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STABILITY OF CALDERON INVERSE
CONDUCTIVITY PROBLEM IN THE PLANE *

Tomeu Barceld Daniel Faraco Alberto Ruiz

Abstract

It is proved that, in two dimensions, Calderén inverse conductivity
problem is stable when the conductivities are Holder continuous with
any exponent a > 0. The approach is based on reducing the conduc-
tivity equation to a complex Beltrami equation as in Astala-Paivarinta
proof of the uniqueness in Calderén problem for L°° conductivities.

1 Introduction

We consider a bounded domain €2 in C with connected complement. A well
known problem that A.P. Calderén proposed was the determination of an
isotropic L conductivity coefficient v on 2 from boundary measurements.

These measurements are given by the Dirichlet to Neumann map defined
for a function f on 09 as the Neumann value A, (f) = 'y%u, where u is the
solution of the Dirichlet boundary value problem

{V -(yVu) =0 (1.1)

up = f
and a% denotes the outer normal derivative. The Dirichlet to Neumann map
A, HY? o g=1/2 (1.2)

can be defined for such general domain and conductivities as

(Ay(f), p0) = /Qwu -V (1.3)
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where ¢ € W12(Q) is such that ggo = po. The uniqueness of the inverse
problem, that means the injectivity of the map

P)’HAV

has been completely solved in the two dimensional case by K. Astala and L.
Paivérinta in [7] improving previous results [27] and [34]. In higher dimen-
sion the known results require some extra a priori regularity on ~, basically
some control on 3 derivatives of v, see [33], [13], [29] and [16].

A relevant question (specially in applications) is the stability of the in-
verse problem, that is the continuity of the inverse map

Ay — .

For dimension n > 2 the known results are due to Alessandrini [2], [3], who
proved stability in for v € W2, In the planar case, n = 2 the situation is
different. Liu proved stability for conductivities in W2? with p > 1 in [24].
Recently, stability was obtained v € C'*% with o > 0 in [10].

In this paper we prove that Holder regularity of « is enough to obtain
stability:

Theorem 1.1. Let Q be a Lipschitz domain in the plane. Let v = 71,72
two planar conductivities satisfying
L 1—
e (I) Ellipticity: ”ﬁHL‘” <k<l1

o (II) a-regularity: v € C*(Q) with o > 0 and with a priori bound
[Yllee < Ao.

Then there exists a non decreasing continuous function V : R — R with
V(0) = 0 such that

71 =2l @) < VUIAYy = Al 2 00)—r-1/2(00)) (1.4)
The function V' can be taken
V(p) = Clog(p)™*. (1.5)

Where C' and a depend on k, a and Ag. An expression for a is given in

Observe that the usual ellipticity condition for v is
1/C <~(x) < C,

for a certain constant C' > 0. This is equivalent to condition (I). We use
this formulation because the dilation p = }jr—z will be the coefficient of a

Beltrami equation to be introduced later.



An example, due to Alessandrini [2], shows that some extra regular-
ity in v is necessary to obtain stability. Alessandrini gives non continu-
ous conductivities in L* such that ||A; — Asl|g1/2_,y-1/2 — 0, meanwhile
|71 — 2l = 1. Namely, if we denote by B,, = {z € R2 |z| < r,}
the ball centered at the origin with radius r,, take 2 = B; the unit
ball in R?, 1 = 1 and 72 = 1+ xB,, , then ||y — %2|[z=@) = 1, but
A, — A72||H%_>H7% < 2r, — 0 as rg — 0. The details are given in [2].
Observe that in this case these conductivities actually lie in W¢? for any
€< % This example suggests that some control on the modulus of continu-
ity of the conductivities is necessary to prove stability in the L® norm. A
natural choice is the Holder continuity condition (IT).

The stability we obtain is just logarithmic. Unfortunately, an argument
of A.Mandache [26] shows that even for C*° conductivities this must be the
case. Therefore the regularity of v is just reflected on the constant a, see
(3.33). An interesting problem is to determine what additional conditions
on v would imply a better stability, like Lipschitz or Holder stability. Some
answers in this direction are given in [4].

Finally, the Lipschitz regularity of the domain 2 is needed to recover
the boundary values of v and then to reduce the problem to 2 = D and
conductivities compactly supported there, see Section 6.

Since the foundational paper of Calderdn [18] there has been an intensive
research on this problem [22],[23]. It turns out that dimension n = 2 is very
different from higher dimensions and special techniques have been devel-
oped to treat this case. There has been several approaches to the Calderén
problem in the plane, all of which are based on the construction of the ap-
proximated exponential solutions, the so called complex geometric optics
solutions, which have asymptotics e*** depending on the complex frequency
k.

The first approach reduces the conductivity equation (1.1) to the
Schrédinger equation

Av +qu =0,

1/2 . . . . .
where ¢(x) = %. This works in any dimensions, however in the plane the

problem no is longer overdetermined and it can not be treated in the same
way. Local uniqueness was obtained in [34] by using, as in higher dimensions,
only bounds for the geometric optics solutions for large frequencies, but
requiring the potential to be sufficiently close to 1 in W3, Nachman [27]
obtained uniqueness for conductivities in W2P, for p > 1, by studying the
so called scattering transform t(q, k) of the potential ¢. This transform is
given essentially by the behavior at infinity of the complex geometric optics
solutions. Using this method Liu, [24], obtained stability for v with the
same regularity.

The next approach is due to Brown and Uhlmann [17]. They use the
inverse scattering method of Beals and Coifmann [11] for 2 x 2 matrices



used before in the study of well posedness of some non linear systems. The
conductivity equation is reduced to the 00 system

(05)(5)=90 (1)
Q(@:(q&) Q(Ogg))

1 8")/1/2
Q(x) - —58(10g’}/) - - 71/2 .

where

and

This reduction has the advantage of requiring only one derivative of the
conductivity. Introducing the scattering transform of the matrix @, S(Q, k),
the uniqueness is obtained for conductivities in W1» for p > 2. In [10] it
was shown that it is possible to quantify this approach and obtain stability
for v € Ctte.

The last approach is that of Astala-Paivarinta. The conductivity equa-
tion is then reduced to a complex Beltrami type equation

Oz f = po. f,
y—=1

where p = ST has also its correspondent scattering transform 7(u, k).

These three approaches share essentially the same philosophy. First the
Dirichlet to Neumann data determine the corresponding scattering trans-
form. Second the complex geometric optics are solutions in the k variable
to the so called d-equation which depends on the scattering transform. If
there is uniqueness for this equation, the problem is solved. For stability
one looks first for an explicit formula relating the difference of Dirichlet to
Neumann maps to the difference of scattering transforms. Then one needs
that the corresponding d-equation in the k variable enjoys suitable a priori
estimates.

The lack of regularity for g in L* makes the situation very delicate
and topological arguments in both variables z and k are needed. In [7],
the authors use also the special structure of the Beltrami equations to ob-
tain a subexponential decay of the geometric optic solutions which depends
strongly on the given conductivity u. However, this decay is not enough to
guarantee uniqueness for the corresponding equation in the k variable. This
is overcome in [7] by combining the information in the z and k variables
at the same time and making again use of the topological degree. This ap-
proach have proved to be effective also when dealing with the anisotropic
case, see [9].

We use the approach of [7] to prove our stability Theorem 1.1. As in
previous works in stability, our task is to replace qualitative uniqueness
arguments by a priori estimates. For the first step, from the Dirichlet to



Neumann map to the scattering transform, we only need the conductivities
to satisfy the ellipticity condition. We accomplish this step in two manners,
the first by recovering the geometric optics solutions in the exterior of D
by mean of non homogeneous Beltrami equations. The second manner is by
showing an explicit formula for the difference of scattering transforms, which
is valid for conductivities just in L* and which might be of independent
interest. The second step, from the scattering transform to the coefficients,
is more complex since we need to achieve a priori estimates from topological
arguments. The proof is much more involved than in the uniqueness case
and, in particular, it needs a uniform control on the assymptotics in k for
the geometric optics solutions, which we call uniform subexponential growth.
This is one of the points at which the Holder continuity of v is essential.

A more precise description of the paper is as follows: In section 2 we
obtain some a priori estimates for solutions of non homogeneous Beltrami
equations and collect some results from [7] which are essential to our work.
In section 3 we prove some additional properties of the geometric optic
solutions in the k£ and z variables. In the z variable we obtain Schauder type
estimates and uniform lower bounds for the Jacobians. In the k variable we
obtain an uniform decay as k — oco. We need to prove as well that the
solutions are uniformly Lipschitz with respect to k.

In section 4 we study the stability from the Dirichlet to Neumann map
to the scattering transform. This section does not require the C*- regularity
of 7;. In section 5 we prove the stability from scattering transform to the
geometric optic solutions. It is needed to remark that from section 2 to
section 5 we study the particular case 2 = D and conductivities to be 1
in a neighborhood of 9€2. The Theorem 1.1 is proved in section 6. The
proof includes the reduction to the particular case of {2 = D and compactly
supported conductivities, see Proposition 6.1 We make this reduction in
a different and more direct way than in previous works on the Calderén
problem. Finally, for the convenience of the reader we include an appendix
with regularity results for Beltrami type equation with Hélder continuous
dilatations pu.

Let us finish the introduction with some further comments on the result
and possibilities for future research. As opposite to [10], in the first step
we do not need a global control of the scattering transform, which in the
mentioned work was essential to assure uniqueness of the 0- equation in the
second step. This gives Holder type stability from the Dirichlet to Neumann
map to local L>norm of the scattering transform. The logarithmic stability
appears in the second part from the scattering transform to the coefficients.

Concerning future research, let us remark that besides the example of
Alessandrini, the lack of regularity of the solutions for just L*° conductiv-
ities yields another reason why it would not be expectable to obtain L™
stability. In fact, for a given /-i < 1 there exists a conductivity ~ satisfy-

N

ing the ellipticity condition AT <K such that the corresponding solution



satisfies that for every disc B in (2

/ ]Vu|1Jrl = 00.
B

For a reference see [5], [19]. Under this viewpoint it is plausible that LP
stability holds for much more irregular conductivities, say in some Sobolev
space. We will investigate this in a forthcoming work.

The scattering transform gives a non linear Fourier transform of the
unknown coefficient. Each approach extends the previous transform to a
wider class of functions. To see the relation between the Schrodinger and
the Beals-Coifman scattering transform, see [28]. It will be of interest to
see how the different definitions of scattering transform relate and which are
the properties of this non linear Fourier transform. In this direction some
results related to Plancherel identity were obtained in [15].

