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ABSTRACT. We study numerically solutions to the Korteweg-de Vries and
Camassa-Holm equation close to the breakup of the corresponding solution
to the dispersionless equation. The solutions are compared with the properly
rescaled numerical solution to a fourth order ordinary differential equation,
the second member of the Painlevé I hierarchy. It is shown that this solu-
tion gives a valid asymptotic description of the solutions close to breakup. We
present a detailed analysis of the situation and compare the Korteweg-de Vries
solution quantitatively with asymptotic solutions obtained via the solution of
the Hopf and the Whitham equations. We give a qualitative analysis for the
Camassa-Holm equation

1. Introduction
It is well known that the solution of the Cauchy problem for the Hopf equation
(1.1) ug + 6uu, =0, wu(x,t=0)=ug(r), xR, tcR"

reaches a point of gradient catastrophe in a finite time. The solution of the vis-

cosity or conservative regularization of the above hyperbolic equation display a

considerably different behavior. Equation (1.1) admits an Hamiltonian structure
0Hy
0

up + {u(x), Ho} = ur + me =0,

with Hamiltonian and Poisson bracket

Ho = / wdr, {u(z),u@y)} =0z —y),
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2 TAMARA GRAVA AND CHRISTIAN KLEIN

respectively. All the Hamiltonian perturbations up to the order €* of the hyperbolic
equation (1.1) have been classified in [11]. They are parametrized by two arbitrary
functions ¢(u), p(u)

2

U + 6u Uy + ;—4 [2c Upge + 4 UgUpy + c”ui] + ¢ [2p Uszwre
(1.2)

+2p/(5ua:xuzzz + 3uzua:a:a:a:) + PH(7UIU3M + 6Uiua:a:a:) + QPWUiUm] = 07

where the prime denotes the derivative with respect to u. The corresponding Hamil-
tonian takes the form

H= / [u?’ - 62%1& + e*plu)u?, | do

For c¢(u) = 12, p(u) = 0 one obtains the Korteweg - de Vries (KdV) equation
ug + 6uty + €2uzy, = 0, and for ¢(u) = 48u and p(u) = 2u the Camassa-Holm
equation up to order €*; for generic choices of the functions c(u), p(u) equation
(1.2) is apparently not an integrable PDE. However it admits an infinite family of
commuting Hamiltonians up to order O(€").

The case of small viscosity perturbations of one-component hyperbolic equa-
tions has been well studied and understood (see [1] and references therein), while
the behavior of solutions to the conservative perturbation (1.2) to the best of our
knowledge has not been investigated after the point of gradient catastrophe of the
unperturbed equation except for the KdV case, [20, 25, 7].

In a previous paper [15] (henceforth referred to as I) we have presented a
quantitative numerical comparison of the solution of the Cauchy problem for KdV

(1.3) U + 6utty + Etgre =0, u(z,0) = uo(z),

in the small dispersion limit ¢ — 0, and the asymptotic formula obtained in the
works of Lax and Levermore [20], Venakides [25] and Deift, Venakides and Zhou [7]
which describes the solution of the above Cauchy problem at the leading order as
e — 0. The asymptotic description of [20],[7] gives in general a good approximation
of the KdV solution, but is less satisfactory near the point of gradient catastrophe
of the hyperbolic equation. This problem has been addressed by Dubrovin in [11],
where, following the universality results obtained in the context of matrix models
by Deift et all [8], he formulated the universality conjecture about the behavior of
a generic solution to the Hamiltonian perturbation (1.2) of the hyperbolic equation
(1.1) near the point (z., t., u.) of gradient catastrophe for the solution of (1.1). He
argued that, up to shifts, Galilean transformations and rescalings, this behavior es-
sentially depends neither on the choice of solution nor on the choice of the equation.

