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1 - Introduction.

In this paper, we study means of obtaining constant curvature realisations of homomor-
phisms of fundamental groups of surfaces into fundamental groups of compact, three di-
mensional of strictly negative sectional curvature.

Let (M,Q) be a pointed, compact three dimensional Riemannian manifold of strictly
negative sectional curvature. Let (X, P) be a closed (orientable) surface of hyperbolic
type (ie. of genus at least 2). Let (M,Q) be the universal cover of (M,Q). Let
0 : m (3, P) — m(M,Q) be a representation of 71 (X, P) in m (M, Q). We observe that
it is in many ways preferable to work in the framework of pointed manifolds. Firstly,
71 (M, Q) is canonically defined in terms of (M, Q), and, secondly, the action of 7 (M, Q)
over (M, Q) is well defined.

M is a Hadamard manifold. We denote by 9., M its ideal boundary, and we make the
following definition:

Definition 1.1

Let (X, P) be the universal cover of (£, P). Let 6 : w1 (%, P) — w1 (M, Q) be a homomor-
phism. A #-equivariant Plateau problem over ¥ is a function ¢ : ¥ — 0., M such
that, for all v € w1 (X, P):

poy=10(y)o

The interest of the study of such objects is best illustrated by the case where M is of
constant sectional curvature equal to —1. In this case, M = H3, and there exists a
canonical identification of 8. M with C. Using the existence and uniqueness theorems
of [7], one may use -equivariant Plateau problems in order to obtain constant curvature

realisations of 6. Formally:
Lemma 1.2

Suppose that M has constant sectional curvature equal to —1. Suppose that there exists
a 0-equivariant Plateau problem, ¢, over 3. Then, for all k € (0,1), there exists a convex
immersion i : 3 — M of constant Gaussian curvature equal to k such that:

0 = is.

The group m (M, Q) acts canonically on M U 8. M. We underline that 71 (M, Q) acts on
M U8 M from the right. Thus, throughout this entire paper, composition is to be read
from left to right. A subgroup I' of m1 (M, Q) is said to be non-elementary if and only
if it has no fixed points in M U8 M, and we will say that it is elementary otherwise. In
our case, the only elementary subgroups of 71 (M, Q) are the trivial group, and isomorphic
copies of Z.

The group 71 (M, Q) acts faithfully over 0u M, and may thus be considered as a subgroup
of Homeog (0o M), the connected component of the group of homeomorphisms of O M
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which preserves the identity. Let H6meog (Ooe M) be the universal cover of s M, and let
7 : Homeog (s M) — 0oo M. We have the following short exact sequence:

0 — Zs -5 Homeog (9ee M) = Homeog (9o M) — 0.

For I' an arbitrary group, and for ¢ : T' — Homeog(dsc M) a homomorphism, we define a
lifting of ¢ in Homeog(dse M) to be a homomorhism ¢ : I' — Homeog(ds M) such that:

TOoY=.

We say that ¢ lifts if such a lifting may be found.

Returning to the special case where M is of constant sectional curvature equal to —1, we
recall an existence result, obtained by Gallo, Kapovich and Marden in [4], which, when
translated into our framework, may be expressed as follows:

Theorem 1.3 [Gallo, Kapovich, Marden, 2000]

Suppose that M is of constant sectional curvature equal to —1. Then, there exists a
f-equivariant Plateau problem ¢ over X if and only if 6 is non-elementary and lifts.

The requirement that 6 be non-elementary arises from the fact that ¢ defines a PSL(2,C)
structure over the surface 3. If 6 were elementary, then it would either be a subset of
the rotation group, in which case it would define an SO(3) structure over X, or it would
be a subset of the affine group, in which case it would define an affine structure over X.
Neither of these are possible, since they would induce non-negative curvature metrics over
3, which are excluded by the Gauss-Bonnet theorem. Combining this result with lemma
1.2, we obtain the following result:

Lemma 1.4
Suppose that M has constant sectional curvature equal to —1. For all k € (0,1), there
exists a convex, immersion i : 3 — M of constant Gaussian curvature equal to k such that:

0 =i,

if and only if 6 is non-elementary and lifts.

The objective of this paper is to obtain an analogue of this result in the more general case
where M is only of strictly negative sectional curvature. The main result of this paper is
the following:

Theorem 1.5

Suppose that (M, Q) is a pointed, compact manifold of strictly negative sectional curvature.
Let (¥, P) be a pointed, compact surface of hyperbolic type (i.e. of genus at least two).
Let 0 : m (X, P) — m (M, Q) be a homomorph1sm Suppose that 0 is non- elementary and
may be lifted to a homomorphism 0 of m; (X, P) into the group Homeoy(dsoM). Then
there exists an equivariant Plateau problem for 6.

4
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This result permits us to obtain a convex realisation of 6:
Theorem 1.6

If 0 is non-elementary and lifts, then there exists a convex immersion i : 3 — M such that:

0 =1i,.

Theorem 1.5 is, in many respects, a generalisation to non-constant curvature of theorem
1.3, and will be proven using essentially the same techniques, following the observation
that many of the algebraic results used in [4], which thus depend on the structure of
PSL(2,C) = Isom(H?), may be expressed in a purely topological manner, and may thus be
applied to Isom(M ). In order to understand the algebraic obstruction to the construction
of a f-equivariant Plateau problem, we require a more subtle understanding of the algebraic
properties of objects associated to Schottky groups. This study will occupy the better part

of the second half of this paper.
The following sections of this paper are organised as follows:

In the second section, we study the topological properties of isometries of Hadamard
manifolds, recalling the North/South dynamics of hyperbolic isometries, and we obtain
algebraic results associated to Dehn twists of surfaces.

In the third section, we study Schottky groups in Hadamard manifolds of pinched sectional
curvature, proving existence results for the construction of such groups.

In the fourth section, we use Dehn twists to construct a trouser decomposition of ¥ in such
a manner that the #-image of the fundamental group of each trouser is a Schottky group.
We essentially follow the directions laid down in [4], although, in our case, the results are
easier to obtain since we do not have to consider parabolic maps.

In the fifth section, we construct invariant domains over Schottky groups, and obtain
various algebraic results concerning these domains.

In the last section, we show how invariant domains may be used to construct #-equivariant
Plateau problems over trousers, and we then show how to glue these functions together to
obtain a proof of theorem 1.5.

In the appendix, we prove that all the Schottky groups that we will be studying are
equivalent up to homeomorphism. In particular, they are all equivalent to any given
classical Schottky subgroup of PSL(2,C).

I would like to thank Frangois Labourie for having drawn my attention to this problem,
Kevin Costello for a brief introduction to characteristic classes (although they don’t ex-
plicitely appear in this paper), and Frédéric Leroux, for having introduced me to the results
of Friberg. I would also like to thank the Max Planck Institute for Mathematics in the
Sciences in Leipzig for providing the comfort required to write the english version of this

paper.
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2 - Dehn Twists Viewed Algebraicly.

2.1 Introduction.

Throughout this section, M will denote a three dimensional Hadamard manifold. Let
(X, Py) be a pointed compact surface and let 0 : 71(2, Py) — Isom(M) be a representation
of the fundamental group of (3, Py). We prove algebraic results for hyperbolic isometries
of Hadamard manifolds which may be associated to Dehn twists of (2, Pp).

The first result concerns the effect on a curve « of the n’th iterated power of a Dehn twist
about a Jordan curve n which « intersects once. If we denote 8 = 6(~y) and a = 6(n), then
the desired result concerning Dehn twists may be expressed in the following terms:

Lemma 2.1

Let a: M — M be hyperbolic, and let p4 and p_ be the attractive and repulsive fixed
points of « respectively. Let 3 be an isometry of M such that py - 3 # px. For all K > 0,
there exists N € N such that for n > N, the isometry Sa*™ is hyperbolic and:

1B > K.

We may also show where the fixed points of Sa™ lie:
Corollary 2.2

With the same hypotheses as in the first part of the preceeding lemma, the attractive and
repulsive fixed points of Ba™ tend towards py. and p - 37! respectively as n tends to +oc.

The second result concerns the n-fold iterated effect of a Dehn twist about a Jordan curve
on a composed curve vy s where each of 11 and v5 intersect 17 exactly once, but in different
senses. If we denote § = 0(11), a = 0(v2) and v = 6(n), then the desired result may be
expressed in the following terms:

Lemma 2.3

Let v : M — M be hyperbolic. Let o and 3 be isometries of M with no fixed points in
common with v. Let K > 0 be a positive real number. There exists N > 0 such that for
all |n| > N:

(i) v"ay~"f is hyperbolic,
(i) [y "ay™" Bl > K,

(iii) y"y~™f has neither fixed point in common with either o or [3.

In the second part of this section, we describe models for Hadamard manifolds which are
most appropriate to our uses. In the third part we review the classification of isometries
of Hadamard manifolds into elliptic, parabolic and hyperbolic type. In the fourth part,
we study the minimal displacement of such isometries. In the fifth part, we recall what
is referred to as the north/south dynamics of these isometries, and in the final part, we
provide proofs of lemmata 2.1 and 2.3 and corollary 2.2.
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2.2 Models for M and 9., M.

It is well known that a Hadamard manifoldis canonically diffeomorphic (under the action
of the exponential mapping) to its tangent space over any given point. Similarly, its
ideal boundary is canonically homeomorphic to the unit sphere in the tangent space over
any given point. In the sequel, we will require analogous results for normal bundles over
geodesics. First, we have:

Lemma 2.4

Let M be a Hadamard manifold and let v be a geodesic in M. Let N, be the normal
bundle over v. In otherwords:

N, ={X e T,y M[t € R, X, L 37(t)}.

The restriction of the exponential mapping to N, is a diffeomorphism between N, and M.

Remark: In fact, in the statement of the preceeding lemma, one could replace v by any
complete totally geodesic submanifold.

Next, if the sectional curvature of M is bounded above by —e < 0, then we obtain the
corresponding result for the ideal boundary of M:

Lemma 2.5

Let M be a Hadamard manifold of sectional curvature bounded above by —e < 0. Let ~y
be a geodesic in M and let ¥, be the normal sphere bundle over -y contained in N,. In

otherwords:
5, = {X € N[ X]| = 1}.

Let us define sy by:
Oocy = {7(=00),7(c0)} .

The restriction of the Gauss-Minkowski mapping defines a homeomorphism between ¥
and Ooo M \ Oso7y.

2.3 A Classification of Isometries of M.

Let us suppose that the sectional curvature of M is bounded above by —e < 0. Let
a: M — M be an isometry of M. The mapping a may be extended to a homeomorphism
of M U0s M. Brouwer’s fixed point theorem then informs us that « has at least one fixed
point in M. We may thus classify the isometries of M according to their fixed points, in
a similar fashion as for Isom(H?) = Aut(C).

Indeed, if o has a fixed point p in M, then the application Ty« is a rotation of T, M. The
mapping « is entirely defined by this rotation and is said to be elliptic. If a@ does not
have any fixed points in M, and only one fixed point in d,, M, then the application is said
to be parabolic. This case will be of no interest to us in the sequel, since it will later
be excluded by the compactness of the manifolds that we will study. If o does not have
any fixed points in M, and exactly two fixed points, p; and ps in J. M, then it is said to
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be hyperbolic. Since M is a visibility manifold, there exists an oriented geodesic v such
that v(—o0) = p; and vy(400) = p2. Moreover, « sends 7y onto another oriented geodesic
parallel to . However, since the sectional curvature of M is bounded above by —e < 0,
any two parallel geodesics in M coincide. It thus follows that a sends v onto itself. Since
« is an isometry, there exists Ty € R such that, for all t € R:

(ao)(t) =~(t + To).

The following result permits us to show that any isometry of M must belong to one of
these three categories:

Lemma 2.6

Let M be a three dimensional Hadamard manifold of sectional curvature bounded above
by —e < 0. Let a be an isometry of M. If « is different to the identity, then « has at most
2 distinct fixed points in Oso M.

Proof: We show that an isometry of M having at least three fixed points is necesarily the
identity. Let p1,p2,p3 € JsoM be the fixed points of a. Let v be the unique geodesic in
M such that y(—o0) = p1 and y(400) = pe. Let X, be the normal sphere bundle over 7.
Let 7' : ¥, — 05 M \ Oy be the Gauss-Minkowski mapping. By lemma 2.5, there exists
a unique X € X, such that 7 (X) = p3. Since a is an isometry, it commutes with 7.
Moreover, since it fixes p; and po, it sends v, and thus 3, onto itself. Consequently, by
uniqueness:

Ta(X) = X.

It follows that 7(X) as a fixed point of o in M. Since T, x)a is a rotation in three
dimensions, and since it preserves d;y and X, it must be the identity. The « is thus the
identity, and the result now follows. [J

2.4 The Dynamics of Isometries of M.

If v is an isometry of M, we define ||a|, which we call the minimal displacement of «,
by:
lee]| = mlenjf/ld(x,x - ).

We may equally consider D,, : M — R, the displacement function of «, defined by:
D,(z) =d(z,z - ).

With these definitions, we obtain the following trivial result:
Lemma 2.7

If « is elliptic with fixed point pg € M, then D, takes its minimum value over M at py,
and:
el = 0.
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We obtain an analogous result for hyperbolic applications:
Lemma 2.8

Let a be hyperbolic. Let 7y be the (oriented) geodesic in M preserved by o and let Ty € R
be such that, for all t € R:

Y(t) - =t +Tp).

The function D,, takes its minimum value over M at every point of 7y, and:

el = |Tol -

Proof: By definition, for all p € ~:
Da(p) = |Tol.

Let m : M — ~ be the orthogonal projection onto . This projection reduces distance. In
otherwords, for p,q € M:

d(m(p),7(q)) < d(p,q).

Since « is an isometry of M which preserves ~, it commutes with 7:
QomT=Toaq.

Thus, for all p € M:

The result now follows. O

In the sequel, we will work with actions of fundamental groups of compact manifolds of
strictly negative sectional curvature on the universal covers of these manifolds. In such
subgroups I' C Isom(M), every element that is different to the identity is necessarily
hyperbolic, and thus an application « € T is hyperbolic if and only if ||« > 0.

2.5 North-South Dynamics.

We now describe what is called the “North-South Dynamics” of hyperbolic isometries of
a Hadamard manifold:

Lemma 2.9 North-South Dynamics.

Let p+ be two distinct points in 0., M and let Uy be neighbourhoods in M U 0y M of p4.
There exists K > 0 such that, if « : M — M is a hyperbolic isometry having p; and p_
as attractive and repulsive fixed points respectively, and if ||a|| > K, then (U_)¢ - a C U,.

9
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Proof: Let v be the unique geodesic in M such that:
v(+00) = ps.

Let N, be the normal bundle over v in T'M. By lemma 2.4, the exponential mapping of
M generates a diffeomorphism between N, and M. For ¢ty € R, the parallel transport
along v generates a canonical isometry of vector bundles i : R x N, ;) — N,. We define
a: R x Nyy) — R X Ny, such that the following diagram commutes:

R® N,z _ Bxpoi gy

R & Nyso) _ Expoi | A

Since o commutes with parallel transport along v, we find that there exists a rotation R
of Ny, and Ty € R such that:

a(t,v) = (t + To, Rv).
Next, there exists T+ € R such that:

(Expod)({(to)lt > T1}) CUs,
(Expoi)({(t,0)lt <T_}) CU-.

We define K such that K > Ty — T_, and the result follows. [J

We also obtain a converse of this result which permits us to show when a given isometry
is hyperbolic. Before giving the statement of this lemma, we recall that if v is an oriented
Jordan curve contained in a sphere Y5, we define the interior of v, which we denote by
Int(vy), to be the connected component of Y5 \ 7y lying to its left hand side. We then define
the exterior of -, which we denote by Ext(y) to be the other connected component of
Y2\ 7. We now obtain the following result:

Lemma 2.10

Let C be two disjoint Jordan curves in s M. We suppose that each of these curves lies
in the exterior of the other. If o« : M — M is an isometry such that Ext(C_)-o = Int(Cy),
then « is hyperbolic. Moreover, if p; and p_ are the attractive and repulsive fixed points
respectively of a, then:

p+ € Int(Ci).

Proof: Since Int(C;) C Ext(C_), it follows that o sends Ext(C_) into itself. Brouwer’s
fixed point theorem now tells us that there exists a fixed point g of @ in Ext(C_). Moreover,

since ¢ - a = ¢, we find that ¢ € Int(Cy) C Ext(C_). Consequently, applying « again,
we obtain ¢ € Int(Cy). Applying the same reasoning to a~!, we find that there exists

10
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another fixed point ¢’ of & in Int(C_). It thus follows that « has two fixed points in O M.
Consequently, « is either the identity, elliptic, or hyperbolic.

Since C_ -a = C; and C_ NCy = 0, it follows that « is different from the identity. Let
be the geodesic going from ¢’ to ¢:

Y(—00) = ¢, y(+00) = q.

Let 3, be the normal sphere bundle over v. By lemma 2.5, the Gauss-Minkowski mapping,
7, generates a homeomorphism between Y, and 0xM \ O0xy. For ty € R, parallel
transport permits us to construct a canonical isomorphism ¢ : R X ¥,y — X,. Let & be
the homeomorphism of R x X,y defined such that the following diagram commutes:

Ro E’Y(to) R oi O M \ 8007

Ro E’Y(to) o O M \ 8007

We now define C’i C R x ¥, such that:

(7 0i)(Cy) = Cx.

We see that d(é,) = C’+. If m : ¥, — R is the canonical projection, since C’+ and C_ do
not intersect, we find that:

Sup(r(C-)) < Sup(n(Cy)).

Since o commutes with parallel transport, there exists a rotation, R, and a real number,
To, such that, for all (t,v) € X:

a(t,v) = (t + To, Rv).
Consequently:
moa ="Ty+ .
By considering the restriction of 7 to C_, we obtain T > 0, and the result now follows. [J
Moreover, we can estimate the norm of a hyperbolic isometry:
Lemma 2.11

Let D4 be two disjoint closed oriented discs in M U s M such that C. = 0Dy are two
disjoint Jordan curves in OsocM. If o : M — M is an isometry such that Ext(D_) - a =
Int(D4), then « is hyperbolic, and:

ledl = d(D—, D).

11
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Proof: By the preceeding lemma, « is hyperbolic. Moreover, if p; and p_ are the attractive
and repulsive fixed points of « respectively, then p; € Int(C4) and p_ € Int(C_). Let ~
be the geodesic joining p_ to p™:

Y(F00) = pi.

Then, there exists Ty € R such that, for all ¢ € R:
Y(t) =t +Tp).

Next, p+ = y(£o0) is an interior points of Int(Cy). It thus follows that there exists tp € R
such that:

Y(to) € D—.
Since, y(to) - « lies in D4, we have:
ledl = [|Toll
= d(y(to),7(to) - @)
2 d(D-,Dy).

The result now follows. O

2.6 Proofs of Main Results of This Section.

We are now in a position to prove the main results of this section. To begin with, we have:
Lemma 2.1

Let a: M — M be hyperbolic, and let p4 and p_ be the attractive and repulsive fixed
points of « respectively. Let 3 be an isometry of M such that py - § # px. For all K > 0,
there exists N € N such that for n > N, the isometry Sa*" is hyperbolic and:

187" > K.

