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Abstract

We study a diffuse interface model for the flow of two viscous incompress-
ible Newtonian fluids of the same density in a bounded domain. The fluids are
assumed to be macroscopically immiscible, but a partial mixing in a small inter-
facial region is assumed in the model. Moreover, diffusion of both components
is taken into account. This leads to a coupled Navier-Stokes/Cahn-Hilliard
system, which is capable to describe the evolution of droplet formation and
collision during the flow. We prove existence of weak solutions of the non-
stationary system in two and three space dimensions for a class of physical
relevant and singular free energy densities, which ensures — in contrast to the
usual case of a smooth free energy density — that the concentration stays in
the physical reasonable interval. Furthermore, we present some results on reg-
ularity and uniqueness of weak solutions. In particular, we obtain that unique
“strong” solutions exist in two dimensions globally in time and in three di-
mensions locally in time. Moreover, we show that for any weak solution the
concentration is uniformly continuous in space and time. Because of this reg-
ularity, we are able to show that any weak solution becomes regular for large
times and converges as ¢ — oo to a solution of the stationary system. These
results are based on a regularity theory for the Cahn-Hilliard equation with
convection and singular potentials in spaces of fractional time regularity as well
as on a result on maximal regularity of a Stokes system with variable viscosity
and forces in L2(0,00; H*(2)), s € [0, 1], which are new themselves.
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2 1 INTRODUCTION AND MAIN RESULT

1 Introduction and Main Result

In the present contribution we study a system describing the flow of viscous incom-
pressible Newtonian fluids of the same density, but different viscosity. Although it
is assumed that the fluids are macroscopically immiscible, the model takes a partial
mixing on a small length scale measured by a parameter € > 0 into account. There-
fore the classical sharp interface between both fluids is replaced by an interfacial
region and an order parameter related to the concentration difference of both fluids
is introduced.

The model goes back to Hohenberg and Halperin [16] with the name “model
H”. Gurtin et al. [15] gave a continuum mechanical derivation based on the concept
of microforces. The model is a so-called diffuse interface model. These have been
successfully used during last years to describe flows of two or more macroscopically
fluids beyond the occurrence of topological singularities of the separating interface
(e.g. coalescence or formation of drops). We refer to Anderson and McFadden [5] for
a review on that topic.

This model leads to a Navier-Stokes/Cahn-Hilliard system:

O+ v - Vo —div(v(c)Dv) + Vp = —ediv(Ve ® Vo) in Q x (0,00), (1.1)
dive =0 in Qx (0,00), (1.2

Oic+v-Ve=mAp in Q x (0,00), (1.3)

p=-c"o(c) —eAc in Q@ x (0,00). (1.4)

Here v is the mean velocity, Dv = %(Vv + VoT), p is the pressure, ¢ is an order
parameter related to the concentration of the fluids (e.g. the concentration differ-
ence or the concentration of one component), and € is a suitable bounded domain.
Moreover, v(c) > 0 is the viscosity of the mixture, ¢ > 0 is a (small) parameter,
which will be related to the “thickness” of the interfacial region, and ¢ = ®’ for some
suitable energy density ® specified below. It is assumed that the densities of both
components as well as the density of the mixture are constant and for simplicity equal
to one. We note that capillary forces due to surface tension are modeled by an extra
contribution eVe® Ve in the stress tensor leading to the term on the right-hand side
of (1.1). Moreover, we note that in the modeling diffusion of the fluid components
is taken into account. Therefore mAypu is appearing in (1.3), where m > 0 is the
mobility coefficient, which is assumed to be constant. (The case m = 0 corresponds
to a pure transport of the components without diffusion.)
We close the system by adding the boundary and initial conditions

V|oa =0 on 0§ x (0, 00), (1.5)
anC|aQ = an,u|aQ =0 on 0f) X (O, OO), (16)
(v, €)]t=0 = (vo, co) in Q. (1.7

Here (1.5) is the usual no-slip boundary condition for viscous fluids, n is the exterior
normal on 082, O, 1i|sq = 0 means that there is no flux of the components through the



boundary, and 0,¢|sq = 0 describes a “contact angle” of /2 of the diffused interface
and the boundary of the domain.
The total energy of the system above is given by F(c,v) = Ei(c) + E3(v), where

Bi(c) = 1/5|Vc( )|2d:zs+/Q 19 (c(x)) da, (1.8)
Es(v) — /\v )2 de. (1.9)

Here the Ginzburg-Landau energy Fi(c) describes an interfacial energy associated
with the region where ¢ is not close to the minima of ®(c) and Es(v) is the kinetic
energy of the fluid. The system is dissipative. More precisely, for sufficiently smooth
solutions

G Eelt),v(t) = —AV(C(O)\DU@)!%—m/QIVu(t)\zdx-

There is a large literature on the mathematical analysis of free boundary value prob-
lems related to fluids with a classical sharp interface. Most results are a priori limited
to flows without singularities in the interface. There are some attempts to construct
weak solutions of a two-phase flow of two viscous, incompressible, immiscible fluids
with a classical sharp interface. But so far there is no satisfactory existence theory
of weak solutions in the case that capillary forces are taken into account. We refer
to [1, 2] for a review and some results in this direction.

There are only few results on the mathematical analysis of diffuse interface models
in fluid mechanics and the system above. First results on existence of strong solu-
tions, if Q = R? and ® is a suitably smooth double well potential were obtained by
Starovoitov [26]. More complete results were presented by Boyer [7] in the case that
Q) C R? is a periodical channel and f is a suitably smooth double well potential. The
author showed the existence of global weak solutions, which are strong and unique
if either d =2 or d = 3 and t € (0,7}) for a sufficiently small 7 > 0. Moreover, the
case of the physical relevant logarithmic potential (1.10) presented below is also con-
sidered in connection with a degenerate mobility m = m(c) — 0 suitably as ¢ — +1.
In this case existence of weak solutions with ¢(t,z) € [—1,1] is shown. The system
(1.1)-(1.4) was also briefly discussed by Liu and Shen [19].

It is the scope of the present contribution to present a more complete math-
ematical theory of existence, uniqueness, regularity of solutions to (1.1)-(1.7) and
asymptotic behavior as t — oo. Qualitatively, our results are similar to the known
result on the uncoupled Navier-Stokes system, cf. e.g. Sohr [25]. Of course the
results are limited by the fact that the regularity and uniqueness of weak solution
of the non-stationary Navier-Stokes system in three space dimensions is an unsolved
problem.

Moreover, it is the purpose of this work to present a theory for a class of physically
relevant free energy densities ®. More precisely, we assume throughout the article:
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Assumption 1.1 Let ® € C([a,b]) N C?((a,b)) such that ¢ = @' satisfies

lim ¢(s) = —o0, hi% o(s) = oo, ¢ (s) > —a

for some a € R. Furthermore, we assume that v € C*([a, b]) is a positive function.

We extend ®(x) by +oo if x ¢ [a,b]. Hence Fi(c) < oo implies ¢(z) € [a, b] for almost
every x € ().

Often c is a just the concentration difference of both components and [a,b] =
[—1,1]. But it is mathematically useful to consider a general interval.

Remark 1.2 The latter assumptions are motivated by the so-called regular solution
model free energy suggested by Cahn and Hilliard [9]:
0 0. 5

d(c) = 3 (I+c)In(l+c¢)+ (1 —-¢)In(1 —¢)) — 25 (1.10)
where 6,0. > 0, a = —1, b = 1. Here the logarithmic terms are related to the entropy
of the system. In the theory of the Cahn-Hilliard equation, this free energy is usually
approximated by a suitable smooth free energy density. But then one cannot ensure
that the concentration difference stays in the physical reasonable interval [—1, 1] due
to the lack of a comparison principle for fourth order diffusion equation. As was
first shown by Elliott and Luckhaus [12], using the latter free energy density, the
associated Cahn-Hilliard equation admits a unique solution with c(t,z) € (—1,1)

almost everywhere. For further references and results in that direction we refer to
Abels and Wilke [3].

We note that (1.1) can be replaced by
O +v - Vv —div(v(c)Dv) + Vg = uVe (1.11)

with g = p + 5|Ve|* + e '®(c) since
uVe=v <%|Vc|2—|—5_1<b(c)> — ediv(Ve® Vo). (1.12)

In the following we will for simplicity assume that ¢ = 1 and m = 1. But all result
are valid for general ¢ > 0,m > 0. Moreover, uVc in (1.11) can be replaced by
PyuVe if g is replaced by g — m(u)c, where m(u) is the mean value of p in 2 and
Pope = pp— m(p), cf. Section 2 below.

Furthermore, let Qs = Q X (s,1), Qr = Qo), and @ = Q(o,00). We refer to
Section 2 for the definition of the function spaces in the following.

Definition 1.3 (Weak Solution)
Let 0 < T < oo. A triple (v, ¢, ) such that

v € BO,W(0,T; L2(Q)) N L0, T; HL(Q)?),
¢ € BC,(0,T; H'(Q)), ¢(c) € Ly, ([0, T); L*()), Vi € L*(Qr)

loc



is called a weak solution of (1.1)-(1.7) on (0,T) if

— (0, 0)@r = (vo, Yli=0)a + (v Vv, P)gr + (V(€)Dv, DY) = (1V e, ¢)gp (1.13)

for all ¢ € CE"(;)([O,T) x Q) with div i = 0,

_(Ca at(P)QT - (607 30‘t=0)ﬂ + (U - Ve, SD)QT = _<VM: VSO)QT (1'14)
(:ua SO)QT = (¢(C)7 SD)QT + (VC, VQO)QT (1'15)

for all p € C'(O(;’)([O, T) x Q), and if the (strong) energy inequality

E(v(t), c(t))—i—/

y(c)]Dde(:v,ﬂ%—/ \Vul?d(z,7) < E(v(to), c(to)) (1.16)
Qeg.0)

Queg.t)
holds for almost all 0 <ty < T including to = 0 and all t € [ty,T).

Throughout the article Q@ C RY, d = 2,3, will denote a bounded domain with
C3-boundary if no other assumption are made. Our main results are as follows:

THEOREM 1.4 (Global Existence of Weak Solutions)

For every vy € L2(Q), co € H' () with co(z) € [a,b] almost everywhere there is a
weak solution (v,c, ) of (1.1)-(1.7) on (0,00). Moreover, if d = 2, then (1.16) holds
with equality for all 0 <ty <t < co. Finally, every weak solution on (0,00) satisfies

1

Vi 0(e) € L, ((0,00): L), ~ ft%c € BUC(0, 00, WH(Q)) (1.17)

where r =6 ifd =3 and 1 < r < o0 s arbitrary if d = 2 and q > 3 is independent of
the solution and initial data. If additionally co € H%(Q) := {c € H*(Q) : ucloo = 0}
and —Aco + ¢o(co) € H'(Q), then c € BUC(0, 00; W, (€2)).

We note that the regularity statement ¢z /(1 + t2)c € BUC(0, oo: W, (Q)) with
q > d for any weak solution in the latter theorem is a crucial ingredient for obtaining
higher regularity of weak solutions. This is one of the most difficult steps in the
analysis. It is essentially based on the regularity result of the Cahn-Hilliard equation
with convection and singular potential in spaces of fractional time regularity pre-
sented in Lemma 3.2 below. This result and a careful interpolation argument using
the density of C§°(Q) in H*() for |s| < 1 leads to the latter statement, cf. proof of
Theorem 1.4 in Section 6 as well as Remark 3.3 below.

Because of ¢ € BUC’(é,oo;qu(Q)), qg > d, for all 6 > 0 and § = 0 for suitable
inital data, one is able to use a result on maximal regularity for an associated Stokes
system with variable viscosity, cf. Proposition 4.5 below, to conclude higher regularity
for the velocity v in the case of small or large times and in the case d = 2, which
is enough to obtain a (locally) unique solution. More precisely, the results are as
follows:
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Proposition 1.5 (Uniqueness)

Let 0 < T < o0,q=31ifd=3 and let ¢q > 2 if d = 2. Moreover, assume that
vo € Wo(Q) N LZ(Q) and let ¢y € H{ () N C%H(Q) with co(x) € [a,b] for all z € Q.
If there is a weak solution (v,c, ) of (1.1)-(1.7) on (0,T) with v € L>(0,T; W ()
and Ve € L>®(Qr), then any weak solution (v',c,p') of (1.1)-(1.7) on (0,T) with the
same initial values and V' € L®(Qr) coincides with (v, c, ).

THEOREM 1.6 (Regularity of Weak Solutions)
Let ¢y € H%(Q) such that Ei(cy) < oo and —Acy + ¢(co) € H ().

1. Let d =2 and let vy € V5 7(Q) with s € (0,1]. Then every weak solution (v, c)
of (1.1)-(1.7) on (0,00) satisfies

v e L*0,00; H*¥(Q)) N HY(0, 00; H*(Q)) N BUC([0, 00); H**75(Q))

for all s €10,3) N[0, s] and all e > 0 as well as V3¢, ¢(c) € L>(0,00; L"())
for every 1 <r < oco. In particular, the weak solution is unique.

2. Let d = 2,3. Then for every weak solution (v,c,u) of (1.1)-(1.7) on (0,00)
there is some T' > 0 such that

v € LA(T, 00; H(Q)) N HY(T, 00; H*(Q)) N BUC([T, 00); H>())

for all s € [0,3) and all € > 0 as well as V¢, $(c) € L>®(T,00; L"(2)) with
r=6ifd=3and 1 <r <ooifd=2.