Moreover, the solution near the point (x., t., u.) is given by
(1.4)

u(x,t,€) ~ u. + a U (b (@ -z — Bu(t —to));ce Tt — tc)) +0 (64/7)

where a, b, ¢ are some constants that depend on the choice of the equation and the
solution and U = U(X;T) is the unique real smooth solution to the fourth order
ODE

1 1
(1.5) X =6TU - |:U3+(5U§(+UUXX)+1_OUXXXX:| )
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which is the second member of the Painlevé I hierarchy. We will call this equation
PI2. The relevant solution is characterized by the asymptotic behavior

2T

1
3

(1.6) UX,T)=F(X)5 F = +O(X7Y), X — 400,

for each fixed T' € R. The existence of a smooth solution of (1.5) for all X,T € R
satisfying (1.6) has been recently proved by Claeys and Vanlessen [4]. Furthermore
they study in [5] the double scaling limit for the matrix model with the multicritical
index and showed that the limiting eigenvalues correlation kernel is obtained from
the particular solution of (1.5) satisfying (1.6). This result was conjectured in the
work of Brézin, Marinari and Parisi [2].

In this paper we address numerically the validity of (1.4) for the KAV equation,
and we identify the region where this solution provides a better description than the
Lax-Levermore, and Deift-Venakides-Zhou theory. As an outlook for the validity of
(1.4) for other equations in the family (1.2), we present a numerical analysis of the
Camassa-Holm equation near the breakup point. While the validity of (1.4) can
be theoretically proved using a Riemann-Hilbert approach to the small dispersion
limit of the KAV equation [7] and recent results in [8],[4],[5], for the Camassa-Holm
equation and also for the general Hamiltonian perturbation to the hyperbolic equa-
tion (1.1), the problem is completely open. Furthermore for the general equation
(1.2), the existence of a smooth solution for a short time has not been established
yet. An equivalent analysis should also be performed for Hamiltonian perturbation
of elliptic systems, in particular for the semiclassical limit of the focusing nonlinear
Schrédinger equation [18],[23].

The paper is organized as follows. In section 2 we give a brief summary of
the Lax-Levermore, and Deift-Venakides-Zhou theory and the multiscale expansion
(1.4). In section 3 we present the numerical comparison between the asymptotic
description based on the Hopf and Whitham solutions and the multiscale solutions
with the KdV solution. In section 4 we study the same situation for the Camassa-
Holm equation. In the appendix we briefly outline the used numerical approaches.

2. Asymptotic and multiscale solutions

Following the work of [20], [25] and [7], the rigorous theoretical description of
the small dispersion limit of the KdV equation is the following: Let @(z,t) be the
zero dispersion limit of u(x,t, €), namely

(2.1) a(z,t) = lirr(l)u(x,t,e).

€—

1) for 0 < ¢ < t., where t. is a critical time, the solution u(x,t,¢€) of the KdV
Cauchy problem is approximated, for small ¢, by the limit @(x,t) which solves the
Hopf equation

(2.2) g + 6uti, = 0.

Here t. is the time when the first point of gradient catastrophe appears in the
solution

(2.3) a(z,t) = up(§), x =6tug(§) +¢&,
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of the Hopf equation. From the above, the time t. of gradient catastrophe can be
evaluated from the relation
_ 1
minge[—6ug(8)]

2) After the time of gradient catastrophe, the solution of the KdV equation is
characterized by the appearance of an interval of rapid modulated oscillations.
According to the Lax-Levermore theory, the interval [z (¢), 27 (¢)] of the oscillatory
zone is independent of €. Here z~ (t) and z7(t) are determined from the initial
data and satisfy the condition x~(t.) = 7 (t.) = x. where z. is the x-coordinate
of the point of gradient catastrophe of the Hopf solution. Outside the interval
[z7(t), 2T (¢)] the leading order asymptotics of u(z,t, €) as € — 0 is described by the
solution of the Hopf equation (2.3). Inside the interval [z~ (¢), 2" (¢)] the solution
u(zx,t,€) is approximately described, for small €, by the elliptic solution of KdV
[16], [20], [25], [7],

2 _
(24)  ulw b ) =@+ 230 logh (—Mu — 2461 + o + fs) — q];:r)