Proof: Suppose first that p, - 8 # p—. We define ¢ = p_ - B~1. By hypothesis, ¢ # p4.
Let D1,Dy C MU M be plunged oriented disks such that 0D; and 0Dy are Jordan
curves in 9o M and Int(D;) and Int(Dy) are neigbourhoods of ¢ and py in M Udy
respectively. We may suppose, moreover, that:

d(Dl,Dg) > K.

Int(D; - ) is a neighbourhood of p_ in M U8 M. Tt thus follows by the principal of
North/South dynamics (lemma 2.9) that there exists N € N such that, for n > N

EXt(D1 ﬂ) n QInt(DQ)
= Ext(D;) - (Ba™) CInt(Ds).

By lemma 2.11, the mapping fa”™ is hyperbolic and ||Ba™| > K. The first case now
follows. Next, suppose that:

- B#p+.

12
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In particular p, - 87! # p_. It follows that there exists N € N such that, for n > N, the
mapping 3~ 'a” is hyperbolic, and:

157 " > K.

It now follows by conjugation that a”3~! is hyperbolic. Consequently, by inversion, we
find that Sa~" is too. Moreover:

IBa™" | = [la"B~ | = 187 (a"B~HBI = |57 a"]| > K.

The second case now follows. [
Corollary 2.2 follows almost immediately:
Corollary 2.2

With the same hypotheses as in the first part of the preceeding lemma, the attractive and
repulsive fixed points of Ba™ tend towards py. and p - 37! respectively as n tends to +oc.

Proof: For sufficiently large n, let ¢, 4 and g, — be the attractive and repulsive fixed
points respectively of fa™. In the proof of the preceeding lemma, we showed that ¢, +* €
OsoInt(Ds2) and ¢n,— € Joolnt(Dy). Since these two open sets may be chosen arbitrarily
close to py and p_ - B~ respectively, the first case now follows. The second case also
follows by a similar reasoning. [

Finally, we prove:
Lemma 2.3

Let v : M — M be hyperbolic. Let a and 3 be isometries of M with no fixed points in
common with 7. Let K > 0 be a positive real number. There exists N > 0 such that for
all In| > N:

(i) v"ay~"f is hyperbolic,
(i) Iy "ay="Bl > K,
(iii) Y™ ay~™ (3 has neither fixed point in common with either a or (3.

Proof: Let py and p_ be the attractive and repulsive fixed points of v respectively. We
define ¢ = p_ - 8. Let Dy, Dy C M U5 M be plunged oriented disks such that 9D, and
0Dy are Jordan curves in 0, M and Int(D;) and Int(Ds) are neighbourhoods of p_ and ¢
in M U8, M respectively. Since ¢ # p., We may suppose moreover that:

d(Dl, D2) > K.
Since p4 # p+-a, there exist disjoint neighbourhoods U; and Uz of p4 and p_ -« respectively
in MU0 M. By restricting Uy if necessary, we may suppose moreover that Uy - o C Us.
Let V' be a neighbourhood of p_ in M U Jo, M such that:

V- 5 C Int(Dy).

13
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By the principal of North/South dynamics (lemma 2.9), there exists N € N such that, for
n > N:
EXt(Dl) -4 C Uy,
Uf .y cv
Consequently, for n > N:
Ext(D1) -y"ay™"B CUi-ay "0
CUz-y "B
CUf -y
cVv.-p
g IDt(Dg)
Thus, by lemma 2.11, the mapping v"ay~"f3 is hyperbolic and:
7"y "B > K.
We now follow the reasoning of Gallo, Kapovich and Marden in order to prove the result
concerning the fixed points. Let ¢, + and gy, be the attractive and repulsive fixed points
points respectively of v"ay~"3. As in the proof of corollary 2.2, we may show that
(Gn,+)nen tends towards p_ - 5 and (gn,—)nen tends towards p_. Since neither p_ - 3 nor

p— is a fixed point of 3, it follows that, for sufficiently large n, v a~y~" (3 does not have a
fixed point in common with 3.

Let us suppose that there exists (k,)nen such that (k,)nen T oo and that v¥»ay =%~ 3 has
a fixed point in common with « for all n. Since «, being different to the identity, has
at most 2 fixed points, by taking a sub-sequence if necessary, we may suppose that there
exists po which is a fixed point of a and of v*»ay~F» 3 for all n. In particular, for all n:

Do € {q:l:,n} .

Thus, by taking limits as n tends to infinity, we obtain:

po € {p— - B.p-}.
Let us now suppose that po = p_. Since pyg is a fixed point of «, we have:
p—-(Fray™*B) =p
= p--f =p-.
This is absurd. It thus follows that po = p_ - 3. However, for all n:
(p--B)- (v Fray*B) =p- -8
= (p--B)-(v*a) =p-.
Thus, in particular, for n # m:
(p--B)- (Y*a) = (p- - B)(Y*"a)
= (p--0) = (p— - B) - Fm .
Letting k., — k,, tend towards infinity, we now find that p_ - 8 must be a fixed point of ~.
By hypothesis, p_ - 6 # p_. Consequently, po = p— - 8 = p+, and so py - « = p4, which
is absurd. The result for n > 0 thus follows, and the result for n < 0 follows by a similar
reasoning. []
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3 - Schottky Groups.

3.1 Introduction.

Throughout this section, M will denote a three dimensional Hadamard manifold. The
construction that we will carry out in the sequel makes considerable use of Schottky groups.
We define such groups as follows:

Definition 3.1

Let C;, CF, Cp and C;f be disjoint Jordan curves in the sphere Ss oriented such that
each one of these curves is situated in the exterior of the three others. We denote the group
of homeomorphisms of Se which preserve orientation by Homeog(S3). We will adopt the
convention that this group acts on Sy from the right. A Schottky Group is a subgroup
I' of Homeog(S2) generated by two elements a and b such that:

Ext(C; ) a=Mnt(C),  Ext(Cy)-b=Int(C;).

We will refer to the curves (C:F, C;E) as generating circles for the Schottky group I' with
respect to the pair of generators (a,b).

When we study Schottky subgroups of the group of homeomorphisms of 0., M, we may
replace the generating circles in this definition with oriented disks D and Dljt in M whose
boundaries are Jordan curves in oo M. Such disks will later be refered to as generating
disks of the Schottky group I' with respect to the generator (a, b).

The principal result of this section is the following:
Lemma 3.2

Let K > k > 0 be real numbers and let M be a Hadamard manifold with curvature
pinched between —K and —k. Let a be a hyperbolic isometry of M having py and p_
as attractive and repulsive fixed points respectively. Let py be a point distinct from p.y .
For every B > 0, there exists a neighbourhood € of pg in 0o M such that if ¢+ € Q and
if B is a hyperbolic isometry of M having g+ as fixed points such that ||3|| > B, then the
subgroup {(a, B) of Isom(M) generated by o and 3 is a Schottky group.

This lemma has the following useful corollary:
Corollary 3.3

Let K > k > 0 be real numbers and let M be a Hadamard manifold with curvature pinched
between —K and —k. Let T' be a subgroup of Isom(M) which only contains hyperbolic
elements (and the identity). Let vy be a hyperbolic element of ' and let py. be the attractive
and repulsive fixed points of vy respectively. If o, 3 are elements of I' having no fixed points
in common with ~y, then there exists N > 0 such that, for |n| > N, the subgroup of
Isom(M) generated by v"ay~™ and by 3 is a Schottky group.
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Proof: Since « does not fix p_, we find that the fixed points of y~"ay" tend towards p+
as n tends towards +oo. By hypothesis, p; is not a fixed point of 3. Moreover, « is not
equal to the identity and is thus hyperbolic. Next, we see that:

7" an™|| = [lel| > 0.

By the preceeding lemma, there exists N > 0 such that, for n > N, the subgroup of
Isom(M) generated by v "ay™ and [ is a Schottky group. A similar reasoning permits
us to prove the result for n negative, and the result now follows. [J

We also obtain the following result:
Lemma 3.4

Let k > 0 be a real number. Let M be a Hadamard manifold of sectional curvature
bounded above by —k. Let p1 +,p2 + be distinct points in Oso M. There exists B > 0 such
that, if a1 and o are hyperbolic isometries of M such that py + are fixed points of o, for
each k and if ||aq]|, ||oe|| > B, then the subgroup of Isom(M) generated by a1 and as is a
Schottky group.

In order to prove these results, we require upper and lower bounds of lengths and angles
of triangles in Hadamard manifolds of pinched curvature. We obtain these using classical
comparison techniques for such manifolds arising from the Topogonov theorems and related
results. We refer the reader to [2] for details.

In the second part of this section, we review the properties of various function defined
over triangles in constant curvature Hadamard manifolds. In the third part we recall To-
pogonov’s comparison theorems and the distance contracting/dilating property of canon-
ical maps between triangles and their corresponding comparison triangles. In the fourth
part, we study degenerate triangles having one point at infinity. In the fifth part, we take
this one step further, studying degenerate triangles having two points at infinity. In the
sixth part, we study another useful bound. In the seventh part, we show how these results
may be used to control the positions of complete geodesics in the manifolds. Finally, in
the eighth section, we bring all these results together in order to prove lemmata 3.2 and
3.4.

3.2 Comparison Triangles.

We study various functions arising from geodesic triangles in Hadamard manifolds. For all
A >0, let M), be the 2 dimensional Hadamard manifold with constant sectional curvature
equal to —A. M, will act as a comparison space for objects in any given Hadamard
manifold.

Let AABC be a triangle in M), (by triangle, we mean any subset of M) made up of three
vertices A, B and C and the geodesic arcs joining these vertices. This set inherits the
structure of a metric space from M,). Next, we denote by «, 8 and 7 the sizes of the
angles at the vertices A, B and C respectively and we denote by a, b and ¢ the lengths of
the edges BC, AC and AB respectively.

16
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We begin by studying the edge AB. By using, for example, the Poincaré disc model of
M_; = H? and by dilating it if necessary, we find that the length of ¢ is uniquely defined
by the triplet (a,b,7). By keeping a and b constant, we thus obtain a function ¢y : v +— ¢
(see figure 3.1).

Figure 3.1

We obtain the following result concerning the properties of ¢y:
Lemma 3.5
¢y has the following properties:
(i) éx is continuous,
(ii) ¢x(0) = |b — a| and ¢\(7) = a + b, and
(iii) éy is strictly increasing (and thus injective).

Remark: In particular, by continuity, for all a, b and ¢ satisfying the triangle inequality,
there exists a triangle AABC in M) having a, b and ¢ as lengths of edges.

Next, we observe that the angle 3 is uniquely defined by the triplet (a,b,v). Keeping a
and b constant, we thus obtain a function 8\ : v — (3. We obtain the following result
concerning the properties of Gy:

Lemma 3.6

The function BA has the following properties:

(i) B is continuous,

(ii) if b > a, then 35(0) = w and By (w) = 0,

(iii) If b > a, then the function (3 is strictly decreasing (and thus injective) over [0, 7] and,
(iv) the function (3 is strictly decreasing (and thus injective) over the interval [r/2, 7).
The interested reader may find a more detailed study of these functions and proofs of these

results in appendix B of [8].
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3.3 Topogonov’s Theorems and Canonical Homeomorphisms.

Now, let K > k > 0 and let M be a Hadamard manifold with sectional curvature pinched
between —K and —k. Let P be a point in M, let P_; be a point in M_j, and let P_g be a
point in M_k. Let I_ : TpM — Tp M_j and I_g : TpM — Tp_, M_k be isometries.
If we define g_g, g and g_k to be the metrics over M_j, M and M_g respectively, then
Rauch’s comparison theorem tells us that:

IiKEXP*ng > Expg > IikEXP*gfk

This theorem permits us to obtain Topogonov’s theorems. Firstly, we have:
Theorem 3.7 [Topogonov I]
Let AABC be a triangle in M and let AA'B'C’ be a comparison triangle in M_j, such
that A’B" = AB and A’'C' = AC and A’B'C' = ABC. Then:
BC > B'C".

Similarly, if AA”B"C" is a comparison triangle in M_ g such that A”B" = AB, A"C" =
AC and A"B"C" = ABC, then:
BC < B'C".

Topogonov’s second comparison theorem may be derived as a corollary to this result:
Theorem 3.8 [Topogonov II]
Let AABC be a triangle in M and let AA’B’C’ be the comparison triangle in M_j, such
that A’B’ = AB, A’/C" = AC and B'C’' = BC. Then:

BAC < B'A'C', ACB<AC'B’, CBA<CBA.

Similarly, if AA” B"” C" is the comparison triangle in M_ such that A”B"” = AB, A"C" =
AC and B"C"” = BC, then:

BAC > B"A"C",  ACB > A"C"B",  CBA > C/BIA".

If AABC is a triangle in M and if AA’B’C’ is the comparison triangle in M) such that
A'B' = AB, A’C" = AC and B’'C’ = BC, then we define the mapping ¢, sending the
vertices of AA’B'C’ to those of AABC by:

eA(A) = A, ©ox(B') = B, or(C) =C.

We then extend ¢, to a function over the whole of AA’B’C’ by linear interpolation, and
we obtain the canonical homeomorphism from AA’B'C’ to AABC. Viewing triangles
in general as metric subspaces of the corresponding ambiant manifolds, we obtain the
following result:
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Theorem 3.9

Let AABC be a triangle in M and let AA’B’C" be the comparison triangle in M_j, such
that A’B" = AB, A/C' = AC and B'C' = BC. Let p_ : AAB'C’ — AABC be the
canonical homeomorphism. Then ¢_y, is contracting. In otherwords, if d and d_j, denote
the distance functions over M and M_j, respectively, then, for all P,Q € AA’B'C’:

d(o—r(P), p-1(Q)) < d—1(P, Q).

Similarly, if AA” B" C" is the comparison triangle in M_ g such that A”B"” = AB, A"C" =
AC and B"C" = BC and if p_ : AA"B"C" — AABC is the canonical homeomorphism,
then ¢_k is dilating. In otherwords, if d and d_k denote the distance functions over M
and M_ respectively, then, for all P,QQ € AA'B'C’:

d(p-x(P),p-k(Q)) = d_k(P,Q).

3.4 Degenerate Triangles Having One Point at Infinity.

We now wish to consider degenerate triangles having one point at infinity in a Hadamard
manifold of pinched sectional curvature. For A > 0, let AABC be a triangle in M) such
that the angle between BC and BA is equal to m/2 and A is in s M) (see figure 3.2).

Figure 3.2

Under these conditions, the angle v is uniquely defined by the length a = BC. We thus
obtain, for all A, a function I'y : a — ~. By studying this triangle, for example, in the
Poincaré disc model for H?, and by placing C' at the origin, we find that T'y is strictly
decreasing, I'y(0) = 7/2 and T'\(t) tends to zero as ¢ tends to infinity.

Let K > k > 0 be positive real numbers and let M be a Hadamard manifold of sectional
curvature pinched between —K and —k. Let ABC be a triangle in M such that the angle

ABC is equal to m/2 and such that A is a point in s M. We obtain the following result:
Lemma 3.10

Let a be the length of the geodesic arc segment BC. The angle BCA is less than or equal
to I'k(a). Let D be a point in BA.
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Proof: We construct the comparison triangle AD’B’C’ in M_j such that D'B’ = DB,

B'C' = BC = a and that D'B'C" = DBC = 7/2. Let b and ¥’ be the lengths of CD and
C'D’ respectively (see figure 3.3). By the comparison principal, we know that o' < b. Let
D" be such that D”"B’ = D'B’ and D"C’ = b.

D//
B D B’ | D’
[
b

a b a o

Inside M Inside M_j,
C o

Figure 3.3

By lemma 3.5, the angle D'BIC is greater than or equal to D'B'C , and thus, by lemma
3.6, the angle B’C" D" is less than or equal to B’C’D’. Finally, by the comparison principal,
we obtain:

BCD < B'C'D" < B'C'D' < T'i(a).

The result now follows by letting D tend towards A. O
We now bound the angle BCA from below:
Lemma 3.11

Let a be the length of the geodesic arc segment BC. The angle BCA is greater than or
equal to Tk (a). Let D € BA be such that BD > BC.

Proof: We construct the comparison triangle AD’B’C’ in My such that D'B’ = DB,
B'C' = BC = a and D'B'C" = DBC = /2. Let b and b’ be the lengths of CD and C'D’
respectively (see figure 3.4). By the comparison principal, ¥’ > b. Let D” be such that
D"B'=D'B’ and D"C’ =b.

By lemma 3.5, the angle D"B’C is less than or equal to D'BC. Consequently, by lemma
3.6, the angle B’C’D" is greater than or equal to B’C’D’. However, by the comparison
principal:

BCD > B'C'D" > B'C'D.
The result now follows by letting D tend towards A. O
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B D B | D’
] [
a b a b/ D//
b
C Inside M c’ Inside M_k
Figure 3.4

3.5 Degenerate Triangles Having Two Points at Infinity.

We now study degenerate triangles having two points at infinity. Let A > 0 be a positive
real number and let AABC be a triangle in M) such that the points B and C are in
Oso M. Let BC' be the geodesic joining B to C. The distance d(A, BC) from A to BC' is
uniquely determined by the angle a = BAC (see figure 3.5). We thus obtain a function
Dy:a~—d(A,BC) .

C
Figure 3.5

By dilating the Poincare disk model of H? according to our needs, we see that Dy is
continuous and strictly decreasing. Moreover, we find that D) («) tends towards infinity
and zero as «a tends to zero and 7 respectively. In fact, we find that, for ¢ > 0 and for all
a € [0,7):

DA(2Ta(t))  =t,

2F)\(D,\(O¢)) = Q.

Let M be a Hadamard manifold with sectional curvature pinched between —K and —k
and let AABC be a triangle in M such that the points B and C' lie in oM. We have the
following result:
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Lemma 3.12

Let o denote the angle BAC. The distance d(A, BC) satisfies the following double in-
equality:
Di(a) < d(A, BC) < Dy(a),

Proof: Let n be the unique geodesic joining B to C":
n(—o0) =B,  n(+oc) =C
Now let D be the point in n that minimises the distance from A. We may suppose that n

is normalised such that 1(0) = D. For all |t| > AD, let us define B; and C; by B; = n(—t)
and Cy = n(t) (see figure 3.6).

Figure 3.6

As in the proof of lemma 3.10, we have:

B,AD,C,AD < Ty(AD),

Since Dy, is monotone decreasing, we obtain:
Di(BiAC;) > Dy,(2T4(AD)) = AD.
The inequality result now follows. We cannot use the triangle inequality to bound AD from

below, and we are thus obliged to reason differently. We know that mt — BAC as t
tends to infinity. Let AB;A’CY be the comparison triangle in M_x such that BjA’ = B A,

C/A" = C A and Bjﬁl’\C’t’ = BTA\Ct. By the comparison principal, we have:
B,C; > BC.

We thus define B} such that B;C; = B,C; and B/ A’ = B; A’ = B, A (see figure 3.7):

By monotonicity (lemma 3.5), we have:
BIA'C! < BA'CY = B,AC,.
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1
Bt

u-ui
A

A/

Figure 3.7

Let (tn)nen be a sequence which tends monotonically to infinity. Since (A'B{ )nen and
(A Cén)neN tend towards infinity, and since M_ g U 0o M _ i is compact, we may suppose
that there exists B”,C" € 0ooM_k such that (By )nen and (C} )nen tend respectively
towards B” and C’. Now:

B7AC' = Lim, .o B A'CJ.
= LimSup,, ., B A'C;,
< lesupnﬂoo Bmtn

— BAC.

