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Abstract

Given a bounded domain Q C R? and two integro-differential opera-
tors L', L? of the form Liu(z) = p.v. [o(u(z) — u(y))k’ (z,y,z — y)dy
we study the fully nonlinear Bellman equation

(0.1) max {Lju(x) + a? (z)u(z) — fj(x)} =0 inQ,

]:7

with Dirichlet boundary conditions. Here, a’, f/ : § — R are non-
negative functions. We prove the existence of a nonnegative function
u : © — R which satisfies (0.1) almost everywhere. The main difficulty
arises through the nonlocality of L7 and the absence of regularity near
the boundary.
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2 1 INTRODUCTION

1 Introduction

Over the last years there has been an increasing interest in the study of
nonlocal operators generating Markov jump processes. It turns out that
a theory for linear equations, analogous to the one developed in [KS80] for
diffusion operators can be developed for jump processes, see [BK05a, BK05b,
Sil05]. From both points of view, theory and application, it is very interesting
to study fully nonlinear Bellman equations with such operators. Some results
concerning the martingale problem and viscosity solutions have been achieved
using, at least partly, probabilistic methods in [MP91, MP94, MP96]. So
far, analytical methods were successful only in the case of jump-diffusions
[GL84], [AT96], i.e. when a dominating diffusion is present or the equation is
not fully nonlinear, [MR97]. In conclusion, a satisfactory analytical approach
to fully nonlinear nonlocal equations has not been established yet. It is the
aim of this work to make a first step in this direction by employing tools
similar to those used in [EF79, BE79]. For local diffusion operators, results
on Holder regularity for linear equations were crucial in setting up a theory of
fully nonlinear equations, see [Eva83, CIL92, CC95, Kry97| and it would be
highly desirable to investigate fully nonlinear nonlocal equations in a similar
fashion.

Several kinds of nonlinear equations including nonlocal operators of the same
type as the ones considered in this paper have been studied in the area of
financial mathematics. Since neither the equations nor the techniques are
related to our problem we do not discuss these results here but refer the
interested reader to the references mentioned in the introduction of [JKO05].

Let Q C R? be a bounded domain with C%*!-boundary. The aim of this work
is to show the existence of nonnegative solutions u: {2 — R, to the following
equation:

IEE%)%{LjU(JI) +d(z)u(z) — f/(2)} =0 in Q,
(1.1) =5
u=0 on 0,

where L', L? are nonlocal integro-differential operators of order « € (1,2).
Roughly speaking, the operators under consideration are similar to restric-
tions of pseudo-differential operators of order o with variable coefficients and
generators of Markov processes with jumps.



Let us define an operator L as follows.

(1.2) Lu(z) = p.v. / (u(x) — u(y))k(z,y, 7 — y)dy
= lim (u(z) —u(y))k(z,y, z — y)dy,
Q\B:(z)

where z € Q and Q C R? is a bounded domain with C%**-boundary. More-
over, k: RYx R% x (RY\ {0}) — R is (d+ 2)-times continuously differentiable
and satisfies the following conditions:

(13> k;(x,y,z) = k(y,x,—z),
(1.4) 070000k, y, 2)| < Clay ol 2747271
(1.5) colz| ™" < k(z,y,2) < Colz[ 7.

for all z,y,2 € RY 2 # 0 and 3,7, € Nd with |3] + |y| + |0| < d + 2 where
a € (1,2) is the order of the operator.

An example for k(-, -, -) is given by k(z,y, 2) = b(z,y)|2|~** and b € C{2(RY).
Note that the definition of the operator L depends on €. Formally, in the
case Q0 = R? and k(z,y,2) = |2|7% one has L = const x (—A)2. On one
hand, (—A)? is a fractional power of the Laplace operator, on the other hand
it is the generator of so called a-stable processes which explains partly our
motivation. For a bounded domain €2 the operator L has the same form as
the generator of a censored stable process [BBCO03].

Our main result reads as follows.

Theorem 1.1 Let Q C R? be a bounded domain with C-boundary and
a € (1,2) be fized. Assume L' and L* are defined as in (1.2) for two kernels
K'(-, ), K*(-,-,-) that both satisfy assumptions (1.3) through (1.5). Let a €
L>(Q;R?) and f € L*(Q;R?) be nonnegative. Then there exists a nonnegative
function u € H§/2(Q) N HY.(Q) satisfying

loc
max{ L’ u(z) + o (v)u(z) — f/(2)} =0 in Q,
(1.6) =12
u=0 on 0N.
Moreover, for any open set Q' & )

[l g oy + lullze@y < €

where C' depends on ', Q, ¢y, Co, Cprs, ||allLe@r2), [|f]r20r2)-
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Remark 1.2 In the above theorem, we do not focus on weakest possible reg-
ularity assumptions for Q0 and k;. Analogously to Bellman equations with
local diffusion operators one expects solutions to be more reqular than stated
in Theorem 1.1, see a related remark in [Sil05]. In the case of the integral
operators above solutions will have some limited reqularity near the boundary,
even for linear equatzons with smooth data. This can be seen in the following
example. Letu € HF (—1,1)NH.(—=1,1), a € (1,2), be a nonnegative weak
solution of
Lu(z)=1, ze(-1,1), ul=x1 =0,

where L is as above with kernel k(x,y,z) = |2|717®. Then u cannot be in
CP([—=1,1]) for B > . This is proved by contradiction: If u € CP([—1,1]),
then Lu(z) = 1 for all x € (—1,1) implies that u'(£1) = 0. Hence u(x) =
O(lz +1/°) as . — —1 and

1

= Jim Zu(o) = = [+ 1l dy <0
r—— 1

since u(x) > 0, which is a contradiction. Since w is also a solution of the

Bellman equation for L’ = L and f_J = 1, the solutions of the Bellman

equation will in general not be in C*(Q) either.

The paper is organized as follows: Section 2 contains preliminaries such as
definitions of function spaces and notation. In section 3 we discuss the linear
nonlocal operators L. We study their mapping properties and estimates of
commutators with localization functions. Bilinear forms corresponding to L’
are investigated in section 4. Section 5 contains the proof of Theorem 1.1.

2 Preliminaries

In the following (.,.) denotes the duality product between a Banach space X
and its dual X’ and (.,.) denotes the L%-scalar product.

Let Q = R4 Q = Ri, or let Q be a bounded domain with C%*!'-boundary.
Then H*(R2), s € [0, d] denotes the usual L2-Sobolev-Slobodeckii space normed
by

lull ey = Y ID5ulfaq)

laf<m



if s=m € Ny and

o [ D%u “u(y)|?
H5(Q) Z | D3 UHL2 + Z // ’x_y’d+2 —[s]) dxdy

|| <[s] lal=

17

if s & Ny, see for example [Ada75]. Moreover, H(€2) denotes the closure
of Cg°(Q) in H*(Q) for s ¢ 1+ + Ny and H*(Q) the dual of Hy*(), i.e.
H=5(Q) = H3(Q)".

