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SHARP-INTERFACE LIMIT OF A MESOSCOPIC FREE ENERGY
WITH A RANDOM EXTERNAL FIELD

NICOLAS DIRR AND ENZA ORLANDI

ABSTRACT. We add a random bulk term, modeling the interaction with the
impurities of the medium, to a standard functional in the gradient theory of
phase transitions consisting of a gradient term with a double well potential.
For the resulting functional we study the asymptotic properties of minimizers
and minimal energy under a rescaling in space, i.e. on the macroscopic scale.
By bounding the energy from below by a coarse-grained, discrete functional,
we show that for a suitable strength of the random field the random energy
functional has two types of random global minimizers, corresponding to two
phases. Then we derive the macroscopic cost of low-energy “excited” states
that correspond to a bubble of one phase surrounded by the opposite phase.

1. INTRODUCTION

Models where a stochastic contribution is added to the energy of the system
naturally arise in condensed matter physics where the presence of the impurities
causes the microscopic structure to vary from point to point. The starting point is
a random functional which models the free energy of a two phases material on a so-
called mesoscopic scale, i.e. a scale which is much larger than the atomistic scale so
that the adequate description of the state of the material is by a continuous scalar
order parameter m : D C R? — R. The free energy functional consists of three
competing parts: An ”interaction term” penalizing spatial changes in m, a double-
well potential W(m), i.e. a nonconvex function which has exactly two minimizers,
for simplicity +1 and —1, modeling a two-phase material, and a term which couples
m to a random field with mean zero, variance #? and unit correlation length, i.e. a
term which prefers at each point in space one of the two minimizers of W(-) and
breaks the translational invariance, but is "neutral” in the mean. This random
term models the interaction with “impurities” that are randomly distributed in the
material. A standard choice with the aforementioned properties is

Glm,w) = /D (IVm () + W (m(y)) + 8g(y. @)m(y)) dy.

We are, however, interested in a so-called macroscopic scale, which is coarse than the
mesoscopic scale. Therefore we rescale space with a small parameter e. If A = eD
and u(z) = m(e 'x), we obtain G(m,w) = ¢! ?G (u,w), where

G.luww)i= [ (AVa@l + 2 (o) + Lo, 0hm(a))

where g. has now correlation length e. First, we are interested in the asymptotic
behavior of the minimizers, which, unlike in the case § = 0, will not be the constant
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functions u(z) = 1 and u(z) = —1, but functions varying in z and w, and the min-
imal energy will be strictly negative. Second, we would like to know how functions
which are not minimizers, but have energy of the same order as the minimizer,
behave as € — 0. This can be used to obtain information on the asymptotics of
minimizers with a constraint, like requiring the spatial mean of u to equal a fixed
value. The appropriate mathematical set-up for the second question is as follows.
First we “renormalize,” i.e. we subtract the energy of the minimizers (which exists
by standard arguments) to obtain

F(u,w) = G (u,w) — G (,w),

inf
H'(A)
and then we consider the I'-limit of the functionals F, defined in L' (A) (with respect

to the L'(A) convergence). A functional Fy is the I-limit of the family (F.).
with respect to the L'-topology, if for all u € L'(A)

o for all {u,} € L'(A) with u, — u in L' (A),
liminf F, (u.) > Fo(u),

e and there exists a sequence {u.} € L*(A), v. — u in L' (recovery sequence
or I'-realizing sequence) such that
lim sup F,(ve) < Fy(u).
€

(1.1)
The I'-limit, a notion invented by E. De Giorgi, means heuristically that F(u) is
the limit energy of the “lowest-energy approximations” to u. In the the case § =0
the minimizers are obviously the constants £1 with minimum energy zero, and the

second question, the I'-limit, was answered by Modica and Mortola, see [14, 15]
who found that

Yu - _
Fo(u) = { ST (\VU\) [Vul 1f1 u € BV(A), |u] =1 ae. (12)
oc else

1
Tn)=Cw=2[ /W(s)ds forall neS%", (1.3)
—1

where S 1 .= {z € R? : |z| = 1}. If the “jump set” of u, i.e. the set separating
the region where u = +1 from the region where u = —1, is sufficiently regular, then
Vu(|Vu|)~" = n, the outward unit normal to the set {u < 0}. For the generalization
to BV-functions, i.e. functions such that the distributional derivative is a (vector-
valued) Radon measure, see e.g. [9]. The weight 7(n) = 7(—n) is the surface
tension in the language of statistical mechanics. While it is constant for § = 0, it is
nonconstant (anisotropic) for g periodic (see [6, 7]) or for the gradient term being
replaced by a bilinear form with periodic coefficients, see [1]. The g-dependent
bulk term, when strong enough, because of the scaling with ¢!, force a sequence
u. to “follow” the oscillations of g. This always happens in the form of bounded
oscillations around the two wells of the double well potential. In such a situation
there are still two distinct minimizers, also called “phases,” adopting the language
of statistical mechanics. But in principle the g-dependent term could be strong
enough to enforce large oscillations, so that the minimizers will “change well.” In
the periodic case it is possible to check on a deterministic volume with a diameter
of the order of the period whether the minimizer “changes well,” i.e. creates a
“bubble” of the other phase. The random case is quite different, because there is
no deterministic subset of A such that the integral of the random field over this
subset equals zero for almost all realizations of the random field - there are always
fluctuations around the zero mean. A set A becomes the support of a bubble of the
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other phase if the cost of switching to the other well, which can be estimated by the
Modica-Mortola result as proportional to the boundary of A, is smaller than the
integral of the random field part over A. As the correlation length is €, a set A C A
contains roughly |Ale ¢ independent random variables, where | - | denotes the d—
dimensional Lebesgue measure of a set. By the central limit theorem, fluctuations of
order 9\/\76”1/2 are highly likely, but the probability of larger fluctuations vanishes
exponentially fast. Therefore, using the isoperimetric inequality, the probability of
A being the support of a bubble is exponentially small if

cd‘A|(d71)/d > ‘A|1/26(d72)/29=

where ¢4 is the isoperimetric constant. In d > 3 this is asymptotically always the
case for sets of diameter of order larger €, or for sets of any size, provided 8 — 0.
When determining properties of the minimizers we are, however, not interested in
whether a single given set A becomes the support of a bubble, but whether there
exist “bubbles” of the other phase. In order to estimate the latter probability, we
have to find a way to count subsets, which requires a coarse-graining on the scale
of the correlation length.

We define a phase-indicator which is £1 if the average of u over a cube of side
€ is close to +1, the minimizers of the “unperturbed” (§ = 0) functional. (See
2.15.) Then we prove that the energy of a function is bounded from below by an
energy that can be expressed as a function of the so-called contours of the coarse-
grained “representative” of the function. The proof of this bound does not require
probabilistic arguments. The basic idea behind contours is to make explicit the
region in space where the order parameter u deviates from the minimizer, which is,
of course, unknown. However, one may guess that for sufficiently weak disorder (@
small) the minimizers should look almost like the ones without random field. It is
thus natural to build the contour model on the basis of the ideal minimizers and to
let the contours themselves keep track of the deviations of the true minimizers from
these ideal minimizers. Our use of contours for functions v : A — R, i.e. functions
in continuum, has been strongly inspired by the series of papers done for Ising spin
systems with Kac type interaction by Errico Presutti and his collaborators, see the
book [18].

However, we do not impose any boundary conditions on the cube A, because
we are interested in global minimizers. This kind of free boundary condition
corresponds to Neumann boundary conditions for smooth solutions of the Euler-
Lagrange equations. In the “discretized” setting after “coarse-graining”, the free
boundary conditions will make the definition of contours more complicated than
in the standard setting, where usually some type of “Dirichlet” boundary condi-
tions are used. In addition the energy in [18] contains convolution terms instead
of gradients, so our approach is quite different as far as the more technical parts
are concerned. This contour reduction allows us to use probabilistic techniques
developed in the 1980’s for the (discrete) random-field Ising model. The central
question heatedly discussed in the 1980’s in the physics community was whether
the Random Field Ising model would show spontaneous magnetization at low tem-
perature and weak disorder in dimension 3, or not. This is closely related to the
question whether there are at least two distinct minimizers, one predominantly +
and one predominantly —. The problem was solved by Bricmont and Kupianen,
[5], who proved the existence of phase transition in d > 3 for small magnitude of
the random field, and Aizenman and Wehr, [2], who proved that there is no phase
transition in d = 2 for all temperatures.

We prove that in d > 3 and for a set of random realizations of overwhelming
probability, see Theorem 2.1, there are two functions u} (-,w) and u_ (-,w), close
in L™ respectively to +1 and —1, on which the value of the functional is close to
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its minimum value, and one of them is the global minimizer. The energy of these
minimizers diverges as € — 0, but the minimal energy is close to a deterministic
sequence ¢, up to an error which vanishes as € — 0, see Theorem 2.2, i.e. the energy
becomes deterministic in the limit by a law of large numbers. The I'-convergence of
the renormalized energy F, is the content of Theorem 2.3. We show I'-convergence
with respect to the L!'(A)-topology with probability 1. The realization w of the
random field is treated as parameter for P almost all such w.

Both Theorem 2.1 and 2.3 hold only in the case 8 = (log(e~'))~! — 0, while the
analytic result which is crucial in obtaining these estimates, the contour reduction
Theorem 2.7 and Theorem 2.9, hold for # small but strictly positive as € | 0.
The assumption # — 0 is important because by analogy with the aforementioned
Ising models with random field we expect that for § small but finite two (almost)
minimizers exist, but they do not stay in a single well: The 4+ minimizer, for
example, will be predominantly near +1, but there will be many small (diameter
~ €) “bubbles” where it is close to —1. In the case of “weak” disorder treated here,
ie. 8§ — 0, we show that the surface tension 7 = Cw (see (1.2)) as in the case
6 = 0. This does not mean that the disorder is too weak to have any effect: First
note that the minimizers are not constants but functions depending on space and
on the realization of the random field. Their energy is not zero, hence the presence
of the renormalization.

Moreover, in Appendix III, we present a (partly heuristic) computation that
indicates that minimizers in d = 3 are not microscopically flat, i.e. even if the jump
set of u is a plane, the recovery sequence u, has the property that for some d > 0
the set S(u.) = {—14+ 9 < u < 1 — 4} fluctuates around the limit plane on any
scale smaller than €2/3. This is clearly not the case for # = 0, where the global
minimizer has planar level sets, and in the periodic case recent results by Novaga
and Valdinoci, see [16], indicate that S(u.) oscillates on the scale e.

This paper is organized as follows. In Section 2 we state the main results, define
the phase indicator and our notion of contours. In Section 3 we show that we
can associate to each function a representative which gives rise to essentially the
same coarse grained function, but has smaller energy and is uniformly bounded and
uniformly Lipschitz. This allows to derive that such a function must be pointwise
close to the minimizers if the coarse-grained function is. In Section 4 we estimate
the cost of a contour, i.e. a deviation of the coarse-grained function from local
equilibrium. In Section 5 we show the already mentioned lower bound on the energy
in terms of a functional depending only on the contours of the coarse-graining. As
consequence, we prove that a minimizer stays in one single well of the double-well
potential. In Section 6, finally, we use the information obtained so far to show
the T'-convergence of the renormalized functionals. We collect, in the appendix, for
convenience of the reader, standard results and computations about properties of
the solution to the Euler-Lagrange equation of our random functional under the
condition that the solution stays in one single well and probabilistic estimates used
in this paper.

Acknowledgments. We would like to thank Stephan Luckhaus and Errico Pre-
sutti for helpful discussions. EQ acknowledges the hospitality of the Max-Planck-
Institute for Mathematics in the Sciences, and ND acknowledges the hospitality of
the University Roma Tre.

2. NOTATIONS AND RESULTS

2.1. The functional. The “macroscopic” space is given by A := [—%, %]d, the d—
dimensional unit cube centered at the origin. The ratio between the macroscopic



SHARP-INTERFACE LIMIT WITH RANDOM FIELD 5

and the “mesoscopic” scale is given by the small parameter € > 0. Hence for any €

the mesoscopic space is defined as A := [+, 2=]%. We require € to be in a countable

2e? 2e
set, e.g. € = %7 n € N. This choice avoids irrelevant technical difficulties.! The
disorder or random field is constructed with the help of a family {g(z,w)},cza of
independent, identically distributed Bernoulli random variables. The law of this

family of random variables will be denoted by P, in particular
1
Pqﬂaw%:iﬂ):ig 2z €% (2.1)

Different, choices of g could be handled by minor modifications provided g is still
a random field with finite correlation length, invariant under (integer) translations
and such that g(z,w) has a symmetric distribution with compact support. The
disorder or random field in the functional will be obtained by a rescaling of g such
that the correlation length is order € and the amplitude grows as e — 0. To this
end define for z € A a function g.(-,w) € L*(A) by

gF(:I:7w) = Z 9(27w)ﬂf(z+[7%,%]d)ﬁA(m)7 (22)
2€Z4

where for any Borel-measurable set A

4 (x) l,ifzr e A
xr) =
4 0if z ¢ A.