Notation:

Differential operators:

dzu = (9 +1i0y) and D.u = (0, — i0))

Spaces: R

WeP(C) = {f : I+ [- 12 FO] e < o0}, C*Q) = {f : | flr= +
sup e L < ook, HY(Q) = WHA(Q), HY = W™ (@) HY2(00) =
HY(Q) \ Ho(Q),

We define the LP-difference of a function f by

wp() W) =11 +y) = FOllr(c)- (1.6)
Then the LP modulus of continuity of f is given for ¢ > 0 by
wp(f)(t) = sup wy(f)(y)- (L.7)
lyl<t

Constants: We remark that C' or a denote constants which may change
at each occurrence. We will indicate the dependence of the constants on
parameters s, I',... , by writing C = C(k,T,...)

Finally, ex(z) denotes the unitary e****%Z and

p= HA’Yl - A’72||H1/2—>H—1/2'
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2 Preliminaries

Our starting point is the work of K. Astala and L. Péivérinta [7]. We will
make an overview of their beautiful use of quasiconformal mapping methods
in the Calderén Inverse problem, and we will collect some facts, to be used
in our proof of stability. Some of the results that we remark here have been
only implicitly stated in their work.

The relation between elliptic equations and quasiconformal mappings
generalizes the fact that a harmonic function is the real part of a holomorphic
mapping. That is, given a real solution u in W2 of the elliptic equation

V- (yVu) =0, (2.1)

one can find a real v, unique modulo constants, such that f = u + v is a
solution of the R-linear Beltrami equation

Ozf = po.f (2:2)

where the distortion or Beltrami coefficient p is given for z € C as

p(z) =1 =7)/1+7) (2.3)

The ellipticity condition is then equivalent to the existence of £ < 1 such
that
|l e < K. (2.4)

For the detailed argument see [7, Lemma 2.1]. Then, Astala and Paivérinta
worked with equation (2.2) instead of with equation (2.1). They were able
to prove the existence of complex geometric optic solutions f(z, k), control
their asymptotics when k — oo, find the appropriate equations in the k
variable and conclude their proof of uniqueness by an ingenious argument,
combining the behaviour of the complex geometric optic solutions in the k
and z variables.

In subsection 2.1 we will recall results in the theory of Beltrami equations
required to treat this type of equations and also we will prove some further
properties needed in our work. Then, in subsection 2.2 we will gather all
the results from [7] needed for our approach.

2.1 Beltrami Equations

The theory of Beltrami equations and planar quasiregular and quasicon-
formal mappings generalizes many aspects of classical geometric function
theory and is they key for a very rich theory of planar elliptic systems. We
refer to the classical monographs [1], [21],[25], [30],[36]. See also the recent
[6] were the last advances in the planar theory are collected (or proved).



Key tools in this theory are the following operators:
The solid Cauchy transform P,

P(g) = _1/<c 9(w) dm(w). (2.5)

The Beurling transform T,

1 glw
T(g) = —/ 9 ), (2.6)
c (
The Beltrami operator B,
B=1-ul —vT (2.7)
where
()| + |v(2)] < k.

The basic properties of these operators can be found in [7, section 3]. Several
of our arguments are based on the following estimates for non homogeneous
Beltrami type of differential inequalities. The next theorem extends Propo-
sition 3.3 in [7] to the nonhomogeneous case.

Theorem 2.1. Let k <1, M >0 and 2 <p < oo. Let F € Wlif(C) satisfy
the differential inequality,

10:F| < xp(5|0-F| + M|F| + E). (25)
with E € L?(D). Suppose in addition that
lim F(z) =0 (2.9)

Then it holds that
a) There exists a constant C1 depending on (p, k) such that
IF ) Lo(c) < e E L2 ) (2.10)
b) Suppose that E € LP(D). Then there exists constant Cy depending on
p such that
1F Nz 0y + [ Fllwrae) < €U B 1oy (2.11)
Proof of theorem 2.1:
We reformulate the differential inequality (2.8) as a Beltrami type equa-

tion. Namely, there exists complex valued functions v : D — D(0, k), :
D — D(0, M) and E € L?(D,C) such that

0.F = xp(—v0,F +vF + E). (2.12)

Formally we declare, n = P(I —vT)"Y(y), g =€, s = P(I —vT)~Y(Ee™)
and H = sg. Then we have that



L. 0.n —vd.n=r.

2. 0.9 —v0.9 = 9.

3. 0,5 —v0ys = Ee™"

4. 0,H —vd,H =~vH + E

Let us check that we can use all these operators. Since v € L*(D), (I —
vT)~Y(y) € LP(D) for every

1
1—|—/{<p<1—|—;. (2.13)

Since for p > 2, P : LP(2) — W1P(C) is bounded, n € WHP(C) for every
2<p<1+ % Moreover, for p > 2, L>°(C) — W1P(C) and hence we have
that n € L>°(C) with

7l oo () < CM. (2.14)

Thus, g is a well defined solution of (2) and Ee™" € L?(D). Then, (I —
vT)~Y(Ee™) € L?(D) and s is in LP(C) N VMO for every p > 2 with the
estimate

sl zr(c) < C(p)||E||L2(D)€CM- (2.15)

In particular, s € V[/llocz(@) and since n € W1P(C), H € VVZ})C?((C) as well.
Moreover, (2.15) implies that
lim H(z) = 0. (2.16)

zZ—00

Now consider the function R = F — H. Clearly it solves the homogeneous
equation B
0,R —v0,R = vyR. (2.17)

and by (2.16) and the assumptions on F'

lim R(z)=0. (2.18)

2| =00

Now, we argue as in [7, Proposition 3.3]. Consider G = e "R. It follows
from (2.17) that G solves

9.G — 0.G = 0. (2.19)

Being G € Wlif, this implies that G is quasiregular mapping. Since 1 €
L>(C) and R satisfies (2.18) it follows that lim|,|_,o G(2) = 0. But then,
the representation theorem of quasiregular mappings and Liouville theorem

imply that G = 0. Thus R = 0 as well and,

F =H = se'. (2.20)



With this representation of F, (2.10) follows from (2.15) and (2.14). If
E € LP(D) for p > 2 we have that

10=() | o) < Cope™ | Bll o)

and arguing exactly as for 77, we conclude that s € W1P(C) and therefore in
L*°. This yields the required estimate (2.11) for H and thus for F. O

2.2 Astala-Paivarinta approach

The strategy of Astala and Paivarinta’s work is the construction of the
approximate complex exponential solution of the elliptic equation, used in
previous works, through some appropriate solutions of the Beltrami equa-
tion. This allows then to avoid any a priori regularity assumption on the
coefficient 7.

The first step is to find a map associated to the equation (2.2), which
contains the information of the Dirichlet to Neumann map A,. This is done
by the Hilbert transform H,, with respect to the distortion u. For u real as
above we define H,, : H'/?(0D) — H'/?(0D) as

Hyu(won) = viop (2.21)

Since )
HuoH_yu=H_,6H,=—u+— [ u, (2.22)
27T oD

it is natural to extend H,, R-linearly by defining
Hy(iu) = iH_p(u).
We have (Proposition 2.3 in [7])

Proposition 2.2. The Dirichlet to Neumann map A, uniquely determines
Hyu, Hoy and A,—1. For u and v real valued, the following identity holds

8THu(u + i’U) = Av(u) + iA,Yfl (’U) (2.23)
Furthermore, for two given conductivities v and o we have

[Hur = Ryl 1720wy — m1/2(0m) < CllAy = Aol 17200y — 172 (0m) - (2:24)

Above, by an abuse of language, we have identified u and v with their
restrictions to d.

The new Hilbert transforms give rise to the corresponding Riesz projec-
tions onto the p Hardy spaces on dD. Namely consider the operators

Pula) = 5T +i,)00)+5 §_ads.

1 1

Qule) = (0~ M)~ 5 fods

Then P, is the analogous of the Riesz projections in the following sense.

(2.25)

10



Lemma 2.3 ([8]). Let g € H'/?(0D). Then
i) Pu(g) +Qulg) =1
it) P =P,.
i) Pu(g) =g <= g = flop for some f € W2 with

0=ty = 0T (226)

iv) The range of P, consists of boundary values of solutions to (2.26).

The following theorem gives the existence and properties of the approx-
imate complex exponential solutions of the equation (2.2). We look for
perturbations of the solutions e?** of the equation when p = 0. It relies on
the following lemma.

Lemma 2.4. Let 2 < p < p, = 1+ %, a € L supported on D and
lv(2)] < kxp for almost every z € D. Then, the operator K = K(v,«)
defined by

K(g) = P(I - vT) " (ag) (2.27)

as well as (I — K)~! are bounded operators from LP(C) — LP(C). Also
K:L[P — Wtp

Theorem 2.5. For each k € C and each 2 < p < 1+ 1/k there exists a
unique solution f, € VVllo’f of (2.2) such that

Ju(z, k) = eikZMM(z, k) (2.28)
with
Mu(z,k) =14+0(1/z) as z — o0 (2.29)
and
fu(2.0)=1 (2.30)
M, (2, k) = =) (2.31)
M, (z, k)
L .
(M“(z, k‘)> >0 (2.32)

The solution in the above theorem is constructed as
M, (z,k) = (1 +wu(z,k)) where w, = (I — K)’l(K(X]D;))7 (2.33)

for a suitable choice of a. The function w(z,k) is actually in WP for
2 <p <14 1/k. In fact we have the following estimate.

11



Proposition 2.6. Let w(z, k) = M, (z,k) — 1. Then w(z, k) € WHP(C, dz)
s a solution to the equation

Ow — pe_0w = —ikpe_p(w + 1). (2.34)
Moreover, there ezists a constant C(k,p) such that for every 2 <p <1+ %
lwllwo(c,dz) < eCHID (2.35)

Proof: The fact that w is a WP(C,dz) solution to (2.34) follows from
the definition and properties of the operator K with o = —ikue_;. Once
we know that w satisfies equation (2.34) the estimate (2.35) follows from
Theorem 2.1. O

The other key ingredient in the proof of uniqueness is the so called Jj-
equation which we state as

Theorem 2.7. Let us define

Fo(ok) = %(Mu b M) (2.36)
Fo(e,k) = “SE (L, - T) (2.37)

Then the functions k — Fy(z,k) has continuous derivatives with values in
WP(C) in the norm sense. They satisfy

OF (2, k) = m(p, k)e—i(2)F_(z, k) (2.38)

OF_(z,k) = m(p, k)e—i(2) Fip (2, k) (2.39)
Where the scattering transform 7(u, ), defined as

1

k) = 35 [ 500 k) = Moz )dm(z) (240)

satisfies |T(p, k)| < 1.

We need to work with solutions of the original elliptic equation (2.1). The
following definitions, [7, Section 1], give an extension to the case v € L of
the so called complex geometric optics solutions of Nachman and Sylvester-
Uhlmann:

uy(2,k) = Refu(z, k) +iImf_,(z, k) (2.41)

We also need the solutions of the y~!-conductivity equation V- (7~ 'Vu) = 0
defined as

—uy-1(z) = Imf, —iRef_, (2.42)

We collect some of the properties of ..