Since D is monotone decreasing, we now have:
d(A',B"C") = Dx(B"A'C") > Dk (BAC).

Now, by theorem 3.9, the canonical homeomorphism between AA’B)C; and AAB.C} is
dilating, and thus:
d(A, B,Cy) > d(A', B/ C}).

Consequently:
d(A',B"C") < LimlInf, . d(A’,B{ C} )
< leInanOO d(A, Btn Ctn)
=d(A, BC).

The second result now follows. OJ

3.6 A Final Bound.

Now, let y be a straight line (geodesic) in My = R? and let us denote:
AT =r(=0), AT =r(+00).

Let P be a point in . For p > 0 and ¢ €]0, ], let us choose the point R such that

d(R, P) = p and that the angle RPA™ is equal to ¢ (see figure 3.8). We now define the
function Ag such that:

Ao(p, p) = d(R, 7).
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R

At

Figure 3.8

For a fixed value of ¢, we have:

Ao(psp) —0 as p — 0,
Ao(p,p) — 400 as p — +oo.

Moreover, Ay is monotone decreasing in p. At the same time, for a fixed value of p, Ag is
monotone decreasing in ¢. Finally:

Ao(p,m/2) =p,
Ao(p, 0) =0.

For M a Hadamard manifold, we have the following result:

Lemma 3.13

Let v be a geodesic in M and let P be a point in . For p > 0 and for ¢ €]0,7/2], let R
be such that d(P, R) = p and that the angle between PR and ~ is equal to . We have:

d(R,7) = Ao(R, )

Proof: Let @ € « be the point in v minimising the distance from R. We have FQT% =7/2.
Let AP'Q'R’ be the comparison triangle in My = R? such that R'Q’ = RQ, R'P' = RP
and P'Q" = PQ (see figure 3.9).
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By Topogonov’s second result (theorem 3.8), we have:
R'P'Q' > RPQ.

If we denote by 7/ the straight line (geodesic) obtained by extending P’Q’ in both direc-
tions, we obtain:

RQ=R'Q > d(R',y) = Ao(R'P,R'P'Q).

Since Ay is strictly increasing in ¢, we have:
Ao(R'P',R'P'Q') > Ao(R'P',RPQ) = Ao(RP, RPQ).
The result now follows. [J

3.7 Controlling Geodesics.

We have the following result:
Lemma 3.14

Let M be a Hadamard manifold with curvature pinched between —K and —k. Let p be
a point in the ideal boundary 0, M of M. Let U be a neighbourhood of p in M UJ,, M.
There exists a neighbourhood ) of p in 0o, M such that if v is a geodesic in M such that:

7(=00),7(+00) €92,

then the whole of 7y is contained in U.

Proof: Let ¢ be a point in M. For r € M U0, M, we define pqr to be the angle at ¢
between the geodesic arcs pg and rq, and we define gr to be the distance from ¢ to r. For
6 €]0, 7] and for p > 0, we define the neighbourhood Qg , of p by:

Qo ={re MU M|pgr < 0,qr > p}.

By definition of the topology of M Ud. M, for 0y sufficiently small, and for py sufficiently
large:

9907/00 cu.

Since I'x,(t) tends towards zero as ¢ tends to infinity, there exists p1 > pg such that I'y(p1) <
0o/3. Next, since Dk (6) tends towards infinity as 6 tends towards zero, there exists

61 < 6y/3 such that Dg(201) > p1. Let r,7’ be points in doo M such that }7(]?,];]?’ < 6
and let us denote the geodesic joining r to 7’ by r7’. By the triangle inequality, rqr’ < 20,
and thus, by lemma 3.12, we have:

d(q,r") > Di(rqr') > Dx(261) > p1 > po.

Let 7o be the point in rr’ that minimises the distance from ¢. The geodesic grg makes a
right angle with the geodesic r7’ at r¢. For all s € M, let us denote by sqro the angle at
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q between the geodesics sq and ¢rg. As in the proof of lemma 3.10, for all s € rry and for
all s’ € ror': -
5qro, 8'qro < Tr(d(q, ")) < Tk(p1) < 600/3.

In particular, by taking limits, we obtain:

rqry < %
— 200
= pqro < F°
where the second inequality follows from the definition of r and the triangle inequality. By
applying the triangle inequality a second time, we obtain:

ﬁl\pas//&) < 00~

It thus follows that every point in the geodesic rr’ is contained in Qg, ,, and the result
now follows. [

Remark: We could equally well have used the stronger result [1] of Anderson which states
that for all p € 0,M and for every neighbourhood U of p in M U0, M, there exists a
convex neighbourhood V of p in M Ud, M which is contained in U.

3.8 Proofs of Main Results of This Section.

We may now prove lemma 3.2:
Lemma 3.2

Let K > k > 0 be real numbers and let M be a Hadamard manifold with curvature
pinched between —K and —k. Let a be a hyperbolic isometry of M having py and p_
as attractive and repulsive fixed points respectively. Let py be a point distinct from p.y .
For every B > 0, there exists a neighbourhood €2 of pg in 0o M such that if ¢+ € Q and
if B8 is a hyperbolic isometry of M having q+ as fixed points such that ||3|| > B, then the
subgroup {(a, B) of Isom(M) generated by o and 3 is a Schottky group.

Proof: Let us also denote the geodesic joining p_ to p4+ by a:
a(—0) =p_, a(+o00) = py.

Let N, be the normal vector bundle over o and let ¥, be the normal unit sphere bundle
over a. Let W : X4 — O0sM be the Gauss-Minkowski mapping. By lemma 2.5, there
exists a unique vector X € ¥, such that 7’ (X) = po. We suppose that a is normalised
such that X lies in the fibre over a(0). We define ap by ag = (0). The angles poaop— and
pocopy are right angles. We define Ny = Ngoya. Let i: R x Ng — N, be the isometry of
vector bundles generated by parallel transport. We define the isometry & of R x Ny such
that the following diagram commutes:

R x N : N, Exp M
a Ta «

i Exp
R x N N, M
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Since o commutes with parallel transport along the geodesic «, there exists Ty € R and a
rotation Rg of Ny such that, for all (¢,v) € R x Np:

d(t, ’U) = (t + To, R(ﬂ}).

Since « goes from p_ to py, Ty > 0. We define U+, U_ CR x Ny by:

,v\t>% ,

[2+ {t,)
U_ {to)t < -1

7 %/
®T0/2

T e
v

We define D, = dU, and D_ = dU_ and we orient them such that:

(:]+ = Int(D+)v

U- =Int(D_).

This construction is illustrated in figure 3.10. We define Uy = (Exp o 4)(Uy) and U_ =

(Exp o 4)(U-) and we define D, and D_ in a similar fashion. We now have:
&(Ext(D_)) = Int(Dy).

Consequently:
a(Ext(D_)) = Int(D4).

For 7 € M U0s M, let Fagpo be the angle at ag between the geodesics rog and poag. For
all 6 €]0, 7] and for all p > 0, we define Qg , by:

Qo,p = {r € MU M|ragpo < 0,d(r,a0) > p} .

For all 6 and for all p, € , is a neighbourhood of pg. Since py lies in the exteriors of the
closures of 0,,U, there exists #; and p such that:

Qg, pNUL = 0.
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S

50

(%)) '
=01 — 0

Figure 3.11

Next, let 6y < 0, be another angle. Let r be a point in {9, ,. Let s be a point in Uy. If
Taps denotes the angle between the geodesic arcs aor and ags at ag, then:

Tags < 61 — bp.

Let us note denote by ags the complete geodesic which passes by ag and s (see figure
3.11)). By lemma 3.13:
d(r,aps) = Ag(p, 01 — 6o).

Let sg € ags be the point which minimises the distance from r. Let 577‘?0 be the angle at
ro between the geodesics s'r and sor. As in the proof of lemma 3.10, for all s’ € ags, we

have: -
s'rsg < Tr(d(r, aps)) < Tr(Ao(p, 01 — o).

In particular, taking limits, and using the triangle inequality, we obtain:
@ < 2Fk(A0(p, 91 — 90))

Since, for a given fixed ¢o, Ag(p, ) tends to infinity as p tends to infinity, and since T'y(t)
tends to zero as t tends to infinity, we may choose p such that:

94 (Ao(p, 01 — ) < g — Tk (B/2).

By lemma 3.14 there exists a neighbourhood 2 of pg such that every geodesic v whose
extremities lie in ) is contained entirely in {g, ,. We suppose that vy is normalised such
that 0 minimises the distance from ap. Let us define My = N, )y and let j : Rx My — N,
be the isomorphism of vector bundles generated by parallel transport. As before, we define
Vi € R x My by: ~

Vi ={tv)lt> R

Ve ={tv)t<-F}.

We define E1 € R x My by E+ = 0V, and we orient them such that:
Vi= Int(Ei).
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[

- Yo
<7/2-T1(B/2)

Qo

Figure 3.12

If 4 is a hyperbolic isometry which preserves the geodesic v such that ||¥|| > K, then:
F(Ext(E-)) C Int(Ey).
However, for all s € Uy:

s7(0)ag < 20%(Ao(p, 01 — 00)) < 7/2 — Txc (B/2).

Consequently (see figure 3.12):
Dy CExt(Ey)NExt(E_).

It thus follows that the subgroup of Isom(M) generated by « and by 7 is a Schottky group,
and the result now follows. [J

The proof of lemma 3.4 is much simpler:
Lemma 3.4

Let k > 0 be a real number. Let M be a Hadamard manifold of sectional curvature
bounded above by —k. Let p1 +,p2 + be distinct points in Osc M. There exists B > 0 such
that, if a1 and o are hyperbolic isometries of M such that py + are fixed points of a, for
each k and if ||aq]|, ||oe|| > B, then the subgroup of Isom(M ) generated by o and as is a
Schottky group.

Proof: For each k, let Uy + be a neighbourhood in M U0sM of p +. We may assume
that Uy + and Uy 4 are all disjoint. Next, let oy, be the geodesic joining py,— to pi 4. For
each k:

ap(—o0) = pr,—, g (+00) = pi 4.

We define N, = Na,oyok. Let ip : R x Ng — N be the isometry of vector bundles
generated by parallel transport. Let m; : R X Ng — R be the projection onto the first
component. For T > 0, we define Q +(T") C R x Ny, by:

(
(

29
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t,0)lt >T/2},
t,v)|t < =T/2}.
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We now define Q. 4 (T) = (Exp o ix)(Q). We find that for sufficiently large values of 7"
Qe+ (T) € U4, Qe (T) € Uk

We now see that if &; and as are hyperbolic applications which preserve a; and as re-
spectively and if:
l[aall; lazll > T,

then the subgroup of Isom(M) generated by a; and «s is a Schottky group, and the result
now follows. [J

<&
4 - The Trouser Decomposition.

4.1 Introduction.

Throughout this section (M, Q) denotes a pointed, compact, Riemannian manifold of
strictly negative sectional curvature, (M, Q) denotes its universal cover, (X, P) denotes
a pointed, compact surface of genus at least 2 and 0 : 71 (2, P) — w1 (M, Q) denotes a
representation of 7 (X, P) in 71 (M, Q).

In [4], Gallo, Kapovich and Marden obtain a trouser decomposition of ¥ such that the
f-image of the fundamental group of each trouser is a Schottky group. In this section, we
will prove the following lemma, which is the generalisation to our framework of this part
of Gallo, Kapovich and Marden’s result:

Lemma 4.1

Let (M, Q) be a pointed, compact, three dimensional Riemannian manifold of strictly neg-
ative sectional curvature. Let (3, 0) be a pointed, orientable, compact surface of hyperbolic
type (i.e. of genus greater than or equal to 2) with holonomy in m (M, Q). Then there
exist bound, marked trousers (T5, 0;, 8i)1<i<2g—2 With holonomy in m (M, Q) such that:

(i) for all i, the image of 0; is a Schottky group, and

(ii) -
(2,0) = ,6 (O(T3, 05, 8:)) U( U (T3, 0, Bi)).
i=1 i=g+1

The terms used in the statement of this lemma will be explained in the third and fourth
parts of this section. The proof of this lemma is an immediate consequence of propositions
4.9, 4.13 and 4.16.

In the second part of this section, we review certain algebraic properties of elements of
m1(M, Q), showing, in particular, that, if such an element is different to the identity, then
it is hyperbolic. In the third part, we define the notion of a marked surface with holonomy
in a group G, and in the fourth part, we define the notion of a binding, which is required

30



Equivariant Plateau Problems

as a bookkeeping measure in order to recover correctly the fundamental group after the
surface has been cut up into trousers. In the fifth part, we prove various technical algebraic
results which are necessary for our construction. In the remaining sections, we successively
decompose the surface X, proving propositions 4.9, 4.13 and 4.16.

4.2 Hyperbolicity of Elements of 7y (M).

We review the properties of the fundamental group of a compact pointed manifold of
strictly negative sectional curvature. We recall the following result:

Lemma 4.2

Let v € m1(M, Q) be different from the identity. Then there exists a unique closed geodesic
4 in M which is freely homotopic to ~y.

Remark: We see that two curves v,v" € w1 (M, Q) are freely homotopic if and only if they
are conjugate in 71 (M, Q). We thus obtain a bijection [y] — % between the conjugacy
classes of 71 (M, Q) and the closed geodesics in M.

We now obtain information concerning the action of elements of m; (M, Q) on (M, Q):
Lemma 4.3

Let v € m (M, Q) be different from the identity. Let us denote equally by v the action of
~v on (M,Q). Then, v is hyperbolic, and:

[|7]] = Long (7).

where Long(y) is the length of the unique closed geodesic in M which is freely homotopic
to 7.

Consequently, every element of 71 (M, @)\ {Id} has a hyperbolic action over (M, Q). Thus,
in the sequel, when we wish to show that an element of I" is hyperbolic, it will be sufficient
for us to show that it is different to the identity. Moreover, since M is compact, its
injectivity radius is bounded below by p, say, and so the minimal displacement of every
hyperbolic element of 71 (M, Q) is also bounded below by p. Next, if @ and b are two points
in dso M, then ~ cannot send a to b and b to a. Indeed, let us denote by 1 the geodesic
in M going from a to b. If v exchanges a and b, then it preserves n whilst reversing its
orientation. It follows that v has a fixed point in 7 and thus in the interior of M, which is
impossible for hyperbolic elements. Finally, we recall the following result concerning the
fixed points of the actions of elements of 71 (M, Q) over (M, Q):

Lemma 4.4

Let v and ' be elements of m (M, Q) \ {Id} and let us denote also by v and ' the actions
of these elements over (M,(Q). If they have a fixed point in common, then there exists
m,n € 7 such that:

="

In particular, v and v’ have the same fixed points.
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4.3 Marked Surfaces and Handles.
Let G be a group. We define a marked surface with holonomy in G to be a triplet of:

(i) a pointed compact surface with boundary (X, 9%, Py), with 0% oriented such that the
interior of ¥ lies to its left,

(ii) for every connected component C,, of 9%, a point Q,, € C,, which is the base point of
Cy, and

(iii) & homomorphism 6 : 71 (X, Fy) — G.

By slight abuse of notation, we will refer to the marked surface with holonomy simply by
(%,0). Every closed curve in X defines a conjugacy class in 71(3, Py). Indeed, let a be a
closed curve in ¥ and let @ be the base point of a. Let = be a curve joining Py to @, and
let us define a, by:

Ay = z laz.

Now let y be another curve joining Py to . Then (y~'z) € m (X, Py) and:

ay = (y'w)a.(y )"

Moreover, every element in the conjugacy class of a, may be constructed in this manner.
We will denote the conjugacy class defined by a by [a].

The 6-image of [a] defines a conjugacy class in G which we denote by [a]. If G is a subgroup
of the group of isometries of a three dimensional Hadamard manifold, and if one element
in a given conjugacy class of G is hyperbolic, then all elements in that conjugacy class are
hyperbolic. We refer to a conjugacy class in G containing only hyperbolic elements as a
hyperbolic class. A closed curve a in (X, 6) is said to be hyperbolic if and only if 0]a]
is a hyperbolic class.

Similarly, every pair (a, b) of simple closed curves in 3 with the same base point generates
a conjugacy class of pairs in 71 (X, Fy). Indeed, with = defined as before, we define:

(a,b)r = (az,by).

As before, every element of the conjugacy class of (a, b), may be constructed in this manner.
We denote the conjugacy class defined by (a,b) by [a, b].

The 6-image of the class [a, b] defines a conjugacy class of pairs in G which we denote by
Ola,b]. Every element in the conjugacy class [a,b] generates a subgroup of G. Since all
these subgroups are in the same conjugacy class, it follows that 6[a, b] defines a conjugacy
class of subgroups of G which we denote by (fa,b]). If G is a subgroup of the group
of isometries of a three dimensional Hadamard manifold, and if a subgroup in a given
conjugacy class in G is a Schottky group, then so is every group in that class. We refer
to a conjugacy class of subgroups of G consisting only of Schottky groups as a Schottky
class. We say that the pair (a,b) in (X, 0) is Schottky if and only if (A[a, b]) is a Schottky
class. Similarly, if a subgroup in a given conjugacy class in G is non-elementary, then so is
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every subgroup in that class. We refer to a conjugacy class of subgroups of G' consisting
only of non-elementary groups as a non-elementary class. We say that a pair (a,b) in
(3, 0) is non-elementary if and only if (f[a, b]) is a non-elementary class.

Let (X, 0) be a marked surface with holonomy in G. A marked handle in (¥, 0) is a pair
(a,b) of simple closed curves in (%, 8) corresponding to a topological handle of § such that:

(i) a intersects b at only one point, which we take to be the common base point of these
two curves, and

(ii) the pair (a,b) is oriented positively. In otherwords, b crosses a from right to left.

When G is a subgroup of the group of isometries of a Hadamard manifold, we say that
(a,b) is a hyperbolic handle if and only if both a and b are hyperbolic, (a,b) is a
non-elementary handle if and only if (a,b) is non-elementary, and (a, b) is a Schottky
handle if and only if the pair (a,b) is Schottky.

Finally, for (3,6) a marked surface with boundary with holonomy in G, and for a given
family, (Q;)icr of points in (3, 0), we define a binding sash to be a set of simple curves
(7:)ier in (X, 0) indexed by the same set as (Q;);cr such that:

(i) for every i, 7; goes from Py to Q;,
(ii) for every i # j, y; only intersects y; at Py,
(iii) for every 4, y; can only intersect 9% at Q;.

Binding sashes permit us to identify objects in ¥ (curves, marked handles, etc.) explicitly
with elements or pairs of elements of m1 (X, Pp).

When we define many such geometric structures over (3, 0), we will assume them to be
disjoint, except, possibly, at their end or base points.