For u € H'(A) and any open set A C A consider the following random functional

Ge(A,u,w) ::/ (eVu(a:)|2 + %W@@;))) dz + %a(e)@/AgE(Lw)u(y’U)dx (2.3)

A
where # > 0 and 0 < a(e) < 1 is a function of € to be specified later. If A = A, we
simply write G (u,w). The potential W is a so-called “double-well potential:”
Assumption (H1) W € C?*(R), W >0, W(s) =0iffs € {-1,1}, W(s) = W(—s)
and W (s) is strictly decreasing in [0, 1]. Moreover there exists dg and Cy > 0 so
that

1
- 20,

These assumptions could be relaxed, but in order to keep the exposition rea-
sonably short, we prefer to use stronger assumptions. The functional (2.3) can be
extended to a lower semicontinuous functional G, : L'(A) = RU {+oc} by defin-
ing G.(v,w) = +oo for any v ¢ H'(A) and w € Q. For ¢ > 0 fixed and w € Q
it follows in the same way as in the case without random perturbation that the
functional G (-, w) is coercive and weakly lower semicontinuous in H'(A), so there
exists at least one minimizer, see [8], which is here a random functions in H'(A),
i.e. different realizations of w will give different minimizers.

W (s) (s —1)2 Vs € (1 — dp, o0). (2.4)

2.2. Minimizers and T'-limit. Our first main result is the existence of two min-
imizing random functions uF and their properties.

Theorem 2.1. Let d > 3, 0 < 0, a(e) = ~r. There exists ¢g > 0 and a =

a(a(en)d,d) > 0 so that for all € < €, there eists a set Q, C Q, PQ] >
49

1—ealmi(in)™ , 2, s0 that for all w € Q. the following holds: There exist two

Tt will become soon clear that this assumption simplifies some definitions, see for example the

definitions of contours given next, avoiding to deal with boundary layer problems.
49

2The exponent 50 is just a possible choice. The relevant issue is that for e = %, >on ef () ig

finite, where here f(n) = —a(In n)l"'%.
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functions uF(-,w) € H'(A) such that

inf G.(-,w) =G (u],w), where 7 = —sign (/ gf> (2.5)
Ja

H1(A)

G (uf,w) — Ge(u.,w)| < 4, (2.6)
where 6. is a deterministic function with 6. — 0 as e — 0,

e (@) — Uloo < CBa(e); lu (w) + Ll < Chla(e) w e O,

Eluf(r,-)]=1 VreA

and (decay of correlations)

1

B (r, Ju ()] — Bl (r, )JE[u (7, )]| < C(d)fPa(e)e V0

€ €

2

In the unperturbed case # = 0 the minimum value is zero and there are two
minimizers, the constant functions u* = +1. When 6 > 0 the infimum over H!(A)
can be negative or even diverge to —oo as € | 0. Hence we shall introduce an
additive renormalization for the functional and denote for u € H'(A)

F.(u,w) = G (u,w) — inf G (-, w). 2.
e(u,w) = Ge(u,w) HIP(A)G( w) (2.8)
Denote
Ce = E[Hlln(f/.\) G.(+,")] (2.9)

We have the following result.

Theorem 2.2. For d >3 and a(e) = (In(1/€)) L, 6 > 0,

o = G, (ut, )] = EG. (u ") (2.10)
2
E|c — Hl]Il(f/;) G(-,)| =0, 0<liminfea(e) ?|c.| < limsupea(e) ?|c.| < oc.
(2.11)

Next theorem states that the renormalized functionals have a I'-limit.

Theorem 2.3. Ford>3,e=1 neN, ale) = (In(1/e))"! and 6 > 0, F.(-,w) —
Fy(+) in the sense of T -convergence (with respect to the L' topology) P-almost surely,
where Fy is as in (1.2) and Cw is as in (1.3).

Theorem 2.2 corresponds to the highest order term of a so-called “I"-expansion”
of our functional. Its proof is given in Section 5. Theorem 2.3 characterizes the
next order term. Its proof is given in Section 6.

Remark 2.4 (Minimizers with Constraints). As a direct consequence we obtain
that a sequence ue(-,w) with

Ge(ue,w) = min G (v,w),

{veH': [, v=m}
for m € (—1,1), converges a.e. to a deterministic function u(-) such that

Fy(u) = min Fy(v), P=1.
{veBV: [, v=m, |v|=1 a.e.}
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2.3. Contours and Contour reduction. The proof of Theorem 2.1 and Theorem
2.3 is based on an extension of Peierls, [17], argument to the present context, using
three steps: First, a reformulation of the problem in term of contours, then an esti-
mate of their energy and finally an estimate of their number. As we are interested in
global minimizers, we consider free boundary conditions, which corresponds to Neu-
mann boundary conditions for smooth solutions of the Euler-Lagrange equations.
This makes the definition of contours in the “discretized” setting more compli-
cated. It is convenient to reformulate the problem in the mesoscopic coordinates.

We consider v € H'(A,) and denote in mesoscopic coordinates

Gi(v,w) = / (IVo(2)|? + W (v(z))) dx + a(e)d / g1(x,w)v(x)dx. (2.12)

€ * €

The relation between (2.3) and (2.12) is
G (A u,w) =e1G1 (A, v,w)

where v(z) = u(ex) for z € A..

(2.13)

3

2.3.1. Coarse-graining. We introduce notations for the partition of R?. We de-
note by D(® = {C(®} the partition of R? into cubes of side 1, with one of them
having center 0, and we denote by C°(y) for y € R? the block of the partition D(®)
which contains y. Two cubes of D(©) are connected if their closures have non empty

intersection. Given m € L}, (R?) we denote for each cube C(®) € D(®)

mO(y) = / m(z)dz (2.14)
SO (y)
and by
1 it mO(y)>1-¢
nim,y) =n¢(m,y) =< -1 if mO(y) < —1+¢ (2.15)
0 it —14+¢<mO(y) <1-¢,

the block variable with tolerance (, where 1 > ¢ > 0. We omit to write the
superscript in notation (2.15) when no confusion arises.

2.3.2. Islands and Contours.

e Correct points. The point y is (— correct, or, equivalently C'(©) (y), the block
of D containing y, is (— correct, if 7<(m,y) # 0 and 7°(m,y) = n(m,y') on
the cubes of D(® which are connected to C(®(y). The point y, or equivalently
C©)(y), is (- incorrect if it is not (— correct. When no confusion arises we drop
the {(— in the previous definition and we denote a point or a block only by correct
or incorrect.

e [slands and signs of Islands. The maximal connected components of the correct
set are called islands. We denote them by the capital letter I. In an island n(m, y)
is constantly equal either to 1 or to —1, accordingly we define the sign of the island
sign(I) = £1.

e Boundaries. The boundary 8°*'I of an island I is the set of cubes C(®) not in I
but at distance 0 from I, ™7 is the set of cubes C'(©) in I and at distance 0 from
0%t]. The topological boundary is denoted AI. The definition of island ensures
that 0°'T is a kind of “safety zone” around I, in which 5(m,y) has still a definite
sign, equal to the sign of the island.

e Contours. Each maximal connected component of the incorrect set is the sup-
port of a contour. The contour is the pair I' = (sp(T"), nr) where sp(I') is the spatial
support of T', i.e. the maximal connected component of the incorrect set and nr is
the restriction to sp(T") of n(m,-). See also Figure 1.
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e Boundary of a contour. The boundary 9" (sp(I')) of the contour T is the union
of 8**I Nsp(T") over the islands. The + boundary, * (sp(T')), is the union of cubes
in 91 N (sp(T')) over the + islands I.

eContours in finite regions. When m € H'(A.) the block variable, see (2.15)
can be defined only for those C©) ¢ A, since m has support in A.. The notion of
correctness for a block C'(?) needs the knowledge of the block variables of the cubes
connected to C©). We make the following convention:

e Neuwmann Boundary on A.. A cube C(®©) C A, is correct if n¢(m,y) # 0 for
y € CY and n¢(m,y) = n°(m,y') on the cubes of D) C A, connected to C©) (y).
Contours are defined consequently and their support is contained in A..

e Dirichlet Boundary on A C A.. Let A C A, be a bounded, D(®) — measurable
region. We say that A has boundary conditions + (or —1) when n(m,y) = +1 (or
—) for all y € A¢, d(y, A) < 1. We then use the convection that all the blocks in A°¢
are considered positive (negative) correct and define those inside A according to the
previous rules. Contours are defined consequently and their support is contained
in A.

e Collection of contours and islands. Given m € H'(A.), ¢ > 0 we associate
G(m) = G(m,() = {T'1,..., Ty} for k € N, the collection of contours according
to the previous construction. This defines also the collection of islands Z(m) =
I(m,()={L,...,I,} for n € N. Tt is possible that there are no islands, Z(m) = {,
for example when G(m) = {T'} and sp(I') = A.. Since islands and their signs are
determined by the knowledge of the contours, I' = (sp(I'), nr), it is convenient to
fix a way to associate to each contour I' the corresponding islands, i.e. to define a
mapping I € G(m) — It C Z(m). Note that each contour may have several islands,
i.e. It is a set of islands. By abuse of notation we will denote islands, i.e. elements
in Iy, by Ir as well, if no confusion arises.

e Outer complement of a contour I'. For a contour I', consider all connected
components of A\ sp(I'), which are connected to the boundary dA.. Denote them
by C1, ... ,Ck.. We can associate a sign with each connected component by defining
sign(C;) := n(z) for some = € C; with dist(z,sp(I')) < 1/2. We form the union
over the positive and negative connected components, i.e.

A# = U Cj, AF = U Cj.
sign(C;)=+1 sign(Cj)=-1

Note that due to the possible presence of other contours, this does not imply that
7 is constant on A?. We denote by Or, the outer complement of a contour T', the
set

A, if [Af] > Ap |,
OF = — . + —
A, it A < Ap.

e Inner complement of a contour I'.  The inner complement of a contour T is
denoted by int(T') := A \ [sp(I") U Or].

e The islands of a contour I'.  The islands I, together with their sign, are de-
fined as follows: For each connected component of the inner complement the island
associated with this connected component is the union of all cubes in the considered
connected component, connected to 87 (sp(T')), 7 = £1, so that n(m,y) = 7 for all
y € It and the sign of Ip is 7. Note that the number of islands associated to I’
is equal to the number of the connected components of the inner complement and
their signs can be + or —.

o Virtual contour. Further we denote

If = A, \UFeg(m) (sp(T") U I).
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C - 52#{7: (L] or =AT
. 1] = AT
int(r)
Ir

FIGURE 1. Possible types of contours and Inner/Outer Complement.

The coarse-grained phase indicator n is constant on I, see Lemma 5.1 and we
define

sign(m) := n°(m, )i (2.16)

This means that I shares this important property with the islands associated with
real contours, therefore it is justified to call it an island associated with a virtual
contour I.

Remark 2.5. Note that in a finite volume with Neumann or Dirichlet boundary
conditions a collection of contours is always admissible in the following sense: A
collection of contours {T'1,..., [} is admissible if there is no connected path of
cubes from some 0% (sp(T;)) to 8 (sp(T'j)) in the complement of the support of
{T'y,...,Tx}. The notion of an admissible collection of contours is relevant because
in this case we can divide the complement of the support of {T'1,..., T} into con-
nected regions I; for i = 1,... n so that n is constant and not zero on 0°I; (the
boundary of an island).

The definitions (2.14) and (2.15) distinguish functions in L} (R?) according to
their mean over unit cubes of the partition D©). We would like to have some
control on their pointwise behavior on correct cubes. In the next theorem we show
that, given ¢ > 0 and mg € H'(A,), we can associate a function which decreases the
energy functional, has “almost” the same phase indicator n¢ as the original function
and for which positive (negative rep.) mean over correct cubes implies pointwise
positivity (negativity). We will refer to such a function as the (— representative of
mo. We denote by R¢(A.) C H'(A.) the set of the (— representatives of functions
in H'(A.). We will drop the suffix ( when no confusion arises.

Remark 2.6. Theorem 2.7 and Theorem?2.9 are stated for 6 small and a(e) = 1.
In the case a(e) — 0 they hold for e sufficiently small.

Theorem 2.7. [Representation] There ezists 8 > 0 and 0 < (o < do/4, 3, such
that P-almost surely the following holds: For all 0 < 6 <8y, 0 < ( < (o and for all
mo € H'(A.) we can associate m; € H'(A.), m; = m; (w,mg,() so that

Gl(ml,w) S G1 (mg,u}). (217)
Further let T = {z € A;d(z,1) < 1} for I € Z(my,(), and let C; = 2Cy||g|| -
Then
1. IfT € G(myg, () then sp(T") C sp(I'") with T" € G(mq,().

~

2. my is Lipschitz continuous on I with Lipschitz constant Ly = Lo(d, C1,6)).

3The upper bound (g < /4 is an immediate consequence of (3.4).
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3. There exists 0 < ( < 00 /2, (= é(d,c,ﬂg), see (3.3), so that

(@) € [1-(1+Ci0], = €T and sign(l) = +1,
! [~1-C16,-1+¢] z €T and sign(I) = -1

4. mq(z,w) = sign(l) + G(X,w,f) for x € T, where ﬁ(-,w,f) is the solution of
1 1 -~ ~
—Av+ —v+ -ale)fgi(,w) =0 in I, v=my —sign(I) ondl. (2.18)
20, 2

Remark 2.8. The previous theorem holds for 0 < { < (o, but it becomes meaning-
less for @ fized and ¢ small: In such a situation n° = 0 on too many cubes, because
the random field will create deviations from +1 which are typically larger than (.
Theorem 2.9, stated below, holds only for an accuracy parameter ((0), not for a
range reaching up to zero.

For this “representative” m; we can bound the energy from below in terms of
contours. First we need to define two functions u}(-,w) and u_ (-,w) which for
# < 1 are the minimizers under the point-wise constraints v > 0 and u < 0
respectively.

Definition 1. Let vf(-,w) be the solution of the following equation

1 1
—eAv(r) + 1L vl + —a(e)fge(r,w) =0 in A, 9 =0 on OA. (2.19)
20y € 2¢ on

Let uf := +1 +v*, and set for x € A, v*(z) := v*(ex), u* := +1 4+ v*. Note that
v*(y) depends on € only through a(e).