12



Proposition 2.8. The complex geometric optics solutions u = u,(z,-) sat-

isfy
u(z, k) = e**(1 4+ R(z,k)) with R(z,k) € W"P(C,dz) (2.43)
u(z, k) = >R (2.44)

with
d(z, k) =ik(z+ O(1/2)) for fized k as z — oo (2.45)

and
3(-,k)(C) = C for k #0. (2.46)

Moreover, u(z,-) = u satisfies the equation
Oru = —it(u, k)u (2.47)

This proposition follows from the previous results for f,. In fact (2.43)
is a consequence of (2.33) and the definition (2.41) with
R(z, k) =wy+w_p+e_p(w, —w_p). (2.48)

(2.44) follows from (2.32). (2.45) follows from (2.29). Equation (2.46) from
(2.45) and a homotopy argument. Finally (2.47) is a consequence of (2.38)
and (2.39).

To end this section we remark Theorem 7.1 in [7].

Theorem 2.9. Let us define fy, the solution of Theorem 2.5 with p substi-
tuted by Ay where A € OD. Then fy, admits a representation

Poulz, k) = eikor(2:k) (2.49)

where, for fived k € C\ 0 and \ € ID, the function ¢x(-,k) : C — C is a
quasiconformal homeomorphism that satisfies

oa(z, k) =2+ 0(1/2) as z — o0 (2.50)

and

Opx(2) = —%)\,u(z)e,k(gb)\(z,k))a@\(z,k) (2.51)

3 Further properties of the complex geometric op-
tic solutions.

In this section we study several properties of f,, and u = u,(z, k) when we
assume the coeflicient p to be in the Holder class C¢ for some fixed @ > 0. We
start by stating a more precise asymptotic expansion of the “logarithmic”
functions of the geometric optics solutions in the k variable and finally we
prove some facts about their derivatives in the k variable. We also analyze
the extra regularity that we gain in the z variable.

13



3.1  Uniform subexponential growth of f,
If € L*. It is proved in [7] that the Jost functions satisfy that

M, = kG=eu(zh),
where
z—@u(z,k) =0

uniformly in z € C as k — oo. However the convergence depends on pu.
We will prove that this uniformity can be extended to all conductivities p
whose Holder norm is bounded by some Ag. We start with some elementary
properties of Hoélder functions.

Lemma 3.1. Let p € C%, supported on D(0,R), f < a and 1 < p < 0.
Then

i) There ezists a constant C' = C(p, R) such that

C
L < « 3.1
liallwsr < a_ﬁﬂﬂﬂc (3.1)
ii) Let f € W*%(C) then there exists a constant C = C(R) such that
I lwae <~ e lf] (32
K llwe.2 > a—3 HilCa W62 .

Proof:
We first prove the second claim. Recall that by [32, Section 3.5.2, chapter
5] we have

2
sl ~ [ 2B e, (33)

where ws denotes the modulus of continuity, defined in the introduction. It
is easy to see that

wa (f)(t) < Il z2llpllcat® + [l Lowa (F)(2). (3-4)

Thus, the claim follows by plugging (3.4) into (3.3) and integrating.

The first claim with p = 2 follows by taking ¢ a compactly supported
function which is 1 on the support of p. If p # 2 the claim is a consequence of
sufficient conditions, in terms of the LP-modulus of continuity, for a function
to be in WHP. See [32, Section 3.5.2 chapter V] O

Lemma 3.2. Let f € W52(C). Then for Ry > 1

Ixgosroyfllze < CRG”.

14



Proof:

/£ s R / (11 IEP)IF12 < Bo | £ lloe.
> Ro

Our task is to control the asymptotics of the exponent functions of
= ei/’ﬂbx(?«v/’f)7 (3.5)

with respect to the norm in the Holder class C* of u. From Theorem 2.9,
the function ¢, (2, k) in (3.5) for each k fixed in C \ {0}, and A € ID, is a
quasiconformal homeomorphism on C that satisfies the non linear equation
(2.51) and for fixed k

oA(z,k) =2+ O(1/z) as z — o0 (3.6)
We start with the solution of the linear equation related to 2.51.

Proposition 3.3. Let ¥(z, k) be the solution in VVl:Lf of the equation

0:0(z) =~ M()e 4(2)0:0(2) (3.7

such that
Y(z,k) =2+ 0(1/2) as z — o0 (3.8)

Let R,a, Ay > 0, 0 < k < 1. Then, there exists constants a > 0 and C > 0
depending on these parameters such that for any z € C, A € D and any p
which satisfies ||pilce < Ao and |u| < Kxp(o,r) it holds that,

(2, k) — 2| < Clk[*. (3.9)
An expression for a is given in (3.33).

We may reduce to R = 1. Recall that by the Cauchy formula we have
that

U(z, k) —z= C’/ ¢ (w, 2)0z¢(w, k)dm(w), (3.10)
D
where ®(w,z) = 22, In the next lemmas we analyze more in detail the
two factors ®(w, z) and 9z¢p. We will write K, (w) = L.

Lemma 3.4. Let 1 < g <2 and let s < 22;(1‘1. Then the following properties
hold:

i) There exists C = C(q, R) such that for every z € C, ||K.| ram(o,r)) <
C.
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i1) There exists C = C(q, s) such that for every z € C

wy(B,)(t) < CF. (3.11)

Proof: The first claim follows by direct calculation. For the second, take
q < @ < 2. Then, if t < 1 it holds that

WI®)(1) < W) (0) + [ 0.2y -2 (x0)(1). (3.12)

_a_
qi—q

Now on one hand, for example by [1, page 86] there exists C' independent
of z such that
wi(K;)(t) < C|t|*~1. (3.13)

On the other for p > 1, a direct calculation yields that

wy(xp)(t) = 1. (3.14)

Since for 1 <¢<§g<2,2—¢q> q;q’ plugging (3.13) and (3.14) into (3.12)
we obtain that -
wg(®2)(t) < Clg,q)t @ .

By taking the limit when ¢ — 2 we prove the second claim. O

The uniform control on the modulus of continuity of &, = ®(z,-) trans-
lates into a uniform control of the speed of converge of a suitable mollification
of ®,.

Lemma 3.5. Let 6 > 0. Then there exists a function ®s(z, w) such that for
every 1 < q < 2 the following properties hold:

i) For every s < 22;(;1 there exists C = C(s,q) such that
[@5(2, w) = . (w)l|ze < CO°
it) There exists C = C(q) such that
I3z, )12 < Cg)s'
iti) Let 6Ro > 1,m > 0. Then there exists C(q, m) such that
1950z )22 e\iey) < Cla, )3 1 (Rod) ™
Proof:

Take a compactly supported smooth function ¢(w) = ¢g(|w|) and let us
consider the mollification Hg(z,w) defined by

Hs(2,-)(€) = B(&, 2)9(5¢).

16



The first claim follows from lemma 3.4, since,

1©.() — @s(z, 1o < /C g (B2) (w) o5 ()

< /wq(‘I’z)(M)\%(w)!dw < /wq(¢z)(5!y\)\¢o(!y\)\dy < C(s)d°

Where ¢s(w) = 6 2¢(61w).
For the second, using Plancherel, Holder and Hausdorff-Young inequali-
ties and lemma 3.4 we obtain, for 1/¢ — 1/p = 1/2, that

a _2
10522 < 1@ L[| (0X) | L < CO' 5.

For the third claim write again

12511 2> Ro) < 11921 La I S(EE N Lo (1> o)
< 1@- 1 Lad" 29 S(E) | Lo (1> 5 o)

Since ¢ is rapidly decreasing for any m there exists C (m) such that

()| Lr(le|>sre) < C(m)(6Ro)™™
from where (iii) follows. 0O

Next, we analyze 0z¢). We use a decomposition Lemma as in [7]. How-
ever, the extra Holder regularity allows us to simplify the proof obtaining a
uniform subexponential decay.

Lemma 3.6. Let ¢(z, k) the solution of (3.7) and ( 8.8). Choose 2 < p
such that

I€||THLP_>LP =k <1.

Given ng € N, we can decompose Oy = g + h, where g = (2, k) and
h = hyu(z, k) satisfy

i) supgec 1R (., k)l[ze < C(k, p) (K| T || Lp)"
i4) supgec [|9(., k)||L» < Co = Co(k)

iti) Let |k| > 2Ry and B < a. Then there exists a universal constant C
~ A _
such that, f|§|<R0 |g|2 < (C’—a_oﬁ)"o“‘lm s

Proof:
The function 0z1(z, k) is the solution in LP of the equation

(I + EMuz)e_s(T)B6(2, k) = —Ean(2)ei(2).

17



We may solve the equation by the Born series

o0

k k
Os(z, k) = —=) _k(2)T)" (——=Ape_
(e k) = Do AMEDes )T (e
We take h to be the tail
hz.k) = Y (=7 Aul2)e—i(2)T)" (= Ane—g)
n=ng
Then (i) holds easily.
For this choice, g(z, k) has the form
no
= Z Gn(zv k)a
n=0
where _ -
k n, Kk
Gl k) = (— Au(2)e k(=) T)" (~ T hpe )
Then g satisfies condition (ii):
K
lgCM)llr < 7P = Co ().

Only (iii) remains to be proved. We write G, (z, k) as

—k
Gn = (?)\)nJrlef(nJrl)kfna

where
fn(z) = pLpp Ly 1p...0Th (/L)a for n >0
Jo = p.

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

The operator T} = e;iT'e_ji is a Fourier multiplier with unimodular symbol
(& —jk)/(& — jk). Therefore, ||Tj|lyya2_pwa2 = 1. Combining this with

Lemma 3.1 we arrive at

A
[ Fallwse < (€=

)n+1.

Thus,

/§<Ro Z/|<R0\fn (n+ k).