4.4 Bindings.

Let G be a group. Let (X, 6) be a marked surface with holonomy in G. Suppose that X has
n boundary components, and let (C;)igign be the oriented boundary components of X.
For every i, let Q; denote the base point of C;, and let us denote the set of all homotopy
classes of curves in ¥ going from Py to Q; by m(Z, Py, Q;). A binding of (X,0) is a set
of mappings (0;)1<i<n such that:

(i) for every i, B; maps 71 (%, Py, @;) into G, and
(ii)
1 (

(

1
1

for every i, (; is equivariant under 6 with respect to the canonical right action of
¥, Py) on (X, Py,Q;). In otherwords, for all £ € m (%, Py, Q:), and for all n €
m (X, Po):

Bi(§n) = Bi(§)0(n).

Bindings are indispensable for recovering the holonomy of a surface obtained by joining two
surfaces together along the boundary components. They encode the algebraic information
in the holonomy that is lost when we cut a surface open along a simple closed curve, and
allow us to identify boundary components of ¥ with specific elements of G. We encourage
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the reader not to lose to much time over this concept which is essentially only a conveniant
bookkeeping measure. We will denote the binding by (3, and, for every i, we will write 3
instead of 8; when there is no danger of ambiguity.

When a marked surface (X, ) with holonomy in G carries a given binding, 3, then we will
say that the surface is bound. We will denote the bound marked surface with holonomy
in G by (%,0,0). For any oriented, pointed boundary component (C,Q) of ¥, we define
the element 3(C) € G such that, for any (and thus, equivalently, for all) £ € 71(X, Py, Q):

B(C) = BEOIECEBE) .

Let (%,0,5) and (¥',60',8") be bound marked surfaces with holonomy in G. Let (C, Q)
and (C’,Q’) be oriented, pointed boundary components of ¥ and X' respectively. Let
v (C,Q) — (C’fl, Q') be an orientation reversing homeomorphism. We define ¥ U, ¥/,
the joined union of ¥ and X’ along ¢ by:

LU, Y =2UY /.

Let # : YUY — ¥ U, X’ be the canonical projection. We identify all objects (points,
curves, etc.) in 3 and ¥’ with their images under m and vice versa. Let Py be the base
point of ¥. We take P, to be the base point of ¥ U, ¥'.

We say that (0, 3) and (¢, 3’) may be joined along ¢ if and only if:
pC)~t =p'(C).
If (6,0) and (¢, 8") may be joined along ¢, we define 8 Uy, ¢, the joined union of § and

0" along ¢, such that:

(i) for all x € m1 (3, Py):
(6 Up 0')(z) = 0(2),

and

(ii) for all x € m (X', PY), € € m (2, P, Q) and n € m (X', P}, Q'):

(0 Uy 0)(E nan™"€) = (&) B (0 (2)8'(n) ™" BE).

The join condition on (6, 3) and (¢’, #’) ensures that 0U, 0" is a well defined homomorphism
from m (X Uy, ¥/, Py) into G. Similarly, if (0, 5) and (¢’,8") may be joined along ¢, we
define 5 U, /', the joined union of 5 and 3’ along ¢, such that:

(i) for every pointed boundary component (C1, Q1) of ¥ different to (C, @), and for every
v € m (X, Py, @1):
(BUy 8)(7) = B(v),

and,

34



Equivariant Plateau Problems

(ii) for every pointed boundary component (C1,Q}) of ¥’ different to (C’,Q’), for every
v e m (¥, Py, Q}), for every € € m (X, Po, @) and for every n € m (¥, P, Q'):

(BUg By ') = B/ (1B (n) =1 B(E).
As before, the join condition on (6, 3) and (6’,3) ensures that U, 5’ is a well defined

binding over £ U, ¥'. We now define (X, 6, 8) U, (X/,6', 3’), the joined union of (X, 0, 5)
and (X', 6, ) along ¢, by:

(2,0,8) Uy (2,0,8") = (U, 2,00, 6, 8U, 3).
When we discuss the join of two marked surfaces with holonomy, the actual homeomor-

phism that we use is of little importance. In the sequel, we will thus omit the subscript ¢
when discussing joined unions.

In a similar manner, if (C, Q) and (C’, Q") are distinct boundary components of the same
bound marked surface with holonomy in G, (X, 6, 3), then we can consider joining (%, 0, 3)
to itself along pointed homeomorphisms from (C,Q) to (C”fl,Q’). Let ¢ : (C,Q) —
(o4 g ) be an orientation reversing homeomorphism. We say that (3,0, 3) may be
joined to itself along ¢ if and only if:

In this case, we define O, 3, the join of ¥ to itself along ¢ by:

OpX =3/¢p.
As before, we will often identify all objects (points, curves, etc.) in ¥ with their images
under the canonical projection from 3 to O, X, and vice versa. We define O, 6 and O, 3
in a similar manner as before, and we define O, (%, 0, 5) by:

Ou(X,0,5) = (04X, 0,0, 0,0).

As for joined unions, the pointed homeomorphism ¢ that we use is of little importance.
In the sequel, we will thus refer to the join of (X, 6, 3) by:

O(%,0,5).

For surfaces with many boundary components, this process may be iterated, and we will
refer to the n-fold join of (X, 6, 3) by:

O"™(%,0,).
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4.5 Technical Algebraic Results.

Various algebraic properties of elements of m1 (M, Q) may be established by carefully fol-
lowing the sets of fixed points of hyperbolic elements. The following technical propositions
correspond to the Dehn twists that will be carried out in the sequel:

Proposition 4.5

Let M be a Hadamard manifold. Let I be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let «,3,£ and ) be elements of T
such that the subgroup {(a, ) of T' is non-elementary. There exists K € N and a function
N :{|n| > K} — N such that, for all |k| > K and for all |n| > N(k):

(1) Ba* is hyperbolic,

(2) 8x = nBak is hyperbolic,

(3) 6a is hyperbolic and has no fixed point in common with 3a*, and
(4) 67¢ is hyperbolic.

Proof:

(1) Since (a, B) is non-elementary, for all k, the element B3a* is different to the identity.
Indeed, otherwise, 8 and a would have the same fixed points, which is absurd. In particular,
it follows that S is hyperbolic for all k.

(2) Let us assume that there exists k # k' such that d; and ;. are not hyperbolic. We
have: ) )
o = (nBa) " (nBa") = 6116 = 1d.

In particular, we obtain « = Id, which is absurd. It follows that there exists at most one
value of k for which J; = Id, and consequently that there exists K such that, for |k| > K,
the application dy is hyperbolic.

(3) We suppose that there exists n # n’ and a point P such that:
P-(0la)=P- (0} a) =P (fa") = P.

Then, firstly: )
P67 =P-(0fa)-(0fa) =P
= P =P.

Consequently:

P-a=P-5." (0pa)=P.
Finally, we have:

P.f=P-(Ba*)-a ¥ =P

It thus follows that o and 3 share P as a common fixed point. This is absurd, since («, 3)
is non-elementary. It thus follows that there exists at most one value of n for which ¢}/« has
a fixed point in common with Ba®. Consequently, there exists N (k), which only depends
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on k, such that, for all |n| > Ni(k), the application 6}« has no fixed point in common
with Ba¥. In particular, for all such n, the mapping 6%« is not equal to the identity, and
is thus hyperbolic.

(4) As in (2), we assume that there exists n # n’ such that:
Sre =07 € =1d.
We obtain: ) /
& = (0RO T =1d.

This is absurd. It thus follows that there exists at most one value of n for which 6;¢ is
not hyperbolic. Consequently, there exists Na(k) > Ni(k) such that, for |n| > Na(k), the
application 6§ is hyperbolic. [

Next, we have:
Proposition 4.6

Let M be a Hadamard manifold. Let ' be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let «,3,y and n be elements of T
such that the subgroup {(«, §) generated by « and [ is non-elementary. Suppose moreover
that & and i are both hyperbolic.

For k € 7, we define §;, = nBa”. After exchanging ¢ and 7 if necessary, there exists K € N
and a function N : {|n| > K} — N such that, for all |k| > K and for all |n| > N(k),
(07€0, ™, m) is a Schottky group.

Remark: The hypotheses of proposition 4.6 are stronger than those of propositon 4.5.
Consequently, the conclusions of proposition 4.5 are also valid in this case.

Proof:

(1) We begin by showing that, after exchanging & and 7 if necessary, there exists K € N
such that for |k| > K, the mapping 0 = nBa* has no fixed point in common with £&. We
suppose the contrary in order to obtain a contradiction. There thus exists k # k' such
that, for both P € Fix(¢):

P-(nBa*)=P,  P-(nBa*") =P
Then:

P-of= =P (nBat )7l (nBa*) =P
P

o
= e =P

Consequently:
Fix(«) = Fix(&).

Next, we suppose that there exists k #* k' such that, for both P Fix(n):
P (§Ba%) = PP (¢pat) = P,
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Then, in a similar fashion, we obtain:
Fix(«) = Fix(n).
Thus, in particular, Fix(n) = Fix(§). Consequently, for both P € Fix(§) = Fix(n):
P-f=P-nt - (npa*) - a =P
Thus:
Fix(B) = Fix(¢) = Fix(a).

This is absurd. Consequently, either there exists at most one k such that n8a* has the
same fixed points as &, or there exists at most one k such that ¢3a” has the same fixed
points as 1. Thus, by exchanging ¢ and 7 if necessary, we find that there exists K such
that, for |k| > K1, the application §; = n8a* does not have both fixed points in common
with . Since £, 0 € T, the sets Fix(dy) and Fix(§) are either disjoint or identical, and the
result now follows.

(2) We suppose that there exists k # k' and P such that:
P-(npa*)=P-(nBa*)=P-n="P.
Then: , /
PR =P (nBaf) T (nBat) =P
Consequently:
P-f=P-n"-(nBa*) -a™" =P

It follows that P is a fixed point of o and . Since («, ) is non-elementary, this is absurd.
Consequently, there exists at most one value of k for which 6, = nBa* has a fixed point
in common with 7. It thus follows that there exists K such that for |k| > K:

Fix(dx) NFix(n) = 0

In particular, §; # Id, and is thus hyperbolic. Moreover, by (1), we may assume that, for
all |k| > K:
Fix(d) NFix(§) = 0.

It follows by corollary 3.3 that there exists Nj(k) such that, for |n| > Ny(k) the group
generated by (9766, ",n) is a Schottky group. The result now follows. [J

The following result will also be required:
Lemma 4.7

Let M be a Hadamard manifold. Let I' be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let «,3 be elements of I" such
that the subgroup («, 3) is non-elementary.

For all ¢ € T, there exists K € N such that, for all |k| > K, J, = c®ac™% 3 is hyperbolic.
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Proof: If o = Id, then J, = af for all k. This is necessarily hyperbolic, since («, ) is
non-elementary, and the result immediately follows in this case. We now suppose that
o # Id and consequently that o is hyperbolic. Suppose that there exists k # k' such that
Ji = Ji = 1d. Then:

1d = Jka_,l
_ Jkaafkﬁﬁflak’aflafk’
= oFack ka1l
= o Faok kel =Id.

We denote n = k — k’, and we obtain:

oc"ac "a”l  =1Id
= oc"ac™" =«
= Fix(c"ao™™) =Fix(a)
= Fix(a) 07" =Fix(a)

Since o € T is hyperbolic, it cannot exchange the two elements of Fix(a)). Consequently:
Fix(a)) = Fix(o).

By a similar reasoning, we obtain:
Fix(8) = Fix(o).

Consequently, a and 8 have the same fixed points, and this is absurd since («, §) is non-
elementary. Consequently, there is at most one value of k for which J, = Id, and the result
now follows. O

The final technical lemma will be used in order to cut a surface of genus one having two
boundary components into two trousers such that the images of their fundamental groups
are both Schottky groups:

Lemma 4.8

Let M be a Hadamard manifold. Let I' be a subgroup of the group of isometries of M
consisting only of hyperbolic elements (and the identity). Let «,3,£ and 1) be elements of
I" such that:

(i) the subgroup {(«, ) is non-elementary,

(i) a7t =g,

(iii) the subgroup (£, n) is a Schottky group,

(iv) €6 is not equal to the identity.

Then, there exists k and n such that, if we define 7 and J; by:
Ve = Ba”, Ok = &k,

then, (g, (5pa) 'y H(67a)) and (€,68, "né}) are Schottky groups:
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Proof:
(1) Since (£,m) is a Schottky group:

afa”! gt =n{ #¢
= afa” 17l A 1d

It thus follows also by conjugation that:
Ba~tp e o £ 1d.
(2) We suppose that there exists k # k' and P such that:
P (Ba¥) =P (Ba*)=P.

This yields: / /
P-o* % =P.(Ba)71 (Ba*) = P.

Thus:
P.-a=P
However:
P.f=P-(Ba*)-a ¥ =P
Consequently:

P e Fix(8) NFix(a) # 0.

This is absurd, since {(a, 3) is non-elementary. Thus, for any given point, P, there exists
at most one value of k for which v, = Ba” fixes P. Consequently, there exists K; such
that, for |k| > K, the application «; does not have any fixed point in common with &,
n or Ba~1371¢ ta. By conjugating the last mapping with «, we see that, for |k| > Ki,
ayga~! has no fixed point in common with aBa~1371¢~1. Moreover, for |k| > K, the
application 0 = £y, does not have any fixed points in common with £ or 7.

(3) If Fix(dx) = Fix(n), then:
[0k7] =1d
= 0 "oy =
Thus, in particular (£,6, "ndp) = (&§,n) is a Schottky group for all n. Otherwise,

Fix(d;) NFix(n) = 0. Let us denote the repulsive and attractive fixed points of d; by
Ok,— and 0 4 respectively. We see that:

Fix(6,"n0}) — Op,+ as n — +oo,
Fix(d, "no}) — 0p,— as n — —oo.

Moreover, ||0, "nd;t|| = ||n|| > 0. Thus, since Fix(6;) NFix(£) # 0, it follows by corollary
3.3 that there exists Ni(k) such that, for |n| > Ni(k), the group (&,0, "nd}) is a Schottky

group.
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(4) Since Fix(yx) NFix(d;) = 0, we have:

Fix((62a) 1y (0fa)) — k4 - @ as n — +o0,

Fix((62a) 'y (00a)) — g, - as n — —o0.
Suppose that there exists P such that:

P-(avy)=P-a, P-bp=P-(§w) =P
This yields:

Consequently:
P =P (aypa) - (Em) !
= P (afo~La~"pe)
— P (apa~'fE).
Thus ayra~! has a fixed point in common with aBa~!371¢~1, which is absurd by (2).
We thus see that:
Fix(dx) - aNFix(vy) = 0.
Since [|(67a) "ty (67a)| = |||l > 0 it follows by corollary 3.3 that there exists Na(k) >
Ni (k) such that, for [n| > Na(k), the group (v, (62a) " tyx(d%a)) is a Schottky group. OJ

4.6 Slicing Open The Surface.

In this subsection, we will prove the following result:
Proposition 4.9

Let (M, Qo) be a pointed, compact, three dimensional manifold of strictly negative sec-
tional curvature. let (X,0) be a compact surface without boundary of genus g > 2 with
holonomy in m (M, Qo).

If the image of 0 is non-elementary, then there exists (X24—2,6024—2, B29—2), a bound marked
surface with holonomy in m (M, Qo) of genus 1 with a non-elementary marked handle (a, b)
and having 2g — 2 boundary components, such that:

(1) every connected component of 0¥9,_9 Is hyperbolic, and
(11) (E, 9) is homeomorpbic to Og_l(EQg_Q, 929_2, ﬂQg_Q).

If ¥ is a closed surface of genus g > 2, then we define a canonical basis of ¥ to be
an n-tuple [(a1,b1), ..., (an, by)] of pairs of simple closed curves in ¥ which correspond to
handles in ¥ (see figure 4.13), such that:

Figure 4.13
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(i) for all 4 # j the pairs (a;, b;) and (a;,b;) are disjoint,

(ii) for all 4, the curve a; intersects the curve b; at only one point. We may suppose that
the shared point of a; and b; is the base point of both these curves, and we will denote it
by Qi7 and

(iii) for all 4, the pair (a;,b;) is oriented positively. In otherwords b; crosses a; from right
to left.

We have the following result:
Proposition 4.10

Let (M, Qo) be a pointed compact three dimensional Hadamard manifold of strictly nega-
tive sectional curvature. Let (X, 6) be a compact surface without boundary of genus g > 2
with holonomy in w1 (M, Qo). Let [(a1,b1), ..., (an,bn)] be a canonical basis of ¥.

If 0 is non-elementary, then there exists a homeomorphism ® of ¥ such that ®.(aq,b1) is
non-elementary.

Proof: Since the image of # is non-elementary, after composing with a homeomorphism
of ¥ which permutes the generators of m(X), we may suppose that the class 6(aq1) is
hyperbolic. For all 7, let Q; be the common base point of a; and b;. Let (¢;)1<icy be a
binding sash of (Q;)i<igg- Let us define a = cflalcl and b = cf1b1cl. Let us next define
a = 0(a) and = 0(b). There are two cases to study:

(1) B does not have any fixed points in common with «. In this case, we take ® = Id and
we obtain the desired result.

(2) 0 has two fixed points in common with « (in particular, 8 could be the identity). Since
I' is non-elementary, there exists = € {c;laici, c{lbici|2 <i < n} such that £ = 6(z) does
not have both fixed points in common with «, and thus, by lemma 4.4, £ and « have no
fixed points in common.

We may orient x such that C' = ax is freely homotopic to a simple closed curve. Let T
be the Dehn twist about C. In order to simplify the discussion, we identify (1 with Py.
Figure 4.14 shows the handle of ¥ defined by (a,b) opened up by cutting along a and b.

&) b Py

P\ b P
0 Rest of ¥ 0

Figure 4.14
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The curve x terminates at Py without crossing either a or b. This corresponds to one of the
four topologically distinct configurations = 4,zp5,x¢c or xp shown in figure 4.14. By defining
C using a slightly displaced copy of a, we may ensure that C' never crosses a. If x is in one
of the configurations A or B, this would correspond to taking a copy of a displaced to its
left, and if « is in one of the configurations C' or D, then this would correspond to taking
a copy of a displaced to its right, as shown in figure 4.14. If we choose z in configuration
A, then the Dehn twist, T, about C' satisfies:

Tia = a, T.b = bax.
Now:
Fix(fa) = Fix(a) & Fix(§) = Fix(a).

It thus follows that Fix(8af) NFix(a) = @. Defining ¥ = T, we obtain the desired home-
omorphism. [J

We next have:
Proposition 4.11

Let (M, Qo) be a pointed compact three dimensional Hadamard manifold of strictly nega-
tive sectional curvature. Let (X, 6) be a compact surface without boundary of genus g > 2
with holonomy in w1 (M, Qo). Let [(a1,b1), ..., (ag,bg)] be a canonical basis of 3.

If (a1,b1) is non-elementary, then, for all i different to 1, there exists a homeomorphism ¥
of 3 such that:

(1) U.(ay,b1) is non-elementary,

(2) V.a; and W ,b; are hyperbolic, and

(3) for all j different from 1 and 4, the application U, acts on a; and b; by conjugation.
Using induction, we thus obtain the following result:

Corollary 4.12

With the same hypotheses as in proposition 4.11, there exists a homeomorphism ¥ such
that:

(1) V.(a1,b1)) is non-elementary, and
(2) for all i different from 1, V.a; and ¥,b; are hyperbolic.

