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1 Introduction and model description

It is well known that Cohen-Grossberg neural networks, proposed by Cohen and Gross-
berg (1983), have been extensively studied both in theory and applications. They have been

successfully applied to signal processing, pattern recognition and associative memory, etc.

The success of these applications relies on understanding the underlying dynamical behavior
of the models. A thorough analysis of the dynamics is a necessary step towards a practical

design of neural networks. Such model can be formalized as follows:

dt

= a;(z;(t)) [ —d;(z;(t)) + zn:aijgj(xj(t)) +Ll,i=1,---.n, (1

J=1

where x;(t) denotes the state of the i-th neuron, a;(-) is the amplifier function of the i-th
neuron, d;(+) is the behave function of the i-th neuron, and g;(-) is the activation function of
the i-th neuron, a;; is the real weight coefficient for the connection between neuron ¢ and j,

and /; is constant input to the ¢-th neuron.

As mentioned by Civalleri, Gilli, and Pabdolfi (1993), in hard implementation, time de-
lays inevitably occur due to the finite switching speed of the amplifiers and propagation
time. What’s more, to process moving images, one must introduce time delay in the signals
transmitted among the cells. Neural networks with time delay have much more complicated
dynamics due to the incorporation of delay. Then, we should consider the delayed Cohen-
Grossberg neural networks, which can be formalized as follows:
dx;(t) “ “
o = a(zi(t)) [ —di(i) + ) aigi(a(t) + Y bijgi(x;(t — 7)) +1if,

J=1 J=1

i=1,n (2

in addition, where b;; is the real weight coefficient for the delayed connection between

neuron ¢ and j and 7 is the time delay.

This model is very generalized including a large class of existing neural field and evolution



models. For instance, if assuming a;(p) > 0 forall p € Randi = 1,- - -, n, then this model

can contain the famous Hopfield neural networks, which can be written as:

dt

= —dizi(t) + Y aijg;(z;(t) + D byygi(x(t — 7)) + L, i =1, m,

Jj=1 J=1

with letting a;(p) = 1,forall p € Randi = 1,---,n and d;(p) = d;p for given d; > 0,
1 =1,---,n.Recently, the global stability of this kind of Cohen-Grossberg neural networks
(with assuming strictly positive amplifier functions) has been widely studied in the recent
decades. See Lu & Chen (2003), Wang & Zou (2002), Cao & Liang (2004), Liao, Li, &
Wong (2004), Chen & Rong (2003,2004), Hwang, Cheng, & Liao (2003), Wang (2005), Lu
& Chen (2005) for examples.

However, all the results obtained in these papers were based on the assumption that ampli-
fier function a;(-) is always positive (see Lu a& Chen (2003, 2005), Chen & Rong (2003)),
even greater than some positive number a;(-) > a; > 0 (see Wang & Zou (2002), Cao &
Liang (2004), Liao, Li, & Wong (2004), Chen & Rong (2004), Wang (2005)). But in their
original paper, Grossberg (1980), Cohen & Grossberg (1983), Grossberg (1988), they pro-
posed this model as a kind of competitive-cooperation dynamical system for decision rules,
pattern formation, and parallel memory storage. Hereby, each state of neuron z; might be
the population size, activity, or concentration, etc. of the ith species in the system, which is
always nonnegative for all time. To guarantee the positivity of the states, one should assume
a;(p) > 0 forall p > 0 and a;(0) = 0 forall i = 1,---,n (for more detailed, see Lemma
1 in this paper). It is clear that this subset of Cohen-Grossberg neural networks includes
the famous Velterra-Lotka competitive-cooperation equations which can be formalized as
follows:

dx; " ,
L :Aixi(]i—Za,-jxj),2:1,---,71
di =

with letting a;(p) = A;p, forall p > 0 and given A; > 0,and ¢;,(p) = p,i = 1,---,n. To our
best knowledge, Cohen & Grossberg (1983) and Grossberg (1988) provided the pioneering



study on the dynamics of such neural network model with assuming a;(p) > 0 for all p > 0

and a;(0) = 0 foralli = 1,- - -, n and without considering any time delay.