Ox? 2eK (s)
where now @ = 4(x,t) takes the form
(2.5) U= 1+ B2+ Ps + 20,
E K’ -
(26) a = _ﬁl + (/61 _ﬁg)%v =1 K((::))v 52 - gi _gi

with K (s) and E(s) the complete elliptic integrals of the first and second kind,
K'(s) = K(V1 — s2); 0 is the Jacobi elliptic theta function defined by the Fourier

series oy

9(2’ T) — e‘n’in +27rinz.
For constant values of the (; the formula (2.4) is an exact solution of KdV well
known in the theory of finite gap integration [17], [9]. However in the description
of the leading order asymptotics of u(z,t,€) as € — 0, the quantities 3; depend on
z and ¢ and evolve according to the Whitham equations [26]

0 0 )
aﬂz+vza_xﬂl_oa 1_172a37

where the speeds v; are given by the formula

with « as in (2.6). Lax and Levermore first derived, in the oscillatory zone, the
expression (2.5) for @ = u(x,t) which clearly does not satisfy the Hopf equation.
The theta function formula (2.4) for the leading order asymptotics of u(zx,t,€) as
€ — 0, was obtained in the work of Venakides and the phase ¢ = ¢(31, 82, 83) was
derived in the work of Deift, Venakides and Zhou [7], using the steepest descent
method for oscillatory Riemann-Hilbert problems [6]

I T Y N G ) B2
(28) q(ﬁlvﬂQaﬂf}) - m/—l /;1 dudi/ mm ’

where f_(y) is the inverse function of the decreasing part of the initial data. The
above formula holds till some time 7" > ¢, (see [7] or I for times ¢ > T').

(27) Vi
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3) Fei-Ran Tian proved that the description in 1) and 2) is generic for some time
after the time t. of gradient catastrophe [22].

In I we discussed the case ug(x) = —sech®z in detail as an example. The main
results were that the asymptotic description is of the order O(e) close to the center of
the Whitham zone, but that the approach gives considerably less satisfactory results
near the edges of the Whitham zone and close to the breakup of the corresponding
solution to the Hopf equation. In the present paper we address the behavior near
the point of gradient catastrophe of the Hopf solution in more detail. In Fig. 1 we
show the KdV solution and the corresponding asymptotic solution as given above
for several values of the time near the critical time ¢.. It can be seen that there are
oscillations before t., and that the solution in the Whitham zone provides only a
crude approximation of the KdV solution for small ¢ — ¢.. The situation does not

t=0.214 t=0.216 t=0.218
0 0 0
s -0.5 S -05 S -05
-1 -1 -1
-1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5
X X X
t=0.220 t=0.222 t=0.224
0 0 0
5 -05 5 -05 5 -05
-1 -1 -1
-1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5
X X X
t=0.226 t=0.228 t=0.230
0 0 0
S -0.5 > -05 S -0.5
-1 -1 -1
-1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5 -1.7 -1.65 -1.6 -1.55 -1.5
X X X

FIGURE 1. The blue line is the solution of the KdV equation for the
initial data wug(x) = —1/ cosh® z and ¢ = 1072, and the purple line
is the corresponding leading order asymptotics given by formulas
(2.3) and (2.4). The plots are given for different times near the
point of gradient catastrophe (z.,t.) of the Hopf solution. Here
T, ~ —1.524, t. ~ 0.216.

change in principle if we consider smaller values of € as can be seen from Fig. 2.
The solution shows the same qualitative behavior as in Fig. 1, just on smaller scales
in ¢t and z.

2.1. Multiscale expansion. We give a brief summary of the results in [11]
relevant for the KAV case we are interested in here. Near the point of gradient
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t=0.216 t=0.218
-0.4 -0.4
S -0.6 S -0.6
-0.8 -0.8
-1 -1
-1.6 -158 -156 -154 -152 -15 -1.6 -158 -156 -154 -152 -15
X X
t=0.220 t=0.222
-0.4 -0.4
S -0.6 S -0.6
-0.8 -0.8
-1 -1
-1.6 -158 -156 -154 -152 -15 -1.6 -158 -156 -154 -152 -15
X X

FIGURE 2. KdV solution and asymptotic solution for e = 1073
close to the breakup time.

catastrophe (z., t., u.), the Hopf solution is generically given in lowest order by the
cubic