We note that, if s € (0,1),s # % and Q is a bounded domain with a C*-
boundary, then

|u(z
// |x— |d+23 ddy

is a norm on H{(2), which is equivalent to the norm defined before. Here,
H *(€2) denotes the corresponding homogeneous space. The fact can be easily
proven by contradiction using that Hg(Q) is compactly embedded in L?*(Q)
and that [|lul|4: o) = 0 if and only if u = const.

We use bold letters like v for vector valued functions such as v = (vl v?) €
H*(Q;R?). We say that a vector is nonnegative if all of its components are
nonnegative. Moreover, if f: Q — R, then fi(z) := max(f(x),0), f-(z) =
min(f(x),0).

Finally, if f € L'(R?), then the Fourier transform of f is defined by

~

fl§) = Faelf©) = [ e fa)in,  geRe

and the inverse Fourier transform is denoted by F 1.

3 Properties of the integral operators

In this section we study properties of the integral operator L as defined by
(1.2) and the operator £ defined as follows.

B Lule) = pov. | (alo) = ul)kle, = 9)dy

= lim (u(@) = u(y)k(z, y,z — y)dy .
=0 Jra\B. (2)
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Note that L equals £ when = R?. For both, L and £ we require the kernel
k to belong to the following class:

Definition 3.1 The class K*(R), R,a > 0, consists of all functions k: RY x
R?x (R%\ {0}) — R which are (d+2)-times continuously differentiable such

that k(z,x,—2) = k(z,z, 2), k(z,y, 2) = k(2) if |z],|y| > R, and
(3.2) 1000700k (x, y, 2)| < Clz|7*7 Pl for all z,y,z € R%, 2 # 0

for all |B] + |v| +|8] < d+2 and some constant C > 0. Finally, for k € K%,
|k||xce denotes the least constant such that (3.2) holds for all ||+ ||+ [0] <
d+2 and

|k|/C"‘ = sup ’Z|d+a|k(x7y7 Z)|
z,y,2ER? 240

Remark 3.2 Obviously, K*(R) equipped with ||-||xe« is a Banach space. The
weaker norm | - |, will be used, when “freezing coefficients” in Lemma 3.7.

Remark 3.3 There are many other classes of kernels similar to K*(R) one
could consider in the following and obtain similar results. In particular, the
smoothness assumptions w.r.t. to x,y are not optimal and the assumption
k(z,y,z) = k(z) if |x|, |y| > R could be weakened considerably.

Lemma 3.4 Let k € K*(R), a € (1,2), R > 0, and let L be as in (3.1).
Then for all uw € H*(RY) the right-hand side of (3.1) converges in L*(R?)
and

1Lull 2y < C (|Klie + Rl el sageay + Cllkllce lull ;5 gay
for alluw € H*(R?). Here C' depends only on d and «.

Proof: First of all, let

Coulz) = / s 1)~ WK .7 )y
Then

Lou(x) = / (ule) — uly) + Vu() - (4 — 2))k(z, 7,7 — y)dy
R\ B (x)

+ / (u() — uly)) (k(z, g, 2 — ) — k(z,2,2 — y))dy
R\ B (z)

= Lu(z) + LPu(x)



where we have used that

/d\ ( )(96 —yk(z,z,2 — y)dy = / hk(z, 2, h)dh = 0
R\ B

R4\ B.(0)

since k(z,z,—z) = k(z,x, z). From the form above it can be easily checked
that lim,_o L.u(z) exists for all z € R? and converges in L*(R?) if u €
Cs°(R?). Note that by the assumptions on k we have

k(z,y,x —y) — k(z, 2,2 — y)| < C|lk|ie]z — y[~47H
and a < 2. Hence it is sufficient to prove that
1£eull p2gay < C(lklica + Bk llice) [l oy + Clklkellull 45 g
uniformly in &€ > 0 and for all u € C§°(R?).

Concerning £Z we obtain by direct estimates

B 2
HE UHLQ (R4)
2
< COllk|2 / / lulz) = wlw)l, / & — (1 4 [o — y])dyda
Rd yl
< Cllk|alul? s

HQ(Rd)
where we have used that
|k(z,y, 2 —y) — k(z, 2 — y)| < Cllkflelz —y| (1 + |z —y])™

For £ we use Fourier transformation:

Liu(z) =

—

(u(z) —u(x + h))k(z, z, h)dh
R4\ B (0)

e”ff/ 1 —e™k(x, x, h)dh (&
Rd\Bg(0)< I ) ( )(277)‘1

e 916 7

d

= pg(ﬂi, Dm>u7

I
T 5

where
po(a,€) = / (1 — "V k(z, 2, h)dh
]Rd\BE(O)

= / (1 —cosh-&)k(x,z, h)dh
RN\ B (0)
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since k(x,z, —h) = k(z,z, h). Therefore

ool < lelel” [ (1= cosse &) ls170-eds < el
R
since 0 < 1 — coss - é—| < Cmin(1,s?), 0 < k(z,z,h) < |k|ca|h|7%%, and

1 < a < 2. In the same way one proves that
(3.3) (07pe(2, )| < C| k| €]
for all |5] <d+1.

Now, if k(z,y, z) = %(2) for all z,y € R%, then p.(x,€) = p.(£) and
Az 1 / ~ ey (2
Hcs uHQ _ (27T)d R ’p€(€)u(£)| dé
o 1 205 (¢ |2 2 2
< Oy [ P IOPE < Ol [l e

Moreover, if k(z,z,z) = 0 for |x| > R, then

F et €)= [ iele = mmit g,

where ﬁs(fa 77) = fx'—’f [p(a 77)] satisfies
[€7p-(&.m)| < CRYkllce[n*  for all [B] <d+1

because of (3.3) and therefore

D=6, m)| < CR[Ellxca |n|* (1 + €)=

Thus
L2 ull 2 ey < CRO Kl [ull oy

in that case by Young’s inequality.
Finally, the general case follows easily from the two cases above by decom-

posing k(z,y,z) = K'(z,y,z) + E(z), where k' € K*(R) is supported in
{(z,y) e R* : |z| < Ror |y| < R}. ]

Now, we use the result above to obtain mapping properties of L in the case
of a bounded domain ).