3. Ifd =3 and vy € V2T(Q), s € (5,1], then there is some Ty > 0 such that
every weak solution (v,c) of (1.1)-(1.7) on (0,T}) satisfies

v e L¥0,Ty; H*(Q)) N HY(0, Ty; H¥ (Q)) N BUC([0, Ty]; H*+*75(Q))

for all s € [0,%) and all € > 0 as well as V3¢, ¢(c) € L>(0,Ty; L°(Q)). In
particular, the weak solution is unique on (0,Tp).

Finally, because of the regularity of any weak solution for large times, we are
able to modify the proof in [3], based on the Lojasiewicz-Simon inequality, to show
convergence to stationary solutions as t — oo.

THEOREM 1.7 (Convergence to Stationary Solution)

Assume that ®: (a,b) — R is analytic and let (v,c,u) be a weak solution of (1.1)-
(1.7). Then (v(t),c(t)) —i—0o (0,¢00) in H*5(Q)4 x H*(Q) for all € > 0 and for
some oo € H*(Q)) with ¢(cs) € L*(Q) solving the stationary Cahn-Hilliard equation

—Acs + Pco0) = const. in Q, (1.18)
ancoo|3g =0 on 89, (1.19)

/Qcoo(x) d:c:/Qco(:c) dx. (1.20)



Remark 1.8 We note that the latter convergence result shows that asymptotically
solutions of the model H show the “right behaviour” in the sense that the velocity
goes to zero and the diffuse interface tends to a diffuse interface with constant “mean
curvature —Ace + ¢(coo)” for large times might as one observes in real world two-
phase flows. But it also indicates that the model H and the Cahn-Hilliard equation
might share some common (unwanted) effects for large times. In particular we note
that it was shown by Sternberg and Zumbrun [28] that in a strictly convex domain
and for sufficiently small ¢ > 0 the diffuse interface of a stable stationary solution
of the Cahn-Hilliard equation is connected. This suggests that there are no stable
stationary solutions of the model H that represent two or more droplets, which is
clearly observed in real world two-phase flows. This is related to a coarsening effect,
known for the Cahn-Hilliard equation and which might be present also in the model
H, where mass from smaller droplets diffuses to larges droplets until finally (in a
stricly convex domain) almost all mass is contained in one droplet. More precise
studies of the dynamics of the model H for large times might be the topic of future
works.

Let us comment on the novelties: In comparision with the few known results
for the system (1.1)-(1.4) we present the first results on existence, uniqueness and
regularity for a class of singular free energies, including the physically important
logarithmic free energy (1.10), which assures that c(t,x) € (a,b) almost everywhere.
— We note that in [7] the free energy (1.10) is consider together with a degenerating
mobility m(c) —..41 0; but only existence of solutions with c¢(t,z) € [—1,1] is
shown. No higher regularity or uniqueness was obtained. - In order to deal with the
singular free energies, we extend the results of [3], based on perturbation results for
monotone operator, to include the convective term in (1.3). In order to show that
¢ € BUC(4, 00; W, (2)) for some ¢ > d and any weak solution, it is essential to work
in spaces with fractional reqularity in time since v has only very limited regularity
in time and space, cf. Lemma 3.2 and Remark 3.3. This is one of the most crucial
steps in the analysis. The latter regularity for c is essential in order to get higher
regularity from the linear Stokes system with variable viscosity in various situations.
The necessary results on maximal regularity are obtained by perturbation arguments
from the case with constant viscosity. Even these result seem to be original since
the Stokes with variable viscosity is little studied in the literature. We note that
the results above hold true for a suitable smooth free energy density ®(c) as e.g.
®(c) = (¢* — 1)? with even simpler proofs since the regularity of ¢ for solutions
of (1.3)-(1.4) is easily obtained by standard results on parabolic partial differential
equations. But even in that case the regularity for large times and in particular the
convergence as t — oo, which is based on that, are new results.

By the assumption on ¢ we have the decomposition

D(s) = Po(s) — =¢7, o(s) = ¢o(s) — ac (1.21)

where &y € C([a,b])NC?((a,b)) is convex. This will be the key point in the following
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analysis of the Cahn-Hilliard equation (1.3)-(1.4). The condition lim. ., ¢o(c) =
—00, lim,; po(c) = oo for ¢pg = P will keep the concentration difference ¢ in the
(physical reasonable) interval [a, b] and ensures that the subgradient of the associated
functional is a single valued function with a suitable domain, cf. Theorem 2.3 below.

The structure of the article is as follows: In Section 2 we fix the notation and
summarize some basic results on the used function spaces, monotone operators and
subgradients. Then we start with an existence and regularity theory of the separated
systems. In Section 3 we derive the needed results for a Cahn-Hilliard equation

with convection, i.e., (1.3)-(1.4) for given v. In particular, we prove that (ILH)% cE
BUC(0, 00; W, (2)) for some ¢ > 3 under regularity assumptions on v, which are
satisfied by any weak solution. This is done with aid of suitable estimates in vector-
valued Besov spaces. In order to prove existence of solutions we use the method of [3],
which is based on a decomposition of the associated operators in a monotone operator
plus a Lipschitz perturbation. Then in Section 4 we study the Stokes and Navier-
Stokes equation with variable viscosity v(c) for a fixed ¢ € BUC(0, 00; W, (2)), ¢ > d,
in fractional L2-Sobolev spaces. Section 5 is devoted to the proof of Theorem 1.4. In
Section 6 the uniqueness and regularity results are shown. Finally, in Section 7 we
prove the convergence to stationary solutions as t — oo with the aid of the regularity

results and the Lojasiewicz-Simon inequality.

Acknowledgments: The author is grateful to Dr. Hideyuki Miura for several
helpful comments on a preliminary version of this article and to Dr. Yutaka Terasawa
for bringing his attention to uniformly local LP-spaces.

2 Preliminaries

For a set M the power set will be denoted by P(M) and x,; denotes its characteristic
function. Moreover, we denote R = {z € R? : x4 > 0}, a ® b = (a;b;)},;_, for
a,b € RY Agym = %(A + AT), and [A, B] = AB — BA for two operators A, B. If X
is a Banach space and X' is its dual, then

<fag>E<f>g>X/,X:f(g>7 fEX/,QEX,

denotes the duality product. We write X — < Y if X is compactly embedded into Y.
Moreover, if H is a Hilbert space, (+,-)y denotes its inner product. In the following
all Hilbert spaces will be real-valued and separable.

2.1 Function Spaces

Spaces of continuous functions: The usual spaces of bounded continuous, Holder
continuous, Lipschitz continuous, k-times differentiable and smooth functions on a
closed set A are denoted by C(A), C%(A) for 0 < a < 1, C%Y(A), C*(A), and C*>(A),
respectively. Here all derivatives and moduli of continuity (as long as they exist) are
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assumed to be bounded as well as. Furthermore, C§°(2) = D(2) denotes the space
of smooth and compactly supported functions f: Q — R. If A C R?, then

CH(A) ={f: A= R: f=F|sFeCR),supp f C A}.

Finally, let 0 < T < oo and let X be a Banach space. Then BC(0,T;X) is
the Banach space of all bounded and continuous f: [0,7) — X equipped with the
supremum norm and BUC(0,7T; X) is the subspace of all bounded and uniformly
continuous functions. Moreover, we define BC,,(0,7; X) as the topological vector
space of all bounded and weakly continuous functions f: [0,7) — X.

Spaces of integrable functions: If M C R? is measurable, LI(M), 1 < g < oo
denotes the usual Lebesgue-space, ||.||, its norm, and (.,.)ar = (.,.)r2(n). Moreover,
L9(M; X) denotes its vector-valued variant of strongly measurable g-integrable func-
tions/essentially bounded functions, where X is a Banach space. If M = (a,b), we
write for simplicity L9(a, b; X) and L?(a,b). Furthermore, f € L ([0,00); X) if and

loc

only if f € L9(0,T; X) for every T' > 0. Moreover, L ([0,00); X) denotes the uni-
formly local variant of L(0, 00; X') consisting of all measurable f: [0, 00) — X such

that
| f]

Recall that, if X is a Banach space with the Radon-Nikodym property, then

Lq

uloc

([0,00);X) = SUP | f |l zat+153x) < 0.
>0

LI(M; X) = LY (M; X") for every 1 < ¢ < o0

by means of the duality product (f, g) = [,,(f (), 9(z))x' x dx for f € LY (M; X", g €
L9(M; X). If X is reflexive or X' is separable, then X has the Radon-Nikodym prop-
erty, cf. Diestel and Uhl [11].

Moreover, recall the Lemma of Aubin-Lions: If Xy << X; < X5 are Banach
spaces, 1 <p < oo, 1< q<o0,and I CRisabounded interval, then

{v € LP(I; Xo) : % e LY(I; Xg)} —— LP(I; Xy). (2.1)

See J.-L. Lions [18] for the case ¢ > 1 and Simon [23] or Roubicek [20] for ¢ = 1.
Finally, let (X, X;) be a compatible couple of Banach spaces, i.e., there is a
Hausdorff topological vector space Z such that Xy, X; — Z, cf. Bergh and Lofstrom
6], and let (.,.)jg and (.,.)or, @ € [0,1],1 < 7 < 00, denote the complex and real
interpolation functor, respectively. Then for all 1 < py < oo, 1 < p; < o0, and
6 < (0,1)
1 1-0 6
(LPO (M5 Xo), LPY (M X4)) g = LP(M; (X0, X1)9)) . = - + . (2.2)

cf. [6, Theorem 5.1.2.]. Moreover, we will use that, if X; — X, then

(X07X1>91,q1 — <X07X1)90,q0 if 0 S 90 < 91 S 17 1 S qo, 41 S 0, (23)
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which follows from [6, Theorem 3.4.1].

Sobolev, Bessel potential, and Besov spaces: W;"(2), m € Ny, 1 < ¢ < oo,
denotes the usual L?-Sobolev space, W[(€2) the closure of Cg°(€2) in W;*(£2), and
W, () = (W7(€2))". The L2-Bessel potential spaces are denoted by H*(), s € R,
which are defined by restriction of distributions in H*(R%) to €, cf. Triebel [29,

Section 4.2.1]. It is well-known that
(H® (R, H* (RY)) ;g = (H*(R?), H* (R"))go = H*(R?), s = (1—0)so+0s1, (2.4)

for all € (0,1) sg,s1 € R, cf. [6, Theorem 6.4.5]. Furthermore, if Q& C R has a
continuous extension operator E: Wy (Q) — WEF(R?) for all k € N (in particular if
is a bounded domain with Lipschitz boundary), then H*(Q) = Wk (Q) by Plancharel’s
theorem and (2.4) holds with R? replaced by €2 and all sg, s; > 0 by [29, Section 1.2.4].
Moreover, we note that, if Q is a bounded domain with C*-boundary, then

oo H ()

1
Q) =" and HYQY =H(Q)  forall |s| < - (2.5)

cf. e.g. [29, Section 4.3.2. and 4.8.2].

Moreover, if X is a Banach space and 0 < T < oo, then f € W]}(O,T;X),
1 < p < o if and only if f, % f e LP(0,T; X), where % f denotes the vector-valued
distributional derivative of f. Furthermore, W, ;,..([0,00); X) is defined by replacing
LP(0,T; X) by L ([0,00); X) and we set H'(0,7;X) = W;(0,T;X). Now let
Xo, X1 be Banach spaces such that X; <— X densely. Then

uloc

W, (0,T; Xo) N LP(0,T; X1) — BUC(0, T} (X, X1)1o1,), 1<p<oo, (26)

continuously, cf. Amann [4, Chapter III, Theorem 4.10.2]. Moreover, there is a
continuous extension operator

E: (X0, X1)y 1, — Wpl(O, 00; Xo) N LP(0,00; X7) such that Fug|i—g = ug, (2.7)

cf. [4, Chapter III, Theorem 4.10.2]. Actually (2.6) and (2.7) follow directly from
the trace method for the real interpolation, cf. [6, Corollary 3.12.3]. If additionally
Xo = H is a Hilbert space and H is identified with its dual, then X; — H — X]

and
1d d

§£||f||%{ = <Ef(t)’ f#))x: x, for almost all ¢ € [0,7] (2.8)
provided that f € L?(0,7T; X;) and %f € LP(0,T; X!), 1 < p < oo, cf. Zeidler [30,
Proposition 23.23]. In particular, (2.8) implies

S 1F O < 2 (10uf 2oy | fll 200 + £ (O)II7) - (2.9)
€10,

Furthermore, we define H'?(Q7) := L*(0,T; H*()) N H'(0,T; L*(Q)) for 0 < T <
0.
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The usual Besov spaces are denoted by B, (R"), s € R, 1 < p,q < oo, cf. e.g.
6, 29]. If Q C R” is a domain, B; () is defined by restriction of the elements of
B, (R™) to €, equipped with the quotient norm. We refer to [6, 29] for the standard
results on interpolation of Besov spaces and Sobolev embeddings. We only note that
H*(Q2) = B3,(£2) and that, if 2 has a continuous extension operator as above, then
k k+1 k+6 1 _1-60 ¢
(WPO<Q)7 Wpl (Q>>97P = Bpp (Q) - = + ) k S N(], (210)
p Po D1
for all # € (0,1), cf. [29, Section 2.4.2 Theorem 1].
In order to derive some suitable estimates we will use vector-valued Besov spaces
B} (I; X), where s € (0,1), 1 < ¢ < oo, [ is an interval, and X is a Banach space.
They are defined as