T — . =6(t—t)u—k(u—u.) k=—f"(u)/6,
because 6t. + f (u.) = 0 and f/(u.) = 0. Here f_ is the decreasing part of the

0H
initial data ug(z). Now let us consider hy = 5—k where Hj, are the KdV density

u
Hamiltonians of the KAV flow such that hj = u*+2/(k + 2)! + O(€?). We have

u? € 1 4

2
h_1 = u, ho = ? + Euasxa hi = E( 3 + %(Ui + 2’LL’LL$I) + i_ouwwzz)v

and the KdV equation is obtained from u; + 69,hg = 0. Then
r = 6tu + agho + arh1 + ... aghyg,

is a symmetry of the KdV equation [12]. Setting ag =0, a1 = —f""'(u.)/6 = k and
ar>2 = 0, and making the shift + — x — 2, and © — © — u, we arrive at the fourth
order equation of Painlevé type

3, 2,1 o et
which is an exact solution of the KdV equation and can be considered as a per-
turbation of the Hopf equation near the point of gradient catastrophe (z.,t., uc).
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The solution u(z,t,€) of (2.9) is related to the solution U(X,T) of (1.5) by the
rescalings

2/7
(2.10) w(@,t,€) = ue + (%) U(X,T)
where
T — X — O6u(t — t, t—t.
(2.11) X = 5 ;( ), T=-—55.
ek e k7

According to the conjecture in [11], the solution (2.10) is an approximation modulo
terms O(e7) to the solution of the Cauchy problem (1.3) for (z,t,u) near the point
of gradient catastrophe (z, t., u.) of the hyperbolic equation (2.2).

3. Numerical comparison

In this section we will present a comparison of numerical solutions to the
KdV equation and asymptotic solutions arising from solutions to the Hopf and
the Whitham equations as well as the Painlevé 12 equation as given above. Since
we control the accuracy of the used numerical solutions, see I, [19] and the ap-
pendix, we ensure that the presented differences are entirely due to the analytical
description and not due to numerical artifacts. We study the e-dependence of these
differences by linear regression analysis. This will be done for nine values of ¢ be-
tween 10! and 103, Obviously the numerical results are only valid for this range
of parameters, but it is interesting to note the high statistical correlation of the
scalings we observe. We consider the initial data

ug(z) = —1/ cosh® z.

For this initial data

(3.1) mc:—§—|—log((\/§—l)/\/§), tczg, ue = —2/3.

3.1. Hopf solution. We will first check whether the rescalings of the coor-
dinates given in (2.10) are consistent with the numerical results. It is known that
the Hopf solution provides for times ¢t < t. an asymptotic description of the KdV
solution up to an error of the order €2. This means that the L.o-norm of the differ-
ence between the two solutions decreases as €2 for ¢ — 0. For ¢t = 0.1 we actually
observe this dependence. More precisely this difference A, can be fitted with a
straight line by a standard linear regression analysis, —log;; Ace = —alogpe+ b
with ¢ = 1.9979, with a correlation coefficient of r = 0.99999 and standard error
0q =4.1%1073,

Near the critical time ¢, this picture is known to change considerably. Dubrovin’s
conjecture [11] presented above suggests that the difference between Hopf and KdV
solution near the critical point should scale roughly as ¢2/7. In the following we
will always compare solutions in the intervals

(3.2) [2e + 6uc(t —t.) — ae% T z. + 6u(t — t.) + e’ 7]

where « is an e-independent constant (typically we take o = 3).

Numerically we find at the critical time that the Lo.-norm of the difference
between Hopf and KdV solution scales like ¢* where a = 0.2869 (2/7 = 0.2857...)
with correlation coefficient r = 0.9995 and standard error o, = 6.9%1073. Thus we
confirm the expected scaling behavior within numerical accuracy. We also test this
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difference for times close to t.. The relations (2.10) suggest, however, a rescaling
of the time, i.e., to compare solutions for different values of ¢ at the same value
of T. We compute the respective solutions for KdV times t(e) = t, & 0.1¢*/7.
Before breakup at t_ we obtain @ = 0.31 with » = 0.999 and 6, = 9.8+1073, i.e., as
expected a slightly larger value than 2/7. After breakup at ¢4 we find a = 0.26 with
0.9995 and ¢, = 6.6+ 1073. We remark that after the breakup time, the asymptotic
solution is obtained by gluing the Hopf solution and the theta-functional solution
(2.4).