The relevant properties of v* are summarized in Proposition 7.2.

Theorem 2.9. [Reduction] Let {y and 6y be as in Theorem 2.7. There exists 61 > 0
with 61 < By such that P-almost surely the following holds: There exists 0 < ( :=
C(60) < (o such that for all 0 < 8 < 6, there exists a deterministic constant c(6)
with liminfy_, ¢(0) > 0 such that
Gi(m,w) — Gy (usign(m)jw) > Z (20 /i g1 (z,w)dx + C(Q)N[‘> ,
Jr?

reg(mi,()

where my is a (— representative of m, see Theorem 2.7, Ny = |Upeg(m1’<)sp(1")|
and I denotes those islands associated with T where n° = +1.

Remark 2.10. Since we apply Theorem 2.7 and Theorem 2.9 to prove Theorems
2.1, (2.2) and 2.8, which hold only in d > 3, we prove Theorem 2.7 and Theorem
2.9 only for d > 3. The proof extends to the general case with minor modifications
which are due to the explicit representation of the solution of (2.19) in term of the
associated Green function.

We show Theorem 2.9 in Section 5.

3. PROPERTIES OF LOW ENERGY STATES

3.1. Existence and properties of global minimizers. In this section we prove
properties of function with energy close to the minimal one. The statements hold
either for a(e) = 1 and @ sufficiently small, or for 6 arbitrary, a(e) — 0 and €
sufficiently small.

We first show that in order to determine the minimizers of the functional G, it is
sufficient to consider functions v € H'(A) so that |v(z)| < 1+ Cof||g||cox(€) where
Cy depends only on the double well potential.
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Lemma 3.1. Assume (H1). We have with P = 1 that for all v € H'(A) and all
t > 14 Cobale)l|glloos

Gt AvV (=t),w) = Ge(v,w) > 1/A (Co 't =1) = a(e)fliglloc) (July)| 1),

€

where Cy is the constant in (2.4) and Ay = {y € A : |v(y)| > t}. In particular
G (tAvV (—t),w) < Ge(v,w) unless Ay = (.
Proof. Since (H1) we get

1
G(v,w) —G(tAvV (—t),w) > = / (W(v(y)) — W(t)) dy
e

€

N | =

+ La(e)s /A dyge (y,)[o(y) — sign (v())1]

> 2 [ v a8) (v - Dy,
JA

€

O

This L*° bound on the global minimizer implies Lipschitz-regularity. In order to
see this, note that a global minimizer of G (-,w) in H!(A) is a weak solution of the
Euler-Lagrange equation

1
eAv = 2—[W’(1)) +fa(e)g] in A, weN

¢ 1
S—Z =0 on OA. ey
Proposition 3.2. Let v solve the Euler-Lagrange equation 3.1, then
\v(nw)—v(r',w)\<%|r—r'|, r,r' €A, P=1,
where ‘
Lo=C(d)[ sup  [W(s)| +0llgllsc]- (3.2)

{s:s=v(r),reA}

Proof. By Lemma 3.1, a global minimizer v satisfies the bound |v(r,w)| < 1 +
Cob||gllsocr(€) for r € A and w € Q. Since |g(-,w)| < 1 for all w € €2, any minimizer
will be a bounded solution of Poisson’s equation with a bounded right hand side.
By changing variables y = % one writes (3.1) in A.. Denote u(y,w) = v(ey,w).
By the regularity theory for the Laplacian (see [12]) the solution u is Lipschitz in
A, with a Lipschitz constant bounded by Lo = supgy. sy () zea.y W' (5)] + 0llgll
and independent of €. Transforming back the solution in the old set of coordinates
one immediately obtains the result. O

3.2. Pointwise properties. Once the Lipschitz-continuity is established, it is easy
to derive pointwise properties from information about integral averages over cubes
by standard estimates.

Proposition 3.3. Let 6 > 00 and 1> (5 > 0, Q € D and let

k(d) = inf liminfr—?B,(z) N[0,1)7.
(@) s, o0 |Br(z) N[0, 1]

Suppose that u is Lipschitz continuous in Q with Lipschitz constant Ly, and ||ul|c <
14+ Ci6, for 0 < 8 < 6y. Let

£(d, Lo, o, B) =2 (%) 7 Lyt (3.3)
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Then for 0 < ¢ < (g

U(.’I,‘) E{ [1*5714‘019], 7f7}<(11,’1‘) :+17

[—1—019,—14—6] if n¢(u,z) = —1.

Proof. Suppose 11¢(u,z) = 1 for z € Q. Let { be as in (3.3) and assume there exists
a point zg € @ such that u(zg) < 1 — Z We will show that this assumption leads
to a contradiction. Let 0 < r <« 1. Then since u has Lipschitz constant bounded
by Lo

u(@) <1—C+ Lor for all z € By(xp).

Moreover we have the bound |u| < 1+ C16. Let v, := |B,(z9) N @], then since
C<G

-G <(1-0< /Qus (1= + Lor)u, + (1 - v,)(1 + C160),

and consequently
vy (¢ — Lot + C16p) < (o + Cibo.

In order to derive a contradiction, choose first 7 so small that Lor < (1/2)6
Moreover, note that there exists a dimension dependent constant k(d) such that
vy > k(d)r?. (This constant takes into account that z, may be in the corner of a
cube.) So finally

~

d
(172 (5= | k) <G+ Cibo.
2Lg
Now if ( as in (3.3) we derive a contradiction. Therefore zy cannot exist and

u(z) >1— CAfor all z € . The case ¢ = —1 is proven similarly. O

Remark 3.4. To exploit the properties of the double well potential near the points
+1 it is essential to require u(x) > 1—0q for x € QQ, where §y is the quantity defined
in (2.4). Keeping in mind that by Lemma 3.1 we may assume ||u)|oc < 142Co]|g]|oo,
we require

1

Go +2Co]|g[ocblo | @D i _ &
20 ——-—F7 " 2Lp) @D < —,

This forces a condition on (y and 6y (when a(e) =1).

(3.4)

3.3. Minimizers with constraints.

Definition 2. Denote for m € H'(A.), |m| < 14 C16y, I C A., a D©) measurable
set, T ==+

Xim={¢YeH"(A,R):p=m on (IUIT)}, (3.5)
;,m:{¢€Xl7m:n(¢7w):T on TUOJ™T}. (3.6)

A generic function in A7, , e.g. an element of a recovery sequence for the I'-
convergence result in Theorem 2.3, does not need satisfy the hypothesis of Propo-
sition 3.3. However, it will turn out that we do not need to prove that the con-
straint given by the mean, see (2.15), implies a strictly pointwise constraint for a
generic function in A7 . but only for those functions minimizing the energy under
the constraint to be in A7, (the integral constraint) and the pointwise constraint
|| < 1+C16p. So we dedicate the next subsection to the proof that the minimizers
of the functional (2.12), subject to the integral and the pointwise constraint just
described, are, on correct cubes, Lipschitz continuous with a Lipschitz constant
depending only on W, 6y and ||g|| co-
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Definition 3. Given mo € HY(A.), ||mollz= < 1+ C10, 6 > 0,1 > ( > 0 we
define S.(my) = S¢(my) as follows:
S.(mo) :={m e H'(A): |Im|p= <1+ Ci6}
fC(O)(z) m Z 1- C Zf fC(O)(z) mo > 1-— C:

n{me H'0): {8 |foomm| <1=C i |fgomme| <1-¢
Joormm < =1+C i [owmmo < —1+¢
(3.7)

Since weak convergence in H' implies strong convergence in L2, the integral
constraints are preserved under weak H' convergence. Moreover any strongly I.2-
converging sequence has a subsequence which converges almost everywhere, so that
also the L™ constraint is preserved under weak H'-convergence. Hence for any
fixed € > 0 the set S, (my) is weakly H'-closed and ming_(,,,) G1(u,w) exists with
P = 1. Note that mqy € S.(my), so

min G (u,w) < G1(mg,w). (3.8)

Se(mo)

Choose any m; € argminSF(mO)Gl (u,w). We denote mq = mq(w,mg, () a repre-
sentative of mg. Define, as before, the block indicator n¢(m;,z), = € A., and the
set of the associated contours G(m;) and islands. Note that if ¢(mq,z) = 0 then
n¢(my,x) = 0 but it might happen that 7¢(m;,z) = 0 even though 7¢(mg,z) # 0.
Next Lemma shows that on correct cubes the pointwise constraint is not active for
the minimizer m+, while the integral constraint is not active by definition, see (2.15).
This is not obvious due to the simultaneous presence of both types of constraints:
The one-sided integral constraint “pushes the minimizer up.”

Lemma 3.5. Let m; € argminse(mo)Gl(u,w), Qo a (— correct cube for my and
U:={z: dist(z, Qo) < 1/2}. There ezists for any & € C§°(U) a ¢ > 0 such that

m1 + 0& € Se(myg) for all § < J¢.

As a simple consequence we have that the minimizer with the constraints satisfies
the Euler-Lagrange equation in a weak sense:

Corollary 3.6. For m; and £ as in Lemma 3.5 we have that
2 /Vm1V£ _ /[W’(ml) +ba(e)gi] €.

Lemma 3.5 follows from Lemma 3.7 and 3.8 stated below in the case 7¢(my, ) =
1, 2 € Qo, and the obvious version of them when 7¢(my,z) = —1, z € Qo. We
need the following definition.

Definition 4. Let Q C R? be connected, D°) -measurable, i.e. a union of translated
unit cubes, and such that the topological interior int(Q) is connected, 3 > 0 and
C > 0. We denote by \Ilé 3 the unique element of

argming, e g1 (Q): v (1+CH)eH(Q)} /Q(|VU|2 + Bu), (3.9)

i.e. the minimizer with boundary condition £(1 + C6).

To shorten notation we specialized next lemmas to the case n¢(m;,z) = 1,
T € Qg and denote \Ilaﬁ =g 5.
Lemma 3.7. Let ¥ 5 be as in Def. 4. Then

1. =2AV5 3+ 0 =0 onint(Q), Yo =1+ Cl on Q.
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2.14C0-C(Q)B<Tgp <1+CH onint(Q) where C(Q) depends only on the
diameter of Q.
3. fQ |\I/Q”3 - (1 +C€)\ —0as B —0.

Proof. The point (1) is obvious, (2) is an immediate consequence of the strong
maximum principle applied to ¥ g (upper bound) and the maximum principle
applied to ¢ = Vg g — [f—d\x — z0|* + ¢g], where g is the center of the smallest ball
containing @) and ¢q is the largest constant such that 4%\7" — x>+ o <1+ CHon
0@Q. Namely ¢ is harmonic function in ) and on the boundary of @ it is bigger
or equal of zero. So ¢(z) > 1+ CH — [%(diam@)2 +co] > 0forxz € Q. We
choose ¢ = 1+ CH — %(diamQ)Q. This implies the lower bound in (2), setting

C(Q) = WAmR® “pinany (3) follows from (2). O

Lemma 3.8. Let Q be connected and D°) -measurable. Let W 5 be as in Def.
4 with C > 2C,||g||1., where Cy is the constant in (2.4). Let u € H*(Q) so
that ||u)loc < 1+ CO. There exists 8y = O(W,||gllc) > 0 and for all § < 6
Bo = Bo(0,W,diamQ), see (3.12), so that for 0 < B < [y the function Ug :=
u A Wq gsatisfies

1. G1(Q,up,w) < G1(Q, u,w), with strict inequality if ug #u, P = 1.

2. ug <14 CH inint(Q), ug = u on 0Q.

3. 'sz' ug — 'fQi ul - 0as =0, foral Q;CQ,Q;e DO,

Proof. The point (2) follows from (2) of Lemma 3.7, the L> bound on « and that,
by construction, g 5(-) = 1 + CH on the boundary of @. The point (3) follows
from the point (3) of Lemma 3.7 and the bound u(z) <1+ C# a.e..

It remains to show (1). The main idea is to consider ¥ := VUopVuasa
(compactly supported) perturbation of ¥ := Wg 3, thus obtaining bounds on
f{u(m)>‘ll(m)} |Vu|?. These bounds, in turn, are used to obtain (1), considering

ug = Vg 3 Au as a perturbation of u. As ¥ is a minimizer, see (3.9), we obtain
0< [ [0VIP - VO + 5@ - 0] = [ [Vl - TP + B )]
Q {u>w}

and therefore
/ (|Vul|? = |VE]?) > -3 (u — W). (3.10)
J{u>T} J{u>T}

Then

G] (Q7 Uu, w) - G] (Q, a,37 LU)

[ out - s (MWD g o) o w)

> inf W'(s) — 6 o~ — / L — W) .
a <[1+000?Q)ﬁ11+09] (Q) ||q||L ﬁ) . {u>lIJ}(“ )
—_——

>0
We used that, by (2) of Lemma 3.7 ¥(-) € [1+C8 — C(Q)B,1 + C8] and u(-) €
(1+C6—C(Q)B,1+C8) for all & € {u > ¥} Take § < o s0 that 1 -Gy <
1+ CH — C(Q)S and therefore, see (2.4),
, 1
W'(s) = =8 - C(Q)5)

mn
[14+C0—-C(Q)B.1+CH] 0

(3.11)

Then the last term inside parenthesis in (3.11) becomes equal to

12 516y + C(Q)]

210~ Oullgllie] = £-10o + C(@)) 2 Blglh - 2

Co
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since by assumption C' > 2Cy||g|| . Take #y and Gy so that

5 1, Collgli
B <2—— = —f0— 3.12
i ety (3.12)
for all g < f3p *
inf W'(s)—#6 o — > 0. 3.13
(cem dnf o W) Blalli= ) (3.13)

O

Remark 3.9. For u as in Lemma 3.8 we can find 8 = B(u) < Bo such that
va ug>1—Cif va u > 1 —( for all unit cubes Q; contained in QQ = U;Q;.