If |k| > 2Ry this is bounded by

(3.20)

ng ) A o
2 < _0 \no+1 Dkl — _3
V;)Ab(n—l-l)lm—ﬁto [l = (Ca — [3) Z((n + 1)|k| = Ro)™",

n=0
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where the last inequality follows from Lemma 3.2. Therefore

A CA
~12 0 \no+1|7.-8 1-83 0 \no+1)7.1—8
9" < (C—=)"" k| P (np+1 < (—— k|7,
L P S (€522 o 1)1 < (2
The proof is concluded . O
Proof of Proposition 3.3:
By (3.10) and Lemma 3.6,
Bz k) — 2 = c/ B(w, 2)(g + h)dm(w). (3.21)
D
Let 2 < p be such that
K“T”LP_)LP < 1, (322)

and let ¢ be its dual. Then, Holder’s, Lemma 3.4 and Lemma 3.6 imply
that,

!/M’(ww)l < ||@(w, 2)| zallbll e < C(k, @) (K] T o)™ < 2 (3.23)

The last inequality follows for any ng € N such ng >
C =C(k,p) > 0.
On the other hand by Lemma 3.5 for every s < 22;;1

log(eC)
s aser Wh T
Tog(RlITp—zp)’ * HETE

€
[ 99l <1 [ gval+lglilo-asli < | [ gosl+Clrs.ar < | [ gosl+
(3.24)
where the last inequality is obtained if § < C(k, s, q)e%.
It only remains to estimate the term [ g®s. We do this on the Fourier
transform side:

|/g<1>5| < Gbs| + | 3%s).
|€|<Ro &|>Ro

But, by Lemma 3.5 if Ry > 6~ > C(k, s, q)eiT‘1

. . _2 m
9%s| < 19022 1Psll 2 (2 o) < Cla,m)8" 4 (Rod) ™™ <

= o

|
|£1>Ro

m—142qg+s
the last inequality being if we further require Ry > C(q, m)e‘#

Thus, by taking the limit when m — oo, we see, for s fixed in the open
range s < 22—_qq, that there exists C'(k, s, q) such that if Ry > C(k,s,q)e" s

(3.25)



Finally, we need to estimate | flEl <Ro §<i>5|, where Ry, 0 and ng have been

fixed satisfying Ry > C(k, s, q)e_%, d < C(r,s, q)e% and ng > %.
By Holder
AR N 1
[ adl<([  laPiee (3.26)
l€I<Ro |€1<Ro

We want to apply Lemma 3.5 and Lemma 3.6(iii). Thus, we need to assume
that )
|k| > 2Ry > C(k,s,q)e 5. (3.27)

We obtain that

. A 1/2(no+1)
| / §ds| < (C 0 ) || ~P/261/2=1/a (3.28)
|€]<Ro a—f

which, after plugging in the optimal values of § and ng, is dominated by
Ag

Ok, a, g)eCED 0BG +0)=1/5(1/a-1/2) 1 -6/2.

Now we impose this quan-
tity to be bounded by § which can be attained if

k| > Ce=(1/AE+Cm log(25+e)+1/5(2/a=1) (3.29)

to arrive at
(3.30)

PR

’/ §®s| <
|§]<Ro

as desired. Putting together (3.27) and (3.29), we have proved the following
claim: For any 1 < ¢ < 2 such that p = -2

o satisfies #||T||Lp—rr < 1, any

s < 22;(1‘7, there exists positive constants C' and b depending on &, Ag, «, s
and ¢ such that
k| > Ce™® (3.31)

implies |¢(z, k) — z| < e. The constant b above is given by

1 2+ Clog( 2% +e) +1/s(2/q — 1)
max{g, 3 }

Therefore we have obtained the claim of the proposition with

-1
a=1/b=min{s, 8 <2 + C’log(A +e)+1/s(2/q— 1)> b (3.32)

a—p3
By choosing appropriated s,q and 3, a possible value of the exponent is
)
a= min{(:), %(6 + C(k)log(2A¢/a + €))7} (3.33)
a

Unlike in [7], the corresponding Theorem for the nonlinear equation fol-
lows easily thanks to the uniformity of the estimates in the case C'®.
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Theorem 3.7. Let ¢y be the solution of (2.51) which satisfies (3.6). Let
R,a,Ag > 0,0 < x < 1. Then, there exists constants a and C depending on
these parameters such that for any z € C, A € 0D and any p which satisfies
[12llce < Ao and |u| < Kxp(o,r) it holds that,

[PA(z, k) — 2| < Cl&[* (3.34)

Proof: We observe as in [7] that since the estimates are uniform in z it is
equivalent to prove similar asymptotics for the inverse function. ¥, = gb;l.
This satisfies the equation

- k
OPa(2) = = AulWa(2))e—k(2)00a(2),
under the condition
Ya(z, k) = 24+ Or(1l/z) as z — o0

The theorem is a corollary of the proposition 3.3. We just need to prove
that the coefficient v(z) = pu(¢¥a(z, k)) satisfies:

(a) It is in an a Holder Class C for 8 = f(a, k).

(b) Its support is contained in 4D.

These conditions are satisfied, since (b) follows from i—Koebe theorem and
(a) follows from

[Vlleas < llulleall¥alics < Aollioallfyrr < C(Ao)

where § =1— %, and p < 1+ % The Sobolev norm is on 4D and is bounded
by a constant depending of x by the normalization (3.6) ( [1]). O

3.2 Uniform subexponential growth of «

Theorem 3.8. Let u be the solution of the equation
div(yVu) =0

constructed as u(z) = Nf, +iSf_,, where p, supported on D is such that
lielloo < K& and ||u|lce < Ag. Then there exists a = a(k,a,Ng) and C =
C(k,a, o) such that for every z € C, we may write

u(z, k) = e*EFER) - phere |e, (k)] < C|k|® (3.35)

Remark: A similar estimate can be proved for the solution u = 1,1
of

div(y™1Vu) = 0,
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given in 2.42
Proof: We can write

_ fu—f-u>‘1< fu—f-u>
u ho+h+ﬂu Hﬁrﬁw (3.36)
Let f f
_Jp— I
a(z) = Ft o

Then Theorem 3.7 implies that we may reduce the proof of (3.35) to prove
lo(z)| <1 —eke, (3.37)

where |e(z, k)| < C|k|~®. In [7, Lemma 8.2] it is shown that estimating «
reduces to estimate fy, for A € S1. Since in our case the control of o 18
uniform in our class of 1,z € C and A € S, (3.37) follows. O

3.3 Regularity of the complex geometric optic solutions

Theorem 3.9. Let 8 be such that 0 < 8 < a. There exists constant Cy =
Ci(k, Ao, |k|, B), and Ca = Ca(k, Ao, |k|,3) > 0 such that for any p with
lul < xpk and [[pllce < Ag

i)
[fuCs B)llervs m,az) < Ch (3.38)

i)
inf [Jj, (. k)| = Co. (3.39)

Where Jy, is the Jacobian in the z variable of f,

The proof is based on the following Theorem (see [30] thms II1.5.2 and
11.5.47)

Theorem 3.10. Let p such that |pu(z)| < k < 1 and p € C*(G) for a domain
G C C with ||u|lce < Ao. Given a function w such that:

e (i) w is a solution in VVli’f(G), p > 2, of the equation

Ozw = pd:w (3.40)

e (ii) For any G' CC G, there exists K = K(G') such that

sup |w(z)| < K. (3.41)
zeG’

Then the following properties hold:
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e (I) If B is such that 0 < < o and D CC G'. Then there exists a
Ay = Ai(k, K, D, 3) such that

10zwlles(py + 10=wlles(py < As- (3.42)

o (II) Assume that w is a quasiconformal homeomorphism in C. Then
for any D CC C, there exists a constant J = J(K, K, Ny, D) such that
inf (|0,w(2)|? — |0zw(2)|?) = inf (J,(2)) > J. (3.43)

zeD zeD

This theorem will be proved in the Appendix.

Proof of Theorem 3.9:

(i) is an immediate consequence of Theorem 3.10, once we prove the
existence of the constant K(2D) in (3.41) for f,(-, k). This follows from (k
is fixed) fu(z,k) = e®®F) where ¢(z, k) = z+¢(z, k) with e(z, k) uniformly
bounded for fixed k. The uniform bound only depends on k and k.

The same argument as in (i) proves that

inf k = c(k 0
zléﬂ)‘fli(za )|>C C( 7"<'3)>
Then (ii) follows from the same property for the exponent ¢(z, k). From

Theorem 2.9, ¢(z, k) is a k-quasiconformal homeomorphism. The property
is a consequence of (II) in theorem 3.10. O

3.4 Growth of the k derivatives of the Complex geometric
optic solutions

In this section we study the behavior of the complex geometric optic so-
lutions respect to the k variable. It is proved in Theorem 2.5 that the
Jost functions M, (k,z) are C°°-smooth in the k variable. As with many
other properties, for stability it is needed a quantitative version of this
fact. Bounds are provided by the fact that the derivatives in the k plane
of M, (k,z) solve corresponding non homogeneous Beltrami equations. The
results in this section just assume that |u| < kKxp.

Lemma 3.11. Let 2 < p < pi, e, € S' and h(z,k) = Oe,w,(2,k). Then
h(z,k) € WHP(C) and satisfies the equation

Ozh — pe_d:h = p(yh + E). (3.44)

Here B
v = —tke_y

and E is an error term given by

E =06 1,0,w + (W +1)(—i)0,, (ke_).
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Proof:

We start by finding a unique solution h € WP of equation (3.44). Since
w € WP(C,dz) and p has compact support , it follows that £ € LP(C) and
v € L. Declare v = pe_j. We will find h with the help of the operators K
introduced in Lemma 2.4. Recall that for any L* functions v, o supported
in D and |v| < & the operator K (v,a) : LP(C) — W1P(C) was defined by

K(g) = P(I —vS) ! (ag).

Since by Lemma 2.4, (I — K) is invertible in LP we can find h € LP solving
the equation

h— K (v, py)(h) = K(v, 1)(E). (3.45)

Since for n € LP, 9zP(n) = n if we take the distributional 0z derivative in
(3.45), we obtain that

Ozh = (I —vS) (uyh + ub). (3.46)

Now h and E are in LP(C) for the required range of exponents. By the
boundedness of the Beltrami operators, dzh € LP(C). By means of the
Beurling transform we achieve that h € W1P(C). Moreover, if h solves
(3.46) then h solves (3.44) as well.

To see that in fact h = 0.,w, we observe that equation (3.44) is ob-
tained by formally differentiating in the k£ variable respect to the ¢ direction
the equation satisfied by w (2.34). Standard arguments using differences
quotients show that h = O,,w as desired. 0O

Now we implement our knowledge of estimates for non homogeneous
Beltrami equations to achieve the required control on the derivatives of the
Jost functions and of the scattering transform.

Theorem 3.12. There exists a constant C' = C(k,p) such that for 2 < p <
1+ 1 it holds that

IV kM (k, 2) [ (az) < €T (3.47)

For every k € C
Vit (u, k)| < IO (3.48)

Proof:
Observe that independently of the direction e; € S*

"7(Z7k)"L°°(D,dz) < ‘k’ (349)
and for 2 <p <1+ % by Proposition 2.6

12| Lr(,dz) < 6lk[l|wllwpm,az) < CeClH (3.50)
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Thus, the claim follows from equation (3.44) and Theorem 2.1. Now,
from the formula

1
T(u, k) = /D&Z(M# - Mfu)dz ANdz

T dmi

we can take derivatives with respect to k under the integral sign and conclude
by Holder’s inequality. O

4 Stability from the Dirichlet to Neumann map to
the scattering transform

The main result in this section is Corollary 4.5. We obtain it in two different
ways. In section 4.1, following the lines of [7] [8], we recover with stability
the values of the geometric optics solution in the exterior of . In section 4.2
we prove a formula relating the differences of scattering transforms to the
differences of Dirichlet to Neumann maps. Similar expressions were essential
in previous works about stability, See [2] , [27], [24] and [10]. Let us remark
that in both subsections no extra regularity on v is required.