Bio(I:X) = {ferunx): |y
I.f]

Bioo(I;X) < OO} )

Bio(r:x) = Ifllzeaxy + sup [Anf () llzagr,x),
0<h<1

where A, f(t) = f(t+h) — f(t) and I, = {t € [ : t + h € I}. Moreover, we
set C*(I; X) = B: (I;X), s € (0,1). Let Xy, X; be two Banach spaces. Using
f@)—f(s) = fst 4 f(7)dr it is easy to show that for 1 < ¢y < g1 < 00
L o 0 1 1-6 60
WL(I; X)) N Lo(1; Xo) — BL(I: Xp), == + -, (2.11)
q do 1
where 0 € (0,1) and Xy = (Xo, X1)[g) or Xy = (Xo, X1)s,, 1 < 7 < 00, Finally,
oouloc([0,00); X) is defined in the obvious way replacing L7(0,00; X)-norms by
L% ([0,00); X)-norms.

uloc
Weak Neumann Laplace equation: Given f € L'(Q), we denote by m(f) =
ﬁ Jq, f(x) dz its mean value. Moreover, for m € R we set

Ly () = {f € LUQ) : m(f) = m}, 1 <q< oo,

and Pyf := f — m(f) is the orthogonal projection onto L%O)(Q). Furthermore, we
define

H(lo) = H(lo)(Q) = f]1 (Q) N L%O)(Q), (C, d)H(l(])(Q) = (VC, Vd)LZ(Q)

Then H (10)(9) is a Hilbert space due to Poincaré’s inequality. Moreover, let H (6)1 =

H(B)l(Q) = H(IO)(Q)’. Then the Riesz isomorphism R : H(lo)(Q) — H(B)l(Q) is given by

<RC, d>H(B)1,H(10> = (Ca d)H(IO) - (VC, Vd>L27 ¢, de H(IO)(Q)v

ie., R = —Ap is the negative (weak) Laplace operator with Neumann boundary
conditions. In particular, this means that

(f,9) -1 = (VAN [, VAV 9) 12 = (AN, AV 9) g

1 p—
(0) (0)

(2.12)
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This implies the useful interpolation inequality
112 = ~(VAR LV F)ie < 1l Iy, for all £ € H(@). (213)

Moreover, we embed H ;) (€2) and L, () into H(; () in the standard way:

(e Oy, = [ cladel@)ds, o€ (@)
Q

Finally, we note that, if u € H(lo)(Q) solves Ayu = f for some f € L‘(IO)(Q), l<g<

oo, and 9 is C?, then it follows from standard elliptic theory that u € W2(2) and

Au = fae. inQand dyulsn = 0 in the sense of traces. If additionally f € W, (Q)

and 9Q € C?, then u € W2(Q). Moreover,

lullwiz) < Call Fllwpy — forall f e Wi(Q) N L, (2), k= 0,1, (2.14)

with a constant C, depending only on 1 < ¢ < oo, d, and 2.

Spaces of solenoidal vector-fields: In the following Cg% (€2) denotes the space of
all divergence free vector fields in C§°(2)? and L4(€) is its closure in the L%norm.
The corresponding Helmholtz projection is denoted by F,, cf. e.g. Simader and
Sohr [22]. We note that P,f = f — Vp, where p € L{ (Q) with p € W () N L, ()
is the solution of the weak Neumann problem

(Vp, Vp)a = (f, V) forall p € Cg) (). (2.15)

In particular, this implies that Pof € H*(Q)4N L2(Q) if f € H*(Q)?, k =0,1,2, and
Q) is a bounded domain with C3-boundary by the regularity of the weak Neumann
problem discussed above.

Moreover, we denote H?(Q2) = H*(Q)?NL2(Q) for s > 0, V() = HE(Q)NH(Q)?
for s > 1, and V5(Q2) = V;}(Q2). Because of Korn’s inequality V5(€2) can be normed
by [[ Do

Some useful estimates: Firstly, if f € H?(Q2) and Q C R? d < 3 is a bounded
domain with Lipschitz boundary, then

1—4

1£llso < ClFI I 11 . (2.16)

The latter estimate follows from the fact that

(L2(RY), HA(RY). , = B3 (RY) — BL, (RY) — L=(RY

d
4

and that Q has a continuous extension operator E: H*(Q) — H*(R?) for all k € N,
cf. Stein [27, Chapter VI, Section 3.2]. Here B} (R?) denote the usual Besov spaces
and we have used [6, Theorems 6.4.5 and 6.5.1]. Moreover, we note that

1fgllwy < Clfllwillgllwy  forall 1 <p <77 >d, (2.17)
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which can be easily proved using the Sobolev embedding theorem. Finally, if d < 3,

/9]

@) < Gy fl

Hs+%(Q)Hf| Hs+1(Q) (218)

for all s > 0 and bounded Lipschitz domains since Hz () < L3(2), H'(€) — L5(Q).
This can be proved by first showing the case s € Ny and then using bilinear complex
interpolation, cf. [6, Theorem 4.4.1].

We will frequently use the following simple lemma:

Lemma 2.1 Let Q C RY, N > 1, be an open set and let ¢, € L>=() be a bounded
sequence such that ¢ —o ¢ in Li (Q). Then for every f € L"(Q), 1 <r < oo,

loc
Ckf —k—o00 Cf m LT(Q)

Proof: Let € > 0. Since C§°(£2) is dense in L"(2), 1 < r < oo, there is some ¢ €
C3°(Q) such that || f— ¢l < e. Moreover, there is some N, such that ||¢(cx—c)|, < e
for every k > N, where we use that ¢ —j .o ¢ in Li (Q) implies the convergence

loc
in L] .(€2) since ¢, are uniformly bounded. Hence

1f(ex =l < lleler =l + CI(f = )(erx =l
< llelex = Alr + 2sup [lekllol [ f = @llr < (1 + 2sup [|ek o )e
keN keN

for every k > N.. This proves the lemma. [

2.2 Evolution Equations for Monotone Operators

We refer to Brézis [8] and Showalter [21] for basic results in the theory of monotone
operators. In the following we just summarize some basic facts and definitions. Let
H be a real-valued and separable Hilbert space. Recall that A: H — P(H) is a

monotone operator if
(w—z,x—y)g >0 for all w € A(z), z € A(y).
Moreover, D(A) = {x € H : A(z) # 0}. Now let p: H — R U {400} be a convex

function. Then dom(yp) = {z € H : p(x) < oo} and ¢ is called proper if dom(y) # (.
The subgradient dp: H — P(H) is defined by w € dp(x) if and only if

0(€) > p(z) + (w, & —x)y  forall & € H.

Then Oy is a monotone operator and, if additionally ¢ is lower semi-continuous, then
Jy is maximal monotone, cf. [8, Exemple 2.3.4].
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THEOREM 2.2 Let Hy, H, be real-valued, separable Hilbert spaces such that Hy —
Hy densely. Moreover, let ¢: Hy — RU {400} be a proper, conver and lower semi-
continuous functional such that ¢ = p1 + w2, where @o > 0 is conver and lower
semi-continuous, dom p, = Hy, and p1|g, is a bounded, coercive, quadratic form on
Hy and set A = 0p. Furthermore, assume that B: [0,T] x Hy — Hy is measurable
int € [0,T] and Lipschitz continuous in v € Hy satisfying

|B(t,v1) — B(t,vo)||m, < M(t)||v1 — va|lm, for all vy,ve € Hy, a.e. t € [0,T]

for some M € L*(0,T). Then for every uy € dom(p) and f € L*(0,T; Hy) there is
a unique v € W3 (0, T; Hy) N L>(0,T; Hy) with u(t) € D(A) for a.e. t > 0 solving

oy s Aut) > Btu®) + f(t) for aa te (0,T), (2.19)

dt
uw(0) = up. (2.20)
Moreover, p(u) € L>(0,T).

Proof: In the case that B is independent of ¢, the theorem is proved in [3]. — We
note that the assumption uy € D(A) in [3, Theorem 3.1] is a typo and ug € dom ¢
is sufficient. — The latter proof directly carries over to the present case by using the
estimate

t
/ |(B(v1) — B(va), u1 — ua) | ds < [|M|| 20,6 [|v1 — 2l z2(0,6m0) w1 — ol Lo 0,70
0

and using the fact that ||M||r24) —+—0 0. |

2.3 Subgradients

In this section we study the “convex part” of E; namely
1
Folc) = 5/ Vo) de + / Bo(c(x)) da, (2.21)
Q Q
where @y is the same as in (1.21). Firstly, Ey is defined on L%m)(Q), m € (a,b), with

dom Ey = {c € H'(Q)N L%m)(Q) :c(x) € [a,b] a.e.}.

We denote by 0FEy(c): L%m)(Q) — P(L%O)(Q)) the subgradient of Fy at ¢ € dom Ej
in the sense that w € 0Ey(c) if and only if

(w,d — )2 < Ey(¢) — Eo(c) for all ¢ € L%m)(Q).

Note that L%m)(Q) is an affine subspace of L%()) with tangent space L?O)(Q). This
definition is the obvious generalization of the standard definition for Hilbert spaces
to affine subspaces of Hilbert spaces.
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The following result was proved in [3]':

THEOREM 2.3 Let ®g, ¢ be as in (1.21). Moreover, we set ¢o(x) = +oo for
x & (a,b) and let Ey be defined as in (2.21). Then

D(0Ey) = {c € H*(Q) N L, (Q) : ¢o(c) € L, ¢(c)|Ve|* € L', Bnclon = 0}

and
an(C) =—-Ac + P0¢0(C). (222)

Moreover, there is some C' > 0 independent of ¢ € D(OEy) such that
lellr2() + ll@o(e)3 +/§2¢6(C($))IVC($)I2daf < C([0Eo(c)ll3 + llell5 +1) . (2.23)

For the following analysis it is important that (2.23) can be improved as follows:

Lemma 2.4 Let @, ¢y, Ey be as above and let 2 < r < oo. Then there is a constant
C, such that for every ¢ € D(OEy) satisfying 0FEo(c) € L™() we have

lellwz + li¢o(O)lr < G (I0E ()]l + [lell2+ 1) (2.24)

Proof: Let ¥ € C'(R) be a non-negative function with s1/'(s) > 0. Then multiplying
(2.22) by 1(¢o(c))po(c) we obtain

(Ve, Y ($(60())do(c)))a + / B (60(0) o) da
< CIOE(), + m(co())) [4(d0(c))bo(e)]l
where
(Ve, V(o)) do(e)))a = / 84(0) [ Ve (60())bo(e) + (o(c)) da > 0.
After a simple approximation we can replace ¢ by 1, (s) = min(k, |s|"~2) to conclude
C (I0Eo(€)l» + m(o(c)) [19x(do(c)) SOl
> / i) o) da > / (90" 160" de

since |po(c)|>™" = (\qﬁo(c)]r_Z)ﬁ > ) (do(c)) ™. Therefore

H%(%(C))%(C)H?% < C([0Eo(c)llr + [m(¢o(c))]) < C (|0 ()l + llefl2 + 1)

because of (2.23). Finally, passing k — oo the estimate of the second term in (2.24)
follows. The estimate of the first term then follows by using (2.22) and (2.14). =

'We note that the estimate (2.23) is stated in [3, Theorem 4.3] without “+1” on the right-hand
side, which holds true if m = 0 and ¢'(0) = 0, which is assumed in the proof of [3, Theorem 4.3]. By
a simple transformation one can reduce to that case; but then one has to add +1 on the right-hand
side or modify the estimate in another suitable way.
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Corollary 2.5 Let Ey be defined as above and extend Ey to a functional EO: H(B;(Q) —

RU {400} by setting Eo(c) = Ey(c) if ¢ € dom Ey and Eo(c) = 400 else. Then Ey is
a proper, convex, and lower semi-continuous functional, OEy is a mazximal monotone
operator with OEy(c) = —AnOEy(c), and

D(9Ey) = {c € D(OEy) : 0Ey(c) = —Ac+ Pogo(c) € Hig)(Q)}. (2.25)
Moreover, for every ¢ € D(9E,)
lellwz + lio(@ll- < Cr (10Eo()llms, + el +1) (2.26)

where r =6 if d =3 and 2 < r < o0 is arbitrary if d = 2.

Proof: The first part is the same as [3, Corollary 4.4.]. The last statement follows
from Lemma 2.4 and the Sobolev embedding theorem. [

3 Cahn-Hilliard Equation with Convection

3.1 Existence and Regularity Theory

In this section we consider

Oc+v-Ve=Ap in © x (0, 00), (3.1)
p=a¢(c) —Ac  inQx (0,00), (3.2)

Onclog = Onpt|log = 0 on 09 x (0, 00), (3.3)
Cli=o = ¢o in Q (3.4)

for given ¢y with Ei(cy) < oo and v € L*®(0,00; L2(Q)) N L*(0, 00; V5(€2)). Here
¢ = ® and P is as in Assumption 1.1 and Fj is as in (1.8). We assume with loss of
generality that m(cy) = 0. By a simply shift of ¢, ®, and [a, b] by a constant we can
always reduce to that case. Moreover, we can also assume that 0 € (a,b) since a = 0
or b=0 and E;(cy) < oo and m(cp) = 0 implies that ¢y = 0.