Lemma 3.5 Let L be as in (1.2), where k € K*(R), a € (1,2), R > 0 and
Q C R? is a bounded domain. Then for all uw € H (Q) N L3(Q) the right-

loc

hand side of (1.2) converges in L*(Q). Moreover, for all 0, Q" satisfying
e e

| Lul| 2y < Cllkllice ([lullme@n + ullz2@))

where C' is independent of u and k.

Proof: Let ¢ € C§°(Q2) such that ¢» = 1 on 2”. Moreover, let
Laue)i= [ (ula) = ul)h(a. .~ v)dy
Q\B:(x)
for x € Q' and 0 < e < dist(§',0Q"). Then

Lou(x) = / () (&) — (o) (9))k(, g, — y)dy
R\ B (z)

—u(x k(z,y,x —y)dy — 11— w(y)k(x,y, x —y)d
( )/C (z,y,2 —y)dy /Q\Bs(x)( V() uy)k(z,y,x —y)dy
=: L.(Yu)(x) + Li(z) + Ir(z).

Lemma 3.4 can be applied in order to estimate the L*(R?)-norm of L u(x)
since Yyu € H*(R?Y). For z € ' and y € Q° the function k(z,y,z — )
is bounded. For x € ' and y € Q one has |[(1 — ¥ (y))k(z,y,x — y)| <
C(Y,9)|k|xce. These observations together imply

1 (@) 2@y + [H2(@)] 222y < ClElieullz20)

which proves the lemma. [ |

The following lemma will be an essential ingredient throughout the article
since it shows that the commutator of L and £ with a suitably smooth cut-off
function ¢ is an operator of lower order. It is the basis for “localizing” the
nonlocal operators L.

Lemma 3.6 Let k € K“(R), a € (1,2),R > 0 and let Q be a bounded
domain. Let L be as in (1.2) and L be as in (3.1). Let ¢ € CP(RY) with
G > a. Then

1L @lull 20y < Clklcallellon@llul 7 )
ITE; eloll2eey < Clklkellellcp a1Vl 4% may -
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for allu € HE (Q) N H2(Q), v € HY(RY). Here [A, ¢lu = Alpu) — p(Au)
with A = L, L. Moreover,

(3.4) /Q (1L, Ju))v()dz = /Q u(@) (L, Jo(x)) da

for all u,v € HO% (Q) after an extension of [L, ] from C°(Q) to Hz(Q).

Proof: For u as in the statement of the lemma, we have

L gu(z) = p.v. / B,y 7 — 1) (9(2) — p())uly)dy

= pv [ (0le) ~ ) @z = )y + u(o) L)
for almost all x € €2, where

k/(m7y7z) = k(l’,y, z)(go(y) - @(x))

By the same arguments as in the proof of Lemma 3.4 one see that || Ly|| e (o) <
C|k|xe|l¢|lcs. Moreover, since p € C#(Q), B > a > 1,

K (2, 9,7 — y)| < Clklxellellcole =y~ (1 + |z = y)).
Hence as in the proof of Lemma 3.4

. Dl
|U ( a+246'
< Clbalilin [ [P g [ a1 )2 an

< C’k|]CaH(p||05Hu”H7Z(Q

The proof for L is the same. The last statement easily follows from the ex-
plicite form of [L, ¢]. |

Lemma 3.7 Let kj € K*(R), a € (1,2),R >0, j = 1,2, satisfy
ki(w,y,2) > colz| 4 for all z,y,z € R, 2 # 0.

Moreover, let L7, j = 1,2, be the associated operators defined as in (3.1).
Then there are C,C" > 0 such that

(3:5) 1l gy < C Rdﬁl u() L2u(@)dz + C'l|ul 2 gy

for allu € H*(RY). Finally, \+L£7: H*(RY) — L*(R?) is invertible for every
A > Ng for some Ao > 0.
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Proof: First we assume that k;(z,y, z) = k;(2) do not depend on z,y. Then
FlLou(€) = lim (p€)i(c).

where

0<pO= [ (1 cosh- (Wi <l

R4\ B, (0)

cf. proof of Lemma 3.4. Hence lim._q (pZ(&)a(€)) = p/(§)a(€) in L*(RY),
where p’(£) = lim._q p! (&) satisfies

PO = @ [ (1=cosh- Qb

col&|” /Rd (1 — COS S - %) ||~ *ds > cj|¢|

Therefore

2a p — C 1 2\ ~ d
ey = C [ (L IEPral)iede

IN

c / I a(TERE) + e

IN

c / PHOUOPEOIE) + C ey

= C/ Lhru(z) L2u(z)de + C'ul|72 ga,
Rd
where we have used

col€*IRea(&)] < p’ (&) Rea(§)]

and the same for Im4(§). Note that the constants C,C’ above depend only
on ¢y, d, and . Moreover, in the present case it is easy to see that A\ + £7 is
invertible for A > 0 and its inverse is given by

A+L) " f=F 0+ E) )] for f e IARY
and satisfies

09 2021 ] [0+ ], =l

« Rd)

for all f € L?(RY) uniformly in A > 1.
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<e<1

Next we consider the case that k; € K%(Ry) such that

for some E](z) € K*(R) independent of z,y satisfying the assumptions of
the lemma with the same ¢y with € > 0 to be chosen later. Denoting the
operators associated by k; by £7 we obtain

il < € [ Erute)Putade +Culfgen
< 0/ £lu(e) Eu@)de + [l g
Rd

d " 2 "
(e + Fo)C|[ullfo ey + € max[lk; — k||;<a||U||H2(Rd

where we applied Lemma 3.4 to £ = £ — £3. Choosing € = (co,d, ) > 0
and Ry = Ry(co,d, ) > 0 small enough we obtain

]| Fre ®y < C Llu(z)L2u(z)ds
R4

Ol gy + € mas [y = By el 5

for all k; € K*(Ry) as above. Furthermore, since A — £/ is invertible and
(L7 — L)\ = £7) 7 f | 2 ray
< Cle+ ROIA = L) fllmreeay + CINA = L) fll 15 (g
< O (e B+ ) I lzscen

)

due to Lemma 3.4 and (3.6), the £(L?)-norm of (ZJ — L'j> (A — L)t
arbitrarily small if €, Ry > 0 are chosen sufficiently small and A < )\q is
sufficiently large. Hence A + £/ is invertible and satisfies

CRONRN (O i1 IS (ORI 1 B ) P

for all f € L2(R%), A > \,.