4.1 Values of M, on C\ D

Theorem 4.1. Let 2 < p < oo. Then there exists an uniform constant
¢ = c(k,p) such that if p1, po are complex with |p1|, |p2] < xp. Then,

|K|

HMM - M#QHLP(C\D) <eMp

where
P = HA’Y1 - A72||H1/2—)H71/2'

The proof of Theorem 4.1 is decomposed in the following Lemmas.

Lemma 4.2. There exists C = C(k), such that for any pair f,,, fu, there
exists two other functions fi, f» € H'/?(OD) such that:

1. (fur — fus)iop = f1 + f2

2. 12l e < Cpll froll e

3. f1 = glap, with g such that

dzg9 = 1109
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Proof:

The claim follows from lemma 2.26. Let g = fu, — fu,- We set fi =
Py, (9); f2 = Qu,(g). Claims (1) and (3) are straightforward. For claim (2)
observe that @, (f,,) =0 and

Q,ul (fuz) = QMZ (f/tz) + Z.(Huz - H,ul)(f,uz) = i(Hﬂz - Hul)(fuz)
Therefore

12l 3 < Wzl e Hps = R iz e < pllfuall

as desired.

Lemma 4.3. There ezists a constant C(k) such that

Clk|
1Full 3 oy < €

Proof: From (2.35) we control [|w||g1py. Thus, the claim follows from
the trace lemma.

Lemma 4.4. Let E : HY/?(0D) — W172(ID))/W01’2(D) be the extension oper-
ator. Let us define G : C — C by

G(Z,k‘) = (f,ul - fu2)(1 - XID)) +9 +E(f2)XD-

Then G solves the equation
G — 10,G = (9:E(f2) — 110-E(f2))xp- (4.1)
Furthermore let Gg = e""**G and p be the right hand side of (4.1), i.e

p(f2) = (0=E(f2) — 1-E(f2))XD-

Then o .
0:Go = e~ =12 11,9, G — ik Go + e~ Fp(f) (4.2)

Proof of the Theorem 4.1 Let Gg as in Lemma 4.4. Then G satisfies the
differential inequality

|0:Go| < £|0:Gol + v|Go| + R (4.3)
with £ = [|p1]leon, 7 = kkxD, h = |p(f2)|elFl. In particular we see that
v € L*®(C) and is compactly supported. Therefore we can apply Theorem

2.1 to obtain the bound

1Gollzo(cy < e“MIpll 2,

Finally we conclude the proof observing that on one hand, ||p(f2)|z2 <

||f2HH1/2(a]D> < e“*lp. where we have used Lemma 4.2 and Lemma 4.3. On
the other hand Go(1 — xp) = e **(fu, — fu,)(1 — xp) = My, — M,,. O
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Corollary 4.5. Fori = 1,2, let u;be as in Theorem 4.1 and let T(p;, k) be
the corresponding scattering transforms defined in (2.40). Then there exists
an uniform constant ¢ = c¢(k) such that for every k € C,

|7 (p1, k) — 7(p2, k)| < cpecl®! (4.4)

Proof:
The scattering transform 7(u, k) can be also defined in terms of the
asymptotics in z of M. Namely

7(ps k) + o

MN_M*,U: 5 ’Z|2)

Therefore, we have that

7(u1, k) — 7(p2, k) 1 )

D(z,k) = (Mu1_M—u1_Mu2+M—u2)(z7k) = > \z|

Now D(z,k) is analytic in C \ D. Thus, for every r > 1 it holds that
k) = e = | [ DGRyl

Integrating this expression respect to r yields that

IT(pa, k) — 7(p2, k / / (z,k)||dz|dr

/ D (2, k)ldz
1<]2(<2

< || D(2, k)| oc\py < petl.

The last inequality follows from Theorem 4.1. The corollary is proved. 0O

4.2 An explicit formula.

We will denote the dependencies by writing u(u, k, z), etc. The scattering
transform of p is defined by

k) = 4= [ 00z b) = M (=2 Bl (45)
Since f,(z,k) = e**M, (2, k) we also have

T(p, k 47r/8 ’kz — fou))dm(z). (4.6)
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Theorem 4.6. Let v and 2 be L™ conductivities which are identically
1 in a neighborhood of C\ D and p1 and ps the corresponding Beltrami
coefficients. We have that

-1

T(:U’lv k) - T(M% k) = m

[t =R, = Al 2 by (47)
oD

where u(f;, 2,k) = u,, is the complex geometric optics solution given by

(2.41).

To prove the theorem we need an alternative formula for the scattering
transform.

Lemma 4.7.

T(p, k) = o 2e" 0zudo (4.8)

Proof:
Since the normal at any point z € dD can be identified with z, by Green
Formula

7

k) = o= [z (G = e (49)

Notice that for z € D the tangential derivative is

8T(eik2) — LzeikZ
Thus, by integration by parts it follows that

=
N 47T];I oD

Now we write f, — f—, in terms of u and its Hilbert transform:

7(p, k) ei]_gzaT(JFu — f-p)do (4.10)

Ju = f=p = R(u) +iH,(R(w)) + Hu(S(w)) — iS(u)

Thus,

Or(fu = F-p) = Or(R(w)) — iAy(R(w) + Asy(S(w)) + i0r(S(u)).

Since v = 1 on dD, we have that (in the weak sense) A,(¢) = 0,(p) for
every ¢ € H%(G]D). Hence,

aT(fu = f-u) = 0r(u) —i0, (u) (4.11)

Since,
ZO0zu = dyu + i0ru,
(4.11) implies that o
Z‘8T(fu - f—,u) = 282“;
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which plugged into (4.10) yields the claim. O

Proof of the Theorem: The theorem will follow from the following claim.
Claim

/ ze““azﬁ(m, z,—k)do — / Zeil_cza%@(/m, z, k)do =
18]]) oD (4.12)

5 [ alm s =k, = Ay ulin, 2, ko
oD

Assume the Claim, then take v1 = 72 to obtain

T(p1, k) 2% 0,1y, 2, —k)do

Ak Jon
and hence (4.7).
Proof of Claim: From Proposition 2.8, we have

e = u(pg, 2, k) — e R(ua, k, 2) (4.13)
eh? = a(p1, 2z, k) — eiEzR(,ul, z,—k), (4.14)

where R(u1,k,2) € WYP(C) and R(u1,k,2) = O(%‘) Inserting these ex-

pressions in the first member of (4.12) we obtain

/ zeikzazl_b(,ul, z,—k)do — / Zeikz%a(MQ, z, k)do =
oD oD

/ u(pe, 2, k)z0,u(p1, 2, —k)do —/ a(pr, z, —k)z0zu(pe2, 2, k)do—
oD oD

/eisz(ug,z,k)z@ﬂ(m,z,—k)da—i—/ eikgR(m,z,—k)Z@gu(ug,z,k)da.
oD oD

We divide the proof of the claim in two Lemmata:

Lemma 4.8.

/ u(ug,z,k)z(?zu(ul,z,—k)da—/ a(p1, 2, —k)z20zu(p2, 2, k)do =
oD oD

1
5 / ﬁ(ILL17 2 _k)(AM - A’Y2)u(u27 2, k)da
oD

Lemma 4.9.

_/ e R(pa, 2, k) 20,01, 2, —k)da+/ e® R( 1, 2, —k) 20zu(pia, 2, k)do = 0.
oD oD
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Proof of Lemma 4.8: Since
z20z = 1/28V + i/28T

and

20, = 1/20, — i/20r,

we have, integrating by parts

/ u(pe, 2, k)z0u(pm, z, —k)do — / u(pr, 2, —k)z20zu(p2, 2, k)do =
oD oD

1 1
! / wlpiz 2, k) Ay A, 2, —F) — / (11, 2 k) Ay, 2, —h)—
2 Jop 2 Jop

1
5 aT(u(,ul,z,—k‘)u(,ug,z,k:))da

oD
The last integral vanishes from the fundamental theorem of Calculus. Since

A, is selfadjoint the lemma follows. 0O

Proof of Lemma 4.9: Let Di be the disc of radius R centered at the
origin. Integration by parts in Dg \ D gives

_/ eisz(uz,z,k)zazu(ul,z,—k:)d0+/ ei’_ﬁR(ul,z,—k)i(‘)gu(,ug,z,k;)da:
oD oD
z

/ ieisz(ug,z,k)azﬂ(,ul,z, —k)da—/ —eiEER(,ul,z,—k)@gu(ug,z,k)da—k
ODg |2| 0

Dr |2|
/ . (—ag(eikZR(MQ, z, k)0 u(uy, z,—k)) + 8Z(e“_“5}_%(u1, z, —k)ozu(pe, z, k‘))) dm
DR\D
(4.15)

Since w is harmonic on the exterior of I, 070,u = 0, this together with
expressions (4.13) and (4.14) gives

af(eisz(,UQv Z, k)azﬂ(,uflv Z, _k)) — 82”(”27 Z, k)azﬂ(lu’lv Z, _k) -

0. (™ R, z, —k)Ozu(pa, 2, k),
)

Hence the last term in (4.15) vanishes. To finish the proof we estimate

/ Z e Ry, 2, k)0, a1, 2, —k)do = o(R) (4.16)
oDy 1]
and _
/ ieikgﬁ(ul, z, —k)Ozu(pe, z, k)do = o(R). (4.17)
ang 12|

ar R — oco. We know from (2.48) that

R(,ula 27 k) - (A)Ml + w—ul + e*k(w,ul - w—lll)) € Wl’p((c)‘
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We also have, since j_’“1 is antianalytic on the exterior of I,
O u(py, 2, k) = 1/2(8zf,u1 + 8szu1 + 8Zf,u1 - aszm) = 1/2(6zfu1 - aszul)
= 1/2€_ikzaz(u~’ml - wuz)
Since 0, (W, — Wy, ) is analytic in the exterior of D and is in LP(C), it decays

as O(1/|z|). Hence

ieisz(ug, 2, k)0 u(py, 2, —k)do| <
opg ||

1
C([ RGP [ 1 < ORIV R s ) oo
oDg ODpR |Z’

From the trace theorem

[ R(p2; - k)l 2o opg) < CllRllwia(c)
and (4.16) is proved. (4.17) can be proved in a similar way.