Proof of proposition 4.11: For all ¢, let @; be the common base point of a; and b;. Let
(ci)1gicg be a binding sash of (Q;)1<igg- In order to simplify our reasoning, we identify
Q1 with Py. As before, we denote a = cflalcl and b = cf1b1c1. We now define a = 6(a),
and 8 = 6(b). For a given i different to 1, we denote x = ci_laici, and y = ci_lbici, and we
define £ = 0(z) and n = (y).

43



Equivariant Plateau Problems
Py b Py Qi Yy Qi

C1 (&

c c

Po Near P, b Po Qi Y Near Q; Qi

Figure 4.15

We orient y such that C' = yb is freely homotopic to a simple closed curve. We denote
do = yb. Let Ty be a Dehn twist about C. If we choose the configurations of ¢; and ¢; as
in figure 4.15, then we obtain:

(To)«a = doa, (Tp)«b =1,
(To)sz = dox, (To)xy =

Since (Tp)« is a homomorphism leaving dy invariant, we obtain, for all n:

(T§")+a = dga, (Tg')«b = b,
(T§)sz = dgz, (Tg")+y = y.

Moreover, for all j different from 1 and 4, since dy only intersects c¢; near F, it follows
that (Tp)« acts on (aj,b;) by conjugation. Let T, be the Dehn twist about a such that,
for all k:

(To)wa=a, (T)b="ba",

(TH)ex =z, (TF)wy =y.
For all j different to 1, since a stays away from (a;, b;), (T,)+ has no effect on this pair.
We define ¥y, : ¥ — X by:

U = TETOT R,

If, for all k, we define dj, by dj, = yba®, then we obtain:

(\Ijk,n)*a = dﬁa, (\I/k,n)*bak = bak7
(\Ijk,n)*x = d?ﬂ?, (\I/k,n)*y =y.

Where dy, = yba®. Moreover, for all j different to 1 and i, the mapping ¥y, ,, acts on (a;, b;)
by conjugation. We now choose k£ and n as in lemma 4.5. If 7 is hyperbolic, then, taking
¥ = Wy, ,,, we obtain the desired result. Otherwise, n = Id, and we may take a Dehn twist
T about x such that Ty = xy and which leaves all the other curves invariant. We see that:

e(wk,n)*T*y = e\Ilk,n*xy = a(slrclxy = 51?57

and this is hyperbolic. We thus denote ¥ = ¥y, ,, oT" and we once again obtain the desired
result. [J

44



Equivariant Plateau Problems

The proof of proposition 4.9 is now elementary:

Proof of proposition 4.9: Let [(a1,b1), ..., (an, bs)] be a canonical basis of ¥. By
proposition 4.10 and corollary 4.12, we may suppose that (aq,b1) is a non-elementary
marked handle and that, for all 2 < i < n, a; and b; are hyperbolic.

We obtain ¥s,_o by cutting 3 along each a; for 2 < ¢ < n. We identify objects (points,
curves etc.) in ¥ with the corresponding objects in Xo,_2, and vice-versa. For each i, we
denote by C; — the copy of a; in ¥g4_o that b; leaves from and by C; 4 the copy of a;l
in Yag_o that b; arrives at (bearing in mind that b; crosses a; from right to left, these
orientations ensure that the interior of Ya,_o lies to the left of C; _ and C; ;). For all
2 <1 < n, we define Q; + to be the copy of Q; lying in C; +. For 2 < i < n, let v; be any
curve in Yg4_o running from Py to Q;,—. We define the the binding (242 over ¥54_9 such
that, for all 4:

529—2(%‘) =Id,

Bag—2(bivi) = 0(v; 'bivi).

We may verify that this binding satisfies the appropriate join conditions and that:
(2,0) = 0971 (Sg_2, 0292, B2g—2).
Finally, we define the marked handle (a,b) in X9,_2 by:
(a,b) = (a1, b1).
Since (a1, b1) is hyperbolic, so is (a,b), and the result now follows. OJ

4.7 Pruning.

Let G be a group. Let (X2,0,8) be a bound marked surface with holonomy in G. Let
0%/ ~ denote the set of connected components of 93. If 9¥ has an even number, 2n, of
connected components, then we define a pairing on 0% to be a bijective map ¢ from 9%/ ~
to {1,...,n} x {£}. For all 7, we define C; + to be the oriented connected component of
0% such that ¢(C; +) = (i, £). We say that the pairing ¢ is compatible with the binding
0 if and only if, for all 1 <7 < n:

B(Ci =) = B(Ciy).

In proposition 4.9, we constructed a bound marked surface (Xgg—2,6025—2,829—2) with
holonomy if 1 (M, Qo) and a pairing on 0Xe,_o compatible with Ba4_2. In this subsection,
we aim to prove the following result:

Proposition 4.13

Let (M, Q) be a pointed, compact, three dimensional manifold of strictly negative sec-
tional curvature. Let (X242, 029—2, B2g—2) be a bound marked surface with holonomy in
m1(M, Q) of genus 1 having 2g — 2 boundary components, all of which are hyperbolic, and
a non-elementary marked handle (a,b). Let v be a pairing on 0% compatible with Bag_2.
There exists:
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(i) a bound marked surface (X2, 02, 82) with holonomy in 71 (M, Q), and
(ii) 29 — 4 bound, marked trousers (Tj, i, 3;)1<i<2g—a With holonomy in m (M, @),
such that:
2g—4
(X2g—2,02g9—2, P2g—2) = (X2, 2, B2) e (T3, @i, Bi),
and:

(i) (X2, 02, 82) has genus 1, two hyperbolic boundary components and a non-elementary
marked handle (a’, V"),

(ii) for all i, the image of p; in m (M, Q) is a Schottky group, and

(iii) after identifying objects (points, curves, etc.) in Xog4_o with the corresponding objects
in ¥o U?£I4 T;, and vice-versa, for all 1 < i < g—1, the curves C; 4 and C; _ are boundary
components of Tj;.

Remark: We could also add in the statement of this proposition that this decomposition

takes the form of a tree, but this is a combinatorial consequence of the facts that X5 has
genus 1 and that the handles are formed by glueing the first g — 1 trousers to themselves.

We begin with the following proposition:
Proposition 4.14

Let (M, Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (X,,0,,08,) be a bound marked surface with holonomy in 71 (M, Q) of
genus 1 having n hyperbolic boundary components and a non-elementary marked handle

(a,b).
Let z1 and y; be two boundary components of ¥,,. Let ¢ be a simple curve joining = to y
which is disjoint from x1, y1, a1 and by except possibly at its end points (see figure 4.16).

Figure 4.16

There exists a homeomorphism V¥ : (R,0R, Py) — (R,0R, Py) of R such that:
(1) U.(ay,b1) is non-elementary,

(2) if z is a boundary component of ¥ different to x1 and y1, then ®, acts on z by
conjugation (thus, if 0(z) is hyperbolic, then 0®.,z is hyperbolic), and

(3) V.(z1,c tyic) is Schottky (and thus, in particular, z1c¢~ y;c is hyperbolic).
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Proof: Let Qg be the common base point of a; and b;. Let @, and @y be the base points
of x and y resp. Let (co,c;) be a binding fan of (Qo, Q). We define:

a :cglawo, b:cglblco,
_ a1 _ ~1
x=c  wcy, Y= (ccx) tyr(ees).

We denote o = egn_g(a), ﬂ = 92n_2(b), f = 92n—2(-77) and n = 92n—2(y)~

Qo by Qo
® Qr T Y1 Qy
C1 ® O ® O
C
a ar T z--F- c C
""" C
Cy
[ b @
Qo Near Qo 1 Qo Near Q, Near Q,
Figure 4.17

We may choose a copy 3’ of y oriented such that C = y'b is homotopic to a simple
closed curve. we denote dy = y’b. Let Ty be a Dehn Twist about C. If we choose the
configurations of ¢, and ¢, as in figure 4.17, then we obtain:

(To)*a = doa, (To)*b = b,
(To)sz = dozdy ', (To)wy = .

Since (Tp)« is a homomorphism which leaves dy invariant, we obtain, for all n:

(Tg")+a = dga, (T5')«b = b,
(T5") vz = dgxdy ™, (15")«y =y

As before, we choose a Dehn twist T, about a such that, for all k:

(TF).a=a, (TF).b=ba",
(TF)e =2, (TF.y=y

We define \Ijk,n : Egn_g — Egn_g by
Uy =TETOT, F
Denoting dj, = yba®, We have:

(\Ijk‘7n)*a - d’ga, (\I/k,’n)*ba/k = bak7
(Tpn)sx =diad,”, (Yin)sy =y.
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We choose k£ and n as in lemmata 4.5 and 4.6, and we denote ¥ = W ,,. The first result
follows from the first and third conclusions of lemma 4.5. Since V¥ is a product of Dehn
twists, it acts on paths corresponding to boundary components by conjugation. The second
result now follows. The third result follows from lemma 4.6. O]

This yields:
Corollary 4.15
With the same hypotheses as in proposition 4.14, there exists:
(i) a bound marked trouser (T,0, ) with holonomy in m (M, Q), and
(ii) a bound marked surface (¥,,—1,0n-1, On—1) with holonomy in 7 (M, @),

such that:
(Ena anﬁn) = (Zn—lven—lvﬁn—l) U (Ta Gaﬂ)a

and,

(i) (Xn-1,0n—1,0n—1) has genus 1, n — 1 hyperbolic boundary components, and a non-
elementary marked handle (a’, V'),

(ii) the image of  in w1 (M, Q) is a Schottky group, and

(iii) after identifying objects (points, curves, etc.) in X, with the corresponding objects in
Yn—1 UT, and vice-versa, the curves x and y correspond to boundary components of T .

Proof: We may suppose that (X, 6) satisfies the conclusions of proposition 4.14. Cutting
¥, along a curve freely homotopic to z1c¢~'y1c which does not intersect either a or b, we
obtain the desired result as in the proof of proposition 4.9. O

We may now prove proposition 4.13:

Proof of proposition 4.13: This follows directly from induction and corollary 4.15,
taking care to pair off the correct boundary components of ¥s,_5 in order to obtain the
first (g — 1) trousers. O

4.8 Untying The Root.
In this subsection, we aim to prove the following result:
Proposition 4.16

Let (M, Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (Xq, 02, 82) be a bound marked surface with holonomy in 1 (M, Q) of genus
1 having 2 hyperbolic boundary components and a non-elementary marked handle (a,b).

There exist bound marked trousers (T, 6;, 8;)1<i<2 with holonomy in 71 (M) such that:
(i) (X2, 02, 52) = [O(T1, 01, 1)] U (T, 02, B2), and
(ii) the images of 61 and 0y are Schottky groups.
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We begin by proving the following proposition:
Proposition 4.17

Let (M, Q) be a pointed compact three dimensional manifold of strictly negative sectional
curvature. Let (g, 02, 82) be a bound marked surface with holonomy in 71 (M, Q) of genus
1 having 2 boundary components and a non-elementary marked handle (a,b).

Let z1 and y; be the two oriented boundary components of 35, and let ¢ be a curve in
Yo joining the base point of y to that of x, but otherwise disjoint from ay,b1,z1 and y;.
There exists a homeomorphism W of ¥y such that ¥, (¢ 'x1c,y1) and \Il*(al_lblal, by) are
Schottky.

Proof: Let Qg be the common base point of @ and b. Let @, and @, be the base points
of x and y respectively. Let (co, ¢z, ¢y) be a binding sash of (Qo, @z, Qy). We denote:

— -1 _ -1
a=c, lalca7 b=c, 1blca,
T =Cp T1Cx, Y =Cy Y1Cy.

We may assume that ¢ = a~'b~1ab is freely homotopic to (yz)~! as in figure 4.18.

Figure 4.18

We denote:
a=03(a), B = 02(b),§ = Oa(x),n = 02(y),0 = Oa(c).
We may suppose that (£,7n) is a Schottky group and that («, ) is non-elementary. Let T,
be the Dehn twist about ¢ such that, for all m:
T"a = a, Tb =0,

m

Ty =cmxc™™, Ty =cyc ™.

By lemma 4.7, after replacing 6 with 6 o (T¢.). if necessary, we may suppose that J = ¢4
is not equal to the identity.

For k € N, we define dj, = zba*. We may assume that zb is freely homotopic to a simple
closed curve, and, as in the proofs of lemmata 4.9 and 4.13, using Dehn twists, for all k
and for all n, we may construct a homeomorphism ¥y ,, of 32 such that:

(\Ijk7n)*a = dZCl, (\I/k,n)*bazk == bak,
(\Ijk,n)*x =, (\Ilk,n)*y = d;"ydz
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Where dj, = zba®. Choosing k and n as in lemma 4.8, we obtain the desired result. OJ
We now obtain proposition 4.16:

Proof of proposition 4.16: This follows directly by applying proposition 4.17 and then
cutting along curves freely homotopic to yx and to b. [

<&
5 - Invariant Domains of Schottky Groups.

5.1 Introduction.

Throughout this section, (M, Q) will be a pointed three dimensional Hadamard manifold
and I' = («, 8) will be a Schottky subgroup of Isom(M, @). In this section, we study the
algebraic properties of Schottky groups.

We define an invariant domain of I" to be a Jordan domain 2 contained in O M which
is invariant under the action of I'. Invariant domains are easy to construct. Indeed, let
IV be any Schottky subgroup of PSL(2,C) which preserves the real line. Let ¢ : T’ — T
be an isomorphism, and let ® : 0o o M — C be a homeomorphism which intertwines with
¢ (which we constructed in appendix A). ®~1(R) is a Jordan curve in 9, M, and both
connected components of its complement are invariant domains.

Trivially, for any invariant domain, :
Fix(T") C o5
We define (2 by: o
Q = Q\ Fix(T).

For every element «v of I' we define v_ and -4 to be the repulsive and attractive fixed
points of ~ respectively. We say that - is simple when there exists no other element 7
in I' and no n > 2 such that v = n™. For v a simple element, we say that a connected
component I of 90 \ Fix(I") is adapted to ~ if and only if:

(i) if I is viewed as an open subset of €, then:
ol =z,

and
(ii) if I is viewed as an oriented subarc of 9, then it runs from ~v_ to ;.

Such a connected component, when it exists, is unique. We say that 2 is adapted to the
generators («, 3) when both of « and § have adapted components in 9. Trivially, the
invariant domain €2, constructed as above is adapted to the generators (a, 3).

We show (proposition 5.2) that I" acts properly discontinuously over Q) and that its quotient
is a compact topological surface with boundary. Since its fundamental group is the free
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group on two generators, and since it is oriented, it is either a trouser (three boundary
components) or a punctured torus (one boundary component). When € is adapted to
the generators (a, 3), the adapted components of a and (8 project down to boundary
components of Q /T, and since @ and [ cannot be conjugate in I', these components are
distinct. Consequently, Q/ I" is a trouser.

This would already allow us to construct equivariant Plateau problems over a given bound,
marked trouser (7,0, 3) with holonomy in m (M, @) and such that 6 is a Schottky group.
The solution is by no means unique, and in order to solve the more general problem of
finding an equivariant Plateau problem for an arbitrary bound, marked surface, we are
required to study in more depth the algebraic properties of adapted invariant domains.

If ~y is a hyperbolic element of I', we may define the torus T by:

T, = (0 M\ {72})/(7)-

For any hyperbolic element ~ of I', we may associate to any invariant domain Q of T" a
unique element [Q], in H;(T,) (see lemma 5.7). Moreover, for all such v, we may also
canonically define a preferred one dimensional subspace L. of H(T,) and we may show
that, for any invariant domain, €2, of I', the element [], lies in L., (see lemma 5.8).

Let Homeog(0so M) denote the connected component of the space of homeomorphisms of
OsoM which contains the identity. There exists a canonical homomorphism of m (M, Q)
into Homeog(0sc M ). We may show (see corollary 5.5) that if Homeog (9. M ) denotes the
universal cover of Homeog(0oo M), then it is a two-fold covering. For every hyperbolic
element 7 of I', we may canonically define a mapping Lift., : L, — Homeog (9o M).

The main result of this section, which allows us to establish the obstruction to constructing
a w1 (M, Q) structure over a closed surface ¥ with holonomy in (M, Q) may now be
expressed as follows:

Lemma 5.1

Let T' = (a,3) be a Schottky group. Let us denote v = af. Let ([ala, [b]3,[c]y) be a
triplet in Lo x Lg x L. There exists an invariant domain, 2, of I in 0,cM adapted to
the generators («, 3) such that:

if and only if:
Lift., ([c],) "' Lift ([a]a)Lift5([b]5) # Id.

The proof of this result follows immediately from propositions 5.10 and 5.11.

In the second part of this section, we review the geometric properties of invariant domains,
justifying the assertions made in this introduction. In the third part, we review the topol-
ogy of the group of homeomorphisms of the sphere and the properties of tress groups of
order three in the sphere. In the fourth part, we show how to define the element [2],, for
any hyperbolic element, 7, of I' and any invariant domain, €2, of I', and we prove that it
must lie in L. Finally, in the fifth part, we prove propositions 5.10 and 5.11.
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5.2 Invariant Domains.

In this section, we study the geometric properties of invariant domains. First, we have:
Propositon 5.2
I' acts properly discontinuously on Q) and Q /T is compact.

Remark: Since the fundamental group of Q/l" is isomorphic to the free group on two
generators, (/T" is either a trouser or a punctured torus.

Proof: Let (CF, C’ﬁi) be generating circles of T' with respect to the generators («, 3). We
define X C 0, M by:

X = 0o M\ (Int(C;f) UInt(C,, ) UInt(CF) UInt(C'[;)) :

By lemma A.11:
OccM = (UyervX)UFix(T)
= Q = U’YGF ’}/(X N Q)

Thus, if 7: Q — Q /T denotes the canonical projection, then its restriction to X NQ s
surjective. However, since X NFix(T") = 0, it follows that X NQ = X NQ is compact, and
thus so is Q/T.

Suppose that p € d,o M is a concentration point of I'. There exists pg € JsoM and distinct
elements (v, )nen in T such that (po - yn)nen tends to po. If po € Fix(T'), then so is po - Vn
for all n, and thus, by compactness, so is p. Consequently, we only need to study the case
where pg € X. Let (Yn)nen in Wy, g be such that, for all n:

Eval(v,) = vn-

By compactness, we may suppose that there exists y € W3 such that (v,)nen converges
to . Consequently, by proposition A.12, (pg - ¥n)nen converges to P(vy) € Fix(I'). Thus
the only concentration points of I" lie in Fix(T).

Likewise, the only fixed points of elements of T' lie in Fix(I'). Thus, since QNFix(T) = 0,
I" acts properly discontinuously on €. [

However, the generators («, 5) of I do not necessarily correspond to boundary components
of 0 /T'. We consequently restrict our attention to invariant domains which are adapted
to these generators, since, in this case, as we observed in the introduction, the adapted
components of o and 3 project down to distinct boundary components of Q /T and Q /T is
consequently a trouser.

In the sequel, we will require the following technical result concerning adapted invariant
domains:

Proposition 5.3

Let Q be an invariant domain of T' adapted to the generators («, 3). Let v and § be the
elements of T' defined by:

v =af, 6 = Ba.
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If ay,B1,v+ and 01 are the fixed points of these four elements, then they are distributed
round 0X) in the following order:

a—aa-‘rv(s-‘ra&—aﬂ—aﬂ-‘rvry-i-a’y—'

Proof: Let p be one of the fixed points of v. We have:

(p-a)y-0=p-(afa)=(p-7)-a=p-a.