Now, let k; € K*(R) be as in the assumptions of the lemma. Then we can
choose finitely many balls B,(x;), { = 1,..., N, r < Ry such that Br(0) C

Uf\il By (1) and

(3.8) \ki(z,y, 2) — kj(x, 2, 2)| < 5]2\_d_°‘ for all z,y € B,(x),
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where € and R, are as above. Furthermore, let ¢;, [ = 0,..., N, be smooth
functions such that (¢;)%, [ = 0,..., N is a partition of unity on R? with
suppy; C B.(x;) and ¢, = 1 on Bg(xl) for j = [,...,N and let ¢y €
C° (B, (x;)) be such that ¢, = 1 on supp ¢;. Moreover, let

iz, y, 2) = d(@)by)k; (2, y, 2) + (1 — du(@)ly) ) k(i 21, 2)

for I = 1,...,N, and K)(z,y,2) = k;(z), where kj(z) = kj(z,y,z) for
2|, |yl > R. Then |k! — k}(x;, 2, .)|ce < e by (3.8). Let L] denote the oper-
ator with kernel ké Hence we can use the statement for the cases proved so
far to conclude that

||U||§{a (Rd) = <Cn Z ”%UHH«l (Rd)
1=0
N

< v ([ Sz + (14 sl )

N

< Cy (Z/ oL ()i L3 (pru)da + (1 +max||k o) Jull g Rd)>
=0
N —

< Oy (Z /Rd pIL (ru) o L2 (pu)de + (1 +maX||k o) llull g Rd)>
=0
N

< <Z/ L2u(z)dr + (1+ max ijcha)HuHH%(Rd)>
1=0 ’

< o ([ cumutiae + (0 el s e )

where we have used the Lemma 3.6 and

wi(@) L] (pru) () = pu(2) L (o) (x) + gja(x)u(z)

for a bounded function g;,(z). Using ||ul| ;¢ < Cc||lul|z2+¢l[ul|zo for suitable
small ¢ finishes the proof.

Finally, we prove the invertibility of A\ + £7. First of all by (3.5) for £! =
L2 = L7 and (Lu,u) = E(u,u) >0

||/\+£ju||i2(Rd) = / Llu(x )ﬁj( )dx + 2\ (L, U)+)‘2||U||L2 (R4)
Rd

1 C’
il + (3= 5 ) Nl

v
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This implies that the range of A + £/ is closed and A\ + £7 is injective for
every A > \q for some )y > 0 large enough. Hence A+ £/ is a semi-Fredholm
operator for every A > \g. Therefore it is sufficient to prove that \ 4+ £7
is invertible for some A > Ay because of the homotopy invariance of the
Fredholm index.

Using the cut-off functions above, we construct an approximate resolvent
Ry: L*(RY) — H*(R?) by

N
Rf=> of\\+L)'f,  feL*RY,

=1

Then we calculate similarly as above that

N
A+ LR = D oM+ L)a(A+ L) f + SRS

=1

N

=1

N
= D @GN+ LHA+ L)+ S"Raf

=1

N
= > @if+S'Ryf=f+S"Raf,
=1

where S, 5’, 5" HO% (RY) — L*(R?) are bounded operator by Lemma 3.6.
Because of (3.7), we obtain by interpolation

L _1
IO+ £D)7 Fll g oy < CIN2 1S ey,

uniformly in A > X, f € L*(R%) for some )\g > 0. Thus we see that
S"Ry = O(JA|"2) in L£(L2(R%)) as A — co. Hence A + £7 is invertible for
sufficiently large A > Ao > 0. [

Lemma 3.8 Let k; € K*(R), a € (1,2), j = 1,2, R > 0 and let L7 be
defined as in (3.1) with k replaced by k;. Then

‘([‘luv £2U) - (L"Zuv Elv)| <C (HUHH%(Rd)HU”HQ(Rd) + HUHHQ(Rd)”U“H%(Rd)a>

where C depends on k*, k® but is independent of u,v € H*(R?).
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Proof: First, we consider the case that k;(x,y, 2) = k;(z) is independent
of z,y € R% Then the statement is trivial since k;(—z) = k;(z), £! and £2
commute and therefore

(Ltu, L2v) = (L2L1u,v) = (L'L%u,v) = (L%u, L)
for all u,v € C°(RY). Note that Liu = FI[p?(£)a(€)] as seen in the proof of
Lemma 3.7. More generally, if k;(z) is a complex valued function satisfying

kij(—z) = k;j(2) and |k;(2)| < C|z|7%, then

(Lru, £2v) = (L2L1u,v) = (L'L%u,v) = (L%u, L)

where £7 denotes the operator with k;(z) replaced by k;(z). (This will be
needed in the following.)

Secondly, let k;(x,y, 2) = 0 if |z| 4+ |y| > R. As in the proof of Lemma 3.4.

Llu = p.v. /Rd(u(x) —u(y))kj(z, z,2 —y)dy

[ o) = u) byt =) = by = )

= Llu+ L,

where || L3ul r2rdy < Cllul| 1% ey Hence it is sufficient to consider the case
that k;(z,y, 2) is independent of y. Moreover, we assume for simplicity that
R < . Then we can use a Fourier series expansion in [, 7]¢ to decompose
k; as

ki(z,z) = Z e (2) for all x € [—m,7]%, 2z # 0,

lezd

where k (—2) = k/ (2), k]

z) = K (2) since k;(z, z) is real, and

—~

K < CO+ )l 2) | csseay

<
< O+ )Tl llca 277

Furthermore, let ¢ € C5°(R?)) such that ¢» = 1 in Bg(0), suppv C [, 7],
and Y (—x) = ¢(z). Hence

Llu(z) =Y pi(x)Llu(x),

lezd



16 3 PROPERTIES OF THE INTEGRAL OPERATORS

where £] denotes the operator defined as in (3.1) with kernel &/ (z — y) and
o1(x) = Y(x)e*!. Now

(Llu, L?v) = Z(gplﬁllu,ﬁ%)

lezd
= > (Liu, L)) + Y (Liu, [£2 o ]v)),
lezd lezd

where

olLiu [ odo)] < O+ )P ull s lo-illes@allvll 3 g

lezd lezd

< Z(l + |l’)_d_2+ﬁ||u||Ha(Rd)HU”H%(R«Z)
lezd

IN

CHUHH"‘(Rd)HUHH%(Rd)

by Lemma 3.6 with 3 € (§,1). Using the latter argument again, we calculate

(Clu, L) = > (L (p—ru), Li(p-v)) + R(u,v)

Ll'ezd

= > (L), LY (p-)) + R(u,v)
Lezd

= Z ((pl’ﬁlz/ua (Plﬁllv) + R/(uv U)a
Lezd

= (L%, L") + R (u,v)

where
R, 0)| + IR, 0)] < C (ullogllvl s oy + Nl 0o ) -

Similar calculations as above can be used to prove the statement in the
case that k'(z,y,z) = k'(z) is independent of x,y and k*(z,y,z) = 0 if
|z + |yl = R.
Finally, general k; € K%(R) can be decomposed in

ki(z,y,2) = kj(2) + ki (2,9, 2),

where ¥/ (z,y, z) = 0if |z[+]y| > R. Applying the cases proved so far finishes
the proof. [
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4 Bilinear forms associated to the integral
operators