We consider (3.1)-(3.4) as an evolution equation on H g, 1(Q) in the following way:

0)

c(t) + Alc(t)) + Bw(®)elt) = 0,  t>0, (3.5)
clizo = ¢ (3.6)

where A(c) = OEy(c) and

(B)e:p)ut iy = (v Ve, )z —a(Ve, V)2, ¢ € D(B(v)) = Hip ().

= An(Ac — Pogy(c)), B(v)e = v - Ve + alye, where Ay: Hi, (Q) C
H (6)1(9) is the Laplace operator with Neumann boundary conditions as

Le., A(c)

Hig) ()
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above, which is considered as an unbounded operator on H @)I(Omega). Finally, we
note that A is a strictly monotone operator since

(A(cr) — Alea), a1 Cz)H—

(0)

= (=A(c1 = e2) + doc1) = do(ca), 1 — e2) 12 > [|[V(er — e2)f3 (3.7)

for all ¢1, ¢y € D(A).
In order to apply Theorem 2.2 we use that by Corollary 2.5, A = 0 is a maximal
monotone operator with Fy = 1 + (o,

=5 [ IVe@P e, pale) = [ Dufeta) de

dom ¢y = H/y (), and dom ¢p = domp = {c € H, : c(z) € [a,]] a.e.}. Obviously,
o1 HY (@) is a bounded, coercive quadratic form on H (10)(9). Furthermore,

|(v(t) - Ve,p)al = |[(vFPyc, V)|
Cl u(t 2|V 2
écwwmmmwmmg{lununﬂu

(3.8)
Clv@ sl Vel 2 Vel 2
for all ¢, € H(IO)(Q) with Fj(c) < oo since divo = 0, n - v|pg = 0, and |c(x)| <
max(|al, |b|) almost everywhere. Hence

IB(o(®))ellm, < C L+ o)) llellmy,
for almost every ¢ € [0,00) and all ¢ € H(O)(Q), where M (t) := C(1 + ||v(t)||m) €
L?(0,T) for every T > 0. Hence Theorem 2.2 is applicable to the operators A, B(t)

defined above.
The main result of this section is the following;:

THEOREM 3.1 Let v € L*(0, 00; V5(Q2)) N L>®(0, 00; L2()). Then for every cq €
H(lo)(Q) with Ey(co) < oo there is a unique solution ¢ € BC(0, oco; H1 () of (5.1)-
(3.4) with dyc € L*(0,00; Higy (Q)), i € Lie([0,00); H'(Q)). This solutzon satisfies

Ei(ct)+ | |VulPd(z,7) = Ei(c) — / v-uVed(z,T) (3.9)
Q¢ t

for all't € [0,00) and

IN

el ety + 101 0 ity + 191l C (Ea(eo) + 032y ) (3.10)

||C||L2 (ooo)w2) T (e )||L2 (0oL = Cr <E1(00)+||U||%2(Q)>(3'11)
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wherer =6 ifd =3 and 1 < r < oo is arbitrary if d = 2. Here C, C, are independent
of v,cq. Moreover, for every R > 0 the solution

ceY = L2

loc

([0, 00); W(2)) N Hige ([0, 00); Hg) (42))

depends continuously on

(co,v) € X == HY(Q) x L}

o ([0,00); L3(Q)  with Ex(co) + vl r2.00my < R
with respect to the weak topology on'Y and the strong topology on X.

Proof: We apply Theorem 2.2 to the choice H; = H(lo)(Q), Hy, = H(B)l(Q), f=0,and

©1, P2 as above, where we assume w.l.o.g. that ®(c) > 0. This gives the existence

of a unique solution c: [0,00) — Hy of (3.5)-(3.6) such that ¢ € W3 (0,7, Hy) N

L>(0,T; Hy), p(c) € L>=(0,T) for every T'> 0 and ¢(t) € D(.A) for almost all ¢ > 0.
Now we define p according to (3.2). Then

Anp(t) = An(=Ac(t) 4 ¢o(c(t)) — ac(t)) = —0Ey(c(t)) — aAye(t). (3.12)
due to Corollary 2.5 and therefore
Anp(t) = die(t) +v(t) - Ve(t)  in Hg (Q). (3.13)

In particular, this implies
IVall20r) < € (10(t) 2=ty + ollza@) < o0

for every T' > 0 due to (3.8). Now using (2.26) and (3.12) we obtain

le(®llwz + llo(c@))]l < C (!Iaﬁo(C(t))l\Hgo) + Hc(t)\b) < C(IVp@®)llz + 1Ve®)l2)

for all ¢ > 0. This implies (3.11) once (3.10) is proved. In order to prove (3.9), we
use that Fy(c(t)) = Eo(c(t)) — $[le(t)||7.. Because of [21, Lemma 4.3, Chapter IV],
(2.8), (3.12), and (3.13), we have

LBt = (OB (c(t), Oue(t)) 1 — a{@ec(t), e(t)) gt
)

dt B 0)"%(0)
= (0Ey(c(t)), 0wc(t)) o + a(Anc(t), 0c(t)) y 1!
= —(Anpu(t), Anp(t ))H 1= (Avu(t),v(t) - Vet))

( ()
— (V0. ()12 = (1), 000) - Tl

Integration on (0, t) shows (3.9). In order to obtain (3.10), we use that |(u, v-Ve¢)g,| <
Cllvll 2l Vil L2(@r) due to (3.8). Thus (3.9) and Young’s inequality imply

el e ey + 1l 20 ety < € (Breo) + ol ) -
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The estimate of \|atc|yL2(0m;H( follows from (3.13) and [[v-Vel| 12(g o Hh ) < Cllvllr2q)

In order to prove continuous dependence on (g, v), let ¢;, j = 1,2, be two solutions
of (3.1)-(3.4) with ¢;|—o = ¢) € dom Ej and v replaced by v;. We set ¢ = ¢; — ¢, and
w = v; — vy. Then

Bic(t) + A(Cl(t)) — A(ca(t) + Blur(t))er (t) — B(wa(t))ea(t) = 0

for a.e. ¢t > 0 and ¢(0) = ¥ — ). Hence taking the inner product of the equation
above with ¢(t) in L?(s, t; H ( )), 0 < s <t < o0, and using (3.7) we conclude

SO + [ Ivaizar

t
=< O‘/ HC”2d7—+_H ( )HH 1_/(Ul'vcl_UQ'VCQ,é)H(—O;dT.

Due to (2.13) and Young’s inequality
t
IOl + [ I1Vel dr

t
< C(/ HCH 1dT+H()HH 1+ /(Ul'vﬁ—vz'vcz,é)H(—O;dT

) (3.14)
Now

(v1 - Ve — vy - Ve, E)H(_(ﬁ = (v - V&, (—=AN)"'8)q — (wea, V(—=AN)1E)q

and

2

t
< [¥elhaiau ([ IlRl-o0)dlRar)

< CHwHLl(S,t;LQ) ”v(_AN>_1é”L°°(S,t;L2)' (3'15)

/:(vl -VE (—An) 'e)qdr

/st(wCQ, V(-Ay)0)adr

Hence by Young’s inequality and [[(—=Apy)"'¢lls < C||V(=Ax)"'cllz < C’||EHH<B;

t
sup 60+ [ Va3 dr

s<t<
t
< O ([ I dr + 166 + o = walsgean) -

Thus the lemma of Gronwall yields

sup ||é(r H 1+/ Ve(r)|)5 dr

s<t<t

< o [ el a ) (B + o = el ) (3:10)

s
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This implies the continuous dependence of ¢ € L*>(0,T; H(_O)I(Q)) N L*(0,T; HY(Q))
on (co,v) € X for every T' > 0 with respect to the strong topologies. Because of
(3.10)-(3.11) the continuous dependence of ¢ € Y with respect to the weak topology
on (co,v) € X with Ey(co) + ||v]| £2(0,00;1) < R follows.

Finally, since ;¢ € L?(0, oc; H(B)I(Q)) and ¢ € L>(0, oo; H(lo)(Q)), (2.8) implies ¢ €
BUC(0,00; L*(Q)). Since Hy () —— L*(Q), ¢ € BC,(0,00; Hy,) () necessarily.
Moreover, because of (3.9), E;(c(t)) is continuous. Hence

fimsup SIVe(s) [ > Bule(t) = [ @lett) do = 5|Vt

because of (1.21) with ®y(c) convex and since ¢ € BUC(0, 00; L*(£2)). On the other
hand §[|[Ve(®)[5 < liminf,; 3[[Ve(s)||3 by the weak continuity in Hfy (). Thus

t — 3[|Ve(t)|3 is continuous and therefore ¢ € BC(0, 00; H (). u

The following improved regularity statement will be important to get higher reg-
ularity of solutions to the Navier-Stokes-Cahn-Hilliard system.

Lemma 3.2 Let the assumption of Theorem 3.1 be satisfied and let (c,p) be the
corresponding solution of (3.1)-(3.4). Moreover, let k = 1 if ¢ € D(OEy)and let

K(t) = (1) 2 else.

1+t

1. If o € LY ([0,00); L2(Q)) and r is as in Theorem 3.1, then (c, ) satisfy

uloc

Rihe € L(0,00; High(2)) O L2,,(0, 00; H'(2))

ke € L>(0,00; W2(Q)), ké(c) € L>®(0,00; L"()), ku € L=(0,00; H'(Q)).

2. Ifv e By ([0,00); H*(2)) N BCy (0, 00; L2(Q)) for some —3 < 5 < 0 and
3 2
a € (0,1), then
ke € C([0,00); Hgh () M B (0,00 HAQ)). (3.17)

Finally, the same statements hold true if [0, 00) is replaced by [0,T), T < oo,

Remark 3.3 We note that the second part of the latter lemma is essential to obtain
that any weak solution satisfies ¢ € BUC([0,00); W] (Q)) for some ¢ > d and all
d > 0 in the proof of Theorem 1.4 below. Moreover, it is essential that v(t) has
some suitable positive regularity in time with values in H*((2), —% <s<0. In
the latter case C§°(2) is dense in H*(2) and H*(f2) and therefore v(t) - Ve(t) is

well defined for v € H7*(2). By (1.1) and the energy estimate one obtains directly
Ow € L (0,00, H71(Q)); but dyv - Ve(t) is not well-defined if only d,v(t) € H~(2)

uloc

since Ve(t) € Hy(Q) in general.
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Proof: Let 97 f(t) = +(f(t + h) — f(t)), h > 0. First of all, we note that, if
co € D(OEy), then [8, Lemme 3.1, Chapter III} with u(t) = c(t), v(t) = co, f(1) =
—B(v(t))c(t), g(t) = 0Fy(co) implies

10 (Ol < / 1B (v c_aE()(CO)HH_l dr < ||IB(v)e = OEo(co)l| o (0,00itt

© ©)

IN

C (1w, V) llzwioeiz) + 10Eo(co) 2 ) (3.18)

— ¢ and let @v € L .(0,00; L?(Q2)). In the case
ie (t‘l'h) = 1c(t), h >0, v1(t) = v(t+ h), and
+h)—c(t )) = Olc(t), w = OMv, and

Next let wi(7) = 1 or wy(1) = 7
wr = 1 we use (3.16) with ¢1(t) =

)
va(t) = Fo(t). Hence &(t) = +(c(t

t+1
sup wi(7) |9y e(7 )IIH—1+/ wi(7)[V O} e(r)|[3 d

t<r<t+1
< Cleoyw) (wt<r>|raf (O, + 10 m)) (3.19)

for all ¢ > 0 and w;(7) = 1. In the case w,(7) = 7 — t the proof of (3.16) can be

easily modified to derive the latter inequality in this case. More precisely, one gets

an additional term [ |Qwy||c|?, 1 dm = [ |||, 1 dr, which can be estimated by the
(0) (0)

same quantities as in the case w = 1.
Since d'c —j,_o Osc in L2(0,oo;H(’)( )), ot

uloc

0Tz < | atUHL}llOC(O,T;LQ)a
(3.19) with wy(t) = ¢ — 7 yields kOic € L>(0,00; Hy, () N Lﬁloc([O,oo);Hl(Q))

for k = (ILH)E If o € D(Ey), we can use (3.19) with ¢ = 0 and w,(7) = 1 to
conclude dyc € L>(0, o0; H(B)) N L%, .([0,00); HY()) in this case. In both cases we

uloc
can conclude further that
kKANp = KO+ kv - Ve € L(0, oo; H(B)l(Q))

due to (3.8), which implies the kKVp € L>(0,00; L*(2)). Because of (3.12), this
shows kOE, € L*(0, 00; H, )(Q)) Using Corollary 2.5 we conclude r¢g(c), sV3c €
L>(0,00; L"(€2)). Finally, ku € L>(0, 00; L2(€)) because of (3.2).