As consequence we have that for such 3, ug strictly satisfies the integral and the L™
constraints in @, G1(Q,u,w) > G1(Q,g,w), with strict inequality unless u = dg
a.e..

Proof of Lemma 3.5. Let m; be a minimizer in the set S.(my), see (3.7) and
(3.8). Let Q be the union of ()¢ and the cubes @;, which are the connected neighbors
of Q. By assumption Qg is (— correct and we assume that ¢(m;,z) = 1 forz € Q
Similar argument holds when 7¢(m;,z) = —1 for z € (). By Lemma 3.8 (and its
version for the negative well) there exists a # > 0 such that |m(z)| < ¥g 4(2) in

(). This implies, see point (2) of (3.8), that there exists a ¢g = co(8,d) such that
|mi(z)| <cp <1+ C8 in the set U CC @, see the statement of the Lemma. Since
& € C§°(U), there exists d¢ so that for all § < J¢, m1 + 0§ does not violate the
pointwise constrain, i.e ||m; + d§||p~ < 1+ CH. (Take dsup, |£(z)| < 14+ CH —¢q.)
We may require in addition that 0 < 4| '[Qi €l < minQng(-fQi my) — (1 — (), then
my + 0& € Se(my). O

After having established that the constraint minimizer m; satisfies the same Euler-
Lagrange as the unconstraint minimizer, we obtain Lipschitz regularity on correct
cubes by standard methods (see e.g. [8]), which we sketch for convenience of the
reader.

Lemma 3.10. With P = 1 the following holds: Let 8y > 0, there exists a constant
Lo = Lo(d, Co, 80, ||9llsc) (Co as in (2.4),) such that for 0 < 6 < 6y, 0 < ( < %
the representatives mq € argminsg(mO)Gl (-,w) of any my € H*(A,) satisfy on any
correct cube Qq for v,y € U := {x : dist(z, Qo) < 1/2}

[ma () —ma(y)] < Lol — yl.

Remark 3.11. Note that Ly does not depend on (. This will enable us to apply
Lemma 3.3 to (, 0 that satisfy (3.4)

Proof. Let @ be the union of @)y and the cubes @;, which are the connected neigh-
bors of Qp, and let V := {z : dist(z,Qo) < 3/4}. Then there exists a cutoff
function x € C(?o(@) such that ||x||wz~ < K for some K (d) independent of § and
¢, x(z) = 1for all x € U, while x(x) =0 for z € @\V, and 0 < x(z) < 1forz € Q

Then by Cor.3.6 we obtain that (xm.) is a weak solution of the linear PDE
Av = f on @; v=0o0n 8@, (3.14)
1
f = miAx+VxVm; + 3 [W'(m1) + 6a(e)gr] x (3.15)

4The choices done enforce 8 < since C(Q) > 1.

5
Q)
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Step 1: We show that there exists a constant depending only on W, d, K the
bound on the W2 norm of the cutoff function, and 6, so that for all § < 8y,

/ V2 < GO, lgloos s 6)- (3.16)
\%

Note that m; € H'(A,) since it minimizes the functional G; on the set S,(my)
which is weakly H!-closed. The relevance of (3.16) is to determine that the bound
depends only on structural quantities of the model. The proof is done by applying
the same strategy to show interior elliptic estimates (see e.g. Theorem 1 on page
309 of [8]). Let X a cut-off-function between V and V, where V.C V. C Q, V :

{z : dist(z, Qo) < 7/8} satisfying the same requirements of x. Take in Corollary
3.6 £ = (X)?m;. Then, using the L>bound on my, and Corollary 3.6 we obtain

/ Vi ? < /(@2\%\2 < 2||vy||Lw\/\V\\//(@2\%1\2 LWV, 6).
JV JV JV

Note that the variations in Corollary 3.6 were required to be C§°, but by standard
convolution arguments, the corollary applies as well to variations £ € H). Further
V| < C(d), ||VXllL~ < K and then since 2 < az+b implies 2 bounded, we obtain
(3.16).

Step 2: From step 1 we obtain that f in (3.15) can be written as f = fi + fo,
1fill e gy + 1f1ll 12y < C(W,d, o). By the regularity theory for weak solutions

of (3.14), we obtain v € W22, hence Vm; € LP(V') for a slightly smaller set V'
and p < 2d/(d — 2). This improves the regularity of fo to || fa|lrr < C'"(W,d, 6)).
Step 3: We sketch this step, because the described bootstrap procedure is stan-
dard in elliptic regularity theory. The procedure described above can be repeated
until, after a number of steps depending only on the dimension, ||fs||r» < Cp(W,6)
for p > d. Then v € W2P by LP-regularity theory for elliptic equations and by
Sobolev embedding v € C* with constants depending only on W, 6, ||g||«| and the
dimension. O

We are now able to prove Theorem 2.7.

Proof of Theorem 2.7 Let ( < (y and S%(mg) the set defined in (3.7). The
existence of a minimizer of G (m,w) for m € S.(my) is a consequence of the fact
that there exist a constant C' and C.(8, ||g||~) so that

1 .
Gi(u,w) 2 5 (IVull® +1jul®) =Cc P=1.

G, is weakly lower semicontinuous on H'(A.) and, as pointed out before Lemma
3.5, the set S.(myg) is weakly H'— closed. Point (1) is obvious because of the
definitions of S¢(myg), the block variable, see (2.15), and the definition of contours.
The Lipschitz property in point (2) is a consequence of Lemma 3.10 applied to each
block in any island associated to m;. Recall that, by definition, each island is the
union of correct blocks. The positivity is a consequence of point (1) and Proposition
3.3. Further assume without loss of generality that signl = 1. Set m; = 1+ 9. The
functional restricted to I can be written as following;:

Gi(1,1+ 0, w)

= [(906)7 + Wa+ o) dy + a8 [rm0+50) g4,
PVRND 1\ N
= [(193007 + 52 00)*) dv-+ a0 [ aves (001 +56)
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The last equality holds since my(z) > 1 — (forz € f, see point (3), ¢ < 8y by
assumptions, see remark 3.4, and the assumption on the double well potential, see
(2.4). Further we proved that the constraints on m; are not active in 1. Then
© must be the minimizer of the one well potential and solve the Euler-Lagrange
equation (2.18). As a simple consequence of the convexity of the potential W (s)
when s > dg, see (H1), this solution is unique. O

4. DEVIATIONS FROM EQUILIBRIUM

In this section we estimate the cost associated with the support of a contour.
We will need several lemmas for estimating the cost of a single cube which is not
correct, and then conclude by a covering argument. Let () be a cube of sidelength
¢. Given m € H'(Q) and t > 0 define

Definition 5.

L m@Ive im0l > 3Q
o(7) { —(m@|ve) i {m> 0} < Ql. (.1)

Lemma 4.1. Set &y be the quantity defined in (2.4). There exists max{%, 1-60} <
to < 1 so that

870((,320 ﬁ>/P (fm<s},Q)ds  (4.2)

G1(Q.m,w)— G (Qumly,w) > (Dl—

where Q) is a cube of sidelength £, Cy is a positive constant associate to the unitary

cube, to <t <1—2Coa(e)f||gll and Dy =inf <1 V2(W (s) — W (to)).

The proof goes as in Proposition 3.6 of [6]. We will apply Lemma 4.1 together
with the following isoperimetric inequality, see Section 5/6 of [9]

P({m < s1,Q) > min(1Q N {m(@) < s}, 1Q N fm(z) > s})T . (4.3)
Next we show the following lemma:

Lemma 4.2. Let 0 < ( < %. There exist increasing and near 0 strictly increasing

continuous functions 5(¢) > 0, 8(¢) > 0 with 5(0) = 6(0) = 0 which depend only
on the double-well potential, the L™ -norm of g, the sidelength of the cube and the
dimension, such that for 0 < 6 < 6(¢) on any cube Q with

1
—1+§<—/m<1—§, ||m||Lm(Q)<1+2900
1@l Jo

it holds that
G1(Q,m,w) = G1(Q,u*,w) > 5(¢)|Q|- (4.4)
Proof. Assume w.l.o.g. that
max(|Q N {m(z) > 0}, |Q N {m(z) < 0}) = @ {m(z) >0} (4.5)
Let 6 >0, p >0, so that 0 < § < p < (. Denote by
A={ze@Q:-14+(—p<m(z)<1l—C_+p}. (4.6)
We distinguish two cases.

Case 1: QN Al >6Q. (4.7
Case 2 : |Q N Al <6|Q|. (4.8)
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Case 1: Recall that u* = £+1 + v* and, similarly to Proposition 3.2, one estimates
‘?@ lo |[Vo*|? < C0? where C = C(W,d, ||gl|lo). We have

G1(Q,m,w) — G1(Qu®,w) > /Q Vo
+/W( /W —+—9/g][m:|:1)]—9 giv* (4.9)

> —C8|Q| + IQ\—(C p)?,

since the assumption on the double-well potential (H1)

W (u*) < 6°|19]1%.C5; W (m

1
@.Qm )*QCO(C P)-

Then
Gl (Q:maw) o Gl(Q:“‘i7w) > (%(C - p)2 - Co) ‘Q| (410)
0

Case 2: Assume (4.8). We apply Lemma 4.1 to the cube Q. Recall that, see (4.5),
QN {m( :) > 0} > 1/2|@Q]. So from Lemma 4.1, adding and qub‘rrachng we have
for {3,1-0p} <t<1—(:

Gh (Q7m w) (Q uiﬂ"}) Z[Gl (Qﬂnégﬂd) -Gy (Q7ui7w)]

i <D1 féi)/_ ({m < s},Q) ds. (4.11)

Taking in account the assumption (H1) for the potential, we estimate the first term
in a straightforward manner, obtaining

[Gl(Q=m’227w) - Gl(Q:“‘iaw)] > 709|Q‘:

where C = C(W,d, ||g]|s). For the second term, by the isoperimetric inequality
(4.3), it is enough to show that there exists a subinterval [a,b] C [—1/2,1/2], with
|b — a| bounded below and a o3 := g3(p, (,d) so that

(min(|Q N {m(z) < s}, QN {m(x) > s}) 7 > 037 Q| for s € [a.h].  (4.12)

The existence of o3 > 0 and of an subinterval with |b — a| 2 > 1 7 will be shown
in Lemma 4.3. Take

. d—1 806 )

U—mln{ag" <D1 1002> — (86, <E(C—p)2—09>}. (4.13)
Fix f := Smadl/21 0} g « ¢ < 1/4 such that 1—ty < 1—(, 8 = +¢ and p = L¢.
Then take A(¢) so that 6 := &(¢) of (4.13) is strictly positive. O

Lemma 4.3. Assume [m(z)] <14+ C10,0<d<p<(<1/4, {3,186} <t<
1— (. There exists o3 = o3(p,(,0) > 0, given in (4.19), which is umform inf <1
such that for any Q, so that n°(m,z) = 0 x € Q, satisfying (4.8), (4.6), on Q there
exists [a,b] with |b—a| > t/2 such that

min(|Q N {m(z) > s}, |Q N {m(z) < s}|) > 03]Q| for a < s < b. (4.14)

Proof. We show the lemma in the case (4.5), the remaining case is shown similarly.
By assumption {3,1 — &} < top <t <1 - ( and s € [0,#/2]. We distinguish two
cases:

e (a) [QNn{m(z) > s} <|Q N {m(x) < s},
o (b) |[@N{m(z) < s} <@ N{m(z) > s}|.
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We start discussing the case (a). As s < £ <1 - (, we have
{0 < m(@) < s} < [{0 < m(@) <1+ p}l, (4.15)
for any p > 0 and by (4.8)
|Q N {0 < m(z) < s}| <4|Q|. (4.16)
We have
QN {m(x) > s} = [Q =@ N {m(z) <0} - [@N{0 <m(z) < s}
As |@ Nn{m(z) <0} <1/2|Q] by assumption (4.5) and (4.16),we obtain

Q0 {m(@) > 5} > (5~ D)|Ql (4.17)

Take § < 5 so that (4.17) is strictly positive. In the (b) case we estimate with the
help of the a-priori bound |m| <14+ Cifand 0 < s <1—(:

) > ) + ) + 3

/Q o= -/Qﬂ{m(z)<s} m -Lﬁ{s<m(w)<1 —C+p} " '/Qm{m($)>]<+l’} b
> (C1-GOIQ N {m(x) < s}l + (1= ¢+ p)(Qo N {mlx) > 1~ C+p})
> —(1+G0IQ N {m(x) < s}

+(1-¢+p) Q1@ N {m(z) < s} —-1@N{1+(—p <m(z) <1-(+p}]
By ¢ = 0 on @ and inequality (4.8) we obtain
QI1=0) > (2 C+ p+ COIQ N {m(x) < s3] + (1 - C+p)(1 - D],
which implies for § < p < (< 1/4
QN {m(@) <) p-0(1-Ctp) | p-d

> 0. 4.18
|Q‘ 72—C—|—p+01973+01 ( )
Denote
o1 -4
o3 = min{(5 — 9), 3”+ o) (4.19)
[a,b) = [0, £) and we obtain (4.14). O

Lemma 4.4. Set 0 < ( < (o < 1/2. Let C* be two cubes of sidelength 1 and let
z' € Z% be such that C~ UCT C Q for Q := 2"+ 2[—3, 3]%. Suppose that

m> -0, [ m< (140, [ml@ < 1+ Cab.
Jcy Jo-

There exists 6y > 0 independent of ¢ and a constant o2 := 04({y,00,d) > 0 given
in (4.23) so that for all 8 < g

G1(Q,m,w) — G1(Q,u™,w) > 02|Q)] P=1.
Proof. Let
Gl(Q,Tﬂ,,L«))*Gl(Q,Ui,u}) = [Gl(Q7m’7w)7G1(Q7m’taw)]+G1(Q7mtﬂ"))iGl(Q:“‘i)w)'

We estimate the second addend as in Lemma 4.2, G1(Q, m!,w) — G1(Q,u*,w) >
—C0|Q|, where C = C(W,d,||g||~) > 0. For the first addend we apply Lemma 4.1
and the isoperimetric inequality, see (4.3). Note that here @ is not an unitary cube
but the union of 2 unitary cubes, so Lemma 4.1 holds with £ = 2. Next we show
that for any s € [—1/2,t/2]

1-G

min\Qﬂ{m>8}|,|Qﬂ{m<s}|>m

QL. (4.20)
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We obtain with the L® bound on m.