These results indicate that the scalings in (2.10) are indeed observed by the
KdV solution. We show the corresponding situation for ¢_ for two values of € in
Fig. 3.

=107t

| | | | | | | |
-1.524 -1.522 -1.52 -1.518 -1.516 -1.514 -1.512 -1.51
X

FIGURE 3. KdV solution (blue) and Hopf solution (green) at the
times ¢_(e€) in a rescaled interval for two values of e.

3.2. Multiscale solution. In Fig. 4 we show the numerical solution of the
KdV equation for the initial data ug and the corresponding PI2 solution (2.10)
for € = 1072 close to breakup. It can be seen that the PI2 solution (2.10) gives
a correct description of the KdV solution close to the breakup point. For larger
values of |z — x| the multiscale solution is not a good approximation of the KdV
solution. A similar situation is shown in Fig. 5 for the case ¢ = 1073. Obviously
the approximation is better for smaller e. Notice that the asymptotic description
is always better near the leading edge than near the trailing edge.

In Fig. 6 we plot in green the difference between the P12 multiscale solution
and the KdV solution and in blue the difference between the KdV solution and the
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t=0.216 t=0.218

> -05 S -0.5 S -0.5

-1.8 . . -1.8 -1.6 -1.4

t=0.222
0 0
S -0.5 S -0.5 S
-1 AN -1 AN
-1.8 -1.6 -1.4 -1.8 -1.6 -1.4
X X
t=0.226 t=0.228
Or 0
> -0.5 S -0.5 S -0.5

-1 ~ -1 ~ -1
-1.8 -1.6 -1.4 -1.8 -1.6 -1.4 -1.8 -1.6 -1.4

FIGURE 4. The blue line is the solution of the KdV equation for the
initial data ug(z) = —1/cosh?z and € = 1072, and the green line
is the corresponding multiscale solution given by formula (2.10).
The plots are given for different times near the point of gradient
catastrophe (z.,t.) of the Hopf solution. Here z, ~ —1.524, ¢, ~
0.216.

asymptotic solutions (2.3) and (2.4). It is thus possible to identify a zone around .
in which the multiscale solution gives a better asymptotic description. The limiting
values of this zone rescaled by z. are shown in Fig. 7 for the critical time. It can
be seen that the zone always extends much further to the left (the direction of
propagation) than to the right. The width of this zone scales roughly as €3/7, more
precisely we find €* with a = 0.468, r = 0.981 and o, = 0.073. We observe that
the numerical scaling is smaller than the one predicted by the formula (2.11). The
matching of the multiscale and the Hopf solution can be seen in Fig. 8.

For larger times, the asymptotic solution (2.3) and (2.4) gives as expected a
better description of the KdV solution, see Fig. 9 for ¢ = 1072 and ¢ = 0.226.
Close to the leading edge, the oscillations are, however, better approximated by the
multiscale solution.

To study the scaling of the difference between the KdV and the multiscale
solution, we compute the Lo, norm of the difference between the solutions in the
rescaled z-interval (3.2) with ov = 3. We find that this error scales at the critical
time roughly like €5/7. More precisely we find a scaling €* where a = 0.708 (5/7=
0.7143...) with correlation coefficient r = 0.9998 and standard error o, = 0.012.
Before breakup at the times ¢_(€) we obtain a = 0.748 with r = 0.9996 and o, =
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t=0.214 t=0.216

> -0.5 S -05

N

~
-1 -1
-16 -158 -156 -154 -152 -15 -1.6 -158 -156 -154 -152 -15
X X
t=0.218 t=0.220
0 0

> -05 > -05

-16 -158 -156 -154 -152 -15 -16 -158 -156 -154 -152 -15
X X

FIGURE 5. The blue line is the solution of the KdV equation for the
initial data ug(z) = —1/cosh?z and € = 1072, and the green line
is the corresponding multiscale solution given by formula (2.10).
The plots are given for different times near the point of gradient
catastrophe (z,t.) of the Hopf solution.