Remark 4.10. It follows from (4.8) that for every k € C
1 2
_ < . .
|7 (11, k) = 7(p2, k)| < ‘k|pHU(u1)HH%(8D) (4.18)

On the other hand 7(i;,0) = 0 and the Lipschitz bound given in Theo-
rem 3.12 imply that for every k

[ (i, )| < e UHM k| (4.19)

Thus, we can use (4.19) for |k| < p% and (4.18) for |k| < p% to obtain the
Holder stability
1
|T(/L1’ k) - T(/u27 k)| < paeC(l—Hkl)' (420)

Comparing this expression with Corollary 4.5 seems to indicate that there
is room to improvement in (4.4) for small |k|.

5 Stability of the complex geometric optics solu-
tions u(z, k).

In this section we consider two Beltrami coefficients p1 ps. Throughout the
section we will use j = 1,2 and assume |u;| < kxp and that [pj]lce < Ag.
We will assume that p = [|A, — A4, || < 3, which is not a loss of generality as
shown in the next section. The constant C' may change at each occurrence,
if the change involves new parameters we will write them explicitly.
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Theorem 5.1. Let us denote uj(z,k) = uy, (2, k), given in (2.41). Then
for each k there exists a constant C' such that

C(k)
[u1 (2, k) — u2(z, k)| Loopoaz) < 7 ~ia- (5.1)
49 = Tlog(p)°
The exponent a = a(k, Ao, @) is given in (3.35).
Remark: A similar estimate can be proved for the solutions u.-1 of

,
div(y"'Vu) = 0,

which are constructed as u = iRf_, — S f,, see (2.42).

From Proposition 2.8, we know that for a conductivity v; the correspond-
ing geometric optics solutions to the conductivity equation u; = u,(z, k)
satisfies the pseudoanalytic equation in the k variable

aEUj = —Z'TjZTj, (5.2)
and can be written as
uj(z, k) = €% R, (5.3)

Moreover it follows from Theorem 3.8 that under our regularity conditions
on u the exponent functions have asymptotics

0j(z,k) = ik(z +vj(z,k)) for fixed k (5.4)
0j(z,k) = ik(z + €j(z, k)) for fixed 2z (5.5)

where v;(z, k) is in L*™ and |e;(2, k)| < Clk|~%.

The proof of Theorem 5.1 is inspired by the uniqueness proof in [7].
First we notice that the arguments leading to the uniqueness of the so-
called transport matrix in [7], which satisfies a Beltrami type equation in k,
can be applied directly to the functions u, that satisfy the pseudoanalytic
equation (5.2). This allows us to avoid the use of the transport equation.

It is not known whether uniqueness might be derived directly from the
equation (5.2) in k. However, there is additional information to exploit, since
the u; are functions of z,k with controlled asymptotics in both variables.
The asymptotics in z imply that the functions J,(z,k) have range C, see
Proposition 2.8. From the asymptotics in k& and the equation (5.2) we obtain
that if 7,, = 7,,,, for 2 # w and k # 0, then 6(2, k) # d2(w, k). Uniqueness
follows then easily from these two facts. For stability we need also the
first fact, which we restate as Proposition 5.2. However, we will obtain an
appropriate quantitative version in Proposition 5.3 below.

Proposition 5.2 ([7]). The functions 0;(.,k) for k # 0 have range C.
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Proposition 5.3. Let g(z,w, k) = d1(z, k) — d2(w, k). Then there exists a
constant C such that if k # 0 and |z — w| > W, then g(z,w,k) #0. In

particular, this gives that the conditions g(z,w, k) = 0 and k # 0 imply that
|z —w| < C|log(p)|~*. The constant a = a(k,Ng) > 0 is given in (3.35).

We postpone the proof of Proposition 5.3 and prove first Theorem 5.1.
Proof of Theorem 5.1: Let z € D. We want to estimate

lui(z, k) — ua(z, k).

We write u;(z,k) = % (%) Since §; is onto there exists w € C such that
01 (w, k) = 02(2z,k) and hence uj(w,k) = ua(z,k). Moreover, by Proposi-
tion 5.3 |w — z| < C|log(p)|~®. Then by Theorem 3.9 u; is Lipschitz in
D(0,2) with constant C'(|k|). Thus,

u1(z, k) = u2(z, k)| = [ur(2, k) — ui(w, k)| < C([k[)Cllog(p)| ™,

and we are done. O

Let us turn to the proof of Proposition 5.3, which is the heart of the
matter. From (5.4) we can write for A = z — w

g(z,w, k) = iXk + ke(k), (5.6)

where |e(k)| < 2C|k|~*. We split the proof of Proposition 5.3 in several
Lemmas. First we find the equation satisfied by g in the k variable.

Lemma 5.4. g satisfies the equation
Og=o0g+E. (5.7)
Where, if T denotes the scattering transform,
lo(z, )Ly < 27 (p2)llLoe(c) < 2 (5.8)
and E and its derivatives satisfy
E(k)| < peCOHED, | DE(k)| < COHRD (5.9)

Proof: Since

Opu; _ u s,
%5] = %(logUJ) = /Z‘J = —’LT(/_,LJ" k);’j = _ZT(/"Lj7 k)eéﬂ 6]
J J

then the dr derivative of the function g satisfies the equation

Opg = —i(r(m) = 7(2))e” 70 — i (ua) (¢7 7 — R %)

which can be written as
Opg=o09g+FE (5.10)

33



where _ _
e01=01 _ p02—02

01 — 02

B(k) = —i(7u; — Tuy)e™ %

0 = ity (k)] ]

Since the function e is globally Lipschitz for § € R, we can bound the
coefficients of this equation as |o| < 2|7(u2)| < 2 and since, as we know from
the previous section (4.4) |7(p1) —7(p2)| < pel®l we have also |E (k)| < pe®,
where p = ||A;, — Ag, || only depending on ||i||cc < k < 1. Finally, since
T(p1), 7(p2), 01, 02 are C* functions on the k variable with bounds given by
Theorem 3.12, (5.9) follows. O

In the following lemma we use the equation (5.7) to decompose g suitably.
Let a and C given in (3.35). Then we define a function R : C — R by

A =1,

7w if |A| £ 4C

RO =  lacl e iRAls (5.11)
1 otherwise

This choice guarantees for |k| > R(\) that in (5.6) we have |e(k)| < % We

emphasize that R depends only on Ay and &.

Lemma 5.5. There exists complex valued functions n = n(z,w, k) and S =
S(z,w, k) such that the function

F=eg-8 (5.12)

is analytic for k € D(0, R(X\)) and for any 0 < 1 there exists a constant C
such that

[0l o< (c,ax) < CR(A) (5.13)
151l oe(cary < PRV < peRN (5.14)
VS|l oo (c,amy < o7 (5.15)

Proof: By Lemma 5.4 for fixed z and w, g satisfies in k the equation
Og=o0g+E. (5.16)

Let us consider the disc D(0, R) centered at the origin 0 and radius R. Let
us define

n= P(oer)
S = P(c"Epp)
where P is the Cauchy transform and ¢r € C5°(ID(0,2R)) is a cut-off func-
tion such that pr = 1 on D(0, R). Then the equation drg = og + E is

equivalent to

Op(e7g—8)=0
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Therefore by Weyl’s lemma, the function
Flw,z,k)=¢eg— S

is holomorphic in D(0, R). Now, since n = P(opgR),

In(k)| = [P(opr)| < \/D ]:(_t)tdt] S/D ‘k_t’dtg&rR. (5.17)

2R

Moreover, since the Beurling transform 7" maps L? — LP, we have that

2
10pnllr < Cp)llogrlr < Clp)TRv. (5.18)

Now we turn to S. For the L* norm, since S = P(e”"Eppg) it follows that

OB (¢ dt
S(k)| < | / ekt()dtl < peci+R sl / < pelp,
Dor - |k —t|

Dogr

where we have used (5.9). To bound the derivatives of S recall that since
S = P(B_T]EQOR),
0pS = e "EpR.

Now, let us first notice that by (5.17), (5.9) and the compact support of pr
le™ " E@r|| oo (c) < €™ pet. (5.19)

Direct application of the boundedness of T' would yield LP(or BMO) bounds
for 0,.S. In particular for 1 < p <

10Se = | T (e "Epr)llzr < Clle ™ Epr|rr < pR*Pe“R < peF. (5.20)

However we need an L* bound. The crucial observation is that combining
estimates (5.17), (5.18), ( 5.19) with (5.9), we obtain that for every 1 < p <
00
2
le " Borllwroe) < Rr (€7RCR 4 pC(p)m) < B, (5.21)

where C' = C(p,k). Since T is a Calderén -Zygmund integral and also a
Fourier multiplier it preserves the spaces WP and hence

0S|l < e“F. (5.22)

Now we intend to use an interpolation argument to combine estimates (5.20)
and (5.22). Let 0 <0 <1 and 1 < p < oco. Then, for example, by complex
interpolation ([12]) or by the wavelets characterization of Sobolev spaces
(see [20]) we have that

10k ||yyow < pL=DeCR,
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Finally choosing 6 > %, WP < L[ and estimate (5.15) follows with any
0 < 1. The proof is concluded. O

Remark Let us go back for a moment to the uniqueness proof in [7]. If
p=0,S5 =0 and we would have g = ¢"F. Furthermore by the asymptotic
behaviour of ¢g in (5.6) if z # w

F(k) ~ (z —w)ke" in 0D(0, R(\)) (5.23)

Thus, by the argument principle F' has a unique 0. Since the zeros of g are
those of F' the proof of uniqueness is concluded. This strategy faces two
obstacles in the stability setting. First, to have something like (5.23) we
need |z — w| to be sufficiently big in comparison to the size of S (and hence
to the size of p). The second obstacle is how to pass information from F to
g=¢€1(F+5).

The next proposition handles the first obstacle:

Proposition 5.6. Let a given in (3.35). Then there exists a constant C}
such that if |A| > C1|log(p)|~®, then F(w,z,k) =0 only when k = 0.

Proof: We start by proving that F'(k) can not vanish in the set |k| < R())
where it is holomorphic.

We will characterize the zeros of F' by proving that F' is homotopic in the
k variable to e”"A\k in 9D(0, R(\)), where R(\) was defined in Lemma 5.5.
Let |k| = R(\), and 0 <t < 1, then

[tF (k) 4+ (1 —t)e i k| = |te” (g — iAk) + e TiAk — tS]
A (5.24)
> e lnlleo) 251 — )
>e |5l ﬁg@ils(k)l
Suppose that (5.24) is strictly positive. Then deg(F,D(0, R(X)),0) =
deg(e"\k,D(0, R(X)),0) = 1 and being holomorphic, F' would have a unique
zero at k = 0. Therefore, the proof of the proposition will be finished if the
following claim holds:
Claim: Under the assumptions of the proposition

A(maxe [ S(k) el < ROV (5.25)

To see that this is the case, we observe that Lemma 5.5 implies that

gmax [S(R))e < peeT = O,

Thus, to attain (5.25) it suffices that

p < |AeCEN), (5.26)
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Since p < % and for an appropriate constant C' we have that |A| > e~ CRW).