The aim of this paper is to continue studying the dynamics of Cohen-Grossberg neural
networks without assuming the strict positivity of a;(-), symmetry of connection matrix,
or boundedness of activation functions, but with considering a time delay. Hereby, we fo-
cus our study of the dynamical behaviors on the first orthant: R? = {(z1, -+, z,)" €
R": z; >0, i=1,---,n} and introduce the concept of R’} -global stability, which means
that we consider all trajectories initiated in the first orthant R} instead of the whole space
R™. We point out that an asymptotically stable nonnegative equilibrium is closely related
to the solution of a Nonlinear Complementary Problem (NCP). Based on the Linear Ma-
trix Inequality (LMI) technique (more details about LMI, see Boyd, Ghaoui, Feron, and
Balakrishnana (1994)) and the theory of Nonlinear Complementary Problem (NCP) (more
details about NCP, we refer to Megiddo, Kojima (1977)), a sufficient condition for existence
and uniqueness of nonnegative equilibrium is given. Moreover, the R’/ -global asymptotic

stability and exponential stability of the equilibrium are investigated, too.

This paper is organized as follows. In Section 2, we present some denotations, definitions
and lemmas, which are used throughout the paper. In Section 3, we discuss existence and
uniqueness of the nonnegative equilibrium by solution of a NCP. We discuss global stability
in Section 4. A numerical example verifying our criteria and comparing them with previous

works is provided in Section 5. We conclude this paper in Section 6.

2 Preliminaries

In this paper, we use the following denotations. AT denotes the matrix transpose of A. A*
denotes the symmetric part of matrix A: 1(4 + AT). A > 0 denotes that A is symmetric
and positive definite. It is similar to denote A > 0, A < 0,and A < 0. R} = {z =

(w1, 29, -+, 2,)" :2; >0, =1,---,n} denotes the first orthant. We denote the smallest



and largest element of a set X' = {¢,ts, -, %, } by min K and max K respectively. A(A)

denotes the spectrum set of matrix A. || - || denotes some norm of vector and matrix. In
particular, || - |2 denotes the 2— norm by the way that ||z||; = 3 |x;|? for any x =
\ =1

(x1,--+,x,) € R"and ||Al|s = /max A(AT A) for any A € R™".

We consider the Cohen-Grossberg neural network system with a time delay formalized as
(2). Let a(t) = (zi(t), 22(t), -+, 2n(®) ", d(@) = (di@i), da(@2), -+ dul@n)) ", g(2) =
(gl(x1)7 92(1’2), T 7gn(xn))—r’ CL(I) = diag{al(x1)7 ag(l’g), Ty CLn<£L’n)}, A= (a’ij>’ B =
(bij) € R™",and I = (Iy,I5,---,1,)". Then, the system (2) can be rewritten in matrix
form:

dx(t)
dt

=a(z)| —d(z)+ Ag(x(t)) + Bg(x(t — 7)) + I 3)
For the amplifier and activation functions, we have the following assumptions.

(1) a
(2) a(-) € As: a(-) € Al, and for any € > 0, [; afi(’;) = +ooholds foralli =1,---,n;

(1) € A;: If every a;(p) is continuous with a;(0) = 0, and a;(p) > 0, whenever p > 0
()
(3) a(-) € As :a(-) € Al, and for any € > 0, [ £ — {00 holds foralli = 1,---,n;
()
()

ai(p) —
4) a(-) € Ay = a(-) € Al, and for any € > 0, fg% < +ooholds foralli =1,---,n;

(5) d(-) € D:If d;(-) is continuous and satisfies

di(§) — di(C)
§—¢
where D; are positive constants, 7 = 1, -+, n;

(6) g(-) € G: If g;(-) satisfies

9i(&) — 9i(C)
§—¢

where (5; are positive constants, i = 1,-- -, n.

= D; forall{#¢

0< <G; for§#¢

Remark 1 It can be seen that if a;(-) has the form a;(p) = p“ for some o > 0, then
a(p) € AL If a« > 1, then a(p) € A2. If « < 2, then a(p) € A3. If « < 2, then

a(p) € A4. However, it should be emphasized that in this paper, we do not assume that



a;(p) > a; > 0, which is required in Lu & Chen (2003, 2005), Wang & Zou (2002), Cao &
Liang (2004), Liao, Li, & Wong (2004), Chen & Rong (2003, 2004), Hwang, Cheng, & Liao
(2003), Wang (2005) and many others. Therefore, the results obtained in these papers fail
to analyze dynamical behaviors of the Cohen-Grossberg neural networks without assuming

a;(p) > a; > 0.
First, we give following definition of positive solution by the component ways.