0.016, after breakup at the times t4(¢) we get a = 0.712 with » = 0.9999 and
0, = 6.2 % 1073. Notice that the values for the scaling parameters are roughly
independent of the precise value of the constant « which defines the length of the
interval (3.2). For instance for & = 2 we find within the observed accuracy the same
value. In [4] Claeys and Vanlessen showed that the corrections to the multiscale
solution appear in order ¢/7. For the values of ¢ we could study for our KdV
example, the corrections are apparently of order /7.

4. Outlook
The Camassa-Holm equation [3] (see also [13])
(4.1) g + 6utly — €% (Ut + AUplipy + 2Ulppy) = 0
admits a bi-Hamiltonian description after the following Miura-type transformation
(4.2) m=1u— Uyy.
One of the Hamiltonian structure takes the form

(4.3) {m(z),m(y)} = &' (z —y) — €6 (x — y)
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t=0.214 t=0.216 t=0.218

-1.4

FIGURE 6. The blue line is the difference between the solution of
the KdV equation for the initial data ug(z) = —1/cosh?z and
€ = 1072 and the multiscale solution, and the green line is the
difference between the asymptotic solution and the KdV solution.
The plots are given for different times near the point of gradient
catastrophe (z,t.) of the Hopf solution.

so that the Camassa-Holm flow can be written in the form
(4.4) my = {m(z),H}, H= / (u® + uu?)dz.

To compare the Hamiltonian flow in (1.2) with the one given in (4.4) one must first
reduce the Poisson bracket to the standard form {a(z),a(y)}1 = 6'(z — y) by the
transformation

i=(1-e9?) "

1, 3 4
m:m—|—§e mm—i—ge Mpgee T -« -

After this transformation, the Camassa-Holm equation will take for terms up to
order €* the form

Ty + 61y + € (S llpe + 40 lppy ) + € (20 Upplppe +12 tplipers + 40 Gpzree) ++ - - = 0.
which is equivalent to (1.2) after the substitution

c=48u, p=2u.
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125

1.2r 1

1151 4

1.05F 1

0.95 I I I I I I I I I
1 12 14 1.6 18 2 22 24 2.6 2.8 3
—\ogme

FIGURE 7. Limiting values of the zone where the multiscale solu-
tion provides a better asymptotic description of the KdV solution
than the Hopf solution for ¢ = t.. The x values are rescaled with
Te.

=102

—0.01

-0. L L L L L L L L L L L L L L
-1.7 -1.68-1.66-1.64-1.62 -1.6 -1.58 -1.56 -1.54 -1.52 -1.5 -1.48 -1.46 -1.44-1.42 -1.4
X

=107
0.03 T T

a . /—»/v\/\/

-0.011 il

~0.02 L L L L L L L L L L L L L L
-1.7 -1.68-1.66-1.64-1.62 -1.6 -1.58 -1.56 -1.54 -1.52 -1.5 -1.48 -1.46 -1.44-1.42 -1.4
X

Ficure 8. Difference of the KAV and the multiscale solution
(blue) and the KdV and the Hopf solution (green) for the initial
data ug(z) = —1/ cosh® z at t = t,, for two values of e.

At the critical point (., te, u.) the Camassa-Holm solution behaves according to
the conjecture in [11] as

e\ :
’LL(.’E,t,E) = Uc — L2 U‘()(,T‘)—FO(67)7 co = 4u,
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0.1 T

0.08 - [ h

0.06

0.04

0.02

-0.02

-0.04

—-0.06

-0.08 ,

-0.1
-1.62 -1.61 -1.6 -1.59 -1.58 -1.57 -1.56 -1.55 -1.54
X

FIGURE 9. The blue line is the difference between solution of the
KdV equation for the initial data uo(z) = —1/cosh’z and e =
10~2 and the multiscale solution, and the green line is the difference
between the asymptotic solution and the KdV solution. The plots
are given for ¢t = 0.226.