Let © be a bounded domain, @ = R? or § = R?. In this section we study
the bilinear form associated to the integral operator L, which is

@y Eww)=; [ [0 - o) (w) - wl)kw.y.o - ) dedy
Q Q

where v,w € HO%(Q), k: R x R? x (R*\ {0}) — (0,00) is a measurable
function such that k(z,y, z) = k(y, z, —z), and

(4.2) colz| 7 < k(z,y,2) < Colz| 7

for almost all z,y, z € R

Straight from the definition we get that £ is a coercive bounded symmetric
bilinear form on Hg ():

E(v,w)] < Cllvllyg g llwllgs o
! 2
(4.3) o)l = Cllols g,

for all v,w € Ho% (Q), where C,C" depend only on d, s, and ¢y. Note that
for these properties of the bilinear form less conditions on the kernel k£ are
required than for the kernel of the operator L. As an immediate consequence
of the lemma by Lax-Milgram we obtain:

Corollary 4.1 Let £ and k be as above. Then for every f € H™2(Q) there
is a unique u € H§ () such that

(4.4) E(u, ) = (f,¥) for all p € HO% (Q).

Note that the result above is still valid if k(x, y, z—y) is replaced by a function

k(x,y), symmetric in z,y, satisfying

—d—a« T 1 —d—«
colz —y| 77 < |k(z,y)| Sakﬁ—yl e

The special form of the kernel is used for the following connection between
the bilinear form £ and the integral operator L:
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Lemma 4.2 Let k € K*(R), R >0, a € (1,2), and let £ and L be defined
as in (4.1) and (1.2), respectively. Then

E(v,p) = /QLU(JJ)go(x)dx for all ¢ € C5°(Y)

provided that v € H (Q) N H?2(Q) if Q is a bounded domain or Q@ = R and

loc

v e HYQ) if Q =R Moreover, if v € CHQ), then

45)  E(v,vw) = EWuv,w) + ([, Llv,w)  for all v,w € HE ().

Proof: Using the symmetries of the kernel k we easily calculate

£) = tms [ ) = o@)el) ~ ek 2 e,
= lim v(z) —v(y))k(z,y, x — y)dyp(x)dx
i [ [ (@)~ o)k 2~ v)dete)
= /QLv(x)gp(x)dx,

where we used Lemma 3.5 in order to exchange the order of lim._, and
integration with respect to x.

Finally, since C§°(£2) is dense in Ho% (Q2), it is sufficient to prove (4.5) for
v,w € CP(Q) for which the statement immediately follows from the first
part and Lemma 3.6. [ |

Using the latter relation we obtain the following result on higher regularity
of solutions of (4.4):

Lemma 4.3 Let u € HO%(Q) be the solution of (4.4) and f € H=3(Q). If
Q = R? and additionally f € L*(R?), then u € H*(RY) and ||ul|fogs) <
C\ fllL2mey. Moreover, if Q is a bounded domain or Q) = R and additionally
fer? (), thenue HE(Q) and for every ' € Q" € Q

loc
Jellmeqery < C@, 02" (Il zz@n + 115 o) -

Proof: First let Q = R%. Moreover, let v € H*(R?) be the unique solution
of (1+ £)v = f + u, which exists due to Lemma 3.7. Recall the definition of



19

the operator £ 3.1. By Lemma 4.2 v solves
(v,0) +E(v, ) = (f +u,0) = (u,0) + E(u, ).

Hence u = v € H*(R?) by the coerciveness of £.

Next let 2 be a bounded domain or let Q = R%. Then for every ¢, n € C§°(9)
with ¢y =1 on suppn ,

E(u,np) = / () () L) () — / al, L
- [ @) e)ds

where
~ Y(o)

Note that g € L>®(R?) depends only on ¢, n and k. We obtain further

 Li(n¢)
_/Qu[zb,L](ngo)dm—i-/RdQUSOd%

{Lng) () — L(ng) ()} = =t (x)n(x) / k(z,y, 2 —y)dy .
Eung) = [ mu)tods — [ o, Linp)ts
— /]Rd Yuln, Llpdr + /Rd gupdx
= Exalpu o) + 1) + | gupds
for all ¢ € C5°(RY). Here
o) = [ ulv. Dng)de ~ [ dwumcw i,

and we make use of the notation: Ega(v,w) = [H.v( (x)dx. Alto-
gether, v = nu solves

Era(nu, p) = (f,ny) + 1(u, ) + /d gupdz,
R

where the right-hand side defines a bounded functional on L?(R?) because of
(3.4). Thus nu € H*(R?) and

Il ey < Cm) (Infleaceey + lulrs g ) -

Since n € C§°(£2) is arbitrary, this implies the statement of the lemma. m
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5 Proof of Theorem 1.1

The strategy of our main proof is as follows. An equivalent formulation to
(1.6) is the following:

L'u(z) + a'(x)u(x) — fH(z) < 0 inQ,

(5.1) L*u(z) + a*(z)u(z) — f*(z) < 0 inQ,

' (L1u+a1u—f)(L2u—|—au—f2) = 0 in (),
= 0 on 0.

where the first three lines are supposed to hold almost everywhere in (2.
We define penalty functions 3. : R — R as smooth versions of the function
t — t,. More precisely, for ¢ > 0 we assume that (. satisfies

(5.2) B € C*(R), 55|(7oo 0= 0, (3. monotone ,
(5.3) B(t) <t Vt>0 B(t) —t]| <e? Vt>0.

As a consequence of the definition we obtain
(5.4) rB.(t) < Be(rt) +2(1+7) Vr,t > 0.

We will obtain the solution u of (1.6) as a limit of approximating solutions

u. = (ul,u?) — (u,u) that satisfy the following equations:

(5.5) L'ul+a'ul — ff+e "B (ul —u2) =0 ae inQ,
(5.6) LPu? +a*u? — fP4+e B (ul —ul) =0 ae inQ,
(5.7) ul,u?=0 ondQ,

where (5.7) is understood in the sense of traces. Note that this step of our
proof is similar to the one in [EF79]. We shall also mention [Hel01] where
a similar strategy was applied to a local Bellman equation with additional
nonlinearities.