Finally, let v € Bg ([0,00); H=%(2)) for some —% < s < 0 and a € (0,1).

oo,uloc 2
Then one can derive similarly

t+1
sup h=2%w () || Ane()]13,-1 + sup / wi(T)IVAye(r) |13 dr
©  o0<h<1 i

t<r<t+1,0<h<1

< Clco,v) ( sup wy(t)h 2| Apc(t)]|?,-1 + 1) (3.20)
0<h<1 ©

for all t > 0. More precisely, one chooses ¢1(t) = h™%c(t + h), c2 = h™%c(t), h > 0,
v1(t) = h=*v(t + h), and vy(t) = h~%v(t) in the proof of (3.16). Then ¢ = h™*Ayc



22 3 CAHN-HILLIARD EQUATION WITH CONVECTION

and w = h~*Apv and the proof is done in the same way as for (3.16) (with w; added)
except that one uses instead of (3.15) the estimate

sup h~%
0<h<1

t+1
/ wi(T)(Apv, Ve(—=Ax) T Ape)q dr
¢

1
S CH’U”B% X ([O,OO);H_S) Sl}llI<) h O‘HWQ C<_AN)_lAhc||L4(t,t+1;H‘s)
3 00,uloc 1

3 —
L41 ([0,00); 33%3) Oilflzgl - an? ( AN) lAhCHL°<>(t,t+1;H1)
uloc

< Cla,v)  sup  hwy(7)2 | Anc(r)|| g

t<r<t+1,0<h<1 (0)

< Cle,v)[[Vell

for all t > 0. Here we have used (2.5), || fg|

s < C’||f]|B% gl for 0 < s < 3, cf. e.g.
3

33

[17, Theorems 6.6 and 7.2], and ||Vc|| sl < C||Vc||§m(07w;L2)||c||z2(t7t+1;wg) <
C(cp,v) due to (2.10) and (3.11).

Choosing wy(7) =t — 7 in (3.20) yields (3.17) if x(t) = (1 -)2.
then (3.18) implies

w\»—A

If ¢y € D(OE)),

sup h 2% || Apcl(t )|| o < Sup h*=2||0pc ()H o< oo
0<h<1

Hence we use (3.20) with ¢ = 0 and w;(7) = 1 to conclude that (3.17) holds also with
k=1

Finally, if [0, 00) is replaced by [0,T"), T" < oo, one simply extends v for ¢t > T
suitably (e.g. v(t) = ¥ (t)v(T) with ¥(T) = 1 and ¢ € C§°(R))) and applies the first
part. [ ]

3.2 Lojasiewicz-Simon Inequality

First we consider solutions c¢,, € D(0Ey) of the stationary Cahn-Hilliard equation
(1.18)-(1.20), which are the critical points of the functional F;(c) on H(B)l(Q) Here
Ey denotes the convex part of F; as defined in (2.21).

Proposition 3.4 Let ¢, € D(OFEy) be a solution of (1.18)-(1.20). Then there are
constants M;, j = 1,2, such that

a< M <colr) <My <b  forallz €. (3.21)

A proof of the proposition can be found in [3, Proposition 6.1].

Because of (3.21), one can replace the singular ® in FEj(c) by a smooth and
bounded ® such that (AI;|[M1,M2} = ®|iar, 1) for all c. Let E; denote the correspond-
ing functional. Therefore one can prove the following Lojasiewicz-Simon gradient
inequality, which is the main tool to prove convergence to stationary solutions.
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Proposition 3.5 (Lojasiewicz-Simon inequality) Let ¢ € D(OFEy) be a solution
of (1.18)-(1.20) and let E; be defined as above for some a < My < My < b. Then
there exist constants 0 € (0, %], C,§ > 0 such that

|E1(e) = Ex()'" < CIDE (€)1 (3.22)
for all Hc—c’HHgo) < 0, where DE, : H(IO)(Q) — H(B)l(Q) denotes the Frechét derivative
of Ey: H(lo)(Q) — R.

The proposition follows from [3, Proposition 6.1].
Finally, we note that the only critical point of the quadratic energy Fs is v =0
and obviously,

|Es(v) — Ex(0)|} < C|DEs(v)||z for all v € L2(Q)

since the Frechét derivative of Ey: L2(Q) — R is DFEy(v) = v. Le., the Lojasiewicz-
Simon gradient inequality holds for Ey as well. Hence under the same assumptions
as in Proposition 3.5 there are constants 6 € (0,1],C,6 > 0 such that E(v,c) :=

= ’2
E(c) + Ey(v) satisfies
B, 0) = B, < C(IDEO@llyg +IDBw)llzz)  (3:23)

for all ||c — c’HH<10> <4, v e Li(Q).

4 Navier-Stokes System with Variable Viscosity

4.1 Stokes System with Variable Viscosity
We first consider the Stokes system

O — div(v(c)Dv) + Vp = f in Q x (0,7), (4.1)
dive =0 in Q x (0,7), (4.2)
v|ag =0 on 092 x (0,7, (4.3)
V|=0 = Vo in Q. (4.4)

for given vy € L2(Q), f € L*(0,T;V5(Q)), 0 < T < oo and measurable c: Q7 — R.
Here v € C*(R) such that v(c) > ¢y > 0 for all ¢ € R.
As usual we call v € L*(0,T;V2(Q)) a weak solution of (4.1)-(4.4) if

_(U7 6t90)QT + (U07 @’t:O)Q + (V(C)DU7 D@)QT = /0 <f(t>v ¢(t)>v2/,‘/2 dt (45)

forall € CF ([0, T) x Q)4 with div ¢ = 0. Note that (4.5) implies d;v € L*(0,T; Va(2)')
and therefore ¢ € BUC(0,T; L2(9)) due to (2.8).
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THEOREM 4.1 Let vy € L2(Q), f € L*(0,T;V2(Q)) and let c: Qr — R be a
measurable function, where 0 < T < oco. Then there is a unique solution v €

L0, T;V5(Q)) of (4-1)-(4-4) satisfying Oyv € L*(0,T; Va(R)) and
10w 20,mvg) + IVl 2200,7v2) < C (lvoll2 + ||f||L2(O,T;V2’)) (4.6)

where C' = C(v, ) is independent of f,vg and c. Moreover, the mapping of (¢, f,vg) €
Li (Q7) x L*(0, T; Vy) x L2(Q) tov € L*(0,T; Vo) NH (0, T;Vy), T < oo, is strongly
conlinuous.

Proof: By the assumptions the operator

<A(C)U7 90>V27V2 = (V(C)DU7 DQO)LQ(Q% Y e ‘/2<Q)v

is a monotone mapping/positive linear operator A(c): Vo(2) — V5(Q)" which satis-
fies all assumptions of [21, Proposition 4.1]. Hence the existence of a unique solution
v € L*0,T;V5(Q)) with dyv € L2(0,T; V5(Q2)) follows directly form the latter propo-
sition.

In order to derive (4.6), we choose ¢ = vx[o4 in (4.5), use (2.8), and obtain

sup [lv(t)]]3 +/ |Dol*d(z,t) < C (|lf 207w |1 Dvllz2@r + llvoll3) -
0<t<T or
By Young’s inequality we obtain the estimate of v € L*(0,T’; V5(2)). The estimate
of dyw € L*(0,T;V5(Q2)') follows from (4.5). '

In order to prove the stated continuity, let (¢;, f;,v3) € L .(Qr)x L*(0, T; Va(Q)') x

L2(Q), j = 1,2, let v; be the corresponding weak solution of (4.1)-(4.4), and set
v = v — vy, vg = v —v9. Then

Opo(t) + A(cr(t)v(t) = fi(t) = f2(t) — (Aea(t)) — Alca(t))v2(t)  in V()"
Hence taking the duality product with v(t) and using (2.8) yields

I3+ [ vlelDof de. o

Qr

= [ th@) = @.00) + [ o) = vica)Dua: Dodant) + 3l

T

1
< () (I~ Rllzarsy + 1) = vlea) Dl + 5l

where R = max;j_1 2 ||vj|120,7,v5)- The first term on the right-hand side gets arbitrar-
ily small if f; — fo is sufficiently small in L?(0,T’; V5(€2)"). By Lemma 2.1 the second
term converges to zero as ¢; converges to ¢y in L (Qr). Hence v; converges to vy in

L2(0,T;V5(Q)) if (c1, f1,v)) converge to (ca, fo,v3) in Ll (Qr) x L*(0,T; Va(R2)) x

loc

L2(€)). The convergence of dyvy in L%(0,T; V) follows from (4.5) and Lemma 2.1. m
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Next we consider some results on higher regularity for the Stokes system (4.1)-
(4.4), which are needed for the proof of Theorem 2.3. We start with the stationary
system.

Lemma 4.2 Let v € C*(R) be as above, c € W (Q), 7 = 0,1, r > d > 2, with
[ellya+s < R, and let v € V() be a solution of

(v(c)Dv, De) o) = (f, )2y for all ¢ € GG (), (4.7)

where f € H5(Q)¢, s € [0,7]. Then v e H*™(Q)?* and

[vllzs) < CR)f || =), (4.8)
where C'(R) depends only on Q, v, r > d, and R > 0.

Proof: First of all, if v(c) = 1, the statement follows from the well-known regularity
theory for the stationary Stokes system with constant viscosity. More precisely, it is
known that in this case for every 1 < p < 0o, f € WI{(Q), and j =0,1

lollyzes < Collfllgs  F € W), (4.9)

cf. Galdi [14, Chapter IV, Lemma 6.1]. Moreover, there is a pressure 7 € W/ () N
Lip(2) depending continuously on f € W () such that

—Av+Vr=f in . (4.10)

Next let s = j = 0 and v be as in the assumptions. Let ¢ = v(c)~1y—Bldiv(v(c) )],
where ¢ € Cg%,(€2) and B is the Bogovskii operator, cf. [14, Chapter III, Theorem
3.2]. — Note that

B: Wyo(Q) N Ly,

for every k € Ny, 1 < p < oo. Hence ||B[(Vv(c) )¢]llwy < C(Vr(c) )|,
€ W, (Q),divep = 0, and

Q) - WyitQ), divBf =, (4.11)

lellwy < C(R)||llwy  forall 1 <p <,

where we have used (2.17). Then

(Dv, Vih)a = (v(c)Dv, V(v(c)"'4))a — (v(c) Dv, (Vr(c) ') @ ¥)a
= W(e)'f,¥)a = ((e)Dv, (Vv(e))b)a + (v(c)Dv, VB[(Vr(c) ™) - ¥))a
—(f, Bl(Vv(©)™) - ¥])a = (9,9)e,
where [[glls, < C(|[f]l2 + [[Dv]l2) (1 +[[Vellr) With w =1 T3 Thus v e Wi (Q)

by (4.9) and therefore v € W, (Q)? with 1 =_— —i— 3 Since r > d, we conclude
p > 2. Using this in the estimates above we see that g € L™ns)(Q) with - =
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% + ]l?. If s < 2, then we repeat this argument finitely many times to conclude that
g € L™nZs0)(Q) with i =241 — k(% — 1) until s, > 2. Hence v € H*(Q) since
[ € L*(Q). Moreover, (4.8) simply follows from the boundedness and linearity of the
mapping f +— v.

If s =j =1, then v € H*(Q2) by the first part. Hence there is some 7 € L*(Q)
such that (4.10) holds with f replaced by g := v~!(c)f + (Vv(c)) - Dv € WL (Q).
Using the same boot trapping argument it is easy to show that g € H'(Q) by first
showing that ¢ € W;J(Q) for some increasing sequence s;. Finally, the general case
s €[0,1],7 = 1, follows by interpolation. |

In particular, the latter lemma shows that the operator
Ae): Vi c VI(Q) = VI(Q): v A(c)v := — Py div(2v(c) Do),
where 7 =0, 1, . '
V() = {u e V() : A(cu € Vi ()}

and V3 () = V5(Q),V2(Q) = L2(Q), is an invertible operator provided that ¢ €
WIti(Q), r > d. By interpolation one gets the same results for intermediate spaces

VZET(Q), Vi (Q), resp., where we define
VEHR(Q) = (VS (), VI (Q))s 2

for s € (0,1), k = —1,0,1,2 and where V, 1(Q) = V5(Q2)". We will characterize the
interpolation spaces above later.
For the following we denote

Y5 ={2€C\{0}:|argz| <6},0 € (0,m).

Lemma 4.3 Let ¢ € W (Q), j = 0,1, r > d = 2,3 and s € [0,j]. Then
—Ale): V5T(Q) € VE(Q) — VF(Q) defined as above is a sectorial operator such
that X5 C p(—A(c)) for every 0 < § < w. Moreover, there is a constant Cs such that

_ C
A+ A(e) Mz < |75| for every A € Es. (4.12)

Here Cs depends only on |[|c||y1+5, ©, and v.