1-¢< | m<A+C0)|Cen{m>s}, for —t/2<s<0 (4.21)
Cy
and
t
(1-¢) < m < s|CyN{m < s} + 1+ C10)|Cy N {m > s}, for 0<s<§.
Joy
(4.22)

Since t < 1 — (o, we have for (4.22)

(1-¢)
2

(1-0) < 51C4N{m < }+(1+C8)[Confm > 5} < +(14C18) N {m > s}

Then both (4.21) and (4.22) imply

(1—¢o)
|Cy N {m > s}| > 210

A similar estimate can be obtained for |[C_ N {m < s}|. Hence, we obtain (4.20)
when —% < s < L. Set

206, 1- ¢ K8
=tg | D;— - — C4,. 4.2
72 “( ! t002> (25d(1+0100)> Cfo (4.23)

Since (y < ]3 we can take 6y independent on (p and small enough so that o5 > 0. O

Given m € H'(R?,R), ¢ > 0 and a D(®) measurable region .J define
By (m) = {z € J : 4 (m,z) = 0},

B(iC,J)(m) ={z € J: n°(m,z) = £1 and there is 2’ € J with

(4.24)
nS(m, ")y (m, z) = —1,C® (') connected to C(*) (’I‘)} :
We will show the following result:
Theorem 4.5. Assume the conditions of Lemma 4.2. Given m € Hlloc(le,lR),

sp(T") a bounded D) -measurable -connected subset of (— incorrect cubes there exists
o1(¢) > 0 so that for all 8 < 6((), 0 as in Lemma 4.2,

G1(J,m,w) — G1(J,u*,w) > a1 |sp(T)] P=1. (4.25)

Proof. If () + zp is an incorrect cube, then it either is a zero cube, or it has a
connected neighbor which is a zero cube, or it has a connected neighbor of opposite
sign. In each of the cases it holds that the cube 3Q) + zg of sidelength 3 centered at
the same center contains

e (a) a zero cube, or
e (b) a pair Cy, C_ of connected cubes with opposite sign such that Cy or C_
is centered at zg.

In case (a), by Lemma 4.2,
G1(3Q + 20,m) — G1(3Q + 2z0,ut) > 3796(0)3Q + 2
while in case (b), by Lemma 4.4,
G1(3Q + 2z0,m) — G1(3Q + 20, u™) > (3/2)%023Q + 20|

for @ sufficiently small. Hence we have shown the following: Let zo € Z% the center
of a cube which is incorrect for m with accuracy (. Then for 8 < 6y(() there exists
o3(C) such that

G] (3Q + Z(),m) — G] (3Q + 207’U/i) Z 03(<)|3Q + ZO‘.
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Therefore, if {z1,... ,2n} is a collection of lattice points such that
zi+Q Csp(l), (i +3Q)N(z;,+3Q)=0for j #4i,i,j=1,...,N (4.26)
then

N
G1(sp(D),m) — Gy (sp(T Z( (2i + 3Q,m) — Gl(zi+3Q,ui))

+G1(sp(T) \ ULy (2 +3Q). m) — G1(T) \ UL, (2 + 3Q), u™)
> 03(Q)N = 0llglloc|sp(I)].

The claim of Theorem 4.5 follows by choosing @ sufficiently small, provided we can
show that there exists a constant C'(d) depending only on the dimension such that
for any contour I' there exists a collection of lattice sites {z1,... , 2y ()} satisfying
(4.26) such that N(T') > C(d) !|sp(T)|. We claim that C(d)~! > 67, which is
sufficient but not optimal. This is done by induction on |sp(T')] € N. For the
induction proof we will not assume that sp(I') is connected, the claim holds for any
D(®)_measurable set. The claim is obvious with C(d) = 5% for 0 < |sp(T)| < 5%
Assume that the claim is shown for 0 < |sp(T')| < n, and _suppose that lsp(D)| =
n + 1. Choose a cube z; + Q in ' and consider the set T' := sp(I') \ (5Q + zo).
Clearly any cube of sidelength 3 centered at any cube in T does not intersect
zo + 3Q). Therefore

NT) > 1+NI)>1+C '(n-57
C'n+1)+1-C'1+5Y>n+1)C!
provided 1 + 5% < C. O

5. CONTOUR REDUCTION AND PROOF OF THEOREM 2.1, 2.2 AND 2.9.

Take ¢ < (o A %, where (y is chosen according to Theorem 2.7. Let G(m, ()
be the collection of contours associated to m. Next we show that the sign(m) :
n¢(m,-)|1., defined in (2.16) is well defined.

Lemma 5.1. The function n(m,-) is constant on
I = A, \Ureg(m) (sp(T) U It).

Proof. By construction, Iz Nint(T") = ( for all T' € G(m), hence each cube in Iy
is connected to the boundary of A.. The function n(m,-) is constant over each
connected component of I;. Assume that there exist two connected components
with different signs. As they are connected to the boundary of A, there exist two
cubes Q1 € Iy and Q~ € I of different sign, which touch the boundary. Hence
there must be a contour T'y € G(m) intersecting the boundary such that Q* and Q~
are in different connected components of Or,. According to our definition, either
Q% or @ must be contained in Ir,, which contradicts that both are contained in
Ii. O

Next we estimated the difference between the energy of m € R¢(A.) and the one
of u* in each (— Island of m. Recall that by Theorem 2.7, m(z,w) = sign(I) +
0(x, I,w) for x € I where I CC 1.

Lemma 5.2. Let ut = 41 + v* where v* solves (2.19) rescaled in A.. Let m =
sign(I)+v forx € I, I CC I, see Theorem 2.7, and let 8, ¢ be as in Theorem 2.7.
Then there exists ¢ = ¢(d, W, ||g||c0) such that

Gy (I, m,w) — Gy (I, u*9"D ) > —c V0|01 (5.1)
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Remark 5.3. Note that for those islands that touch OA., in particular for I;, the
external boundary 0°*I consists of cubes contained in the support of a contour and
is therefore very different from the topological boundary.

Proof. For the sake of simplifying the presentation we prove the case I # Iz. The
case I = I is proven similarly, replacing 0T with 9°**I. To take advantage of the
boundary influence decay, we separate a strip near the boundary from the rest of
the island. For this purpose, let

I, :={z el dist(z,0I) < p},
and choose p = v/2Cqlog (671) . We split
Gi(I,m,w) — G, (LuSig"[,w) = [G1 (I,,m,w) — Gy (Iu,uSig“’,w)]
+ [Gi(I\ Iy,m,w) — Gy (I\ I, u™ w)].

The first term is estimated as follows. By the Lipschitz estimate in Lemma 3.2 and
the L*-bound (7.15) we obtain that

G (I, w7 w) < cf|1,| < cflog (871) (101))

where we denoted by ¢ := ¢(d, W, ||g]|) & constant which may change from one
occurrence to the other. Moreover

Gi(ly,m,w) > / Ogm > =2[|gll.~0|Tu| > —2llgllL~/2Colog (67") (101]),
,H

(5.2)

hence

[G1 (I,,m,w) — Gy (Iu,uSig“’,w)] > —chlog (0*]) (|o1)).
The remaining term in (5.2) is estimated applying the estimate (7.25), which in
mesoscopic coordinates becomes

. ——L__dist(x,81 .
() — w5 (2)] < C(d)e V2o D lm - T oy < O (5.3)

for all z € T\ I,. Denote by xg a C*°(A., [0, 1]) cut-off function so that
1 when a:GI\(I;H\/@),
Xo(x) =
0 when z €],
and [|[Vxg||r~ < C(d)§~"/2. Suppose that sign(I) = +1. Let
hg == xem + (1 — xg)u™.
Then hgls(n\1,) = ut, hence, recalling that u* is a minimizer in its well,
Gi(I\ I, hg,w) — Gi(I\ I, ut,w)>0. (5.4)

Moreover by Theorem 2.7 and Proposition 3.2 there exists C' = C(d, W, ||¢|c0) SO
that [Vu™| + |Vm/| < C. Hence, recalling (5.3),

|Vhg — Vim| < [Vxg|lm — u™| + |[Vm| + |VuT| < VO + C.

Ashg =mon I\, s, wecan combine this, with (5.4) and the gradient bounds
above obtaining

Gi(I\I,,m,w)— G, (I\Iu,qu,w) >Gi(I\I,,mw)—G I\, hy,w)

> —C ([Vhg — Vm| + |m — hg|) > —CV8|81|.
' Ix/§+u\1“
O
Proof of Theorem 2.9 As the proof holds for all realizations of the random field
provided ||g(z,w)||oc < 1, we will suppress the explicit dependence on w. Thanks to
Theorem 2.7 it is enough to show the theorem for a (—representative of m € H'(A,),
¢ < (o, with (4 as in Theorem 2.7. To simplify the presentation we take ( = (y.
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Further, to shorten notation, we denote the representative always by m, we assume
a(e) = 1. We have
G (m) = G1 (ue ™)) = G (T, m) — G (I, u™e™)

£ Y {[ (Ir.m) = G (I w0 | 4 [ G (sp(T), m) = G (sp(T). u" (™) 1.
reg(m
(5.5)

From now on, we assume w.l.o.g that the sign of I is positive. We estimate each
addend in the sum.

G1(Ir,m) — G1(Ir,u™) [G1 Ir,m) — Gi(Ir, U“gn(lr))}

+

{Gl (Ir, usign(Ir) ) G1(Ir,u )}

v

[G] (I, uSiEn(0) —Ge(Ir,uJ“,w)] — V|8t Iy |

= 20[sign(I) — sign(Ir)] /I g1 (x,w)dx — ¢ VBl |.
i (5.6)

The last equality is a consequence on the hypothesis (2.4), |u* — £1| < & and
Lemma 5.2. Note that the random field contributions on islands having the same
sign as m cancel. The last term in (5.6) appears in estimating all the islands,
regardless of their sign. The last term in (5.5) is estimated as

Gy (I, m) — G1(I7,u™) > —eVB|™I-|.

To estimate from below the energy of a contour we apply Theorem 4.5. Let 6, :=
6(¢p) be as in Theorem 4.5, then for all # < #; we have

G1(sp(['),m) — G1(sp(I'),ut) > oy N, (5.7)
where
Nr = |sp(T")| = number of D(®) measurable cubes in sp(T")
and o1 = 01((p) is the quantity defined in Theorem 4.5. The r.h.s. of (5.7) is the
“gain term” and the energy of a contour I' is at least the gain term. If there are

more contours in A, each one will contribute by its volume. Therefore from (5.5)
we obtain

Gi(m) —Gi(uh) > > (29 / g1(z)dx + o Np: C\/éae“m) — e V0|0™ |

Ter(m)

> Z ( /g1(az)dx+%Nr>.

Tel'(m
(5.8)

In order to prove the last inequality use that Np > |0°*Ir| and choose # small
enough. O

5.1. Proof of Theorem 2.1. Applying Lemma 3.1 we get immediately that the
global minimizer u. fulfills |u(r,w)| <14 Coa(e)d for r € A. Set u}f =1+ v} and
u; = —1+ v¥ where v} solves (2.19) in A. Choose ¢y > 0 so that Cofa(e) < o,
then for all € < €y, by the symmetry assumption on W, see (2.4), we obtain for
w e N

Ge(uf,w) — G (u, ,w) = %a(e)&/{\ge(r,w)dr. (5.9)
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By the Markov exponential inequality or the classical deviation inequality for Lip-
schitz function of Bernoulli random variables one has for any ¢ > 0

2 S R
Plw: |-a(e)b / ge(ryw)dr| > t] < 2e 4ed720%a2() (5.10)
€ JA

In dimension d > 3, for any choice a(e) ( a(e) = 1 suffices) we can take t = #(e),
lim,_,o t(e) = 0 so that

t2(c)

P [w G (uf w) — Ge(u, ,w)| < t(e)] >1—2¢ 487 262a%(q)
which concludes the proof of (2.6). In order to show that

Hlln(ﬁ\) G (,w) = min{G. (u},w), G (u. ,w)}, w € Q, (5.11)

we first prove that any % such that

G.(,w) = Hl]n(f/'\) G(-,w)
does not change sign, so it is in one well of the potential W. The assumption on
W, see (H1) and the L* bound on g imply that if € is small enough
inf G.(w) = inf G.(-,w).
u€H'(A): u>0 a.e. u€H(A): u>1—6g a.e.