where

1/ e \'/" 1 \VT
X=—| 7= — Le — c\t = 1¢)), T=\—5=5 — le
- (kc%) (x — ze — 6uc(t —t.)) <€4k‘36%> (t—te)

In Fig. 10 we show the numerical solution to the CH equation for the initial
data ug = —sech®(z) and € = 1072 at several values of time near the point of
gradient catastrophe of the Hopf equation. It is interesting to compare this to the
corresponding situation for the KdV equation in Fig. 4. It can be seen that there
are no oscillations of the CH equation on left side (the direction of the propagation)
of the critical point, whereas in the KdV case all oscillations are on this side. The
quality of the approximation of the CH and the KdV solution by the multiscale
solution is also different. In the KdV case, the solution is well described by the
multiscale solution on the leading part which includes the oscillations, whereas the
approximation is less satisfactory on the trailing side. A similar behavior is observed
in the CH case, but since the oscillations are now on the trailing side, they are not
as well approximated as in the KdV case. The leading part of the solution near the
critical point is, however, described in a better way.
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FIGURE 10. The blue line is the solution of the CH equation for
the initial data ug(z) = —1/cosh?z and € = 1072, and the green
line is the corresponding multiscale solution. The plots are given
for different times near the point of gradient catastrophe (z.,t.) of
the Hopf solution. Here x, ~ —1.524, t. ~ 0.216.

The same qualitative behavior can also be observed for smaller € in Fig. 11,
though the quality of the approximation increases as expected on the respective
scales. Note that we plotted in Fig. 10 and Fig. 11 the CH solution instead of the
function w, since there are no visible differences between the two for the used values
of e.

Appendix A. Numerical solution of the fourth order equation

We are interested in the numerical solution of the fourth order ordinary equa-
tion (ODE) (1.5) with the asymptotic conditions (1.6). Numerically we will consider
the equation on the finite interval [X;, X, ], typically X, = —X; = 100. In the ex-
terior of this interval the solution to the equation (1.5) is obtained in the form of a
Laurent expansion of F around infinity in terms of Y = X/3,

(A1) U:Y+Z%.
n=1

We find the non-zero coefficients (not-given coefficients vanish) a; = 2T, a5 =
—8T3/3, ag = 1/18, a7 = 16T*/3, ag = —5T/27, a9 = 14T2/27, a1, = —256T°/9,
ajo = 16T3/3, a13 = 640T7/9 — 7/108, ... This expansion also determines the
boundary values we impose at X;, X, for U and Ux.

The solution in the interval [X;, X,] is numerically obtained with a finite differ-
ence code based on a collocation method. The code bvp4c distributed with Matlab,
see [21] for details, uses cubic polynomials in between the collocation points. The
ODE (1.5) is rewritten in the form of a first order system. With some initial guess
(weuse Uy = X 1/3 as the initial guess), the differential equation is solved iteratively
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FIGURE 11. The blue line is the solution of the CH equation for
the initial data ug(z) = —1/cosh®z and € = 1073, and the green
line is the corresponding multiscale solution. The plots are given
for different times near the point of gradient catastrophe (z.,t.) of
the Hopf solution.

by linearizion. The collocation points (we use up to 10000) are dynamically ad-
justed during the iteration. The iteration is stopped when the equation is satisfied
at the collocation points with a prescribed relative accuracy, typically 1076, The
values of U in between the collocation points are obtained via the cubic polynomials
in terms of which the solution has been constructed. This interpolation leads to a
loss in accuracy of roughly one order of magnitude with respect to the precision at
the collocation points. To test this we determine the numerical solution via bvp/c
for (1.5) on Chebychev collocation points and check the accuracy with which (1.5)
is satisfied via Chebychev differentiation, see e.g. [24]. We are interested here in
values of |T| < 1 and |X| < 10. It is found that the numerical solution with a
relative tolerance of 107 on the collocation points satisfies the ODE to the order
of better than 1074, see Fig. 12 where we show the residual A by plugging the
numerical solution into the differential equation. It is straight forward to obtain
higher accuracy by requiring a lower value for the relative tolerance, but we will
only need an accuracy of the solution of the order of 10=# here.
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