Consequently, « sends the fixed points of v to those of §, and so v+ - @« = §+. Likewise
0+ - B =y+. Let I, and Ig be the adapted components of a and [ respectively.

Since a preserves orientation, it also preserves I, and IS, Moreover, it shifts all points in
I, and IS towards a™. Consequently, the attractive and repulsive fixed points of a,y and
0 appear in the following order as one moves around 952 in the positive direction:

a—aa+75i7’7j:~

Similarly, the mapping 3 shifts all points in /g and Iﬁc towards ST. Thus, the attractive
and repulsive fixed points of 3,7 and ¢ appear the the following order as one moves around
091 in the positive direction:

/877/6+77i75i~

Since the mapping «, which sends the fixed points of v to those of §, is an orientation
preserving mapping, it follows that, as one moves round 92 in the positive direction, vy_
and 4 appear in the same order as 6_ and ;. Moreover, since I, and Ig are adapted
components, they have no fixed points of I' in their interiors, and so, combining all this
information, we find that these eight fixed points appear round 92 in the following order:

a*va+75i75¢7/677/6+77i773|:'

Let p be the fixed point of v lying closest to S in [ ﬁc . Let g be the fixed point of § lying
closest to ay in IS. The point p is also the fixed point of v lying closest to a in IS.
Since « preserves orientation, we have p - @ = ¢. The points a4 lie between ¢ and (4 in
Iﬁc. Consequently, the points at - v = ay - § lie between p=p-v=¢-f and [y in Ig.

Let I; and I3 be the two connected components of 9 \ {y+}. The mapping ~ shifts all
points in the intervals I; and I towards yy. We may suppose that I is the component
containing a+. Since a -y lies between p and G4 in Ig, it follows that it also lies between
a4 and p in I;. The point p is consequently the attractive fixed point of v and the result
now follows. O
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5.3 Braids and the Topology of Homeog(0sM).

For any topological surface X, let Homeog(X) be the connected component of Homeo(X)
that contains the identity. There exists a canical embedding of the group 71 (M, Q) into
Homeop (0o M). We may thus consider the mapping 6 as a homomorphism of m (2, P)
taking values in the group Homeog (O M).

Let X C Y be topological spaces. We define a strong deformation retraction of Y
onto X to be a mapping ¥ : I X Y — Y such that:

(i) Yo : Y — Y is the identity,
(i) r(Y) C X, and
(iii) for all ¢ € I, the restriction of 1y to X is the identity.

Let us denote by S? C R3 the sphere of radius 1 in R?. We recall the following result
concerning the homotopy type of Homeog(S5?) (see [3], [6]):

Theorem 5.4 [Friberg, 1973]
The space Homeog (S?) retracts by strong deformations onto SO(3,R).
In particular, we obtain:

Corollary 5.5
71 (Homeog (Do M), 1d) = 71 (SO(3,R), Id) = Zs.

A tress of order 3 in 0., M is a triple y = (71,72, 73) where v1,72,73 : I — S? are curves
such that, for all ¢ € I, the points 71 (t), y2(t) and y3(t) are all distinct. The interested
reader may find a more detailed treatment of braids in general in [9] or in appendix D of
[8]. For all ¢ € I, we denote:

Y(@) = (1), 72(t),73(t))-

We call the point 4(0) the base point of the tress 4. We say that the tress is closed if
and only if:

¥(0) =~(1).

Let 49 and 71 be two braids having the same endpoints. A homotopy between -y and
41 is a continuous family (9;):e; of braids having the same extremities as o and <7 such
that:

No = Y0, =71

For p = (p1, p2, p3) a triplet of distinct points in 0, M, we denote by T}, the family of braids
of order 3 in 0., M having p as a base point. Likewise, we denote by TI? the subfamily of
T, consisting of all the closed braids in 7. Let ~ be the homotopy equivalence relation
over Tp. The law of composition of curves yields the law of composition of braids, and the
set Tp/ ~ thus forms a semigroup. Likewise, TI‘,)/ ~ forms a group. For v = (y1,72,73) a
tress in T, we denote by [y] = [y1,72, 73] its projection in T,/ ~.
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Let Co(I, Homeog (0 M)) denote the family of continuous curves in Homeog (900 M ) leaving
from the identity. For any triplet p = (p1, p2, p3) of distinct points in d,, M, we define the
mapping T, from Cy(I, Homeoy (0 M)) to Ty such that, for all ¢ € Cy(I, Homeoy (0o M)),
and for all t € I:
(Tpe)(t) = (p1 - c(t), p2 - c(t), p3 - c(t)).

In the case where dcM = C, for all p, the mapping 7p restricts to a homeomorphism
from Cy(I,PSL(2,C)) onto T,. Consequently, in the general case, the mapping 7, is
surjective. Moreover, for all p, the mapping 7, quotients down to a surjective mapping
from Homeog (oo M) to Tp,/ ~ which we also denote by 7,. Theorem 5.4 and the fact that
PSL(2,C) also retracts by strong deformation retraction onto SO(3,R) permit us to show
that this mapping is bijective.

Let ¥ be a tress in Tp(p1,p2, p3). We may suppose that there exists a point poo in 0o M
which does not lie in the image of 4. Let a : 9s M \ {poc} — R? be a homeomorphism.
For any closed curve 7 in R? \ {0}, let Wind(n) be the winding number of  about 0. The
quantity:

ZWind(a 0 —aoy;) Mod 2

i<j
is well defined and independant of o and ps (see, for example, [9], or appendix D of [8]).
We thus define Wind,.(y), the relative winding number of 7y to be equal to this quantity.

Wind, defines an isomorphism from TI? / ~ to Zy. We define the mapping W, p which
sends 1 (Homeog (0o M)) into Zg by:

W,.p = Wind, o 7.
We have the following result:
Lemma 5.6

W,.p defines an isomorphism from w1 (Homeog(0soM)) to Zg, and does not depend on the
choice of p.

We thus denote W, = W,. .

5.4 Homological Classes.

For v € I', we define the torus T, by:

T, = (0 M \ {774}/ (1)-

Let us denote by 7, the canonical projection from 9cM \ {y-,7v+} onto T.,. We obtain
the following elementary result:

Lemma 5.7

Let Q) be an invariant domain of T' in O,o M. For all v € T', there exists a unique homology
class [Q]y € H1(T,) such that, for all py € Q and for all ¢: I — T such that:

c(0) =po, (1) =po-7-
we have:

9, = [ro .
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Proof: Indeed, let py and p; be two points in 2. Let ¢y and ¢; be curves such that:
co(0) = po, co(l) =p1-7,
1(0) = p1, ci(1) =p1-7.

Since € is connected, simply connected and invariant under the action of 7, there exists a
homotopy (ct)se[0,1] between ¢ and ¢; such that, for all ¢:

ci(1) = 7(c(0)).

Consequently:
[Toco] = [moc].

The result now follows. O

Let C be a closed curve which turns once around the cylinder 9,cM \ {y+} in such a
manner that v, lies to its left (in otherwords, in its interior). C' defines a unique homology
class [C], in H;(T). Using Poincare duality, we obtain a scalar product (-,-) over Hy(T,),
and we define L, C H;(T,) by:

Ly = {la] € Hi(T,) | {[C,).[a]) = 1}.

Heuristically, L. is a straight line which contains all the curves in T, which cross C,
exactly once, going from right to left. For [a], [b] € L., we define [a] — [b] to be the unique
integer n such that:

[a] = [b] + n[C],.

Similarly, for [a] € L., and n € Z, we define [a] 4+ n by:
[a] +n = [a] + n[C],.

We now obtain the following result:

Lemma 5.8

Let Q be an invariant domain of I in OxcM. For all v € T, [Q1], € L.

Proof: Let py be a point in  and let ¢ be a curve in  joining py to v(pp). We may
suppose that ¢ only intersects C' at its end point. By definition of C, the curve 7o c crosses
mo C from the right to the left, and the result now follows. [J

5.5 Liftings of Applications.

Let v be an element in T'. Let 4 be the fixed points of 7. Let ¢: I — 9.cM \ {71} be a
curve such that:

c(0) -y = ¢(1).

The curve c projects down to an element of L.,. We consider v+ as being constant curves,
and we define 4. to be the unique lifting of  in Homeog(0s M) such that:

7—(’)/_,(:(0),74_)’3/6 = [777 & '7+}'
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Trivially, 4. only depends on the homotopy class of [roc] in L, C H;(T,). We thus obtain
a mapping Lift, : L, — Homeo (0o M) which is defined such that, for all ¢ such that
c(0) -y = ¢(1):
Lift, ([my o c]) = Fe.
We have:
Proposition 5.9

Let ¢,d : I — M\ {y+} be curves such that ¢(0) - v = ¢(1) and ¢/(0) - v = ¢/(1). Then:
Lift., ([m o ¢]) = Lift, ([7y o ¢]) & [my 0] — [ry 0] =0 Mod 2.

Proof: Let us define:
o = Lift, ([m, o ¢]) ™" - Lift, ([m, o ¢]).

The element « is a lifting of the identity in Homeog(ds M), and:
Tt @) = =y ¢7 74
By lemma 5.6, the element « is equal to the identity if and only if:
Wly— et 4] = 0.
However, since v4 are trivial paths, we obtain:
Wyly—,e ' v4] = [my 0] — [y 0 ¢] Mod 2.

The result now follows. [

If Q is an invariant domain of T' in 0., M, then, for every element v € T', we define 4 by:
Yo = Lift,y[Q]W.

We obtain the following result:
Proposition 5.10

Let T' = («, 3) be a Schottky group. Let ) be an invariant domain of I in 0,c M which is
adapted to the generators (a,b). Let us denote v = af3, and let us define A by:

A =g dafe.
Then A, which is a closed curve in Homeog(0oo M), is homotopically non-trivial.
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o ~y_
oy T+
V4 - B+
Y- o B—
Figure 5.19

Proof: By lemma A.2, it suffices to prove this result when ds, M = CandTisa subgroup
of PSL(2,C). In this case, for any triplet p = (p1,p2,p3) of distinct points in C, the
restriction of the mapping 7, to Co(I,PSL(2,C)) is bijective. Let Sp denote its inverse.
Since, for any tress, 1 in T}, the point p is the base point of 1, and is thus determined by
7, we may write S instead of Sp.

99 is homeomorphic to the circle S' and is invariant under the action of I' on C. By
proposition 5.3, since Q is adapted to the generators (a, 3), the 8 points ay,8+,7+ and
~4 - v are distributed around 02 according to the diagram in figure 5.19.

For every point, p in dxM, let us denote also by p the constant curve which sends the
unit interval onto p. Let py be a point in €. Let a be a curve in € joining pg to pg - . Let
b be a curve in Q joining pg - « to po - (o). By definition:

dn = [Sla_,a,ap)l,
/BQ = [S(ﬁ*v b7 /6+)]7
ot =180 (@ b))l

Let £+ : I — 02 be such that {4+ avoids o+ and that:

££(0) = oz, §x(1) = 7x.

Since 0f) is invariant under the action of «, the curves 4 - a lie in 99 and join a4 to v+ -«
whilst avoiding a. Let (X);c; be a continuous family of curves in 99 such that:

(i) for all s:
Ng(s) = 4,
and,

(ii) for all ¢: N

NE(O) = 6a(t),

RE(L) = €4 (t) - o
To be more precise, we deform R~ slightly towards the interior of 9 and RT slightly
towards the exterior of 0f2 so that they do not intersect each other. Heuristically, Nli isa
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curve which goes from v1 to v+ - a in the clockwise direction. For all ¢ and for all s, we

may suppose that the three points (8; (0),a(0), R (0)) are distinct. Moreover, for all ¢:
(R (0),a(0), R (0)) - @ = (R (1), a(1), Ry (1)).

Consequently, the family (X; , a, X} )scr defines a homotopy between the braids (a_, a, a)
and (], a, Nf)7 respecting the fact that « sends the start point of each braid onto its end

point. Since the set of liftings of a in E%/I/(Q, C) is discrete, it follows by continuity that:
SN[, a,R]) = S(a_,a,ay).
We define (th)te 7 in a similar fashion using 3 instead of «, and we obtain:
Jrtarfr = [S(y-, (a-b) 1 91)S(a, a,04)S(B-,b, B1)]

= [S(y= (a-b) ™74 ) SRy, a, X7)S(3r,b,2))]
= [8(7— : Nl_ = (Cl ' b)_1 Q- ba’Y-‘r ’ NT ’ jii_)}

We thus define the closed tress 7 by:
T=(y- Xy -3, (a-0)7"-a-byy XY 3.

Since ¥ and 37 stay close to dQ and (a-b)~' - a - b lies in the interior of €, there exists
a homotopy between (a -b)~! - a-b and the constant curve py which stays away from Nli
and jli. Consequently:

T ~(y--Ry '31_7170774;“? -37)
~ (Nl_ 'jl_’pO’NT = )

Heuristically, X - 31 is a curve which turns once about 9 in the clockwise direction.
Moreover, this curve lies to the exterior of ). There thus exists a homotopy which stays
away from py and N} - 3] between this curve and the constant curve gy. Thus:

T ~ Ry - 37, po, q+)-

Finally, heuristically, 8] - 37 is a simple closed curve which separates py from ¢,. Conse-

quently:
Wind,(T) =1

= W.(3q daba) =1.
The result now follows. [
We also obtain the converse to this result:

Proposition 5.11
Let I' = (o, B) be a Schottky group. If [alo € La, [blg € Lg and [c|y € L, are such that:

(Liftv[C}W)il(Lifta[a]a)(Liftﬂ [b]3) # 1d,

then there exists an invariant domain € of O M adapted to the generators («, 3) such
that:

Qo = lala,  [Qp=[ls,  [Qy = [ds
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Proof: By lemma A.2, it suffices to prove this result in the case where oo M = Cand T
is a Schottky subgroup of PSL(2,C).

Let (CF, C’Bi) be generating circles of T' with respect to the generators («, 3). We define
the set X C C by:
X=C\ (Int(c;f) Ulnt(Cy) UInt(CF) UInt(C'[;)) .

We now define the curves (a, b, c1,c2) to be non-intersecting, simple curves, lying in the
interior of X except at their end points, such that:

a(l)  =a(0)-a, b(1)  =b(0)- 3,
c1(0) =e2(1) - q, c2(0) =ea(1) - 6.

We refer to the quadruplet (a,b,c1,c2) as generating curves for T' with respect to the
generating circles (CF, C’Bi) These curves are geometrically distributed in C is in figure

5.20.

b

Figure 5.20

By taking the images of these four curves under the actions of elements of v, and by then
adding Fix(vy), we obtain uniquely from these four curves a Jordan curve which is invariant
under the action of I' and which we denote by T'(a, b, ¢1,c2). The interior of T'(a, b, ¢1, c2)
is an invariant domain of T" which is adapted to the generators («, 3). let us denote this
domain by Q(a, b, c1,¢z). By definition:

[a]a = [Q(a’ b,c1, 02)]!1’ [b],@ = [Q(av b, c1, 62)}5'

We define the curve ¢ by ¢ = ¢ '(¢; - 1) 7!, and we observe that:

Consequently:
[C]'Y = [Q(a’ b,c1, CQ)]'Y'

By proposition 5.10:
Lift, ([c],) ™" Lifts([b] ) Lifta ([a]a) # Id.
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Let Ty be the Dehn twist about C such that:

Tidla = lda+1,  Tipls=Pls  Tild, = [d, +1.
Let T5 be the Dehn twist about Cg such that:

Dlala = [ala,  Tofbls =[ls+1,  Toley = [y +1.

Finally, let T3 be a Dehn twist about a curve that separates C from Cﬂi. We may choose
T3 such that:

Talaja = lafa,  Tslbls = [bls,  Tsc)y = [c]y +2.

Using combinations of these three Dehn twists, for any triple (x,y,%) € Lo X Lg X L
satisfying:
(la]a — ) + ([bls — y) + ([c]y — 2) = 0 Mod 2,

we can construct a quadruplet (a/,¥, ¢, c)) of generating curves of T' such that:
[Qa" Vs c1sea)la =, QU A )]s =y, [V b))y = 2
By proposition 5.9, the triple (x,y, ) satisfies this condition precisely when:
Lift., (2) ™ Lift () Lift g (y) # Id.
The result now follows. O

<&
6 - Constructing The Local Homeomorphism.

6.1 Introduction.

Throughout this section, (M, Q) will be a pointed, compact, three dimensional manifold of
strictly negative sectional curvature, (M, @) its universal cover, and I = («, 5) a Schottky
subgroup of m (M, Q).

In this section, we will prove the main results of this paper. First we have:
Theorem 1.5

Suppose that (M, Q) is a pointed, compact manifold of strictly negative sectional curvature.
Let (X, P) be a pointed, compact surface of hyperbolic type (i.e. of genus at least two).
Let 0 : m (X, P) — m1 (M, Q) be a homomorphism. Suppose that 0 is non-elementary and
may be lifted to a homomorphism 0 of m; (X, P) into the group Homeoy(dsoM). Then
there exists an equivariant Plateau problem for 6.
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We then prove:
Theorem 1.6

If 0 is non-elementary and lifts, then there exists a convex immersion i : ¥ — M such that:

0 =i,.

In the second part of this section, we define the notion of a 71 (M, Q)) structure, and prove
an existence result for such structures over bound, marked trousers. In the third part
of this section, we state results which summarise the glueing technique using by Gallo,
Kapovich and Marden in section 8 of [4]. In the fourth section we provide a proof of
theorem 1.5. Finally, in the fifth section we show how to obtain convex solutions to the
Plateau problem in Hadamard manifolds, and this permits us to prove theorem 1.6.

6.2 Constructing the Solution Over Trousers.

Let (2,6, 3) be a bound marked surface. Let ¥ be the universal cover of 3. We define a
m1 (M, Q) structure over (3,60, ) to be a local homeomorphism ¢ : ¥ — 0o M such that:

(i) ¢ is equivariant under the action of 8, and

(i) for every boundary component C' of ¥, the restriction of ¢ to C' is a homeomorphism
onto its image. In otherwords ¢(C) is a non self-intersecting curve.

Let Py be the base point of X, and let Py be the corresponding base point in the universal
cover ¥ of ¥. Let (C, P) be a pointed boundary component of ¥. Let 7 be an element of
m (X, Py, P), and let 7 be the lift of 1 such that:

n(0) = ]50~

Let ]57, be the endpoint of 7. ]57, is thus a lift of P. Viewing C' as a parametrised simple
closed curve in ¥ leaving P, we define (), to be the lift of C starting from F,. The curve
C), is thus a segment of one of the boundary components of ¥. Moreover, by definition:

Cy(0) - (n~'C) = Cy(1).

Since @ o C’n is non self-intersecting, it must avoid the fixed points of §(n~*Cn) in Do M.
Consequently ¢ o C;; projects down to a closed curve in Ty(,-1cy,). We will denote this
element by [C]y,,,.