Therefore the claim follows for a suitable constant C;.
Finally if [k| > R(\), [F(k)| > e~ “F|2E| — pe®® which again by (5.26)
never vanishes. 0O

To handle the second obstacle, how to pass information from F' to g =
e"(F + S), it turns out that since F' is analytic, from its asymptotics we
gain more precise information that just the number of zeroes. Namely, in
the following two lemmas we prove that, near the origin, it behaves basically
as Ak.

Lemma 5.7. Let A be such that |\| = |z — w| > Ci|log p|™¢, for Cy given
in Proposition 5.6. There exists a constant My > 0 such that any function
F(w,z,k) as in Lemma 5.5, can be written as

F(w, z,k) = Ake?™), (5.27)

for some function v(k) = v(w, z, k) which on |k| < R(X) is holomorphic and
satisfies

w(k)| < MoR(N). (5.28)
Proof: The function F(w, z, k) = e~ "g—S is analytic in D(0, R), therefore
we might use the maximum principle. We will use the bounds
71l oo (p(0,7)) < CR(A) (5.29)
1S Lo m(0.)) < pe“FR. (5.30)
On one hand, if |k| = R(\), g(w, 2, k) = i\k + ke(k) with |e(k)| < |A|/2 and
we obtain (see the claim in the proof of Proposition 5.6)

[F(R)] < SIAIIKLeMI= 1S (R)] < [AIR()eMoRD

On the other hand F' is analytic and from Proposition 5.6, only vanishes

at k =0 for |A| > Ut)gCW' Then for such a A, % is holomorphic as well

and % # 0 for every k. Therefore there exists a v(k) analytic, such that
F(k) = Mke’™).

Moreover, by the maximum principle
sup |@] = sup \M| < | \|eMoEMN)
keD(O,R) K k=r K
This proves that |v(k)| < CRif [k| < R. O
Let us denote
Fr={F € H(D(0, R\N)) : F(k) = Xke"™ |u(k)| < MoR(N)}.  (5.31)

The next lemma describes two key properties of the class Fj.
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Lemma 5.8. Let F' € F), then there exists a constant d such that
i) F1(D(0,6))  D(0, 2507).
it) infjg<q |[F' (k)] > |Ale” MR,

Proof: Part i) follows directly from the definition of Fy. Let k be such
that |F(k)| < 0. Then,

—v(k) SeMoR
| <
A Y

\F(k)| = [Mee?®)| < § = [k| < \56

For part (ii) the definition of F) implies that

|F' (k)] = |Ae’®) + Xke?®) )/ (k)| > e Mo\ ||1 + v/ (k)| (5.32)
Let |k| < d; < @. Since v(k) is analytic we can use Cauchy integral

formula to estimate

) 1 / v(w) 4My(R)R
‘l/ (k)‘ - |27TZ 8ID)(O,R) (w — k) ’ - R2 4 0

Then |v/(k)k| < 4Molk| < 1/2 if |k| < g7 and this implies

11+ (k)k| > = (5.33)

N

We define d = inf{d;, ﬁ}.
Inserting (5.33) into (5.32) yields that for |k|] < d, |F'(k)] >
L\ e MoROY

The idea to conclude the proof comes from the fact that a linear function
Ak can not be intersected twice by a function .S, which is sufficiently small in
W1 and with S(0) = 0. By Lemma 5.8 one expects the same for F' € Fy,
to see this we show first that if (—S5) and F' meet they must do it in a
neighborhood of the origin.

Lemma 5.9. Let H = F + S. Then there exists Cy such that if |\ >
Csllog p|=* then the set

Z(H)={k:H(k) =0}
is contained in D(0,d), d is given in the previous Lemma.

Proof: If k is a zero of H, then F(k) = —S(k). But we know from
Lemma 5.5 that

1S (k)| oo (c,am) < pe“R,
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Thus, it follows that
Z(F + §) ¢ F7Y(D(0, pe°R))  D(0, T§|€CR)

where the last inequality follows from Lemma 5.8 part i). Therefore we need
A to satisfy that
p < d|\e “F (5.34)
which can be attained as (5.26).
a

Next, we prove that the jacobians DF and (—D.JS) can not meet near 0.

Proposition 5.10. There exists Cs such that for |\ > Cs|log(p)|~¢,
det DH (k) # 0 for every |k| < d

Proof: Choose first |A| > Cs|log(p)|~*. We have
det DH (k) = |0, H|*> — |0zH* > |F'|* — |DS|*.

Let |k| < d. Then, Lemma 5.8 ii) and Lemma 5.5 condition (5.15) imply
that
det DH (k) > |A|emMoRR) _ 20 ,CRO) (5.35)

Mo+C)R(X)

which is not zero if p? < |X|e~( . By choosing a new constant C'3

the Proposition is proved. 0O

Let us put all our knowledge together and conclude by a degree argu-
ment:

End of the proof of Proposition 5.3: Choose A > “()SW. By Lemma 5.9

the zeros of g = €¢"H belong also to D(0,d). Now, since
g(w, z, k) =ik + e(k)k
for |k| = R(\), g(w, z, k) is homotopic to Ak, then
deg(g,D(0, R(})),0) =1
and since g = €"(F + S) with e” continuous
deg(F + S,D(0,R())),0) =1

From Lemma 5.9 the zeroes of H = F + S are in D(0, d) where det(H) # 0.
Thus, since H € C!' we can express the Brouwder degree by the formula

1 =deg(H,0B(0,R(A)),0)= >  Ind(H, k)= > signdet DH(k;).
kicZ(H) kicZ(H)

Suppose that there exists more that one zero. This would mean, that there

exists k; € Z(H) \ {0} such that det DH (k;) < 0 and, by continuity of the

determinant, there would exists ¢ € (0,1) such that det(H (tks)) = 0. We

arrive to a contradiction with proposition 5.10. Thus if |A\| > Cj5|log p|~@

there is a unique zero of g and the proof is concluded with C = Cs O
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6 The proof of Theorem 1.1

Let ~y; be two conductivities satisfying the ellipticity (I) and regularity con-
ditions (II) in Theorem 1.1. We start by showing that there is no loss of
generality assuming that the v; — 1 are compactly supported in € and that
Q) = D. The key point is the stable recovery of the values of the conduc-
tivities on 0f) from the Dirichlet to Neumann map. This is the content of
the following proposition which follows easily from [14]. We would like to
thank R. Brown for this personal communication. The theorem is stated for
hypothesis adapted to our conductivities.

Proposition 6.1 ([14]). Let Q be a Lipschitz domain and 1,72 two con-

ductivities in C(Q) Then there exists C = C(2, k) such that

71 = 2llzo o) < CllAy = Ml g2 90)— -172(50) (6.1)

The stable boundary recovery has been studied in several works, for
instance for v; € WP, some p > 2 and Q a Lipschitz domain, see [3] and
[27] and for continuous conductivities and smooth domains in [35]. By a
combination of Proposition 6.1 and the bilinear weak formulation of the
Dirichlet to Neumann map we prove that we can reduce to the case where
7 — 1 compactly supported in ID.

Theorem 6.2. Let §2 be a Lipschitz domain, Q CC ID. Let us denote

p=1Ay — A72”H1/2(BQ)—>H‘1/2(39)

There exist extensions 7; of v; such that

17jllce () < CAo (6.2)
1A% — Ayl 51/29p)— -172(9m) < Cp (6.3)
supp(y; — 1) C D. (6.4)

Proof: We use the Whitney extension operator &y, see [32, page 174].
We consider the closed set F' = 92U (C \ D(rg)) for some 9 < 1 such that
Q CC D(rg) and take the functions, defined on F', given by

v; for z € 090
fitz) =4
1 for z € C\ D(ro).

We take the Whitney extensions & (f;) and define the extended conductiv-
ities as

55(2) = {’yj(z) for z € Q (6.5)

60(fj) for z € (C\Q

The condition (6.2) follows from the continuity of Whitney extension on C%,
0<a<l.
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From the linearity of Whitney extension we have

191 = A2l Lo ) = [I€0(f1 = f2)llLemra) < I — 2ll 2o (00 (6.6)

By (6.1) we have
191 = Y2l e m\0) < Chp. (6.7)

Now we are in conditions to prove (6.3). Let g € H %(8]1))) and let u; €
H(D), for j = 1,2, be the solutions to

V- (V) =0

Y (V) (6.8)
Uj|81D> = $0-

Consider us be the solution to
V- (12Vuz) =0
uzlon = U1

and declare
U2 = u2xq + U1 XD\Q-

The idea is that if p = 0, in fact U5 = 1. Thus, it is natural to conceive
that [, |[V(d2 — 12)|* might be controlled in terms of p. In fact,

/ |V (v —1ip)|* < c/ VoV (vg — 1iz), V(U3 —12)) = / Yo (Vg V(U3 —102)).
D D D
Adding and subtracting v, Vu; we get,
[V - <| [ (Vi v - @)
D D
+ !/<71VUN1 —72Vug, V(i — i2))| (6.10)
Q

+ | (Y2 — T1)(V2, V(72 — 12))|.
D\Q

The first term vanishes by (6.8). For the second we use the definition of p.
Namely,

| /<71V121 — 712Vug, V(v — 1z))|
Q

= [((Ay;, — Asy) (1), (V2 — U2)0) |
< pllvz — @2l gyl | g (o)

< pl|V(v2 — i2) || L2y |91 ]| a1 (my
(6.11)
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Here the Dirichlet to Neumann mappings A, are taken on 0. Finally,
from (6.7),

/D\Q(’Yz —1)(Vz, V(U2 — 1i2)) < [[72 — Tl oo o) VU2l L2\ |V (V2 — 12) [ L2 (m)
< plIV (02 — @2) || p2 (o) 141 | 711 ()

(6.12)
Then (6.10), (6.11), (6.12) together yield that

1/2
([1ve—l) " <ol < dlenls g 61

Our last task is to compare the Dirichlet to Neumann mappings on 0D,
Ay, Let o, %0 € o> (0D) and v € H'(OD) an extension of ¥5. Then

(Asy — M) (), o) = /D (FVE - Vi, V) (6.14)

Now we want to add and subtract (y2xo + 71xp\o)V¥2. Since we have

| / (7Y — (rax + Foxma)) Viz, V)| = | /Q (Vi — 7o Vg, Vi)

= [{((Aq, — Ay)(u1p0), Yoa)| < pllrll )l r oy

<plleoll .1 . llvoll

H? (D) H? (9D)

(6.15)
We can obtain

[{((Ayy = Ayz) (o), ¥o)l < plldinll e oy 191 1 )

+ | /D<('72XQ + Y1xp\Q) V2 — 72Viiz, Vih)| <

(6.16)
The second term is majorized by
[ 0alV =) Vo) 4] [ RViR - iva el 6
Q D\Q
which using (6.7) and (6.13) is controlled by
Collinllm 1ol < Collgoll, g o 190l 3 oy (619)
Therefore we arrive to
(A, = M) (0), 903 < Collgoll, 3 o 160113 (6.19)

which is equivalent to (6.3). The proof is concluded
a
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We now come back to the complex geometric optic solutions arising from
p; compactly supported in D = €2. So far we have obtained the stability of
the complex geometric optics solutions, this suffices for uniqueness. But for
stability we need to go further and obtain the stability of the derivatives of
the functions f,,, since the Beltrami coefficients are

n= a?f,u/?fu

By using an interpolation argument we extend the stability in the L*>° norm
proved in Theorem 5.1 to stability in the W1 norm. We still require p < %
This requirement will be removed at the end of the proof.

