j)2f4’,0 o GVJ*/H
kezZ keZ

so that the recursion becomes

Gt = L (G + G for 0 <y <2011, (C.2a)
000 0,041,6 0,0 41,0 0—0—1 0
Gt =y (G, Gt ) fer 2 Sy L (C2b)

Write the index 7 as
i=p2" v witho<v<2°Y -1, pelZ

The computation of

. o z M Y, e . o S0
5M2Z_ZI+V - E f #22 U yyik E f] u2t=t 4ug E f G vj—p (CS>
JkeZ JEL JEZ

needs a discrete convolution to obtain the subsequence §) := (6 2t/ +,,)#GZ . Performing the

convolutions for all 0 < v < 2¢°¢ — 1, we have completed the whole sequence § = (00),ez -
We remark that we need the values d,, and only 4, for those v € Z for which I f contains
one of the intervals I/ with ¢ > ¢ and i € T, (cf. (3.1)).
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C.1.4 Combining the Computations for all ¢/ < ¢ < ¢

for /:=0to L —1do explanations:
begin for ¢/ := ¢ downto 0 do
begin if ¢/ = { then begin Gf)”z =g ; 6:=0 end | starting values,

else for v :=0to 21 -1 do case of /' < ¢,
begin G“ ¢ (G”Jr1 ! %J;llz)/\/_ see (C.2a),
@fi’;@,m ; _ (Gt i £ G2 see (C.2b),
end;
for v:=0to 2" — 1 do
begin compute §*) from (C.3); add 6%) to § see (C.3),
end end;

for (" :=/(+1to L do
for all i = 12 ~* + With 0<j<2*“_1do
Wt = (5 + 2,,, 2 (0pg1 — 5l,)> see (5.12).

end;

C.2 Corresponding Cost

First, we have to compute the G-coefficients. For ¢ = ¢, the Gﬁf’f are given by g, proving
NC(Gﬁﬁ’Z) = N.(g¢), where we denote the sequence by G&4* : <GM e) s (we remark that

only ¢” = ¢ appears). The computations start with the recursion (C.Qa,b). The length is
NC(C;’,%/’Z) < 2Y°!N,(g¢) +1 (cf. Lemma 7.1). The number of different v-values is 2¢~¢. This
leads to < O(N.(g¢)) operations (cf. Remark 7.2c). Summation over all 0 < ¢ < ¢ yields
the upper bound

(£+1) No(g) (©.1)
The subsequence §®) := (5u2’f—’f’ +IJ)#GZ requires one convolution in (C.3) and is to be
evaluated for L,, indices. The sum of the latter numbers is
L L
Y Lew=Liy < D, Neelwenn)/2+2.
v=0 =041

Proof. N.(wg) is the number of indices 7 where w!" is to be evaluated. The related intervals

are [f , i € Tg. The intervals I for all i € 7% and all £ < ¢” < L* intersect at most

ZZN —r41 Nee(wig1)/2 + 1 intervals of M. The number of grld points is by one larger. [
The convolution cost for all 0 < ¢ < ¢ and 0 < v < 2=

¥l maxLl,,mln (fer), N G’fi’é
ZZO( wrmin (Ne(fy) <v,>>>)

=0 v=0 log min (wa C(fﬁ’)7Nc(G£’,€’£)>)

Z@ (L 2t ) )

-log mm( )s Ne(fu), 2" Ne(g )))

=0 <(€ + 1) max (L), Ne(ge)) log (min <L(g), maXN (fer), N, (gg)>>> (C.5)
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