Definition 5.1 For j = 1,2 and functions v,w € H?(Q) set

_ %// (v(y) — v(@)) (w(y) —w(@))kj(z,y,x —y) dedy .
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We say, a function u. € HO%(Q;]RQ) is a weak solution of the system (5.5)-
(5.7) if the following set of equations holds true for all test functions ¢ €
Coe (L R?):

(5.8) E(ul, o) +/ (alu; — P e B (ul — u?))gpl dr =0,

(5.9) &0 @)+ [ (2= 2 e - ul))¢? de =0,

D\{O

Remark 5.2 (£7,C5°(Q2)) is closable in L*(Y). Let F be the closure of
Cs°(Q) under the scalar product (-, ) + (-, ) r2(q). By the assumption (4.2)

F = HO%(Q). Moreover, we note that

E(uy,u / / i () — e (9))(u— (&) — u_ ()b (2, 9, 7 — y)ddedy > 0

since the integrand is nonnegative. In particular, this yields £ (u,uy) > 0
and & (uy,uy) < E(u,u). Therefore the tuple (€9, F) is a regular Dirichlet
form on L*(Q)) [FOT94]. Therefore, there exists an associated symmetric
Hunt process taking values in €2.

We start by proving the existence of solutions to the approximating problem.

Lemma 5.3 Consider a,f,Q2 as in Theorem 1.1. Then, for any € > 0 there
exists a solution u. € HZ (Q;R?) satisfying (5.8), (5.9).

Proof: Since the operators u — e !4, (u! —u?), u — 713, (u*—u') are com-
pact perturbations of L' and L? the existence of u. = (u!, u?) satisfying (5.8),
(5.9) can be proved by various means. Here, we apply the existence result
of Leray-Lions, see Theorem 5.12.1 in [Mor66]. For u,v € HO% (€; R?) define

Alu,v) = (A(u,v),2%(u,v)) € H2(Q;R?) where for all ¢ € H (Q;R?)

(5.10)  (A'(w,v), ") = ENwl, o) + / <alui +e7 18 (ul — u?))gpl dw ,

Q
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and analogously for (A%(u,v),p?). Since (A(v,v),v) > C’HVHiI%(QR) —
0 iR?

vl (or2) for some constant C' > 0 the coercivity condition

i YY)

loll—o0 || V]|

holds true. It is now easy to check conditions (i) through (iv) of Theorem
5.12.1 in [Mor66]. (ii) is fulfilled because the £ are coercive. (i), (iii) and
(iv) can be checked by using three tools: the definition of A(u,v), growth

condition (5.3) and the compact embedding HO% () — L?(Q). Therefore, we
can apply theorem and obtain the existence of u.. [ |

It will be crucial to our consideration to prove that u. is uniformly bounded
in HZ(2;R?). This result will derive with the help of the following lemma.

Lemma 5.4 Let f1, f2 € H™(Q) and a',a® € C/*(R?) be nonnegative func-
tions, where m = [4] + 1. Assume u. = (ul,u?) € HZ (4 R?) solves (5.8),
(5.9). Then

1. u. € C°7 (Q).

2. For each j = 1,2 we have ui(x) > 0 for all x € Q unless vl = 0.

Proof: First we consider the case of a half-space ) = Ri. We will prove
that v/ € HZ (R,; H™(R?!)) by approximating tangential derivatives by
difference quotients. Then

ul € Hg (R H"(RY)) = C°F (Ry; H™(R)) = C°F (RY),

by [Sim90, Corollary 26].

We denote 7;.f(x) = f(z + se;), A f(x) = minf(z) — f(2), AL, flz) =
flx) = mi_nf(x), h > 0,4 = 1,...,d — 1, where ¢; is the i-th canonical
unit vector. Replacing ¢/ by —h™*A7, ¢/ in (5.8), (5.9), we obtain that
v = h7*Af u., s € [0,1] solves

gl<vi%,7 (101> = _gz%h(,ri,hu;7 901) - (fl - alu’; ;
Evh, %) = =& (Tl ") — (f* — a*u — 7' B.(uZ — ul), h AL, 0%)
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for all ¢ € C§°(Q?), where Eg;h is the bilinear form with kernel h=*(k;(z +
he;,y + he;, z) — k;j(z,y, z)), where we note that by (1.4) the latter kernel is
bounded by C|z|~4~* uniformly in & > 0. First let s € (3, $). Then choosing
@ = v, and using (4.3) we conclude

Vil 8 gy < © (IElczqety + lclliaeay ) (107" AT leety + 1Vl )
Now we use that

Ih= AZwll 2@e )y < Cllw]

Hs(R4) < CHwHH%(Ri)a
which is obtained by an easy interpolation argument. Hence

h~2 (AZh)Q u.

L2(rd) < th”H%(Ri) <C (Hf”LQ(Ri) + HUEHH(M)) ;

which implies that u. is uniformly bounded in

L*(Ry; By (RY) — L*(Rys HY(RT)),

,O0

cf. [BL76, Theorem 6.2.5]. Using this bound we choose s = 1 in the definition
of v;, and obtain

V12 5 g, < € (IElLisasy + (lallopen + 1) Iacllza, sy ) Vel g

Hence v, = h™'Afu., h > 0, is uniformly bounded in H?(R%;R?) and
therefore 0,,u. € H %(Ri;RQ). Repeating these arguments m-times shows
that D%u. € H2 (R%;R?) for all « € Nj ™', |a] < m.

In order to prove the statement for a bounded domain {2, it is sufficient to

show that for every x € 2 and for some open neighborhood U of x u. is in
a—1 —

C™2 (QNU). Let Uy be an open neighborhood of x and F: R? — R? be a

C1_diffeomorphism which maps Uy N Q onto @ NV, for some open set V.
Moreover, let 1 € C§°(Up) with ¥ = 1 on some neighborhood Uy € Uy of z,

let V; be an open set such that ViNRE = F(U;NQ) and let F*g(x) = g(F(z))
denotes the pull-back of g by F. Now we obtain for ¢/ € Cg°(R%), j = 1,2,

that v/ := F*1(yu.) € HO% (R?) solves
E (vl ") = £ (Yul, F* (1))
= Eug, ¥F* (")) + ([L1 Ylue, F* (¢1))
= (f' —a'uy =7 Be(u — u), WF" (")) + (L', dlug, F* (1))
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and a similar expression for v? where

Fu) = [ ] ) =)o) = o).~ y)dady

ki(x,y,z) = ), F(y), A(x,y)z) det DF (x) det DF(y),

Alz,y) = /ODF((l—s)y+sx)ds.