Proposition 6.3. Let f,,, fu, be the complex geometric optic solutions.
Then there exist constants a = a(k, Ao, @) and C(|k|) = C(k, Ao, o, |k]) such
that

HfIH (Z, k) - f#2(za k)”Wl»OC(D,dz) < C(‘kD’ Ing‘_a

Proof: Let us start by noticing that, by (2.41), (2.42), the stability of
the geometric optic solutions for both Beltrami and conductivity equations
are equivalent. Thus, Theorem 5.1 implies that

[ fur (2, k) = fus (2, F)|[ oo (p,az) < Cllog(p)| ™ (6.20)
On the other hand by Theorem 3.9 we know that for e < a — 1
[ fur (2 k) = fua (2, B) | cr4ep,azy < C([K) (6.21)

Let us consider the function U = (fu,(2,k) — fu.(2,k))p where ¢ €
C5°(D(0,2)) is a cut-off function ¢xp = 1. Then for every 1 < p < oo,
(6.21) and (6.20) imply that

1Ullwr+er(cazy < C(K])  and, [Ullzr(c,az) < C([ED[logp| ™", (6.22)

which calls for an interpolation argument. By interpolation between LP
and WITeP we can obtain estimates for ||U ||} o1+, and consequently for
| DU ||yoa+e—1p. If we further require that (1 +¢) —1 > %, by Sobolev
embedding we also control U in L°°. Namely under these conditions we have

IDU|| 1o (,dz) < ClIDU|[woa+o-1p(caz) < ClUllwoa+o.r(c,az)

B o (6.23)
< U5 MU ke < [log(p)|~* =D C(|K]).

Since we can take any 1 < p < oo the estimate is valid for any 6 < %ﬂ O

Proof of Theorem 1.1
By Theorem 6.2 we can reduce to conductivities ; such that v; — 1 are
compactly supported in €2 = ID. It is enough to control the difference of the

Beltrami coefficients p;, since v = ’1’%; implies that

71 = 2llLoe(m) < 11 — p2ll poo () (6.24)

- 1— k2
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claim follows. Therefore Proposition 6.3 can be applied. We only need the
complex geometric optics solutions with fixed £ = 1. Thus in the rest of the
proof we take f,(z) = fu(z,1). The stability of the Beltrami coefficients is
reduced to the stability of the derivatives. Since, from the definition of the
Beltrami coefficients,

11 = p2ll oo @) = [102fu1 /02 fur — Oz fua / Oz s | Lo () - (6.25)

Now we use the regularity of the solutions. By Theorem 3.9 there exists a
uniform constant m > 0 depending on Ag such that for every p

We can also assume that p < 1. Otherwise p > Llu1 — p2|| ooy and the

inf |8qu| Z mu
D
and by (6.21) there exists another uniform constant
max |Dfu| <M

Thus,

Haff,ul/azfm _%fm/aZfMHLOO(]D)) < HDfm _DfMHLOC(ID)) < C| 10g(ﬂ)’_a

(6.26)

M
m
and the theorem is proved. O

7 Appendix. Proof of theorem 3.10:

For the convenience of the reader we give a proof of

Theorem 7.1. Let pn such that |u(2)] < k <1 and p € C(G) for a domain
G C C with ||pl|ce < Ao. Given a function w such that:

e (i) w is a solution in VVllgf(G), p > 2, of the equation
Ozw = pd.w (7.1)
e (ii) For any G' CC G, there exists K = K(G') such that

sup |w(z)| < K. (7.2)
zeG’

Then the following properties hold:

o (I) If B is such that 0 < 3 < a and D CC G'. Then there exists a
A = Ai(k, K, D, 3) such that

[0zwlles(py + 10:wlles(py < At (7.3)
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o (II) Assume that w is a quasiconformal homeomorphism in C. Then
for any D CC C, there exists a constant J = J(K, K, Ny, D) such that

inf (|.w(2)? — prw()) = inf (Ju(2)) > I (74)

zeD

Proof: Let us start with the proof of (I). Let be d, to be chosen later on,
with the condition 2d < d(D, 9,G"). Then for zp € D and 0 < |z — 29| < 2d
take
w(z) — w(20) — p(20)(w(z) — w(20))

Z — 20

9(2) = g(z; 20) =

This g is a solution in 0 < |z — 29| < 2d of the equation

0z9 = 1p0-g + B, (7.5)
where (u(2) (z0))2
z) = Z20) = Mz _MZLZ .
o) =) Gt i
and

(1= u(z0)u(2))z
We extend 19 and By by zero in C \ D(zp, 2d).

Now, in order to choose d = d(Ag, k, «), consider C(a) = ||T||L9o— Lao
where ¢, = 2/(1 — @), and € < 1/C(«) and then, by the uniform Holder
condition for any p in the hypothesis of the theorem, take 2d such that for
any |z — zo| < 2d

|‘W\ <e (7.8)
This choice of d makes
sup |po(2; 20)| < €
Z,20
From the Holder condition we also have By(+; zg) € L4, for ¢ < q,, with
norm uniformly bounded with respect to 29 € D and depending only on Ag,
K and gq.
From the representation theorem for solution of equation (7.5) we can
write

g(z) = 2@ f(F(2)), for 0 < |z — z0| < 2d.

Where |s(2)| < Sy and |s(z) — s(2")| < S|z — 2|?, with 8 < a because of
(7.8 ) and the choice of e. Here S; and Ss only depend on k1 and Ag.

The function ¢t = F(z) is a Beltrami normalized one to one solution on
C such that

[t —t'| = |F(2) = F(2)] < S3(R, 51, Ao)|z — 2|7, (7.9)
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for 3 as above and z,z' € D(R). Also the inverse function z = F~1(t)
satisfies a similar estimate

|z — 2| = |[F7L(t) = F7Y(t)| < Su(R, k1, Ag)|t — t/|° (7.10)

for 3 as above and z, 2’ € D(2R).
The function f is analytic at least on F(0 < |z — 29| < 2d). If we write
f(t) = e sET ) g(FL(t)) we see that for to = F~1(z)

s 1+ wEH() —w((F(to))

< Ot —to| V8 .
1— K| Ffl(t) _ Fﬁl(to) | = C|t t0| (7 11)

If(@) <e

in a neighborhood of ¢y. The last inequality follows from (7.9) and the
boundedness of w.

It follows that tg is not an essential singularity. We may use the argument
principle to see that ty is a removable singularity. In fact, let us consider a
oriented circle I' = {|t — to| = r} for small r such that f has no zeroes on
{0 < |t —to| < r}. Then, since w and F~! preserve the orientation and F~!
is a homeomorphism, we have that the variation of the argument along I

Arlog f(t) = Arlog w(z) = w(zo) >0 (7.12)
Z — 20
where we understand z = F~1(t). Hence t = t is not a pole of f and this
shows that g can be extended to a solution of (7.5) on |z — zp| < 2d.
From (7.9) and (7.10) there exist d' and dp such that D(t,2d") C
F(D(20,d)) and F~'(D(20,d")) C D(z0, do).
From the maximum principle and (7.11) we have

!

FEE)] < 50 D) (7.13)

for z € D(zp,d) and hence

2K (G
F0 < S D — (7.14)
for t € D(to, 2d,).
From Cauchy formula we have

If'(D)] < K1 /d' (7.15)

for t € D(to, d/).
Then, from the representation, we have

9(2) — g(z0)] = |5 f(F(2)) — ) f(F(2))|
< eSKLs(2) — s(z0)] + esl%]z = aol? < Kl — 2o,
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if |z — 29| < dp. Hence
|w(2) —w(z0) — p(20)(w(2) — w(20)) — g(20) (2 — 20)| < K|z —20]"T" (7.16)
This is equivalent to

11(20)9(20; 20)
1 — |p(20)]?

— ., 90iz0) L (148
( 0)""1_‘”(2,0)‘2( 0)+0(] ol +)
(7.17)

From the above expression, w is differentiable for every zg € D and it satisfies
the equation everywhere, moreover, for any zg € D

w(z) = w(zp) +

|0-w(20)| < |Ozw(20)| < C = C(Ag, k, K(G")). (7.18)

It remains to prove the Holder condition. To attain this take z; and z»
in D, with |z1 — 22| < dp, then from (7.18)

lw(z1) —w(z0) 4+ Ow(21) (22 — 21) +02w(21) (22— 21)| < K3|z—20* TP (7.19)

Changing the roles of z; and z in (7.19), using both estimates and the
triangle inequality we obtain

10:0(21) = Qsw(z2)| — [Bz0(21) — Bsw(22)|| < Kalz1 — 2o/’
Then using the equation we have

|0zw(z1) — Ozw(z2)] = [(21)0:w(21) — pu(22)0-w(22)]
< fu(21)(0zw(z1) — O:w(22))| + |p(z1) — p(22)]|0-w(z2)]

Hence
(1 — K)|0,w(z1) — Orw(22)| < Ky|z1 — 22|ﬁ + CAplz1 — 22|¢

where C' is the constant in (7.18).

We have proved the -Hélder condition for f < « in D(zp,dp) for any
zo € D. Since D is compact a covering argument extends the condition to
D, with constants now depending also on D itself. This finishes (I).

If w is an homeomorphism as in (II), we have equality in (7.12), for I'
the circle [t — tg| = r and any r < 2d ( otherwise w(F(I')) would have
selfintersections). Then there are no zeros of f in |t — ty| < 2d. From the
condition on w, there exists a constant d; > 0, only depending on k, such
that

dy = min{|w(z) — w(z0)| : |z — 20| = d}.

Hence, from the minimum principle,

L—rdi _
1+xkd

5

[f(F(z0))] = e®
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and

|9(20; 20)| > e K

Now from (7.17) we have, for any 2o € D,

9(20; 20)

100zl = 1777 )

| >J>0.
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