Let v be an element of 71 (M, Q). Let & be another element. The mapping & sends v+
onto the fixed points §1 of § = £719¢. Tt follows that ¢ defines a homeomorphism from T,
to Ty, which we will also denote by £. Moreover, we observe that, for any a € m1(X):
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Consequently:
[Cln,e - 0(a) = [Clya,e-
We may thus define the element 3,(C) lying in Ty ¢y such that, for any (and thus, equiv-
alently, for all) n € (X, Py, P):

Be(C) = [Cly,e '5(77)_1~

We are now in a position to construct m (M, Qo) structures over bound, marked trousers:
Proposition 6.1

Let (M, Qo) be a pointed three dimensional Hadamard manifold of strictly negative sec-
tional curvature. Let (T,6,3) be a bound marked trouser with holonomy in 71 (M, Qo).
Suppose that the image of 0 is a Schottky group.

Let Py be the base point of T and let (C},Q;)1<j<3 be the three oriented boundary
components of T'. Let (§;)1<;<3 be a binding sash of T with respect to the points (Q;)1<;j<3
such that:

&0yl = (6710T0)(6 105 6).
Let (x1,22,73) € Lg(c,) X Lg(c,) X Lg(c,) be a triplet such that:

Lifty e, 10y, (@3 - B(€)) T Lifty 10,6, (@1 - BE)Lifty(c 10, (02 - B(€2)) # 1d.
Then, there exists a m1 (M, Qq) structure, ¢, over (T, 0, 3) such that, for each i:

Bo(Ci) = ;.

Proof: Let Pr be the base point of T. Let us denote a = ffllel and b = 5510252.
Let T' = Im(#). Denote a = 6(a) and 8 = 6(b). By lemma 5.1, there exists an invariant
domain Q of T" adapted to the generators («, ) such that:

Qo = 21 - B(&1), [Qlg = 22 - B(&2), [y = 23 - B(&3).

Let Py be a point in Q. Let 7 : Q — Q/F be the canonical projection. Let ¢ :
m (Q/T,7(Py)) — T be the unique isomorphism defined such that, for all v € T and
for any curve ¢ joining Py to y(P):

P([mod]) =.
In particular, since € is adapted to the generators («, 3), we see that there exist boundary

components a’ and b’ of Q/T" and a binding sash (cq’, ) of (Q/T, 7(Py)) with respect to
the base points of a’ and o’ respectively such that:

QS(C;IG,/CG/) =, QS(C;lb/Cb/) = /6
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There exists a homeomorphism, ¢ : (T, Pr) — (Q/T,7(Py)) such that:
s ~ cg,la’ca/, ©ub ~ cljlb’cbu
Consequently:

0= ¢o .

Let (T, PT) denote the pointed universal cover of (T, Pr). The mapping ¢ lifts to a unique
pointed homeomorphism, ¢, from (7', Pr) to (§2, P) which is equivariant under the action
of 6. The curve ¢ o Cy lies entirely in 2. Thus, by lemma 5.7:

[Cilere = [Qa =x1 - B(&1)
= Ba(C1) =[Cilg e BE&E) =1

Similarly, 65(C2) = x2 and B3(C3) = x3. The mapping ¢ is consequently the desired
m1(M, Qo) structure, and the result now follows. [J

6.3 Joining the Trousers.

Let (X34, 0;, 8i)icf1,2y be two bound marked surfaces with holonomy in 7 (M, Q). For each
i, let (Ci, Qi) be a pointed boundary component of ¥;. Let ¢ : (C1,Q1) — (C5 ', Q2) be a
homeomorphism and suppose that (1,61, 51) may be joined to (3o, 82, 52) along ¥. We
recall that this means that 1 (C1)~! = 32(C2) and consequently that:

T, (cr)-1 = Ty (ca)-

We observe that, for any hyperbolic element « of I', we may identify T, and T.-1, and:

Lo+ =L,

For each 1, let ¢; be a m (M, Q) structure over (X;,0;, 5;). We say that ¢1 may be joined
to @9 along v if and only if:

_/61,501 (Cl) = ﬁQ’LPz (CQ)

The glueing procedure described by Gallo, Kapovich and Marden in section 8 of [4] yields
the following result:

Proposition 6.2

Let (M, Q) be a compact, pointed, three dimensional manifold of strictly negative sectional
curvature.

Let (X4, 0;, Bi)icf1,2y be two bound marked surfaces with holonomy in w1 (M, Q). For each
i, let (Ci, Qi) be pointed boundary components of %; and let ¢ : (C1, Q1) — (C5 ', Q2) be
a homeomorphism such that (X1, 61, $1) may be joined to (X2, 02, 82) along 1.

Suppose that there exists, for each i, a m (M, Q) structure p; over (£;,0;,3;). If moreover,
1 may be joined to o along 1, then there exists a w1 (M, Q) structure  over (X1, 61, 1)U,
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(X2, 02, 82) such that, after identifying objects in each of 1 and ¥ with the corresponding
objects in ¥1 U, Xa:

(i) for every pointed boundary component (C', Q") of 3:

(B1UB2)p(C") = By, (C).

and,

(ii) for every pointed boundary component (C', Q") of ¥o:

(81U B2)o(C") = Pa,p,(C").

Let (X, 0, 3) be a bound marked surface with holonomy in 7 (M, Q). Let (Cj, Q;)icq1,2) be
pointed boundary components of ¥. Let ¢ : (C1,Q;) — (C5 ', Q2) be a homeomorphism

and suppose that (X, 6, 3) may be joined to itself along . We recall that this means that
B(C1)~! = B(Cs) and consequently that:

T6(01)71 - TB(C2) .

Let ¢ be a w1 (M, Q) structure over (3,0, 3). We say that ¢ may be joined to itself
along v if and only if, for any (and thus, equivalently, for all) £ € m (%, P,Q1) and

ne Wl(E,P,QQ):
_ﬁsa(cl) = 590(02)~

Once again, the glueing procedure described by Gallo, Kapovich and Marden in section 8
of [4] permits us to obtain the following analogue of lemma 6.2:

Proposition 6.3

Let (M, Q) be a compact, pointed, three dimensional manifold of strictly negative sectional
curvature.

Let (X,0, 3) be a bound, marked surface with holonomy in w1 (M, Q). Let (C;, Q;)icq1,2) be
pointed boundary components of ¥.. Let ¢ : (C1,Q1) — (C{l, Q2) be a homeomorphism
such that (X, 0, 5) may be joined to itself along 1.

Suppose that there exists, for each i, a w1 (M, Q) structure, ¢, over (2,0, 3). If, moreover,
¢ may be joined to itself along v, then there exists a w1 (M, Q) structure ¢’ over Oy (%, 6, 3)
such that, after identifying objects in ¥ with the corresponding objects in O, X, for every
pointed boundary component (C', Q") of X:

(©B)e (C) = (OB)y(C).
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6.4 The Construction of a Local Homeomorphism.
We are now in a position to prove theorem 1.5:

Proof of theorem 1.5: By lemma 4.1, there exist 2g — 2 bound, marked trousers
(T3, 65, Bi)1<i<2g—2 with holonomy in 71 (M, @) such that the image of every §; is a Schottky
group, and:

g 2g—2

(%,0) = .yl(O(Tu@ivﬂi))U(,fU (T3, 03, Bs)).

1= 1=g+1
Let 7 : Homeog(dso M) — Homeog(dso M) be the canonical projection. For every i, using
the lifting, 6, of , we may construct liftings 6; and 3; of 8; and (; such that:

(i) for all ¢, mof; =0; and wo 3; = Bi, and
(ii) the (T3, éi, Bi)lgiggg,g may be joined along the same edges as the (T3, 6;, 81)1<i<2g—2-

Choose 1 <7 < 2g—2. Let (C, Q) be a boundary component of T;. We define the element
FE¢ such that:

(1) Ec € Lﬂ(C)v and

(ii) Liftgc)(Ec) # B(O).

We may choose the (E¢) such that, if T; and T} are distinct trousers and if (C, Q) and
(C', Q') are oriented, pointed boundary components of T; and T respectively along which
these two trousers are joined, then:

Ec =—-FEc.

Likewise, we may suppose that if T; is a trouser and if (C,Q) and (C’,Q’) are distinct
oriented, pointed boundary components of the same trouser 7; along which this trouser is
joined to itself, then:

Ec = —FEc:.

Choose 1 < i < 2g — 2. Let P; be the base point of T; and let (C}, Q;)1<;j<3 be the three
oriented, pointed boudary components of T;. Let (£;)1< <3 be a binding sash of T; with
respect to the points (@Q;)1<;<3 such that:

510383 = (§71C1&1) (&1 Cat).

For each j, let us denote v; = Ej_lC’jfj and a; = Ec; - B(§;). Let A € Homeog (9o M) be
the element of 7~ '(Id) that is different to the identity. We recall that A commutes with
every element of Homeo(ds M). For each j, we have:

Lifto(y,)(a5) = B(&) ™ [Liftace, oy, m(6) -1 (Eo,)1B(E))
= B(&) ™ Liftg(c,) (Be,)B(E;)
= B(&) 7 B(CHAB(E)
=0(7)A.
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Thus: R R .
Liftg(,m)(ag)ilLiftg(,yl)(al)Liftg(W)(ag) =40 ’}/3)719(’}/1)9(’}/2)A3

(
= 0(y5 ') A%

Thus, by proposition 6.1, there exists a 71 (M, Q) structure ¢; over (T3, 6;, 3;) such that,
for each j:

ﬂ@% (C]) = EC]"

These 71 (M, Q) structures may all be joined to each other, and the existence of a 1 (M, Q)
structure over (X, 0) now follows using a process of induction and propositions 6.2 and 6.3.
The result now follows. [J

6.5 Convex Subsets of Hadamard Manifolds.

We now require the following results concerning convex sets:
Proposition 6.4

Let p be a point in Os M and let ) be a neighbourhood of p in Osoc M. There exists a
complete convex subset X of M such that:

D¢ 0o X, Q° C 00 X.
Proof: Let K > k > 0 be such that the sectional curvature of M is contained in [—K,—k].
For all ¢ in M, and for any two points r and 7’ in 9., M, let rqr’ be the angle at g between

the two geodesics joining ¢ to 7 and ¢ to r’. We define the angle metric at g, 64, such that,
for all 7,1’ € 0o M:

—

Oy(r,r") = rqr'.

For ¢ a point in M, and for r a point in Dso M, and for 6 € [0, 27] an angle, we define the
neighbourhood € ¢ of r in Osc M by:

7€ Qqro < Oy(r, 1) < 6.

By theorem 3.1 of [1], there exists 7/2 > ¢ > ¢ > 0 such that, for all ¢ € M and for all
r € Oso M, there exists a complete convex subset X of M such that:

quw C 0xX C quw

Let go be any point in M. Let ~ be the unique geodesic running from ¢y to p, normalised
such that v(0) = go. Let § € R be such that:

qu,p,g cC Q.
Let us define B € R* such that:
B> Ty () + T54(0).
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Let g1 = v(B). Let X be a complete convex subset of M such that:

gy y(—ooye C Do X.

q1,7(—
By lemma 3.10:
QC

qo,Y (400

)6 © O X.
The result now follows. [J

This result now permits us to show:

Lemma 6.5

Let D be a closed subset of Oso M. There exists a complete strictly convex subset X with
C' boundary in M such that:
D = 0,X.

Proof: For all p € D¢, by proposition 6.4, there exists a complete convex subset X, of
Ooo M such that p ¢ 05X, and D C 05, X,,. We define X by:

X= n X,
peCe

X isa complete convex subset of M and 0. X = D. In particular, X is non-empty. For
e € RT, let ¥, be the surface obtained by moving 0X normally along geodesics. X, is
strictly convex, is of type C' and bounds a complete convex subset X of M. X is thus the
desired subset, and the result now follows. [J

We are now in a position to prove theorem 1.6:

Proof of theorem 1.6: Since X is compact, and since ¢ is f-equivariant, there exists a
finite open cover A = (;)1<i<r of ¥ such that, if A= (Q;)1<i<k,yem (=,p) i the lifting
of A to X, then, for every € A:

(i) the closure of Q in ¥ is homeomorphic to a closed disc, and
(i) for every Q € A, the restriction of ¢ to Q is a homeomorphism onto its image.

By lemma 6.5, for every i, we may find a family (X ,)yex, (s, p) of complete strictly convex
subsets with C'* boundary in M such that:

(i) (Xiq)yer (z,p) is 0-equivariant. In other words, for all v,d € m (%, P):
Xi,’yé = Xi,’y . 9(5)7

and

(ii) for all v € m (X, P):
&,OXM = @(Qiﬁ)c.

We may assume moreover that the boundaries of these sets intersect transversally in the
region that will be of interest to us. Using these convex sets, we construct a family
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(P y)1<i<k,yem (s,p) of polygonal subsets of > and a family (Vi) 1<i<hyem (,p) of im-
mersions such that:

(i) (P ~)i<i<k,yem (s,p) Provides a polygonal decomposition of . In otherwords:

and two polygons in this family only intersect if they share a common boundary component;

(ii) the family (Pi+)i<i<kyer (o,p) 1S equivariant. In otherwords, for each 4, and for all
v,6 € m (3, P):
Pi,'y5 = Pz’,'y . 5;

(iii) for each ¢ and for all 7, ;. is a homeomorphism from P; , onto a subset of the
boundary of X; , in M, and
(iv) the family (i ~)1<i<k,ver (5,p) is f-equivariant. In otherwords, for each i, and for all
7,0 € m (X, P), and for all p € P, :

Yiqs(p - 6) = Yiq(p) - 0(5).

Joining together the elements of (v;~)1<i<kyer (s,P), We obtain a f-equivariant locally
strictly convex immersion ¥ of ¥ into M such that if 7 is the Gauss-Minkowski mapping
sending UM into 0o M, then:

-

n oY = .

Taking quotients, we obtain a locally strictly convex immersion 1 of ¥ into M which
realises 6. Finally, since X is compact, by deforming 1 slightly, we may suppose that it is
also smooth and the result now follows. [

<
A - Homeomorphism Equivalence of Schottky Groups.

A.1 Introduction.

Throughout this appendix, (M, @) will be a pointed three dimensional Hadamard manifold
and T' = («, 8) a Schottky subgroup of Isom(M, Q).

In this appendix, we provide a proof of the equivalence up to homeomorphisms of the
Schottky groups that we will be using.

We define Fix(T"), the fixed point set of I" by:

Fix(T") = U Fi .
x(h) = U Fix(y)
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We define a reduced word over («,3) to be a sequence ¥ = (v)1<kgn of elements of
{a*!, 3%} which does not contain any of the subwords aa™!, a~la, B37! or f714.
In otherwords, a reduced word is the shortest length word expressing the corresponding
element of I'. Let W, g denote the set of all reduced words over («, ) of finite length. Let
W 5 denote the subset of W, g consisting of words of length n. Let W2, denote the set
of all reduced words over («, 3) of infinite length. For all m > n, we deﬁne the truncation
map T, : W's — W7 5 to be the map which sends a word of length m to the word given
by its first n letters This definition is trivially also valid when m = co. We give W, g
the discrete topology, and we then give W75 the coarsest topology with respect to which
every T, is continuous. In otherwords, a basis of open sets of W “3 is given by:

B= U {T ({7}) s.t. v is of length n} .

This topology is trivially Hausdorff. Moreover, since the alphabet is finite, it is not difficult
to show that W is compact with respect to this topology.

The first result of this appendix is the construction of a canonical homeomorphism from
W to Fix(T"). In order to explicitely describe the homeomorphism, we are required to
construct a few more objects. Let (DI, Di) be generating disks for T' in M U8 M with
respect to the generators (o, 3). Let (OF, Ci) be the corresponding generating circles in

dso M. In otherwords:
Cyr =0D3,  Cj =0xDj.

We define the set S; by S1 = {C’Ojf, Cﬁi} and we define S, for n > 2 inductively by:

n—1
o= (ve{agﬂﬂ}ysn_o \kgo St

For all n > 2, and for all C' € S,,, there exists a unique C’ € Sy such that C' C Int(C”"). We
thus orient C' such that Int(C') C Int(C”). We observe that, for all n, and for any distinct
C,C" € S, the interiors of C' and C’ are also distinct.

We define the mapping D, : W} 5 — S1 by:

Di(a®™) =Cx,  Di(pF) =C3.
We define D,, for n > 2 such that, for all ¥ = (7x)1<r<n in Wi s
Dn(y) = D1(¥n) - Yn—1+ - M-

We then define D over Wy, g such that it restricts to Dy, over each W7 ;. We observe that,
for all n, Dy, defines a bijection between W7 5 and .5,,. We now obtaln the following result:

Lemma A.1

Suppose that the sectional curvature of M is bounded above by —k < 0. For all vy =
(Yn)nen in WSS, there exists a unique point P(y) € Fix(I') such that the sequence
(Int(D(T,(¥))))nen converges towards {P(y)} in the Hausdorfl topology. Moreover, P(v)
is contained in Int(D(T;,(7))) for every n, and P defines a homeomorphism between W%,
and Fix(T).
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Extending this result to a homeomorphism between d,,M and an abstract space over
which T" acts in a trivial manner, we obtain the following result which tells us that all the
Schottky groups that we will be studying are essentially equivalent to Schottky subgroups
of PSL(2,C):

Lemma A.2

Suppose that the sectional curvature of M is bounded above by —k < 0. Let T C Isomg(M)
and IV C Isomg(M') be Schottky subgroups. There exists an isomorphism ¢ : T' — I and
a homeomorphism ® : Oso M — Oso M’ such that, for all v € T':

Poy=p(y)o9.

In the second part of this appendix, we prove lemma A.1, and then in the third part we
show how this result may be used to prove lemma A.2.

A.2 The Fixed Point Set of a Schottky Group.

In this subsection, we prove lemma A.1. We begin with the following more elementary
result concerning Hadamard manifolds of strictly negative sectional curvature:

Proposition A.3

Let M be a Hadamard manifold of sectional curvature bounded above by —k < 0. Let
UM be the unitary bundle over M and let m : UM — M be the canonical projection.
Let (vn)nen be a sequence of vectors in UM such that (7 o v, )nen converges to a point
po in O M. For all n, let ~y,, be the geodesic in M leaving 7 o v, with velocity v,,. After
extraction of a subsequence, at least one of (7, (—00))nen and (v, (+00))nen converges also
to pg.

Proof: Let go be a point in M. For all n, let us denote p,, = 7o v, and D,, = d(qo, pn)-
Since (pn)nen converges to a point in d., M, the sequence (D, )nen tends to infinity. For
all n, let n,, be the unique geodesic such that:

For all n, let 3,, be the normal circle bundle over 7, and let 3, ; be the fibre over n,(t).
Let W : UM — OxM be the Gauss-Minkowski mapping and, for all n, let Q,,; be the
connected component of ds M \ 7' (X,,;) containing n, (+00). Without loss of generality,
we may suppose that, for all n, the angle that v,, makes with the positive direction of 7,
at p, is not greater than 7/2. Thus, by considering the restriction of 7" to the fibre of
UM over p,,, we obtain, for all n:

Tn(+00) € Q. D, -

By lemma 3.10, for all n, the angle that 7, (+00) makes with 7, (+00) at go is bounded
above by I'y(D;,). Since (Dy)nen tends to infinity, (I'x(D,,))nen tends to zero. Finally,
since (pn)nen tends to po, the angle that (9, (+00)),en makes with py at go also tends to
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zero. Thus, by the triangle inequality for angles in the sphere, the angle that (v, (4+00))nen
makes with pg at go also tends to zero and the result now follows. [J
We now define the subset X of M by:
X=M\ U Int(DE").

v€{a,B}
sgne{+}

Trivially:
O X =0cM\ U Int(C3E").
ye{a,B}
sgne{t}

For all v € T'\ {Id}, let v~ and ' be the repulsive and attractive fixed points of 7
respectively, and let g, be the unique geodesic joining v~ to y*. We define Gr by:
Gr = 'yLeJF 9+(R).