Proof: By the definition of the spaces Vi (Q), V52(€), it is sufficient to consider
only the cases s = 0, 1 since the general case follows by interpolation. If s = 0, then
obviously A is a symmetric, positive operator on L2(£2) due to

(A(c)u,v) 2y = (2v(c)Du, Dv) 20y = (u, A(c)v) 2(0)

for all u,v € D(A(c)) = V(). Moreover, A(c) is invertible because of Lemma 4.2.
Hence (A(c)u,u) € (0,00) and the statement of the lemma follows e.g. from [13,
Corollary 4.8], see also the remark after Corollary 4.8.
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If s = 1, then A(c) is again a symmetric, positive operator on V;'(Q) if we equip
V5H(Q) with the inner product (u, v)v,) = (2v(c)Du, Dv)2(q) for u, v € V(). Then

(A(c)u, V) = —Q2uv(c)VA(c)u, Dv)r2g)
= (P div(2v(c)Du), div(2v(c) Dv)) 2) = (u, A(C)v) v (o)
for all u,v € V3}(Q) since P, div(2v(c)Du)|gq = 0. Moreover, A(c): V3(Q2) — V1H(Q)

is invertible because of Lemma 4.2. Therefore the statement follows again from [13,
Corollary 4.8]. n

We need the following characterization of the interpolation spaces:

Lemma 4.4 Let 0 € (0,1) with 8 # 3. Then

H¥-1(Q) if20 —1< %
vV, HQ), VHQ = 2 4.13
(Vo (), V2 (@) {H29 Q)N HZH(Q)? if20-1> 1 (4.13)
HHQGQ F‘lH1 if 14260 <3
V) V@) = 4 (D0 H@) d : (414)
H (Q)ﬂ{u|ag —Au’ag —0} if 1420 > 5
Finally, if 0 < 0 < 1 with 20 # 5 1 then
(L2(), V5 (Q2))a2 = V5 (). (4.15)
Proof: First we show that
HO(Q) N HY(Q) if 6> 2
LA(Q), Va(2))ga =14 © 0 27 4.16
(L2(2), Va())a {Hgm) 020 (416)

Then (4.13) follows by duality and reiteration, cf. [6, Theorem 3.7.1 and Theo-
rems 3.5.3/3.5.4], where we note that

(V3 (), V2 ()30 = Lo(Q) = 15/()

1
2

follows from Theorem 4.1 together with (2.6) and (2.7). In order to prove (4.16), we
define a projection P: L?()% — L2(Q) by v = Pu if and only if

(v, A@) o) = (u, Ap) 2y for all o € H*(Q)? N Hy ()9 N L2(Q) = V(Q).
Since —P,A: VZ(Q) — L2(Q) is invertible, the latter condition defines a unique
v=Pue€ L2(Q) and v = u if u € L2(Q). Moreover, if u € H'(Q)?, then there is a

unique solution v € V3}(Q2) of the weak Stokes equation

(Vu, V) = (Vu, V) = —(u, Ap) for all p € C57, (),
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which coincides with Pu. Thus P: HY(Q)? — V,}(Q2). Therefore a general theorem
on interpolation spaces and retracts, cf. [29, Section 1.2.4, Theorem)], yields

(L5(2), V5 ()2 = P(L*(Q)", H' () )0 = PH (Q)".

By interpolation P: H?(Q2) — H{(Q)? N HY(Q) for all § # 1, where Hf () = H(Q2)
if 0 <6 < 1. Hence PH(Q)* C HY(Q) N HY(Q)?. Conversely, P is the identity
on HY(Q) N HY(Q)? C L2(Q) and therefore PH?(Q)Y = H(Q) N HY(Q)? where
H{(Q) = H?(Q) if 0 < 0 < L. This shows (4.16).

In order to prove (4.14), we use as before that A: V;'*%(Q) — V,271(Q) is an
isomorphism for § = 0, 1. Hence

(V2 (), V2 (Q))o2 = AT (V3 H(Q), V2 (2))o = ATV 7(Q).

Moreover, because of (4.13) and Lemma 4.2, u € A~'V,72%(Q) if and only if u €
H2(Q) N H(Q) and Au=0if 1+ 260 > 1.

Finally, by (4.13)-(4.14) and the reiteration theorems, cf. [6, Theorems 3.5.3/3.5.4],
it only remains to prove (L2(Q), 1/22(9))%72 = V() to conclude (4.15). To this end,
we use that A is an invertible and symmetric operator on L2(f2). In particular, A is
a monotone operator on LZ({2) and

(Au,u)r2(0) = (2v(c)Du, Du)q.

Hence A is the L2-subgradient of ¢(u) = (v(c)Du, Du)q and we can e.g. use [8,
Theoreme 3.6, Chapter II] to conclude that for every ug € V2(Q2) there is some
u € HY(0,00; L2(2)) N L*(0,00; VZ(€)) such that u|i—g = uy. More precisely, u is
determined as solution of the evolution equation

d
a +Au = 0 for t > 0, U= = uo.
dt
Thus (L(Q), 1/22(9))%’2 2 V(). But the converse inclusion holds since for every
u € H'Y(0,00; L2(2)) N L?*(0, 00; VZ(2)) we obviously have ug = ul—g € H:(Q2) and
uoloe = 0 because of (L*(Q), H*())1, = H'(Q?) and (2.6). u

Proposition 4.5 Let c € BUC([0,00); W) withr >d > 2, let 0 < T < oo, and
let 2 < q <oo. If fe LI0,T;L3(Q) N L*0,T;V2(Q)), vo € (L2(Q),V5(Q)), 1,
and v is the weak solution of (4.1)-(4.4), then v € W (0, T; L;(€2)) N L0, T; V7 (2))
and

) (4.17)

(00, V?0) | Laqor2y < Cy (HfHLq(O,T;LQ)mLQ(O,T;VQ/) + lvoll ez @) vz,

1
q

where Cy s independent of 0 < T < oco.
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If additionally, c € BUC(0,00; W2(2)), f € L*(0,T; V3 (Q)), v € (V5 (Q), Vo T5())
for some s € [0, 3), then the weak solution v of (4.1)-(4.4) satisfiesv € H*(0,T; V5 (Q2))N
L2(0,T3V5%(Q)) and

1
52

)

100, A(c)o)[20.1v5) < C (Hf 220wy + [1voll vz ) vz ()

[N

where C' 1s independent of 0 < T' < o0.

Proof: First of all, it is sufficient to consider the case 7" = oo since the case T' < oo
can be reduced to that case by extending f(¢) by 0 for t > T.

Firstly, we consider the case that c(t) = ¢g € W™ (Q) with r > d, is constant
in time. We can easily reduce to the case vy = 0 since for every vy € (X, Xl)l*%vq
there is some w € W;(O,OO;XQ) N L(0, 00; X7) with w|;—9 = vy and the norm of
w is bounded by a constant times the norm of vy in (X07X1)1,%,q because of (2.7).
Then the statement of the theorem follows from Lemma 4.3 and [10, Theorem 4.4],
part “(ii) implies (i)”, where we note that R-boundedness of an operator family on
a Hilbert space coincides with uniform boundedness, cf. [10, Section 3.1], where
the constant in (4.17)-(4.18) can be chosen to depend only on some R > 0 with
[collyyi+i(q) < R since the constant in (4.12) depends only on |[collyy+i ). Here
we note that V2(Q) — LZ(Q) densely since C§%(2) C V() is dense in LZ(12).
Moreover, V#(Q) — V,1(Q) densely since A(co): V2TH(Q) — VZ7HQ), j = 0,1, is
an isomorphism and V;'(Q2) — L2(Q) — V; () densely. In particular, this shows
that for every ¢y € W' (Q) the linear operator £ associated to (4.1)-(4.4) is a
bijection

L: L0, 00; V52 N W0, 00; Vi) — L*(0,00; V5) x (V5'(Q), V5 3(Q))
v = (0w — Py(div(2v(c) Dv), vli=),

1_%7(].

where g =2 if j=s=1and 1 < g < o0 if s = 7 = 0. Next we note that
I(A(e) = A())vllz < C(Il(w(e) = v()V0llre + [V(v(e) = v(d)) Vvl r2)
< O (lle=lslivliz + lle = ¢ lwllollwy )
< Clle=dllwllvllz (4.19)

% — % Moreover, if j = 1, then

for all ¢,¢’ € W,'(Q), where 5 =
I(A(e) = A())vlla < C (l(v(e) = v()) V0l + [V (v(c) = v())Volm)
< € (lle=llmlvllms + ll = lzlioluz ) < Clle = ¢l llollns

for all ¢, ¢’ € W?(Q), where + = 5 — ;. By interpolation we obtain

1(A(©) = A0l < Clle = Ilwaa ol (4.20)
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for all 0 < s < 1if j = 1. Because of (4.19), (4.20), Lemma 4.4, and a simple Neu-
mann series argument, there is some € > 0 such that for every ¢ € L>(0, co; W17 (Q))
with sup, [|c(t) — collyy+i(q) < € the statement of the theorem holds true with a
constant C' in (4.17) depending only on [|co |1+

Now let ¢ € BUC([0,00); W} (Q)) and let € > 0 such that the latter state-
ment holds for all cg with [[collyy1+5 < SuPg<;o [l€(t) |45, Since c(t) is uniformly
continuous, there is some J > 0 such that |c(t) — c(t')|[ya+s < € for all ¢,¢" > 0
with |t — /| < 0. In order to localize in time, let t; := dk, k € Ny U {—1} and
set Iy = (tg—1,tks1), k € Ng. Then it is easy to construct a partition of unity of
[0, 00) subordinated to I with the following properties: Let ¢x(t) = @o(t — k7),
k € Z, be such that supppy C [—7,7] and > ;- ¢x(t) = 1 for all t € R. Then
Do k() = D g n(t) = 1 for t > 0 and [l@kllor(o.ee) < llvollor(o.coy for all
ke Z.

Now let v € L(0, 00; L2(2)) N L*(0, 0o; V5(£2)) be a weak solution of (4.1)-(4.
Then wy = @gv, k € Ny, is a solution of (4.1)-(4.4) with f replaced by f
o[ + (Oppr)v and vy replaced by 0 if & > 1. Since fi(t) = Owvg(t) = A(c(t))vr(t)
for t & Iy, A(c(t)) can be replaced by A(ck(t)) with

Y
0

c(tp—r) if0 <t <tyy,
Ck(t) = C(t) if te—1 <t <Tgt1,
C(thrl) if ¢ 2 tk+1.

Since by construction supg<, . [lck(t) — c(ty)||yy1+ < € for all k € Ny, we can apply
the result proved so far to conclude that

Wkl oo 005v5+2) + 0wkl Laooivsy < Coll fullLagrvyy, k=1,
lllnges s + Wtollsosmsy < Co (Wollosisy + Il , )
Where2§q<ooifs:j:0andq:2if0<s<%. Hence

191l La(o,corvs+2) + 100 Lao,00iv)

o0

< Z (Hwk||Lq(0,oo;V2s+2) + ||atwkHLq(Ov°°§V28))
k=0
< C (Z | fell 2 vy + L follz2osivp) + HUOH Ve Vst )
k=1

.m

74
< 0 (Iflasvoens) +Iolssooens) +leollzon, )

< C<||f||quoovs 2000y + lvollwg vz,

by (4.6) where 2 < g < c0oif s =7 =0and ¢ =21if0 < s <% Here we have
used that v € L>(0,00; L*(Q)) N L?(0,00; HY(Q))) — L4(0,00; L*(Q)) in the case
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s =0,2 <q<ooand v e L*0,00; V5(Q)) — L2(0,00; V5 () if 0 < s < 5. This
proves the proposition. [ |

Next we construct strong solutions to the associated Navier-Stokes system:

ow +v-Vu—div(v(c)Dv) + Vp = f in Qx (0,7), (4.21)
dive =0 in 2 x (0,7), (4.22)
vlag =0 on 99 x (0,7, (4.23)
V=0 = o in . (4.24)

for given c, vy, f and suitable 0 < T < oo.

THEOREM 4.6 Let ¢ € BUC(0,00; W, (), ¢ > d, d = 2,3, j = 0,1. More-
over, let vo € V3'(Q) with s = 0 if j = 0 and 0 < s < L if j = 1 and
let f € L*(0,00;H:())). Then there is some T > 0 and a unique solution
ve L0, T; V2 (Q))NHY 0, T; H3(Q)) of (4.21)-(4.24). Furthermore, there is some
g0 > 0 such that, if [[vollysr1 + [[fllr2(0,00;m5) < €0, then there is a unique solution

v € L20,T; VET2(Q) N HY0,T; H:(Q)) of (4.21)-(4.24) with T = oo.

Proof: We prove the theorem with the aid of the contraction mapping principle.
To this end we define a mapping

F: Xp = {w € L*(0,T; V()N HY 0, T; V5(Q)) : w|i—o = UO} — Xr

as follows: Given u € Xrp let v = F(u) € Xp be the solution of (4.1)-(4.4) with f
replaced by f, := f —u - Vu. Then

IF(u1) = F(us)llx, < Comin(T1, 1)jrg§>§{!\ujl\xT}llul — Uz x;
since

||fu1 - fuz ||L2(0,T;Hs)

< lur = vzl oo, msy || ) + [l oo o,rsms+ny lur — s

3 3
L2(0,T;H*T 2 L2(0,T;H"2)

< Crmin(T%, 1) max {[lusl| x, } lur = e x.

if d < 3. Here we have used (2.6), (2.18), and that L>°(0,T; H*™)NL*(0, T; H*™?) —
L*(0,T; H**2)). This implies

. 1
IF @), < Comin(T, Dlfulfe, +Cs (I 1200 + ool

where Cj, j = 2,3, are independent of 0 <7" < oo.
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In order to prove the first part, let R := 2Cj (HfHLQ(O,oo;Hg) + [|vo]
choose 0 < T' < 1 so small that max{Cy, C’Q}T%R < % Then

V2s+1 (Q)) and

1 1
[ F(u)]|x, < _HujHXT +-R<R
2

1
|F(u1) = Fu)llxy < CoTiR|ur — us]x, < ||U1 — Up|| x;

if ||(w,u1,u2)||x, < R. Hence F': BR(0) N X7 — Bg(0) N X7 is a contraction and
there is a unique fixed-point u € Bg(0) N X7. Uniqueness of the solution among all
u € X follows from Proposition 4.8 below

To prove the second part, let R := L min(Cy",C5") and let g9 := 1C5'R. Then
F: Br(0) N Xo — Bg(0) N X is a contraction if || f||z20.e0:ms) + [volls+1 < €o.
Uniqueness of the solution in X, follows again from Proposition 4.8. [ |

As for the usual Navier-Stokes equation and similarly to Definition 1.3 we call
v € L>®(0,T; L2(2)) N L*(0,T; V5(2)) a weak solution of (4.21)-(4.24) if

_(U7 a1590)QT - (U()? @(O))Q

+(U ’ VU, SO)QT + (V(C)va DQO)QT = /0 <f(t)7 (p(t»VQ’,VQ dt (425)

for all ¢ € CF([0,T) x 0)? with dive = 0. Here ¢ is a measurable function, vy €
L2(Q), f € L2(0, V5(2)'), and 0 < T" < oo. Moreover, we require that a weak

solution is in B w(() T; L2(9)) and satisfies the strong energy inequality

1 1
SI@IE + (v(e)Dv, Dv)g,, , < o)l + (f,0)qy,, foralltels,T)  (4.26)

and for s = 0 and almost every 0 < s < T .