Moreover, L7 denotes the associated integral operator. It is not difficult to
prove that k; € K*(R') for some R = R'(R,F). Now all terms on the
right-hand side of the equation above define a functional on L*(R%) due to
Lemma 3.6. Hence v/ € L*(Ry; H'(R?")) by the arguments in the case R%.
In particular this implies that

00 ¢’ () = 0p, F 71 [0 (f7 — dud — 7' B.(ul™ — ulTY))] € LA RLN W)

for i = 1,...,d — 1 since vi(z) = F**(ul)(x) for x € V;. Now choosing
another ¢ € C§°(Uy) such that ¢» = 1 on an open neighborhood Uy € U, of
x one obtains that

Evl @) =(g'.¢) — (mul, [L7 V] F* (")) + ([L7,4](1 — m)ul, F* (7))
for all p € C°(R%), where n € C5°(Uy) with n = 1 on supp ), 9, F* ! (nul) =
O, (F*~Y(n)v?) € L*(RE), and [¢, L7](1 — n) is a Hilbert Schmidt operator.
Hence choosing ¢/ = h™>A?,v! one obtains by the same arguments as in
the half-space case that 0,,v! € HO% (R%), i = 1,...,d — 1. Repeating this
argument on a sequence of open neighborhoods Uy, € U, of x one proves
that 0%v! € Hg (R) for all o € N&™', |a| < m. This implies the Holder
continuity of u. in a neighborhood of x.

We prove the second part of the lemma by contradiction. Without loss of
generality let inf,cqul(r) < infeequ?(x). Now assume that u! attains its
minimum at zo €  and that inf,cqu!(z) < 0. Then

Ll (zo) = p.v. / (u (o) — u () (0, v, 0 — y)dy < O
Q

unless u! = 0 since ki (z,y,2) > 0 for z # 0. Hence, if ul # 0,
0> Liug(wo) = f'(20) — a'(zo)ui(wo) — ™" Be(ul(zo) — uZ(wo)) > 0

since a', f1 >0, ul(zy) <0, and B.(ul(zg) — u?(xg)) = 0, which is a contra-
diction. Hence ul(z) > 0 in Q unless ul = 0. Therefore inf,cqul(z) = 0.
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Using the same argumentation as above shows that ug(z) > 0 in 2 unless
Uy = 0. |

Before we can show that the limit u of u. solves equation (1.6) we need to
establish bounds that are uniform in £ > 0.

Lemma 5.5 Let f € L*(Q;R?) and a € L>®(R%; R?) be nonnegative. Assume

u. = (ul,u?) € H2 (Q; R?) is nonnegative and solves (5.8), (5.9). Then

(5.11) el 5 +e7 2 ul = 2|2y < C ([fllr2@re) +1)

H2 (Q;R2)

where ¢ > 0 is a constant independent of € € (0, 1].

Proof: Choosing ¢ = (u!,u?) as a test function in (5.8), (5.9) and applying
(1.5) proves

(5.12) E(ul,ul) + /ﬁg — wF Yl dr < /fju] dz |

where 1 £1=2,2+ 1= 1. Note that (5.3) implies for almost all
Be(ullx) — ul* (@) ul(w) = B (ul(z) — ul™ (2)) (ul(w) — ul™ (z))

1, . . 4
> S (ule) - ut @)} - 5
Applying this inequality to (5.12) and using Holder’s inequality for term on
the right hand side in (5.12) one obtains (5.11). |

Lemma 5.6 Consider Q, f and a as in Theorem 1.1. Then for every Q' € Q)
there is a constant C(2,8Y) such that for all ¢ € (0,1] and nonnegative

solutions u. € HO%(Q) NH.(2) of (5.8), (5.9)

(5.13) ||Us||Ha(Q';R2) < C(Q/) (”f||L2(Q;R2) + 1) :

Proof: Let v € C§°(2) be such that » = 1 on Q. Set v. = ¢Yu. =
(Yul,yu?) € H*(R% R?). Then v, is a solution of

(5.14) Lol +atvl — 4 e B (vl —0?) =0 ae inRY,

(5.15) L2024+ a*? — P B (v2—0vl) =0  ae inRY,
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where fg is defined by

F(x) = (@) (x) + [, lud () + o (x)ul (x) / ki(z,y, v —y) dy
RI\Q

e B (Y(ul — ™) = Y(@)e e (ul —ul™) forz € Q

3

and fi(z) = Livi(z) for & Q. Note that L'vl(z) € L2(R?\ Q) since
suppv! C supp ¥ € 2 and that

e [e(@)Be(ul — ul™) = Bo(¥(x)(ul — ul™))| < ¢l pooray + 1

due to (5.4). Moreover, ¥(z) [ kj(z,y,z —y) dy < C(¢) where C () de-
RI\Q

pends on ¢ and on the constants appearing in the conditions on k;. Together

with Lemma 3.6 and Lemma 5.5 we obtain

1720 z2eey < CW) (1P gzt + 5 0y +1) < C) (IEllz2qeme) +1)

which allows us to interpret (5.14), (5.15) as a global version of (5.5), (5.6).
We will show that with some positive constant C' independent of € > 0 the
following estimate holds:

(516) Hd}uf-:HHD‘(Rd;RQ) = HVEHHO‘(Rd;RQ) S C (||fHL2(Q,R2) -+ 1) .

Since ¥ € C§°(2) can be chosen arbitrarily, (5.13) follows. In order to prove
(5.16) let us multiply both sides of (5.14) by £*(v! — v?)(x) and integrate
over RY. We obtain

(Elv;, EQU;) + 5_1(@(@1 — v?), ,CQ(U; — 1)2))

3 3

= (L'}, L%?) + (f;.l —a'vl, L2 (v} —0?)) .

£

(5.17)

The main idea is to use Lemma 3.7 in order to estimate the first term on the
left hand side from below. For the other terms we note that

e (Be(vz = v2), L2(vz — 7))
=& (02 = vd)y, L2(ve —v2)) e (Be(vs — ) — (02 = v2)4, L2(vz — 07))

1
> — (1, 1£2(0} = 12)]) > —CIQU7 |V 1o g -

Here we used (uy, L%u) = E?(uy,u) > 0, cf. Remark 5.2, and assumption
(5.3). Furthermore,

(f} = a'ol, £2(v} — v?))