Definition 1 A solution x(t) of the system (3) is said being a positive solution, if for every
positive initial condition ¢(t) > 0, t € [—7,0), the trajectory x(t) = (z1(t), -, 2, (t))"
satisfies that x;(t) > 0 holds forallt > 0andi=1,---,n.

Lemma 1  (Positive Solution) If a(-) € Aj, then the solution of the system (3) is a positive

solution.

proof: Suppose that the initial value ¢(t) = (¢1(t), -+, ¢n(t))" with all ¢;(¢) > 0 for
i=1,---,nand t € [—7,0]. If for some ¢, > 0 and some index iy, z;,(to) = 0. Then, by

the assumption a(-) € Az, we have

[ [ = a0+ X syt ) + 3 bugytafo = ) + 1]
Cfadt O dp
L a(w(t) 0/

0

which is impossible due to the continuity of z;(-) on [0, to]. Hence, z;(t) # 0 holds for all
t>0andi=1,---,n. This implies that z;(t) > O forall¢ > Oandi =1, -+ n.

By this lemma, we can actually concentrate our study on the first orthant R’. Then, we
can go on investigating the equilibrium of the system (3) in R"}. If a(-) € Ay, then any

equilibrium in R’} of the system (2) is a solution of the following equations:

xi{fi(x)—fl}zo,izl,~',n 4)



where f;(z) = d;(z;) — Xn: (a;j + bij)g;(z;), i = 1,---,n. Though the equations (4) might

possess multiple solutions, we can show that an asymptotically stable nonnegative equilib-

rium is just a solution of a nonlinear complementary problem (NCP).

Proposition 1  Suppose a(-) € Ay. If o* = (xf,---,x})" € R is an equilibrium of the

system (3) and asymptotically stable, then it must be a solution of the following nonlinear

complementary problem (NCP), i.e.,
;>0 fi(e")—L>0 zi(fi(z*)—1;)=0, i=1,---,n (5)

where fi(z) = di(x;) — X (aij + bij)gi(z;), i =1,---,n.

j=1
Proof: Suppose that z* € R} is an asymptotically stable equilibrium of the system (3).
Then x; > 0 or 2} = 0. In case 2} > 0, we have f;(z}) — I; = 0. If z} = 0, we claim
that f;(xf) — I; > 0. Otherwise, if f; (z*) — I;, < 0 for some index iy, then ;,(t) =
(a0 (1)) | = fio (a0 (8) + Ly | > Latg(ig (1)) {— f,.o(x*)uio} > 0 when 2, () is sufficiently

close to z*, which implies that z;, (¢) will never converge to 0. Therefore, z* is unstable. §

To study the solution of the equation (4), we should introduce the concept generalized of

Nonlinear Complementarity Problem (NCP).

Definition 2 A NCP is to find x*, v = 1, - - -, n satisfying
;>0 fi(a") =L >0 z(fi(z")—1;)=0 foralli=1,---,n (6)

where f = (fi(z), -, fu(x))" : RY — R™is continuous and I; € R, i =1,---,n.

The following theorem gives a necessary and sufficient condition for the existence and

uniqueness of the solution of a NCP.
Theorem 1 (Theorem 2.3 in Megiddo and Kojima (1977)) The NCP (6) has a unique

solution for every I € R" if and only if F(x) is norm-coercive, i.e.,

lim ||F(z)] = o0

[[]|—o0



and locally univalent, where F(x) : R" — R" is defined as follows:

+ (ot ot NT e fm — T
at = (z7, 25, 0)) @ (1,25, ---,x,)", and
T = T = fori=1---.n

Thus, we can propose the definition of a nonnegative equilibrium of the system (3) as fol-

lows.

Definition 3  z* is said to be a nonnegative equilibrium of the system (3) in the NCP
sense, if x* is the solution of the Nonlinear Complementarity Problem (NCP) (5); moreover,
ifx; >0, foralli =1,---,n, then x* is said to be a positive equilibrium of system (3). In

this case, T* must satisfy
d(z*) —(A+ B)g(z*)+1=0,2;>0,i=1,---,n

where 0 = (0,---,0)" € R"

Definition 4 A nonnegative equilibrium x* of the system (3) in the NCP sense is said to
be R’ -globally asymptotically stable if for any positive initial condition ¢;(t) > 0 holds for
allt € [-7,0]andi = 1,- - -, n, the trajectory x(t) of the system (3) satisfies Jim x(t) = x*;

moreover, if there exist constants M > 0 and € > 0 such that
Jz(t) — 2*|| < Me™ >0,

then x* is said to be R, -exponentially stable.
Finally, the following two matrix inequality lemmas are needed in the later sections.