Remark 4.7 We note that, because of the energy equality (3.9) a weak solution of
(1.1)-(1.7) is a weak solution of (4.25) with f = uVe satisfying (4.26).

Proposition 4.8 (Uniqueness)
Let v,v" be two weak solutions of (4.21)-(4.24) on (0,T) with the same data (f,vy) €
L*(Qr) x Va(Q) and c. If Vv € L*(0,T; L3(2)), then v’ coincides with v.

Proof: Let v,v" be as in the assumptions and let w = v — v’. Since v - Vv €
L2(0,T;Ls) — L*0,T; H™Y), v € L2(0,T;Vy) . Thus we can use wxo,, 0 <t <T,
n (4.25) and (2.8) to conclude

1 , 1
@I = (9w, )q, + (v(e) Do, Dw)g, = Sllwolls + (f, wle, — (v Vv, w)q.
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On the other hand choosing ¢ = vx[o in the equation for v" we conclude
—(v', 0w)q, + (v(t), ' (t))a + (v(c) DV, Dv)q, = [[vollz + (f,v)q, + (v, v+ V)q,.

Moreover, by the energy inequality for v’

1
IO + () DV, Dv')q, < Zlvolls + (f,v)q.-

t
—Jw®)|)5 + (v(c)Dw, Dw)g, < —(w - Vv,w)g, < /0 llwll2]|w|| g2 | V|| s dr.
Because of Young’s inequality, we obtain

1 2 ' 2 2

lw@lz + (v(c) Dw, Dw)g, < C/O [wl[2|V]zs dr-

Thus Gronwall’s inequality shows w = v — v’ = 0 since Vv € L*(0,T; L3(Q)). |

5 Existence of Weak Solutions

We prove existence of weak solutions with the aid of solutions to following approx-
imative system: Let W.w = Py, x w, where ¢.(x) = e %(z/e), ¢ > 0, is a usual
smoothing kernel and w is extended by 0 outside of {2. Then we consider

O+ V.- Vo —div(v(c)Dv) + Vp = —div(Ve ® Ve) in Qx(0,7), (51)
dive =0 in Qx(0,7), (52
de+v-Ve=Ap in Qx(0,7), (5.3)
pw=¢(c) — Ac in2x(0,7), (54)
where 0 < T' < 00, together with the boundary and initial conditions
V|gn =0 on 082 x (0,7, (5.5)
anC|aQ = an,u|ag =0 on Jf) X (O,T), (56)
(v, ¢)]t=0 = (vo, o) in Q. (5.7)

The definition of a weak solution is completely analogous to Definition 1.3.

THEOREM 5.1 Let 0 < T < o0, € > 0, and let ¢y € dom Ey,vy € L2(Q2). Then
there is a weak solution (v,c) of (5.1)-(5.7), which satisfies V3¢, ¢(c) € L*(0,00; L"(2)),
where r =6 if d =3 and 1 < r < 0o s arbitrary if d = 2. Moreover, (1.16) holds
with equality for all 0 < s <t < T and c satisfies (3.10)-(3.11).
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Proof: Let X := L%(0,T; Va(Q))NH (0, T; V5(22)"). We define a mapping F': X — X
as follows: Given u € X, let ¢ be the solution of (3.1)-(3.4) due to Theorem 3.1 with
v replaced by u and ¢y as in the assumptions. Then u +— ¢ is continuous from the
strong topology of X to the weak topology of

Y = L0, T; WA(Q) N H'(0,T; Hy} ()

as stated in Theorem 3.1. Moreover, X > u — ¢ € Y N L>®(0,T; HY(Q)) is a
bounded mapping and Y << L(0,T; C'(Q2)) by (2.1). Interpolation implies that
X3¢ Vee LY Qr) and X 5 ¢+ Ve® Ve € L*(Qr) are completely continuous
mappings. Now let v = F'(u) be the solution of (4.1)-(4.4) with

f=flw)=-div(Ve® Ve) — V.u - Vu.

Then the mapping X > u — f(u) € L*(0,T; H Y(Q)) — L2(0,T;V»()’) is com-
pletely continuous as well. Because of the continuity statement in Theorem 4.1
F: X — X is completely continuous. In order to apply the Leray-Schauder principle
to F, cf. e.g. [25, Chapter II, Lemma 3.1.1], it only remains to show that there is
some R > 0 such that

AF(u) = u for some u € X, A € [0,1] = Ju|x <R.

Assume that AF'(u) = u for some u € X, A € (0,1]. (The case A = 0 is trivial).
Hence v = A~ 'u solves (4.1)-(4.4) with right-hand side f(u) as above. Thus taking
the L2-scalar product of (4.1) and v we conclude that

1
ST + (v(c) Dv, Du)g,
1 1
= Slwolls = A7 (Wew - Vu,u)g, + (Ve ® Ve, Volo, = Slvolls + A7 (1Ve, u)q,

where we have used (1.12). Combining this with (3.9) we obtain

1 1 1 1 1
NI+ [ v(Def da, )+ S BT+ [ VaPd(e7) = 5ol 5 Bs(eo
Qr

T
and therefore ||u[|32( 1.1y = N[Vl 220 0.1y < CE (w0, o). Because of (3.10), (3.11),
there is some R > 0 such that [jux < [|[F(u)|lx < Cllullr20r,m1) < R. Hence we
can apply the Leray-Schauder principle to conclude the existence of a fixed point

v = F(v), v € X. Finally, the energy identity is proved by same calculations as
above with A =1 and T replaced by 0 <t < T. [ |

Proof of Theorem 1.4: It remains to consider the limit ¢ — 0 in (5.1)-(5.7). To
this end let (v, c., pe), € > 0, denote the solution of (5.1)-(5.7) with 7= % due to
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Theorem 5.1. Because of (1.16), (3.10), (3.11), we can pass to a suitable subsequence
(Vs Chy k) = (Vepy Ceps ey ), liMy o0 € = 0 such that

Vp —pooo v in L*(0,00; HY(Q)), vp —

T2
Ck —k—oo € 1N Ly,

oo U in L>(0, oo; LZ(Q)),
(0,00; W2(Q)), Vir —r—oe Vu in L*(Q),

where (vg, cx, ug) are extended by zero for t > i and r is as in Theorem 5.1. Since
<atvk7 (;0> = —(V(Ck)DUk, DSD)Q - (q}kvk : V’Uk, SD)Q + (vck X vck) VSO)Q7

for all ¢ € C5°(Q)? with div ¢ = 0, vy, is uniformly bounded in L*(0,T; H;™(Q)),
m > 4, for all 0 < T < oo, where H;™(Q) = (H"(Q)? N L2(Q))". Because of this
and v, € L*(0,T; H(Q)), (2.1) implies vy —¢—0o v in L*(Qr) for all T > 0 and a
suitable subsequence. Thus

Vg - VU, —hoo v - Vo in LN(Q).

Moreover, using (1.14) and (2.1) again ¢ —j e ¢ strongly in L2(0,T;C*(Q)) for
every 0 < T < oo and since (c) is bounded in L*>(0,T; H (), Ver —hooo
Ve in LYQ7) for every 0 < T' < oo. In particular, Ve ® Ver —p 0o Ve® Ve in
L%OC(Q)'

Because of the continuous dependence of the solutions of (3.1)-(3.4), ¢ is the
solution of (3.1)-(3.4) with convective term v - Ve. Furthermore, since (¢j) converges
strongly in L2(0,T; C*(Q)), we conclude

(v(cr) Doy, Dp)g — koo (V(c)Dv, Dip)g

for all p € CE’S)(@)d. Hence (v, ¢, 1) solve (1.13)-(1.15), where we use again (1.12).
Furthermore, (1.16) holds for almost all 0 < s <t < oo (including s = 0) because
of the corresponding equality for (v, ¢x) and by using the fact that (vi(s), Ver(s)) —k—oo

v(s), Ve(s)) strongly in L?(2) for almost every s > 0 as well as
(v(s) gly y

/ ()| Dul2d(z, 7) < liminf [ v(ey)|Dugl d(z, 7)
Q(s,0) ko0 Q(s,1)

for all 0 < s < t < oo since v(¢p)2Dvy —p—oe v(¢)2Dv in L2(Q). Using that
v,Vc € BC,(0,00; L*(2)) and the weak lower semi-continuity of the L?-norm one
obtains (1.16) for almost all s > 0 and s =0 and all s <t < 0.

Moreover, if d = 2, then v € L*(0,00; H2(Q)) — L*Q) by (2.2). Therefore
v+ Vo =diviv @ v) € L*(0,00; V3(2)) and d,v € L*(0, 0o; V2(R2)') because of (1.13)
and PyuVe € L2(0,00; L7 (Q)) < L2(0, 00; Va(Q2)'). Hence using ¢ = vyjo in (1.13)
and using (2.8) we obtain

1 1
@I + (v(c) Do, Dv)g, = Slwollz + (1Ve, v)e,
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for all ¢ > 0. Together with (3.9) this implies (1.16) with equality for all ¢ > 0.

Finally, let (v,c, ) be any weak solution. We have to show that there is some
q > 3 such that ke € BUC(0,00; W, (), where s(t) = 1 if ¢ € H*(Q) and
—Acy + ¢(cy) € HY Q) and s(t) = (1+rt)2 else. To this end we use that v €
L3(0, 00'L4(Q)) and therefore v - Vo = div(v ® v) € L3(0,00; H(Q)). Hence
O € Luloc([(), o0); V5 1(€)) because of (1.13). This means

v € Wi oe([0,00); Vo () M L0, 00; V5 (Q) = By woe([0, 00); V2 7(02))

qoo,uloc

for every 0 < s < 1 and % = 152 + 3 pecause of (2.11). Now let s € (2,3). In

particular this implies —1 < 1 —2s < 0 and therefore V, () = H1"*(Q) C
H'72(Q)? due to (4.13). Hence we can apply Lemma 3.2 to conclude that xc €
B; ([0, 00); HY(£2)). Next we use that for 6 € (0,1)

BSOO uloc ([0, 00); H()) ﬂLuloc([OaOO)'W(?(Q)) B3 uioc([0,00); B (2)),

where 1 > = L4+ 8 cf (2.10). Since s > 2, there is some 0 € (2, 2). Hence

By O(Q) = W (Q)  with = =——+ =<

L)
D
w
Wl

because of Sobolev’s embedding theorem, cf. [6, Theorem 6.5.1]. Thus
ke € B39 ([0, 00); ng’e(Q)) — BUC([0,0); qu(Q))
1

because of s > 5 and the Sobolev embedding theorem for vector-valued Besov
spaces, cf. [24, Corollary 26]. This finished the proof. |

200,uloc

6 Uniqueness and Regularity of Weak Solutions

Lemma 6.1 Let ¢ = 3 ifd = 3 and let ¢ > 2 if d = 2. If (vj,¢;), j = 1,2,
weak solutions of (1.1)-(1.7) on (0,T), 0 <T < oo, with Vv, € L>(0,T; LI(Q )) and
Ve, Vey € L®(Qr), then (vy, ¢1) = (vg, ¢2).

Proof: It suffices to consider T' < oo. First of all, ¢ = ¢; — ¢y solves
0¢ + A(er) — A(ez) = —aAé —w - Ve — vy - VG,

where w = v; — vy. Hence multiplication with ¢ in L?(0, ¢; H(B)l(Q)) with 0 <t <T
yields

1
SIEOIE + 19802 g,
< (ncnm / - Vel el dr + / oz chH(O;nanm;dT)

< ) (Il ez + ol + 100 )
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where we have used (2.13), (3.7), (3.8). Hence

L. .
SIEOIE s + VellEaqy < O(T er,m) iz, (6.1

by Young’s and Gronwall’s inequality.
Because of Remark 4.7, one derives, by the same calculations as in Proposition 4.8,
that

1
sz + (v(e1) Dw, Dw)g, < (w- Vs, w)g,
+((v(c1) = v(c2))Dvg : Dw)g, + (Ve @ Ve — Vey @ Veg, V) grs
where we have used again (1.12). Since Ve; € L>(Qr) and Vg € L*(0,T; L(€2)),

ST+ (v(er) Dw, D,

Cler, e2,v2) (lwll2e0r) + ||V5||L2(QT)) lwl| 20,711

C'(T, 1, o, v2) ||| 2@ 1wl 20,711

IA A

where we have used (6.1) and [[v(ci(t)) — v(ca(?))||zr@) < Ol VE() |2 with r =6

if d =3 and % = % — % if d = 2. Hence by Young’s inequality

1 T
(I + lwlZe 0z, SC(T,%CMQ)/ lw(®)1]3 dt,
0

which implies w = 0 by the lemma of Gronwall. Finally, by (6.1) ¢; = ¢, follows,
which proves uniqueness. [ |

Lemma 6.2 Let vy € V;'5(Q), s € (0,1], and let co € H%(Q) such that —Acy +
do(co) € HY(Q), and let d = 2. Then every weak solution (v,c,u) of (1.1)-(1.7)
satisfies ¢ € L>®(0,00; W2(Q)) for every r < oo, d;c € L>(0, oc; H(B)I(Q)), and

v € L2(0, 00, V() N H' (0,00 V57 (€2)) N BUC([0, 00); H'75(2))

for all s € [0, %) N[0, s] and all e > 0. In particular, the weak solution is unique.