The functional G, is convex on {u € H'(A) : u > 1 — & a.e.}, hence it has a
unique minimizer over that set. It follows easily that the constraint is not active
for € sufficiently small, so the minimizer solves the linear Euler-Lagrange equation.
Thanks to the symmetry assumptions on W, see (2.4), it is enough to solve the
Euler-Lagrange equation in one well. In this way one obtains immediately that
the two minimizers are indeed u* = +1 + v’ being v* solution of (2.19). To prove
(5.11) we apply Theorem 2.9, i.e. we use the notion of contours and Theorem 2.7. Tt
is convenient to reformulate the problem in mesoscopic coordinates and therefore
study the functional (2.12) in A.. The idea of the proof is to show that each
contour costs more than the possible gain obtained from the random field, hence a
minimizer cannot have contours. Note that It need not be connected. Denote by
(Ir)1,...,(Ir) ky. its connected components, and denote by 9°*!(Ir); the exterior
boundary of (Ir);, see also 2.3.2. As all connected components of the islands as
well their exterior boundaries are D(®) measurable there exists a 6 := 6(d, () > 0
such that

01
—Nr,
+4 T,

Kr
2008 g1(.0)dxr PNe 23 l2a(e)9/ 1 (%, ) + 80 (Ip); N sp(T)|
I = (17);

where all sets (I ); are connected. Note that they need not be simply connected,
because there may be contours within contours. Recall that 9¢**(I;) C sp(T) then
we obtain
Kr
Gi(m,w) — Gi(uT,w) > Z [20((6)0 /
rer(m) j=1 - (’1:)1‘

g1 (z,w)dx + (5|8eXt(IF)J~ ] .

(5.12)

The purely probabilistic Lemma 5.4 implies that with overwhelming probability
for any choice of m € R¢(A.) the r.h.s. of (5.12) is nonnegative. Let (. 5 be as
in Lemma 5.4 with some 0 < § < 1 to be determined later. If m is a function
which has at most one block different from n = 1, by Theorem 4.5, there will be a
d > 0, independent on €, so that one obtains the estimate (5.14). For w € Q. s, the
minimizer & must have all cubes (— close to the sign(#) phase, i.e n¢ (@, z) = sign (i)
for all z € A, i.e all blocks are correct. The theorem holds for w € . ; for any



SHARP-INTERFACE LIMIT WITH RANDOM FIELD 25

fixed choice of 6. We strengthen the result taking d = d(e) | 0 for € | 0 as in (5.15).
We can apply Proposition 3.3 to show that |@(z)| > 0 for z € A.. From Appendix
IT (The minimizer in one single well) we have that the minimizer @ equals either u}
or u_, see Definition (1). The statement (2.5) is now an immediate consequence of
the symmetry of W. Obviously

Elu®(r,)] =1 VreA
and, see (7.17),
[Blug (r, )ug (', )] = Blug (r,)JB[ug (', )] = [B[oZ (r, )oZ (', )]

€ € €

< Cld)Pa()e *via

Lemma 5.4. Let d > 3, R C A, a connected, D'°) region, and let for § > 0
)
d , ——|OR| 7.
/R yg1(y,w)| < a(€)9| I}

There exists eg > 0 and a := a(a(ep)f, d) so that for € < €

Qe = {wGQ: IR C A,

PO\ Q5] < 2‘2\—d|6792fﬁ. (5.14)
Further, setting
3(e) = O(In(1/e)) 10 and Q. := Q50 (5.15)
we have
PO\ 0] < e ol () ¥ (5.16)

Proof. In the following we consider only region R connected and D(®) measurable,
i.e unions of unit cubes. We have

)
P 3R C A, || dygi(y,w)| > ——
SR [ bt > - lon|
)
=P [3:60 €A, IR C A. : ¢ € R, / dyg: (y,w)| > BR} (5.17)
R a(e)d
Al a g
<—P|HJRCR":0€R, dygi(y,w)| > |OR]| .
€ R a(e)d
Estimating naively the last term in (5.17), one has
5
P|3RCRY:0€R, / dygi (y,w)| > |OR)|
JR a(e)d
) 221 jap T (5.18)
< P d yw)| > ——|0R|| < 6%a%(e) 2 .
< Y {/R b9 (4:9)| 2 | I} < Y e
{R:0€R} {R:0€R}

The last inequality is obtained by the independence of the random field and then
2 2
applying the isoperimetric inequality® |R| < 2d|8R|rf1 then % > L ‘H‘;R% =

(d-2)
L|0R|@@D. On the other hand there are (9", see [13], regions R containing the

origin, D(0) measurable, of given surface n. One immediately verifies that (5.18)
diverges. So this analysis is inadequate. We need to take advantage of the fact
that many regions enclose essentially the same volume. In order to obtain (5.14)

5Note that a relative isoperimetric inequality bounds the ratio |R|(?=1)/%||§|~1 < C(d) in the
case where R = I and S = §°*!(T"), and the island It associated with a contour is given by our
definition. A proof of the relative isoperimetric inequality can be given adapting the arguments
in [19], p.230.
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we apply then a method we learned from [11], see also [4], p. 115 ff., reported in
the Proposition 7.1 of the appendix. ¢

Now take ¢ function of €, so that d(e) — 0 sufficiently slow, e.g. like (5.15). It is
immediate to verify that there exists an €y and a constant a(a(ep)f, d) so that for
€ < €p the right hand side of (5.14) is smaller than the right hand side of (5.16). O

In the proof of Theorem 2.1 we actually quantified the difference of the energy
between a function and the minimizer. We state this for further use.

Theorem 5.5. There exist § > 0, g > 0, a := a(eph,d) > 0 and there exists for
each € < e a set Q. C Q with P(Q) >1— efaln%(ln(%))% such that for w € Q.
G (m,w) —min {Gy (u",w),Gi(u",w)} >6 Y |sp(T)]. (5.20)
reg(m)
Moreover we get the immediate Corollary, see for notation (2.8):

Corollary 5.6. Under the same hypothesis of Theorem 5.5, for w € )., we have

Fo(m,w)>e€"16 Y [sp(D)].
reg(m)

Next we prove Theorem (2.2).

Proof of Theorem (2.2) Since (2.5) of Theorem 2.1, the symmetry of the wells
and the fact that v* is solution of (2.19) one immediately obtains that

a(:)o/A gf(,«7w)dr}+ff(v?,W),

1-111115\) Ge(,w) =min{G (u",w),G(u",w)} = min {:I:

where F. is the functional defined in (7.13). Then
E[G. (ug, )] = EIF (v, )]
and (2.10) follows immediately. Since (7.18) we have that

2
Fe(vlw)= loz(e)() / ge(r,w)v! (r,w)dr = a—(6)92 / ge(r,w)Ge(r, 2)g (7, w)dzdr
2e JA 4e3 JAXA

where G.(r,z) in the integrand is the Green function solution of (7.19). Then,
using the construction of g, with the help of i.i.d. random variables, see (2.1) and
(2.2) and the bounds on the Green function in the appendix, see (7.21), we have
that there exists C'(d) > 0 such that in d > 3
2
G ) < “Lerc@n), B
€

€

Y = c]? < C(d)a’(e)8* e 2|A.

Moreover, using the exponential decay of the Green function we obtain that for
any d > 0 there exists €(d) > 0 such that G.(x,y) > C(d)~! for dist(z,0A) > 6,
dist(y, 0A) > 6, € < €(d). Therefore we also obtain

4
lim inf a(:)2 |E[G (u,-)]| > 0.
6In d = 2 we have
) __ 82
P H [ dvat.)| > 20| < 2o 7T (5.19)
R fOa(e)

Therefore in d = 2, when a(e) = 1 the upper bound in (5.19) depends only on 6. By the
Borel Cantelli Lemma one sees immediately that with probability one, the event ‘fR dyge(y,w)‘ >
%e\aR\, for any 6 > 0 occurs for a number of regions in A going to oo as € | 0. In d = 2, when
a(e) = (In %)71 for a fixed region, the upper bound in (5.19) is small for ¢ small. Nevertheless
even in this case, see Proposition 7.1, the entropic factor spoils the estimate and we are not able
to show the absence of contours.
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6. T-CONVERGENCE WHEN a(e) = [In1]™!

We first show that passing to the representative leaves the L'-limit of a sequence
of bounded renormalized energy unchanged. Although the representative depends
on the realization of the random field, we will suppress this dependence in the nota-
tion when no confusion arises. Likewise we will not denote explicitly the dependence
on w of the energy.

Definition 6. For m € H'(A) define m : A, — R by m(y) := m(ey). Let my be
any (— representative of m as in Theorem 2.7. Then

mi(z,w) :=m(e 'z,w0), x €A

Theorem 6.1. Let 81 and ( be as in Theorem 2.9, and let 8 < 61. With P = 1
the following holds: Let (m.).so € H*(A), and let the associated representatives
(me)1,e be as in Definition 6. Then

if limsup F.(m,w) < C < oo, then / |me(z) — (me)1,e(z,w)| = 0.
e—0

Proof. Because of the quadratic growth of the potential and the L>°-bound on
the random field g it is easy to show that there exists a sequence C¢ — 0 such that
for M. =1+ C.

F ((meV (—=M)) AM,) < Fe(me); /A |(me V (=M.)) AN M, —m|dr — 0.

Therefore we can assume that m. is bounded in L* by any constant M > 1
provided € < eg(M). In order to simplify notations we work on the rescaled cube
A, and let, see Definition 6, Theorem2.7,

m(z) == me(ex), mi(z) = (me)ic(ex), =z € A..
Take a smooth cut-off function r: A, — [0,1] such that ||Vr||s < C, r(z) =1 for
T € Ureg(m,) sp(I'), and r(z) =0 for z € Ot I, and let

m=m(1 —r?) +mr?,

This functions is equal to m; on the contours of m;. We obtain immediately
Fi(m) = Fi(m) + Z [G1 (sp(I) U 8im’Ir7ﬁ1) -G (sp(D) U 8im’lr,m)] .
reg(my)

Since r < 1, m and m; are bounded in L* and Theorem 4.5 we can estimate as
follows

> [G ((sp(T)ud™ ) i) — Gy ((sp(T) U™ Ir) ,m)]

reg(my)

< ¥ {ctwmi+ [ 0vae - wmr)f

reg(ma)
We have
Vi = (1 —r*)Vm +7[2Vr(m; —m) +rVm,].
From the bound on |Vr| and the bound on the Lipschitz constant of m; we imme-
diately get that there exists a constant C' so that
|Vin|> < (1 —72)?|Vm|? + C + r|Vm|C.

Since r <1,
‘ g C?
[Vf? — [VmP] < C + [ = 1][Vmf* + r[Vm|[C = r[Vm]] < < +C.
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Then we can conclude for some constant C’

Fi(m) < Fi(m)+C" Y |sp(T)].
reg(ma)
Since Theorem 5.5 we obtain that rcg ) [sp(I)] < €' 740, hence there exists C;
such that
F1 (ﬁ?) S 6171101.

Therefore m satisfies a bound on the energy of the same order as m. As m and m are
different only on } rcg(,n,) (sp(T') U d™I), the L>-bound on both functions and
the bound on the volume of the contours implies immediately that ||m —m]|; — 0
as € — 0. The new function m has an important property: On the topological
boundary of an island it equals m; and is therefore pointwise in the well of W
which corresponds to the sign of n(m;). This property will allow us to show that

m and my are close in the islands. Note that G1(m1) > infg1(a,) G1(+), so we can
estimate

Elidc 2 G1 (’Iﬁ) — G1 (ml) = G1 (mll + (ﬁ? — 7771)) — G1 (ml)
= /A 2V (m — m1)Vmy + (W' (m1) + a(e)fg)(m — my))

# [ (v mo+ 5 ([ st mos) ).

By Corollary 3.6 we get that the term in the second line equals zero since m — m;y
is an admissible test function. We have that

[ (150m = 3 ([ + s0m )y = m?)

‘V(ﬁ’l—m])|2+% 1T/V”(m1 + s(m —mq))ds | (i —mq)? ) .
( (U ) =)
(6.1)

/{meAe,nml,z#O}

We obtain, using the convexity of the wells, and recalling the definition of m that
eic > / C(m —mi)? = C"|{z : nimq,x) # 0} 0 {n(my,z)m(z) < 1— &}
A

where dy is defined in (2.4). It remains to show that
{a :n(ma, ) # 0} 0 {n(ma, )i (@) < 1—do}| < Ce .
Fort =1 — &g and z in the Islands of m; we denote

iy __{ @) Ve, i nima) = 1,
T —(m@)| V), i i) = -1,

while for m!(z) := m(z) for x € sp(T'), [ € G(my). Note that m = m; on the
topological boundary of any contour, and that the representative m, stays pointwise
in the well associated with (1) on this topological boundary of the contour, see
Thm. 2.7. Therefore the function m! is H', and

G (m) -Gy (’ﬁ’lt) < G, (’ﬁ’l) —inf G4 () < Cﬁlid.

Since n(m1,z) = n(m, z) for z in the islands of m,, applying Lemma 4.1 and then
(4.3) we obtain

Gy () — Gy (') > C > (=4 @) N {n(z,m)m < (1~ 1)/2}|F.
{z:24+Q€Ir,T€G(m1)}
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As (d —1)/d < 1, this implies

U | n{nm,2)m < (1 —1)/2}| < Ce' 1.
reg(my)

Note that we can easily bound [{—1+ do < m < 1 — dp}|, because on this set the
double-well potential dominates the random field. So we finally obtain

e s m(ma, ) # 030 {nmy, 2)im(e) < 1— G0} < {—148 <1 < 18}

1)
Al U r)ntmmeam< -2+ ¥ s <o
reg(ms) reg(my)

and the claim is shown. [O

6.1. Identification of the I' Limit. The proof of the lower and later of the
upper bound is given in macroscale, but still uses the notion of contours which was
introduced in the mesoscale. To avoid confusion we keep on writing the contours
always in mesoscale and rescale by € the sp(I') when we deal with the support of
the contour of the representative m,. in macro scale. Hence m(z) := m.(ex) z € A,
denotes the representative in the mesoscopic scale, G(m) := G(m, ¢) the collection of
contours associated to m when the chosen tolerance is (. We suppose 0 < 6 < 64,
with 6; as in Theorem 2.9, and we avoid to write the explicit dependence on (,
where ( is as in Theorem 2.9.