£

S O{”f”Lz(Rd;Rz) + 1 + ||a||Loo(Rd;R2)||V€||L2(Rd;R2)}HV‘SHHQ(Rd;RQ) .
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The remaining term (£'v}, £2v?) seems to be of the same order as (£'v}, £L?0});
but it is not. In fact, by trivial additions and subtractions we can use equa-
tion (5.14), (5.15) and obtain
(10!, £207)
= (L'} +a
= (Ll +a'

N

= J1L2) — (a'ol = J1 LP02)

71 p2 2 2 2 ) 1.1 1 p2 2
- 67£v€—|—ave—f)/—( v — f1,L%02)

M = M =

€

TV
=0

— (L'} +a'vl — f2,a%07 — f?)
< OBl 2y + 1l ooy Ve 2 sy PVl

O {01 e e Vel sy + IE W) |
Altogether, using Lemma 3.7 equality (5.17) implies
HU;H%IQ(Rd;R?) < C{”aHQLw(Rd;R?)HV5H2L2(Rd;R2) + ”sz%%Rd;R?)}
+ C{||Vs||L2(Rd;R2) + [[all oo (resre) | Ve [l L2 (Rt r2) + 1}Hvsl|H0(Rd;R2)-
Multiplying (5.15) by £!(v? —v?) and applying the same strategy proves the

same estimate for v2. An application of Young’s inequality on the right hand
side and using (5.11) finally gives

HVsHHa(Rd;R?) < C <||aHL°°(Rd;R2)HV6||L2(Rd;R2) + ||f€||L2(Rd;R2) + 1) ’
C (||f||L2(Q;R2) + 1)

IN

which proves (5.16). The proof of the lemma is complete. |

Lemma 5.7 Consider ), f and a as in Theorem 1.1. For any sequence
(Ue,),€n —n—oo 0, of nonnegative solutions u., € HZ(Q) N HE.(Q) to (5.8),

loc

(5.9) and any Y € Q2 there exists a subsequence {u., } C {u.,} such that

1 2
Huek — u€kHHa(Q’) —hooo 0,  where e —p_00 0.

Proof: For simplicity, we write ¢ instead of ¢,. Let u. € HO% (;R*) N
H? (9, R?) be a sequence of nonnegative solutions to (5.8), (5.9). Let Q' € Q.

loc
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We start off analogously to the proof of Lemma 5.6. We set v. = u and
note that v, solves (5.14), (5.15) where f. is uniformly bounded in L?. As we
did above, let us multiply both sides of (5.14) by £%(v! —v?)(x) and integrate
over R4, Equality (5.17) can be written as

(Lloz, L2(v: = v2)) = =& (Be(vz — v2), L2(vz — v2))

5.18
(5:18) —i—(fl—av L2(v) —0?)) .

Using assumption (5.3) we observe that

e )
((v v2) .y, L2 (v} — v )) +e” 1((2}1 —2) — Be(vl —v?), L2 (v} —U2))
(6 1£%(v; = v2)]) < Cellv; = v2||ma < Ce,

o=

o=

where we used Lemma 5.6 and (u., £L%u) = E*(uy,u) > 0.

In order to estimate the right-hand side of (5.18) let g = f! —a'v!l. Then for
every ¢ > 0 there is some g € C§°(Q2) such that ||go — g||z2 < €’. Then

| (92 L2(vz = v2))| = |€%(ger, vz = 02)] < Cllgerll g llvz — 02l 5 < C(eNo(1)

as € — 0 for a subsequence because of Lemma 5.6 and Rellich’s theorem. On
the other hand,

(9 — g, L2(v} = 02))| < C(W)e (|If]lr2me) + 1)
by Lemma 5.6. Together, we obtain for a subsequence
(5.19) (Lol L2 (vl —v2)) < C()o(1) + Ce' ase — 0.
Working with (5.15) instead of (5.14) analogously leads to
(5.20) (L202, LM (02 —v))) < C()o(1) + Ce' ase — 0.
Together with Lemma 3.8 estimate (5.20) implies for a subsequence
(5.21) (L2, L2 (v2 —v))) < C(N)o(1) + Ce' ase — 0,

where we again use Lemma 5.6 and Rellich’s theorem. Summation of (5.19)
and (5.21) implies together with Lemma 3.7

(5.22) ol = 02l < O£} (0] = v2), L2} — 0?)) < C(eN)o(1) + CE"
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By first choosing &' > 0 small and then letting ¢ — 0 for a suitable subse-
quence shows that ||v! — v?||ga is arbitrarily small if € > 0 is small enough.
Remember that v, = ¢u. where ¢ € C§°() satisfies ¢ = 1 on §¥'. Therefore,

the proof of Lemma 5.7 is complete. [

Proof of Theorem 1.1: First of all, during the approximation we can
assume with loss of generality that f, a are smooth. Otherwise, we replace for
each ¢ > 0 f, a by f., a. which are smooth and converge strongly in L?(2; R?),
L>(€;R?), resp., to a, f as € — 0. Now for any € > 0 by Lemma 5.3 there is

a solution u. € HO% (2; R?) of the approximate system (5.5)-(5.7) which is in
H? (€;R?) by Lemma 4.3 and which is nonnegative by Lemma 5.4. By the

loc

Lemmas 5.5, 5.6 and 5.7 u. converges weakly in HO%(Q; R?) and strongly in
H*(Y;R?) for any ' € Q to some u € HZ (Q; R*)NHZ.(Q; R?) for a suitable

loc
subsequence. By (5.11) |jul — uZ||12@) — 0 as ¢ — 0. Hence u' = v* =: u.

By the construction

Lul(z) + aul(x) — f/(z) <0 ae. in
for 7 = 1,2, which yields

Lu(x) + du(r) — f/(z) <0 ae. in Q.

It remains to prove the third equation of (5.1). By (5.5)-(5.6)
ALk +atul @) = @) () + o) - ) da
= [ o)) — 2 (@)Au(u2(a) — @) = 0
for all ¢ € C°(Q). Hence

0 = lim [ o(L'ul +a'ul — f1)(L*u2 + a*u? — f?) dx

e—0 Q

= lim @Llu;L%?d:er/goLlu(QQu—fQ)dx
Q

e—0 9]
—l—/ o(a*u — fl)LQudw+/go(a1u— fH(a*u — f?)dx
Q Q
for all p € C5°(2) by the strong convergence of v in H (). Now

/Qgp(x)Llu(:v)LQU(x)dx <lim [ ¢(x)L'ul(x)L*u?(z)dw

e—0 Q
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for all ¢ € C§°(Q2), ¢ > 0, which follows from the fact that

lir% gp(az)Llu;(a:)L%?(a:)dm:lir% o(x) L'l (x) L2l (x)d
E— Q E— 0

1 2 : «@
. —u:— 0in H,

F(v) ::/ng(:v)le(;B)LQU(x)d:E

since (Q2) as ¢ — 0 and the fact that

is a convex functional on HQ(Q’)HHO% (), where supp ¢ C ' € €. Summing
up
/ o(L'u+ a'u — f1)(L*u+ a*u — f2)dr <0
Q

for all ¢ € C§°(2), > 0. On the other hand, by (5.5)-(5.6) the integrand
above is nonnegative almost everywhere, which shows the third equation of
(5.1) and finishes the proof. |
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