Proof: First we show that the weak solution satisfies v € H%?(Q). First of all, be-
cause of Theorem 1.4, ¢ € BUC([0,00); W4(Q)). Hence PyuVe € L*(Q). Moreover,
we can apply Theorem 4.6 and Proposition 4.8 to conclude that there is some 7" > 0
such that the weak solution (v,c) satisfies v € H"?(Qr) — BUC([0,T]; H(Q)).
Hence it suffices to prove that there is some C' = C(vp, ¢) independent of T" such that

sup [[Vo(t)[l2 + [0ll32q,) < Clvo,c)-
0<t<T
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If this is shown, we can apply again Theorem 4.6 and Proposition 4.8 to conclude
that v € H*(Q). To this end we apply Proposition 4.5 with f = PyuVe — v - Vo
and obtain

sup Vo)l + ol < C (I0lnan + 1V20l13)
0<t<T
< ) (Ilo- Iolagp + V003 + [ PopeVell3aqg) )

with a constant C' independent of T' because of (2.9) and C’(¢) depending only on
el Buco,00)wi (@) Moreover,

T
|1 Velat < JolR ram 1Yol s
0

< Clllere vl VOl Tao 12
<

C (o, co) vl 2 0.2::2) IV 0 740 7129

because of (1.16) and (2.16). Hence, applying Young’s inequality, we obtain

T
sup [Vo(t) 3+ 03120y < Cle,v0) ( | ivelsar+ 1> |
0<t<T 0

Thus Gronwall’s inequality implies

T
s V008 + o) < Clooo)exp (Clonce) [ IV0(0Bdt) < Canc)
<t< 0

with C’(vg, ¢g) independent of T'. Hence v € HY?(Q).
Therefore Lemma 3.2 yields

e € L*=(0, 00; H(o) (Q)), p€ L>=(0,00; H'(Q)), c € L=(0,00; W2(2))

for every 1 < r < oo, which implies poVe € L?(0,00; HY(€2)). Hence we can apply
Theorem 4.6 and Proposition 4.8 again to conclude that

ve L20,T; V2 (Q) N HY0,T;V5'(Q)  forall0 < T < oo,

where s’ € [0,2) N[0, s] is arbitrary. Moreover,

T T 1 3
o Vol < € [ Mol gl dt <€ [ olllol e de
0 0
S OHUH OTHS +2 HUHL2 OTH2 < O,(C UO)HUHLQ OTHS’+2)

by (2.18) with a constant independent of T'. Therefore Proposition 4.5 yields

[0l 20702 + 100l o gty < CCesv) (10l fagorggeny + 1) -
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Hence [|v[| 2 7. pgo+2) + 1[040 120 1 pr+y 18 uniformly bounded in 0 < 7" < oo and
therefore v € L?(0, 00; H¥1(Q)) N H'(0, 00; H*(Q)), where still s/ € [0,1) N[0, s] is

12
arbitrary. Furthermore, we can use that v € BUC([0,00); H¥*+(Q)) — L>*(Q) for
any 0 < s’ < min(s, ). Hence
f=—v-Vv+uVe e L>(0,00; L*(2))
and Proposition 4.5 yields

v e W}(0,00; L*(£2)) N LI(0, 00; H2(2)) — BUC([0, 00); (L*(2), H*(22));_1,,)

Q=

for all 2 < ¢ < oo with 2 — % < 1+ s, where we note that

RO = (@), VE@)ar0 = L@, V@),
(LQ(Q),HQ(Q))l_l’q N <L2(9)7H2(Q))1_l+5’q _ H2—§—25(9>
for all € > 0 due to (2.3), (2.4), and (4.15). =

Lemma 6.3 Let d = 3, vo € V;75(Q), 1 < s <1 and let ¢y € H3() such that

—Acy + ¢o(cg) € HY Q). Then there is some T > 0 such that any weak solution
(v, ¢, u) with initial values (vy, o) satisfies Ve, ¢(c) € L>(0,T; L°(Q)) and

ve L0, T; V() n H'Y(0,T; V5 () N BUC((0, T); H**75(Q))
for all s € [0, %) and all € > 0. In particular, the weak solution is unique on (0,T).

Proof: As in the proof of Lemma 6.2, Theorem 4.6 and Proposition 4.8 imply the
existence of some T depending only on (co,vp) such that v € L2(0,T; H>**'(Q2)) N
HY(0,T; H* (), where s’ € [0,2). In particular, v € L*(Qr) and Lemma 3.2

2

implies that ¢ € L>(0,T; WZ(Q2). Again
f=—v-Vu+uVe € L=(0,T; L*(2))
and Proposition 4.5 yields
v € W, (0,005 L*(Q)) N L(0, 005 H*(2)) — BUC((0,00); (L*(Q), H*(2));_1 ,)
.

(L*(Q), H*(Q)), 1, — H27§7€(Q) for all ¢ > 0 as in the proof of Lemma 6.2.
Finally, the uniqueness follows from Proposition 1.5. [

for all 2 < g < oo with 2 —2 < 1+ s, where V,7*(Q) — (L?,(Q),Vf(ﬁ))l_% and
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Lemma 6.4 Let d = 2,3. Moreover, let (v,c, 1) be a weak solution of (1.1)-(1.7) on
(0,00). Then there is some T > 0 such that V?c, ¢(c) € L>(T, 00; L"(Q)) with r = 6
ifd=3and 1 <r <ooifd=2 and

v € L*(T,00; V() N HY (T, 00; Vi (Q)) N BUC([T, 0); H* ¢(Q))

for all s € [0, %) and all € > 0. Moreover, (1.16) holds with equality for all T < s <
t < 00.

Proof: First of all,

loVell (o)) < ol 22T 0oL ) | Vel Lo (7,00:23 ()
< C(Uo,CO)HVM||L2((T,<>O)xQ) — 700 0

since Vi € L*(Q). Moreover, since v € L?(0, 00; HY(2)), for every T' > 0 and € > 0
there is some ¢ > T such that v(t) € H'(Q2) and ||[Vu(t)|]2 < €. Hence there is some
T > 0 such that
[VU(T) |2 + ([0 Vel L2 ((1,00)x0) < €0,
where g9 > 0 is the same as in Theorem 4.6 for s = 0. Thus v € L*(T, 00; VZ(2)) N
HY(T,00; L2(2)) by Theorem 4.6 with j = 0 and Proposition 4.8. Hence ¢ €
L>(T,00; WZ(Q)) by Lemma 3.2. By the same argument as before there is some
T>T
[ (T2 + [l Vell 2 ooy < 1,

where £; > 0 is the same as in Theorem 4.6 for 0 < s < j = 1. Hence

v € LT, 00; V() N HY(T", 00; V5 (Q))

for all s € [0, %) By the same argument as at the end of the proof of Lemma 6.2

one shows v € BUC([T", 00); H*7¢(Q)) for all € > 0. Since v- Vv € L*(T", 00; L%(Q))
and v € BUC([T",00); L*(Q)) it is easy to prove (1.16) for all 7" < s <t < oo by
the same arguments as in the proof of Theorem 1.4 for d = 2. [

Proof of Theorem 1.6: All statements follow from the Lemmas 6.2-6.4. [ ]

7 Asymptotic Behavior in Time

Let (v,c) be a weak solution. Then by Lemma 6.4 there is some 7' > 0 such that
v € BUC(T,00; H*(Q)) and ¢ € L*>(T, co; WZ(2)) for all € > 0. Since we are only
discussing the asymptotic behavior of (v,c) we can by a simple shift in time reduce
to the case that v € L>(0, 00; H?(2)) and ¢ € L>(0, co; WZ(Q)).

Now we define the w-limit set of (v, c) as

w(v,c) = {(V,d) € H*(Q)™" : 3(t,) / o0 s.t. (v(ty),c(tn)) — (V',¢) in H},



41

where € (2,1). By the definition and since (v,c) € BUC(0, 00; H*"'(€2))**! with
r <r' <1, w(v,c) is a non-empty, compact, and connected subset of H?" ().
Since E is a strict Lyaponov functional for (1.1)-(1.7), we are able to prove:

Lemma 7.1 Let (v,c) € L>(0,00; H* ()% x H?(Q)) be as above. Then
w(v,c) C{(0,d):d € H*(Q)N H(lo)(Q) solves (1.18)-(1.20)} .

Proof: First of all, since (1.16) holds for all 0 < s < ¢t < o0, cf. Lemma 6.4,
E(v(t),c(t)) is non-increasing in ¢ > 0 and Ey := limy_o F(v(t),c(t)) exists. Let
(tn) /" oo such that lim, . (v(t,),c(tn)) = (vg,¢y) and let (v, (1), cn(t)) = (v(t +
tn),c(t +t,)), t € [0,00). Since v € L*(0,00; H'(Q)), v, —n_0 0 strongly in
L?(0,00; HY(9)). Because of dyv € L*(Q) and (2.8), v, —n 00 0in BUC(0, 00; L2(9))
and v(t,) —n_oo 0 = vj in L2(Q). Moreover, due to Theorem 3.1 (¢, )nen converges
weakly to a solution ¢ of (3.1)-(3.4) with v = 0 and initial value |—y = ¢{ in the
sense stated in Theorem 3.1. In particular, ¢, —, . ¢ in L2 (0, oc; H(lo)(Q)) and
therefore
Ei(cn(t)) —n_oo E1(d(t))  forae. t € [0,00)

and a suitable subsequence. On the other hand, since lim, .., E(v,(t),c,(t)) =
lim,, o E1(cn(t)) = Eu,

Ei(d(t)) = E,  forae. te0,00).

Hence by (3.9) Vu(t) = 0 for almost all £ € [0,00). Thus 0,¢(t) = 0, and ¢ (t) = ¢
solves the stationary Cahn-Hilliard equation (1.18)-(1.20). |

Using Proposition 3.4 we are able to prove:
Lemma 7.2 Let (v,c) be as above. Then there are some T > 0,¢ > 0 such that
at+e<c(t,r) <b—e forallt > T,z € Q.

Proof: By Lemma 7.1, Proposition 3.4, H?>"(Q) — C(Q), and the compactness of
w(v, ¢) there are some a < M; < My < b such that

M, < d(z) < M,y for all z € ©, (0,¢) € w(v,c).

Since lim,_. o, dist((v(t), ¢(t)),w(v,c)) = 0 in the norm of H*'(Q), we conclude that
there are some 7' > 0 and a < M{ < M) < b such that

M < c(t,x) < M, for all z € Q,t > T,

which proves the lemma. [ |
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Now let ® be a smooth and bounded function such that (T)|[a+g7b_€} = Dljgtepe]
and such that Proposition 3.5 holds. In particular this implies that the Lojasiewicz-
Simon inequality (3.23) holds as seen in Section 3.2.

Proof of Theorem 1.7: In order to prove convergence as t — 0o, we consider
0
H{(t) == (E(v(t),c(t) — Ex)”
where 6 is as in (3.23). Then H(t) is non-increasing and

0 =0 (1Y@l + [ veeIDoe)? de ) (B0 c(0) - B

> ¢ (191 + [ veenlDuoP ac ) (IDE o)y + Io]e)
by (3.23) and (1.16) with equality. Now we use that
DEq(c(t)) = —Ac(t) + Pyd(c(t)) = —Ac(t) + Pog(c(t)) = Pou(t), ¢ =,

for t > T since M; < wu(t) < M. Because of ||P0/i(t)”H<5§ < CO||Vu(t)]]2 and

lv@®)|lz < C||Dv(t)]]2 by Korn’s inequality, —%H(t) > C(|IVu@)|2 + || Dv(t)]]2) -

This implies

/WHVMﬂMdrg/mwwamﬂﬁchav<m

T T

and therefore

o0

| el ar < [ IVaOllg e+ [ ol dt < CHT) < o0
T © T © T

due to (1.1) and (3.8). Hence 9;c € L*(T, oc; H(_O)l) and therefore

t
c(t) =¢e(T) + / 0ye(T) dT =400 Coo in H(B)I(Q)
T

In particular, w(v,c) = {(0,¢cx)} and c solves the stationary Cahn-Hilliard equa-
tion (1.18) -(1.20) because of Lemma 7.1. Since (v(t),c(t)) € H?*(Q)% is uni-
formly bounded in ¢ > 0, we conclude that (v(t), c(t)) converges weakly to (0, ¢ ) in
Hz(Q)d+l, m
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