Lemma 6.2. There exists a set Q0 C Q with Hb(ﬁ) =1 such that on Q the following
holds: For any u € BV (A,{-1,1}) and for any m. with ||m, — u||px — 0 we have
that

liminf Fi (m.,w) > Cw / |Vul for Cw as in (1.3). (6.2)
€ JA

Proof. First fix a 6 > 0 independent of w. Recall that € = e(n) = L and let 6(e(n))
and Q(,,) as in (5.15). We define Q by defining its complement:

Ap =0\ Qeny, 2\ Q= {w: w € A, for infinitely many n € N}.

The first Borel-Cantelli Lemma and the probabilistic estimates in Theorem 2.1
and in Lemma 5.4 imply that P(Q2\ Q) = 0. By definition, for any w € ) there
exists n(w) such that w € Q) for all n > n(w). From now on we will always

assume that w € Q and e(n) < e(n(w)) without stating the dependence on w
explicitly. Moreover we will write € for ¢(n) in order to simplify notation. Note
that it is sufficient to consider the case sup, F(m.,w) < co. By Theorem 6.1 we
can replace m, by a representative, see Definition 6, which we still denote by m,
for simplicity. Hence we may assume that ||m||r= < 1+ Cofa(e). By Theorem 2.1
inf g1 (A {Ge(,w)} = min{G.(uf,w),Gc(u;,w)} and without loss of generality we
suppose that the G (u},w) < G (u;,w).

Recall that uX = +1 4 v?, and let v, := m. — sign(m,). Due to the exponential
decay of the boundary influence and the fact that the representative solves a linear
PDE in the islands, one can easily show the following, see Section 7.2 (7.25, 7.26).
There exists C' > 0 and K > 0 such that for I' € G(m, () in an island I

luE(r) — me(r)| = 7 (r) — ve(r)| < Ke—¢  ©dist(resp() (6.3)
[V (uE(r) = me(r)| = [V(05(r) —ve(r)]| < e 1K e CdistnenD) (6.4)
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We write ) for 3 e g, and define It := {y € Ir : dist(y, 0Ir) > C~1n(a(e))|},
where C' is the constant in (6.3, 6.4). We estimate

€

Ge(m) =G (uf) > Z/ (2VW[Vme| - 4a(e)e gl )
T “e(supp(l))

-3 (el Vorl* + e ' W (1 +07))
r Je(supp(T))

+ zr: ( o fa(e)e ! {ge[mF — 71,§ign(1r)] —g.(1— Sign(ﬁ“))})

#3900

For § < dp we get from Theorem 2.7 that m, > 1—4 on Ir. Hence Per({m. < s}) =0
in It, and

1-5
G.(m.) — G (uf) > / 2/ W (s)Per({m. < s})ds

—1+46

— Y cla(e)f)|In(a(e)) e’ sp(D)|

—Za(e)ale/ g.(1 — sign(Ir)) (6.5)
r elr

=3 ba(e)e gl / v? — v (6.6)
r elr

+Z'/FIF<€(|V1&|2 —|Voi?) + 261’06 (v — (11:)2)> . (6.7)

First we are going to estimate the term in line (6.7). Denote by
M (u) == €|Vul? + ¢ 'u’.
Now we will make use of the splitting It = If U (Ir \ I¥). On I?
|M, (v.(z)) — M. (v"(2))] < Ce "afe)ec Cdist@edlR)) 1y ipnja. (6.8)

Therefore a computation using the Co-Area formula yields

/ M.(v) = Mo@w?)] = / (/ IV (00) — Mo (@)} dH" | 1o dist(x,fmr)r}) ar
fIf‘Y R

< Cet oI ale) < C'eMsp(T)|ale),

where dH?"! is the 9d — 1) dimensional Hausdorff measure. Let R. be defined as
the argument of the summation in (6.7). As M.(v.) — M (v¥) > —M.(v}) and as
M. (v?) is of order e 1(Aa(e))?, we can estimate

R.(Ir,m.,v}) > /’n(. )+ /([ \IG)(. o)
~C'e"sp(D)]a(e) — | Me(v]) ||~ Ir \ If]
~ e sp(D)][ae) + | In(a(e))|(Ba(e))?].

The term in (6.6) is bounded on eI by the right hand side of (6.8), while it is
of order e ' (fa(e)) on €(Ir \ I2), so it can be estimated in a similar way.
In order to estimate the expression in (6.5), recall that w € €2, 5, hence

./1 ge(1 —sign(Ip))| < (5(6)6(171‘Sp(r)‘.

Y

Y

ale)e 6
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So far we have shown that for w € Q and €(n) sufficiently small

1-6
G.(me) — Ge(uf) > / 2/ W(s)Per({m. < s})ds (6.9)

—144

=3 d[a(e)In(a(e))]| + d(e)] e’ HspI'|,  (6.10)
r
and as by Corollary 5.6 for all w € ()

3 e sp(D)| < OF(me) < €
reg(m)

we have that the expression in (6.10) vanishes as €(n) — 0 for w € €.

So it remains to bound (6.9). As m. — w in L'(A) there exists a subsequence,
denoted by m. again, which converges almost everywhere to u, and for this subse-
quence we have 1g,, 3 (r) = 1<z (r), in L'(A). Further it is easy to prove by
applying Lemma 3.1 that |u| = 1 almost everywhere. Then by lower semicontinuity
of the perimeter

lim inf Per({m, < s}) > Per(u < 0}), for —1<s <1,

and, by Fatou’s lemma,

liminf'/lﬁ (QWPer({mf<s}))ds > (/

€ —146 —1446

1-6

\Y

2\/W(s)ds> Per({u < 0})

Y

(Cw —2C9) / [Vul.
JA
As 6 > 0 was arbitrary and independent of w, this proves the theorem. O

Lemma 6.3. There exists a set Q@ C Q with P(Q\ Q) = 0 such that for any
w € Q the following holds: For any u € BV (A,{—1,1}) which has the property
that E := {x : wu(x) = —1} has a smooth boundary, there exists m.(-,w) with
[lme(-,w) — ul|pr = 0 and

limsup F(m.) < CwPer(E) for Cw as in (1.3).

Proof. We construct a sequence with the required properties. To this end, let
m : R — R be the increasing solution of

m'" =W'(m), lim m(r) = £1.

r—+oo

It is well known, [10], that there exist C;, A > 0 such that

(1= a()])] +m'(r) < Ce . (6.11)
Define
| —dist(z, E), ifxe A\ E, _d()
d(z) := { dist(z, R\ E), if « € E, de(w) = —
and

me(z,w) = v (z,w) + m (d(z)) Yw € Q,

where v} solves (2.19). Obviously ||m.(-,w) — ul|g1 — 0 for all w € Q. In order to
shorten notation we avoid to write in the following the explicit dependence on w of
m. and v’. Note that |Vd(z)| = 1, therefore

[Vime(2)|* < e72[m'(de(2))]” + 267 [Vo; (@) (de(2) + [V0] ()],



32 NICOLAS DIRR AND ENZA ORLANDI

and
Gum) = Gol1 +07) < [ ' (d(@))? + W (de (o) (6.12)
+2/|w d. (z)) (6.13)
[ W) + 02 ) = W02 e) - Wil @)] - (614)
+2 [ (. (@) ~ D@ (6.15)

# [ |ave@P + Twa ) + 20w+ @) - )

Clearly the term in the last line vanishes, and it is well known, see [15], that the
expression in (6.12) converges to Cy Per(E). Next, we show that the term in (6.13)
vanishes. We obtain from Proposition 7.2 for € sufficiently small |Vo*| < C'a(e)e L.
Hence by the co-area formula and (6.11) we estimate

/2|vu:\m’( ) < 20" / HE ({d(z) = r})e e dr < C"Per(F)a(e) — 0.
A
Let pe := —€eln(a(e)) = elnln(1/e) > 0, and

M = {o: [d@)] < ).
Split the expression in (6.14) in an integral over A, and the rest. Set L :=
SUP4er_o.01 [ W'(s)[. On A, we have

1
W+ 00~ W()| < Ll lloo, W1+ 07) < g0
0
This helps to estimate

B - ) ) A | 1
: /A (W(m +v7) = W(1 +v7) = W(m)) TC<L“+E> “

He

IN

IN

1
C'a(e)In < ) Per(E).
a(e)
To estimate the integral over A\ A, , we use that for z so that |d(z)| > €|In(a)]

W (m(d))] < =+ (m(d)—1)2<c_2672kd(w)/e
- 2C10 - 200

and then

Ce M@/ < C'a(e)eU@)/e,

W (m(de) +v*) —W(1 +v)| < sup W'(s)

|s—1]<Ca(e)

Here the symmetry of the wells was used. The constants depend on the second
fundamental form of E. We obtain

/ (W (m + 7) = W(1+07)] = W(m)
MAy,

02
<! to(ee—d@ /e o C —axd(@)/e)
<e /A\Aue <C’ a(e)e + 2009

By the co-area formula and a change of variables d/e = r this is bounded by

C (Per(E))

(afe) + 1) /OO e Mdr| < C' (Per(E)) a(e) — 0.
/| In(a(e))]
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The term in (6.15), which depends on the random field, can be bounded by

C'Per(E)a(e) —|—2@/ Je-
€ JE
Note that there exists a constant C(d) depending only on the dimension, such that
the following holds: There exists for any E as above an eg(E) such that for any
€ < €g(F) there exists a set F. which is a union of cubes of sidelength e with centers
on eZ% and

C(d) 'Per(E.) < Per(E) < C(d)Per(E,), |[E.AE| - 0 as e — 0.

This can be shown e.g. by approximating the smooth manifold dFE by polygons
and then by faces of cubes with centers on the lattice €Z? Hence in arguing that
the term in the fourth line vanishes we can use Lemma 5.4 with e(n), d(e(n)) as in
the proof of Lemma 6.2 to show that

@y,

Hence the Lemma is proven. O

< Cé(e)Per(E).

Proof of Theorem (2.3): From Lemma 3.1 we get immediately that F, — +oo
if Ju| is different from 1 on a set of positive Lebesgue measure. By general arguments
([15, Lemma 1]) it is sufficient to consider the upper bound in the case where E
has a smooth boundary. Now the theorem follows from the Lemmas 6.3 and 6.2
together with (6.1).

7. APPENDIX

7.1. Appendix I: Probabilistic Estimates. Let R be the set of connected union
of cubes of size 1 containing the origin. We denote by R an element of R and by
|OR)| the surface of R. We have

Proposition 7.1. For d > 3, for any So > 0 there exists ¢’ = ¢'(So,d) so that for
all S > Sy, we obtain

P [HR €R:0€R, > g(z,w)| > S\@R\-I < 2e 5%
[ 2€Z%(2+[0,1]*)NRCR J

Proof. We have

P {EIRER:OER, > 9(z,w) >SaR}

2€7.%(2+[0,1]9)NRCR (7'1)

< ZHD { sup Z g(z,w)| > S@R} .

n>1 ||OR=n:0€R.BER | ya. (. 10.1]4)nRCR

To estimate each addend we define a sequence of sets Ry € DY), ¢ € N, the partition
of R? in cubes of side 2, with one of them having center 0. The R,, £ € N, are
constructed by a “coarse grained” procedure from the original connected region
Ry = R. We denote by R; : Ry — Ry the map which associate to Ry the set of
cubes in D so that

00 A Ry| > %2“,

Ry is the union of such cubes. Note that R, is in general not connected. One can
prove, see Proposition 1 of [11], that

[0R,| < C(d)|0Ry| (7.2)
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and that the volume of the corridor between Ry, and R;_; when R, # (), is estimated
by

|ReAR; 1| < [0Ry|2", (7.3)
where for two sets A and B, AAB = (A\ B)U (B \ A). Denote

F(Ry,w) = > 9(z,w).
2€7Z%(2+[0,1]9)NRoCRo

We start estimating

P sup F(Ry,w) > S|0Ry|
|ORg|=n:0€Ro,RoER

Write, for any choice of k(n) € Z,
F(Ro,w) = F(Rg(n),w) + [F(Rpn)-1,w) = F(Rp(ny, w)] + oo, [F'(Ro,w) — F(Ry,w)].