We obtain the following result:
Proposition A.4
The intersection X NGt is bounded in M.

Proof: Suppose the contrary. There exists a sequence (py)neny € X NGr and py € 0o M
such that (p,)nen converges to pg. For all n, let v, € I' be such that that p,, lies in g, .
For all n, let vy, + be the fixed points of v,,. By lemma A.3, we may assume that (v, +)nen
tends to pg, in which case pg € Fix(I'). However, py € 0-,X, which is absurd, since Fix(I")
and 0, X are disjoint. The result now follows. (]

We define the evaluation map Eval : W, 3 — I' such that, for all v = (&) 1<k<n:
Eval(y) =vn « ... - M-

We have the following elementary result:
Lemma A.5

For every v = (Vi )1<k<n in W g, we have:

Ext(D1(;")) - Eval(y) € Int(Di (11))-

Proof: We prove this result by induction on the length of 4. The result follows immediately
from the definition of generating circles when 7 is of length 1. We suppose now that the
result is true when =y is of length n. Let v = (7x)1<k<n be a reduced word of length n + 1
over (a, 3). By the induction hypothesis, we have:

Ext(D1(v,41)) - Eval(y) C Int(D1(72)) - 7.
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Since v is a reduced word, v # v, 1 Consequently:

Int(D1(72)) C Ext(Di(7; 1))
= Int(D1(y2)) -1 € Int(Di(m)).

The result now follows. [J
This yields the following two corollaries concerning D(y) for y in W, g. First, we have:
Corollary A.6

For every v = (V) 1<kgn In Wa g:
Int(D(v)) = Ext(D1 (v, 1)) - Eval(y).

Proof: This follows from lemma A.5 and the fact that D(y) is oriented such that its
interior is contained in the interior of the unique circle in S in which it lies. [

Next we have:
Corollary A.7

For every v = (Vk)ken in W% and for all n € N:

It(D(Tos1 (7)) € Int(D(T0 (y))).

Proof: Indeed:
Int(D(T,41(7))) = Ext(D1(v,,41)) - Eval(Toi1(y))

— Ext(D1(7,}1)) - Yot - Eval(T (7))
— Int(Di (Y1) - Eval(T, (7)):

Since « is a reduced word, y,,+1 # 7, *, and so:

Int(D1 (Vn+1)) C Ext(D1(n))
= Int(D1(yn+1)) - Eval(To(y)) € Ext(D1(7,)) - Eval(Tn(y))
= Int(D(Th11(v))) C Int(D(Tn(7)))-

The result follows. O

We define W27 5 to be the set of all reduced words v = (Vk)1<kgn In Wy g such that
Yo # 71t We have the following result:

Propositon A.8

|Eval(y)|| tends to infinity as the length of  tends to infinity in Wg, 5
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Proof: Suppose the contrary. Without loss of generality, there exists K > 0 and infinitely
many distinct elements (5,)neny = (Eval(y,))nen in T such that, for all n:

Il < K.

Since, for all n, v, € W(S’ 5> by lemma A.5, we may suppose that there exist two distinct
circles C1 and Cs in S7 such that, for all n:

EXt(Cl) *Tn Q Int(Cg).

For every n, let p, — and p, 4+ be the repulsive and attractive fixed points respectively of
Yn. We have:

pn— SInt(C1),  ppy € Int(Cy).

Consequently, if 7, is the geodesic fixed by ~,, then 7,, intersects X non-trivially. Thus,
for all n, there exists p, € X NGr such that:

d(pnapn "Yn) < K.

Let p be an arbitrary point in M. By compactness, there exists B > 0 such that, for all
q € XNGr:

d(p,q) < B.

Thus, for all n:

< d(pvpn) + d(pnvpn "Yn) + d(pn : 'Vn)vp : ’Yn)
= Qd(p,pn) + d(pnapn : ’Yn)
<2B+ K.

Consequently, by compactness, the set {p} - T has a concentration point in M, which is
absurd, since I' C 71 (M, Q) acts properly discontinuously on M. The result now follows. O

For 7 an element of WS, we define the sequence (I,,(y))nen such that, for all n:

In () =Sup{k st. 1<k<n& 1 7571—1}.

We now obtain the following partial proof of lemma A.1:
Proposition A.9

Suppose that the sectional curvature of M is bounded above by —k < 0. For all vy =
(Yn)nen in W% such that (1, (7))nen tends to infinity, there exists a unique point P(y) €
Fix(T") such that the sequence (Int(D (T, (Y))))nen converges towards {P(vy)} in the Haus-
dorff topology.
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Proof: For all n, we define u,, € Wiﬁ’éﬂ and v,, € W;’gl”(A’) such that:

Hn = Tln('y) (’Y)v Tn(’Y) =Vnln.

For all n, and for all 1 < k < I,(7y), we denote by i the k’th letter of p,. By corollary
A7, for all n:

Int(D(T,(y))) < Int(D(T}, ()(7)))
= Int(D(pn))-

Likewise, for all n:
16D +1)) € t(D ().

For p € M, let 8, denote the angle metric over O, M with respect to p. Thus, if z,y €
OsoM , if px and py are the geodesic arcs linking p to = and to y respectively, and if Zpy is
the angle between px and py at p, then:

Op(z,y) = Zpy.
Let p be a fixed point in M. We recall that all the circles in Ss are contained in the union
of the interiors of the circles in S;. Moreover, Fix(I") is contained in the union of the

interiors of the circles in S;. It follows by compactness that there exists 6 > 0 such that,
for all g € Fix(T"), and for all C € Sy:

0,(0.C) > 6.

By compactness and uniform continuity, there exists € > 0 such that, for all p’ € X NGr,
for all ¢ € Fix(T") and for all C € Sy:

0,(0.C) > c.

Let 6 > 0 be an angle. Again, by compactness and uniform continuity, there exists ¢ > 0
such that, for all p’ € X N Gr and for all q,q" € O M:

O (q,4") <@ =0,(q,q") <.

We define B by:
B =720 + T (¢/2).

Since p,, is a member of ng’ g for all n, by proposition A8, there exists N € N such that,
for n > N:
|Eval(,)|| > B.

By lemma A.5, for all n:

Ext(D1 (i} ) - Eval() € Int(Dy (1 ).
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Let us denote by 7, the unique geodesique preserved by Eval(u,). It follows that 7,
intersects X non-trivially. Let p, be any point in X N#n,. Let p, and p} be the repulsive
and attractive fixed points respectively of Eval(p,,). We have:

Ext(Dl(u;jn(,y))) C{q€0sM s.t. 0, (q,p,,) > €}.
Thus, by lemma 3.10:

t(D(pn)) = Ext(Di(u,; () - Eval(p)
C{q €M st. 0, (q,pF) </2}.

Consequently, the diameter of Int(D(u,)) with respect to the metric 6, is less than ¢,
and so its diameter with respect to the metric 6, is less than #. Since we may chose 6 as
small as we like, it follows that the diameter of (Int(D(@y,)))nen with respect to the metric
0, tends to zero.

Since (Int(D(n)))nen is a nested sequence of compact sets, its intersection is non-empty.
Since the diameter of the intersection is zero, it contains at most 1 point. Finally, since,
for all n, Int(D(T),(v»))) C Int(D(uy,)), this sequence of sets converges towards this point
in the Hausdorff topology, and the result follows. [

We may then use this result to obtain:
Proposition A.10

Suppose that the sectional curvature of M is bounded above by —k < 0. For ally in W<,
there exists a unique point P(y) € Fix(T') such that the sequence (Int(D(T,(7))))nen
converges towards {P(y)} in the Hausdorff topology.

Proof: By proposition A.9, it suffices to prove the result when (I, (9))nen is bounded. Let
k be such that, for all n:
ln(y) < k.

By definition of (1, (y))nen, for all m > k:
Ym = '71_1~

We thus define p = T);(7), and we define 4" € W% to be the word obtained by removing
the first k£ letters from . Thus:

v =7'n
Trivially, for all n, I,(y’) = n. Thus, by proposition A.9, there exists a unique point P(y’) €

Fix(T") such that (Int(D(T,(v’))))nen converges to {P(7')} in the Hausdorff topology.
However, for all n:

Int(D(T,(v))) - Bval(n) = Ext(D1(v';")) - Eval(T, (7)) - Eval(p)
= Ext(D1 (7, 1) - Eval(To4())
— Int(D(T, 11 (7).
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Since P(y) = P(®') - Eval(u) is also a member of Fix(T'), existence now follows, and
uniqueness then follows by uniqueness of P(v’). O
We now obtain a proof of lemma A.1:
Lemma A.1
Suppose that the sectional curvature of M is bounded above by —k < 0. For all v =
(Yn)nen In WSS, there exists a unique point P(y) € Fix(I') such that the sequence

5

(Int(D(T,(7))))nen converges towards {P(y)} in the Hausdorfl topology. Moreover, P(7)
is contained in Int(D(T),(7))) for every n, and P defines a homeomorphism between W%
and Fix(T).

Proof: Existence and uniqueness of P follow from propositions A.9 and A.10. Moreover,
by corollary A.7, (Int(D(T,(7))))nen is a nested sequence of sets, and so, for all n:

P(v) € nt(D(T5(7)))-

Let v be a point in W5%. Let (yn)nen be a sequence of points in W% converging to .
Let p be a point in M. Let 6 > 0 be an angle. There exists N € N such that, for n > N:

Int(D(T(7))) € {q € 0 M s.t. 0,(q,P(y)) < 6/2}.
However, since (7, )nen converges to -, there exists M € N such that, for n > M:

Tn(yn) =TN(7)-
Thus, for n > M:

P(rn) € Int(D(Tn (vn))) = Int(D(Tn(7)))

The continuity of P now follows.

For all n, the mapping D defines a bijection between W 5 and S,. We recall that, for all
n, the interiors of any two circles in \S;, are disjoint, and for all m > n, and for all C' € S,,,
there exists a unique circle, C’, in S,, such that C lies in the interior of C’. Moreover, by
the preceeding reasoning, for all m > n and for all 7 in Wols:

Int(D(y)) C Int(D(T,()))-

Let p be a point in Fix(T"). For all n, p lies in the union of the interiors of the circles in
S, Consequently, there exists 7, such that:

p € Int(D(7n))-

Moreover, since, for m > n, the intersection of Int(D(7y,,)) with Int(D(y,)) contains p and
is thus non-empty, it follows that:

D(Tn(')'m)) :D('Yn)
= Tn(')'m) =Tn-
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We may thus define v € W7; such that, for all n:

T, ('Y) =Tn

Since p lies in Int(D(T},(7y))) for all n, it follows that P(y) = p, and the surjectivity of P
now follows.

Let  and o' be two points in W%, such that P(y) = P(y) = p. For all n, p is contained
in the interiors of both D(T,,(v)) and D(T,(v")). Consequently, for all n:

D(T,(v)) =D(T(0")
= Tu(y) =Ta(').

Consequently vy = 4/, and it follows that P is injective.
It follows that P is a bijective continuous mapping between two compact sets and is thus

a homeomorphism. The result now follows. [J

A.3 Homeomorphism Equivalence of Schottky Groups.

Let (CF, C’Bi) be generating circles of T' with respect to the generators (o, 3). We define
Q C 9o M by:
Q=0 M\ U Int(CE").
v€{e,8}
sgne{+t}

We define the continuous mapping @ : 2 x I' — 9o M by:

(z,y)=z-7.

We define the equivalence relation ~ over Q2 x I' such that:

(z,7) ~ (y,m) & (x,7) = P(y, n).

Since  is a fundamental domain for the action of T', we find that (x,v) ~ (y,n) if and
only if either x = y and v = n or:

(i) z,y € 082, and
(ii) there exists p € {a®!, 3%} such that:

1

(x,7)=(y-p =" - 1)

We see that © x I'/ ~ is a Hausdorff space and that ® quotients down onto a homeomor-
phism of 2 x I'/ ~ onto its image.

We have the following result:
Proposition A.11

Ooo M = Im(®) UFix(T).
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Proof: Let p be a point in oo M \ Im(®). For v € T, let I(7) denote its length in the word
metric. For all n, we have:

p ¢ ul('y)<n (I)(Q X {7})
p €

= UCESn Int(C)

Thus, for all n, there exists v,, € W, 5 such that:

p € Int(D(7n))-

For m > n, the intersection of Int(D(7,,)) with Int(D(y,)) contains p and is thus non-
empty. Consequently, the intersection of Int(D(T),(vn))) with Int(D(y,)) is also non-
empty, and so:
D(Tn(ym)) = D(vn)
= Tu(vm) Tn-

We may thus define v € W7; such that, for all n:

To(Y) = Y-

Since p € Int(D(T,(7))) for all n, it follows that p = P(v) and is thus an element of Fix(T").
The result now follows. [J

We now define the space Xr by:
Sr=(QxT/~)UuWes.
For all n, and for all y € W 5, we define the subset U, of Xr by:

U

Uy, = Int ( n€Was st Q x {Eval(n)} / ~> U{y e WS st To(Y') =7}
L) 2n,Tn(m)=y

For m > n, for vy € W[5 and n € W[ 5, either T,(y) # 7, in which case UyNUy =
0, or Tp(y) = m, in which case U, C Uy. Consequently, if 7 denotes the topology of
QOxT/ ~, then TU{U, s.t. v € W, g} defines a base for a topology over Xr. This topology
is Hausdorff and restricts to the initial topologies over Q x I'/ ~ and Was- We now have
the following result:

Proposition A.12

The space Xr is compact. Moreover, if v € W% and if (Pn, Yn)nen is a sequence in
Q x T'/ ~ converging to 7, then, for all k € N, there exists N € N such that:

n>N= Tk('yn) = Tk('y).
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Proof: Let (g, )nen be a sequence of points in Y. Since W% is compact, we only need
to treat the case where (g, )nen is contained in Q x T’/ ~. For all n, let (pn,yn) € 2 x T
be such that ¢, = (pn,vn). For all n, let I(+y,) denote the length of ~,, in the word metric.
If (1(yn))nen is bounded, then, after taking a subsequence, we may assume that (v, )nen
is constant, and the result now follows by the compactness of €.

It thus remains to study the case where (I(7y)5)nen tends to infinity. For alln, let v, € Wu g
be such that:

vn = Eval(y,).

For all n, let k, denote the length of 7,. We may suppose that (k,)n,en is a strictly
increasing sequence. Since the alphabet {a®!, 3*!} is finite, we may suppose that there
exist sequences (M )nen and (fn)nen in Wy g such that:

(i) for all n, 0, is of length n,

(ii) for all m > n, T,,(Qm) = Ny, and
(iii) for all n, vy, = pnMn.-
We define n € W such that, for all n:

Tn(m) = M.

Let 6 € W, 3 be such that n € Us. Let k be the length of §. We have:
6 = Ti(n).

Thus, for all n > k:
6 =Ti(nn)-

Consequently, for all n > k, (pn,7n) € Us. Consequently, for every neighbourhood, V', of
7, there exists N € N such that:

n>=N= (pn,7n) €EV.

It follows that (g, )nen converges to 7, and the result now follows. O
We now define the mapping ¥ : ¥p — 9. M by:

‘I’(p)_{@(p) ifpe QXTI ~.

By lemma A.1 and proposition A.11, the mapping ¥ is bijective and restricts to a home-
omorphism onto its image over both W% and Q xT'/ ~. We have the following result:

Lemma A.13

The mapping ¥ is a homeomorphism.
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Proof: Since ¥ is compact, and since V¥ is bijective, it suffices to prove that ¥ is continu-
ous. Since the restrictions of ¥ to both W% and Q x I'/ ~ are continuous, it thus suffices
to show that if v € W% and if (pn,yn)nen is a sequence in © x I'/ ~ which converges
to v, then (®(pn,vn))nen converges to P(y). We will show that every subsequence of
(®(pnyYn))nen has a subsubsequence which converges to P(). The result then follows.

For all n, let 7, € Wy g be such that Eval(y,) = 7,. Since the alphabet {ail,ﬁﬂ} is
finite, we may suppose that there exist sequences (1, )nen and (g, )nen in Wy, g such that:

(i) for all n, 0, is of length n,

(ii) for all m > n, T,,(Qm) = Ny, and

(iii) for all n, v, = wnMn-

Since (pn, Yn)nen converges to v for all n, we have:
M = Tn (7).

For all k£ < n, let 0, i be the k’th letter of ,,. For all n, let I,, be the length of u,, and,
for all k& < I, let p, 1 be the k’'th letter of p,. Since the interior of €2 is a subset of
Ext(Dl(u;jn)), lemma A.5 yields:

Q- Eval(n,) C Int(D1 (ptn,1))-
Since v, is a reduced word, p, 1 # 77;}, Consequently, for all n:
Wt(D1 (i) € Ext(Di(n;L))

= Q-Eval(,) < Ext(Di(n;,;,)
= Q-Eval(y,) CExt(Di(n;,},)) - Eval(n,).

~—

However, by corolloary A.6, for all n:

It(D(n,)) = Ext(Di(n; ) - Eval(n,.).

Thus, for all n:
pn - Eval(y,) € Int(D(n,))
= ®(pn, ) € Int(D(nn)).

The result now follows by lemma A.1. O

We have constructed a topological space homeomorphic to the sphere. Moreover, there
exists a canonical action of I' over this space with which ¥ intertwines. We are now able
to prove lemma A.2:

Lemma A.2

Suppose that the sectional curvature of M is bounded above by —k < 0. Let T C Isomg (M)
and TV C Isomg(M') be Schottky subgroups. There exists an isomorphism ¢ : T' — T" and
a homeomorphism ® : oo M — 05 M’ such that, for all v € T':

Poy=p(y)o9.
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Proof: Let («, 8) and (¢, 5") be generators of I' and T respectively. Let (C’ojf,C’éE) and

(cr*, C’ﬂi) be generating circles of I' and I respectively with respect to these generators.
We define Q C 9,o M and Q' C 9, M’ by:

0 =8 M\ (Int(c;) UInt(C; ) UTnt(CF) UInt(C’ﬁ_)) :
O =0 M\ (Im(cy) UTnt(Cl,~) Unt(C5) UInt(Cé*)) .

We define ¢ : I' — I such that:

Let @ : © — € be a homeomorphism such that, for all p € Cy and for all g € C:

/

(p) o/ =2(p-a),
(g«

(q) - (q- ).

=

<

i

There exists a unique extension of P toa mapping from X to X which intertwines with
¢. We define ¥; : X — OsoM and ¥y : X — 9, M’ as before. For all v € T, the
following diagram trivially commutes:

—1 o /
Do M ——2 Sr & W L Doo M
v v 6(7) o)
—1 a /
Do M ——2 Sr & W L Doe M

The mapping ® = ¥} o ® o U7 is thus the desired homeomorphism, and the result now
follows. O
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