Set
z = 5‘8R0| = Sn.
We have

k(n)
< P sup {F(Ry_1,w) — F(Ry,w)} > 2
=1 |8Ro|=n:0€Ro

P sup F(Ryp,w) >z
|8 Ro|=n:0€Ro

+P
|8Ro|=n:0€Rq

sup  F(Rg(n),w) > zk(n)+1]
(7.4)

for any sequences z, with ZZL z¢ < z. Since F'is a sum of i.i.d.r.v. it is immediate
to see that

P{F(Re,w) — F(R_1,0)} > 2] < e s, (7.5)

The (7.5) represents the probability that a particular coarse grained corridor has a
large field. Therefore

z2

P sup {F(R(, w) — F(Rgfl, w)} >zl < Ag,LnAg’nei SUP{|aRo|=n0€Ro} FeARL 1]
[0Ro|=n:0€Rq

(7.6)

where Ay, is the number of image points in R, that are reached when mapping
any of the Rg occurring in the sup, i.e. those so that |0Ry| = n and containing
the origin. In [11], Proposition 2, it has been shown that there exists a constant
C = C(d) so that

Ay < o) (7.7)
Therefore we obtain from (7.6) and (7.3)
k(n) 22
P| sup  F(Ro,w)>z| <Y Ap1nAine nf
|8Ro|=n:0€ R = (7.8)

zi+1
+ Ap(n),ne TPHIoRoI=n0€ R0} Ta(m T,

By isoperimetric inequality and (7.2) we have

sup Ry < Cld)n71.
|ORg|=n:0€ Ro
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By (7.7)
k(n) ( 2Cen ) 27
P sup F(Ry,w) > z| < e\ 2(d=D-1) ) g™ 5ot
|ORg|=n:0€ Ro (=1 (79)
(bt ) *zz‘%
4 e\2@ k) ) LT

Choose then k(n), the number of times one repeats the coarse graining procedure,
so that the final coarse-grained volume does not have an anomalous large total field
Ry(ny—1 # 0 and the sum in the right hand side of (7.9) is small. Take

Sn
2k(") — 5 2p = ——,
fTam
and notice that k(n) ~ logn and %Zf(q 7 < 5[1 - %k(n]T] < z. We obtain,
Since zu(n)+1 = 3 grralrmr = 5 gy and gy & 4GS that

nEd=1)

L2 d—2
Ck(n)n — k41 Cn3t-D lnnf"‘QLl4
6(72(4—1)14"))6 DT — (o n+1)

One readily sees that for 7 d > 3

d—2

Cn3(4 D lnn— Szﬂ)
lim e< it ) — g (7.10)
n—oQ
To analyze the other term in (7.9)
k(n) C(f 1)71 g2
o (S0 ) =" 3t (7.11)
=1
note that when d > 3 one can choose Sy = Sy(d) > 0 so that for S > Sy
Cl—1)n nS? S2/C (£-1) 1
Then it is possible to find ¢ = ¢(Sp,d) so that for all S > Sy (7.11) is bounded
above by
k(n)

” k(n) 5 >
oS arne < 26752&156 < efsznsc_
=1

=1
Then, see (7.1)
2 1
P [ERER:OER 9(z,w) ZS\BR\-I _2267652713 SQe’SQC )
[ 2€Z%(2+]0,1]19)NRCR J n>1

O

"Note that in d = 2 the choice done of k(n) makes the last term in the sum (7.9) diverging
Namely we have

2 2
(Cn3 Inn— S
e

Taror)
(Inn+1)* ) 5 50 when n — oc.

Further in d = 2 the sum (7.11), independently of the choice of k(n) is always diverging
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7.2. Appendix II : Global and local minimizers in one single well. Let

1
V(S):QCOS Vs e R

and consider for u € H'(A) the functional

Flww) = [ (ATl + V@) dy + a8 [ dvglront). (113)

As in Lemma 3.1, one has for all u € H'(A)
FtAuV (—t),w) < Fe(u,w) Vit > Coa(e)d, P=1. (7.14)

The minimizer of F,(u,w) is obviously v}, the solution of the Euler- Lagrange
equation (2.19). Next we report the properties of v} used all along the paper.

Proposition 7.2. The v} is Lipschitz continuous in A with Lipschitz constant
bounded by e Lo = ¢ *C(]|gl|oc)x(€)8 and

| (r,w)| < Coa(€)b]g]|oo redA, P=1. (7.15)
The v} is a Gaussian process with mean
E[v! (r,-)] =0 reA (7.16)
and covariance for d > 3

'l

Bfo? (r, o (', )] < C(d)f2a?(e)e vom ™" (7.17)

Proof. The proof of the Lipschitz continuity in A goes as in Proposition 3.2 8. The
bound (7.15) is a consequence of (7.14). Write

v (r,w) = 5 2)0 / Ge(r,r')ge(r',w)dr’ r €A, (7.18)
€ JA
where G(r,r') is the Green function solution of the following problem:
1 1
—A,,GE(T,T')+€—2EGE(T7T’) =48(r—r") r,r' € A

(7.19)

88G6 (r,7')=0 r' €A, ae. forr OA.
n

From (7.18) immediately one deduces that v is a Gaussian process with mean
(7.16). Tt is well known? | see Dautray- Lions, [3], vol 1, pag 635, that in d > 3 one

8Note that Lipschitz constant in A¢ is bounded by Lo = C(]|g]|c )0-
91t is known that

d
1
= 9d Z [ ")+ G0l ))] pointwise

i=1
where r](.i) =r; when ¢ # j and when j =1, TEZ) = e; —r;, with e; the unit vector in the direction
i and GEO)(T‘ r') solves the infinite volume problem
1

0 . . 0
~AGO(r,r )+—220 G0’y = 6(r — ') with ‘Tl‘gnm(;ﬁ (r,1') =0, (7.20)

see Dautray- Lions, [3], vol 1, pag 635. In dimension d > 3 the solution of (7.20) is equal to

4
(0) 1 k )2 1 1
GO = — Ka . (klz)), k=-
(@) s (2#\:1:\ %*1( 1) € V2Cy

and Ky, is the Bessel function of second type of degree n. In d = 3,

1 —k|x
GO @) = L

In d > 3 one can estimate the Bessel function of second type according to (7.21).
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can bound
G(r) < C(d)#e*km o1l (7.21)
= 4r|p|d—2 ’ €20, .
From (7.18), (7.21) and the properties of independence of the random field over
cubes of size € computing Gaussian integral one obtains (7.17). |
Note that the solution v} of (2.19) must be so that
1 / Co 1
— [ vl (r,w)dr = ——a(e)f— / ge(r,w)dr (7.22)
Al /s 2 Al Ja

since [, Av(r)dr = 0.
Next we consider local minimizer in one single well with Dirichlet Boundary con-
ditions. Let D C A and consider the following boundary value problem

11 1
—eAu(r) + ——u(r) + —a(e)fg.(r,w) =0 in D, u=ug on 0D,
€ 2C) 2¢
(7.23)

where vg € H'(A). We have the following boundary influence decay for the solution
of (7.23).

Proposition 7.3. Ford > 3, there exists a positive constant C(d) so that for P =1
the following holds: Let v be the solution of (7.23) we have

d(z,0D

[o(z,w)| < C(d) sup [vo(y)le V2% "4 Coa(@)llgllb @€ D.  (7.24)

yeoD

For solutions of (7.23) with different boundary conditions we obtain

_ d(z,8D)
o (@,w) —va(@,w)| < C(d) sup [or(y) — vay)le *VEo,z € D,(7.25)
yeodD
é d _ d(=,8D)
Vo (ew) - va@0))| < S sup for(y) - valy)le VB, (7.26)
€  yedD

for z € D and d(z,0D) > e.
Proof. The decay stated in (7.24) can be easily seen representing the solution of
(7.23) as the following,
S . 1 D 1
v(z,w) = E¥[vg(B,)e 27C0 ]+2—2a(6)9]E“ / dse 2o g (Bs,w)|, x €D
€ Jo

where E* denotes the mean with respect to {P*},cp«, a d— dimensional Brownian
family, {By, F;;0 <t < oo} and 77, where I C A is the stopping time defined as

T = 1nf{f > 0: Bt € 1(1} (727)

i.e the time of the first exit from I of a Brownian path, starting from zero. Since
each component of B is almost surely unbounded, so

P*[r; < 0] =1 VrelcCRY, I bounded .

3

The solution can be estimated as following:

[o(2)] < sup [vo(y)[E [e 279 ] + Coa(e)llgllcbE [1 — e 2700 ™]
yeoD

1 (7.28)
< sup oI [ % ™)+ Coa()ligllb @ € D.
yeodD
To estimate the Laplace transform of 7, E* [e’AzT”] when A2 = 201?7 we proceed

as following. Let Ry = d(z, D) be the distance between 2 € D and the boundary of
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D and B(w, Rg) the sphere of center = and radius Rq. Let 7g(,,g,) be the stopping
time defined as in (7.27). Since

Plw: T(z,rR,) < D] = 1

we have that
Ew [67)\27—’—)] S E.Z‘ [efAQTB(m,RQ]].

Set u(z) = E* [e’AQTB(EvRoJ]. It is readily seen that u solves

1 .
—§Au+/\2u:0 y € B(z, Ry)

(7.29)
u(y) =1 ly — 2| = Ro.
One has, see [3], vol 1, pag 637, that
1
u(z) = 0B(z, R
@)= Ro, NoaRe " 05 (, Ro)l
where ¢4 is the surface area of the unit sphere in R? and
2 F(i) ! 5. d=3
c(d,Rg,\) = —=—= / cosh(ARpt)(1 —t%) = dt
VaT(5h Jo
3/4 d—3
> C’(d)/ cosh(ARot)(1 — £2)= dt (7.30)
1/4

> C'(d) cosh (2]{0) > C’(d)e%Rf’

Hence, see (7.28) and (7.24), we get (7.24). In order to prove the (7.26) , note that
u = v, — vy solves for ¢ € D, d(xz,0D) > ¢
Au = f in B(x),
u = g ondB.(x),

with f(y) = e 2[v1(y) — v2(y)], 9(y) = v1(y) — va(y). Let G be the Green function
for the Laplacian on a ball with homogeneous Dirichlet data, then

(Vu)(z) = /B RN /8 o, Vet Gl = ot)

(7.25) together with the fact that the singularity of k-th derivatives of G is of order
lz — y[2~2% implies (7.26). O

7.3. Appendix IIIL. In this section we show for a simplified functional that se-
quences that approximate a function with a flat jump set are not microscopically
flat. First we give some definitions. From now on d = 3, = = (z1,%2,%3),
A = (-1/2,1/2)3. As a simplification we replace the part of the functional G,
which consists of the gradient part and the double well potential directly by its
sharp-interface limit and and we restrict to functions which are BV with values in
{+1,-1}

A ale) i _
G, w) = N (\Vu\ + = gm) if weBV(A{-1,1})
+o0 else

Recall that the Heaviside function H(z) : R — R is defined as H(z) =1 for z > 0,
H(0) = 0, and H(z) = —1 for z < 0. We will show that perturbations of the
“planar” function U(z) := H(x3) decrease the energy. More precisely we consider
“graph-like” perturbations, i.e. functions V : A — {—1,1} for which there exist
functions ¢ : (=1/2,1/2)? — (=1,1) so that {V = =1} = {z : 23 < ¢(z1,22)} and
0SC((p) 1= SUP(_1/3,1/2)2 ¢ — Inf(_1/2.1/2)2 p > €.
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This indicates that the minimizer under boundary conditions that enforce a
“planar” jump are not planar on small scales. We make another assumption which
is not automatic because the g. here is constant on deterministic cubes:

H2 There is a § > 0 so that for any measurable set A

P </ ge > 53/2\/|A) > éﬂ”( / 9e >63/2\/|A> >8>0
JA JA

and the random variables fA Je» fA, ge are independent and identically distributed
for dist(A4, A") > e.

Theorem 7.4. Let U(z) := H(zs), 0 < 3 <1, € = L and assume H2. There
exists a function p.(-,w) : [=1,1]2 = [0, he), he = a(e)ePH)/3 such that P-almost
surely for any i € 7.2

lim h;] ( . sup (pe(v,w)) — inf (@6(-7w))> > 0.

=0 i+[—1,1]2)C[—1,1]2 P (i+[-1,1]?)C[-1,1]2

Further, denote by V.(z,w) : A — {—1,1} the function so that {V = —1} = {x :
x3 < (1, 22,w)}, then there exists C > 0 such that

P [G(U) —GVi(w)) > CP0-Pg(e)?] 1.

Proof. Let r. = €°, and divide the square (—1/2,1/2)? in cubes Q,(x;) of sidelength
2r, centered at x; = €% € (—1/2,1/2)2, for i € Z2.

We denote by P, C R?® the pyramid with center at the origin, base (—r,7:)? x
{z3 = 0} and height h.. The excess area (surface of the pyramid minus area of
the base) is rv/72 + h2 — r2. We translate the basis of the pyramid on the plane
(-1/2,1/2)% and denote it by P. + (x;,0) for all i € Z? so that z; = i’ €
(—1/2,1/2)%. Next we define a random variable which indicates whether a per-
turbation is convenient or not.

1, if [ ale)etge > 2r2(\/1+ (hfre)? — 1), © € Q) (x5),
ni(z,w) = P.+(z:,0)
0 else

Now let ¢, (z1,22) : Qr (0) = [0, h] be such that ¢,_(z2,22) is the graph of P,

and denote
o)=Y m(nwen (o).
€22 €(—1/2,1/2)2
The theorem follows immediately from a Borel-Cantelli argument if we are able to
show that 1 > P(n(0) = 1) > 0. The upper bound follows from the symmetry of the
random field, which yields P(5(0) = 1) < 1/2. The lower bound is a consequence of
(H2): The volume of the pyramid is 1/3r2h?, i.e. (H2) implies

[

P (a0 [ 0> e Pa@/sn i) >

and for e sufficiently small

e 2a(e)\/(1/3)r/he N €'?a(e)e’ 1

= > 1.

/T (e fr? 1) PPl o)}

O

Remark 7.5. The error in the upper bound, Lemma 6.3, is of order a(e) > €2/3,
therefore the error when replacing G, by the functional G. defined in this appendiz
is larger than the effect described here. Hence this is not a proof that minimizing
sequences of F, with plane-like constraints are not flat. However, a careful analysis
of the next order for the functional G. would be beyond the scope of this paper.
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