Lemma 2 (See Lemma 2 by Forti & Tesi (1995)) Let D = diag{D,---,D,}, G =



diag{G1, - - -, G, }. If there exists a positive definite diagonal matrix P = diag{ Py, Ps,- - -, P, }
such that

{P[DG™ = T]}* >0

holds, then for any positive definite diagonal matrix D > D and nonnegative definite di-
agonal matrix K satisfying 0 < K < G, we have det(D — TK) # 0, i.e., D — TK is

nonsingular.

Lemma 3 For given positive diagonal R™" matrices D and G and given R™" matrices A
and B, if there exist a positive definite diagonal matrix P and a positive definite symmetric

matrix () such that

9PDG'—PA-ATP-Q -PB
7, = >0 7)
~BTP Q

holds, then we have

(1) (See Lemma 2 in Lu, Rong, & Chen (2003)).
{P[DG—l A+ B)]}s ) @®)

(2) There exists a constant 3 > 0 such that

28D —BA —3B
Zy= | —BAT 2PDG' —PA—-ATP-Q —-PB|>0 ©)
—BBT ~BTP Q

Proof: Proof of Item 1. (For the convenience of readers, we place the proof here). By Shur
Complement (see Boyd, Ghaoui, Feron, & Balakrishnana (1994)), the LMI (7) is equivalent
to 2PDG™' — PA— A"P — PBQ 'B"P — Q > 0. Then, we have 2PDG~! — (PA +



ATP) > PBQ7'BTP + Q. By the inequality [Q~Y2(PB)" — Q'?]T[Q~'*(PB)" —
Q'?] > 0, we have PBQ 'BTP + @ > PB + B'P. So, it becomes2PDG™! > PA +
ATP+ PB+ B'P,i.e.,

{P[DG—l —(A+ B)]}s > 0.

Proof of Item 2. Let v; = min A(Z;) and /3 be a positive constant satisfying 0 < [ <

3 Y1 Y1
min . Then, we have
{4||AII§HD*1||2’ 4||B||§||D*1II2} ’

T

@ y" 2" 2y |y | =282 Dz — 282" Ay — 282 Bz + iy Ty + iz 2

z

:ﬁ[%Dl/zx _ 2D_1/2Ay]T[%D1/2x . 2D_1/2Ay]

+ﬁ[%Dl/2x — 2D_1/QBZ]T[%D1/2:): —2D72By]

+imy'y — 48y ATD T Ay] + [nz"z — 48y ' BT D' Bz] + gﬂxTDx
>y 'y —4ByTATD T Ay| + [y12" 2 — 482" BT D Bz + gﬁxTDx >0

which means that the matrix 7 is positive definite. This completes the proof. f

3 Existence and uniqueness of the nonnegative equilibrium

In this section, we discuss existence and uniqueness of the nonnegative equilibrium in the
NCP sense.

Theorem 2 (Existence and Uniqueness of Nonnegative Equilibrium) Suppose a(-) € A2,
d(-) € D,and g(-) € G. Let D = diag{D7,---,D,} and G = diag{G1,---,G,}. If there
exists a positive definite diagonal matrix P = diag{ Py, Py, - - -, P, } such that

10



{P[DG-l —(A+ B)]}s >0 (10)

holds, then for each I € R", there exists a unique nonnegative equilibrium of the system (3)

in the NCP sense.

Proof: Let

where 1 and 2~ are defined as in Theorem 1.

According to Theorem 1, we only need to prove that F'(x) is norm-coercive and local uni-

valent. First, we prove F'(z) is local univalent. For any x = (xy, - - -, z,) € R", without loss
of generality, by some rearrangement of x;, we can assume z; > 0,if ¢ = 1,-- -, p; x; < 0,if
t=p+1,--- myz; =0,ifft =m+ 1, -, n, for some integers p < m < n. Moreover, if

y € R" is sufficiently close to z € R", without loss of generality, we can also assume

yi>07 Z:177p

yz<ovz:p+177m
yi > 00=m+1,---,my
¥ <0, 2=mq, -+, my
yizoai:mQ_'_l?'”an

for some integers m < m; < mo < n. It can be seen that
(xf =y )(z; —y;7)=0, fori=1,---,n (11)

and

F(x) = F(y)=d(z™) —d(y") — (A+ B)[g(fﬂ*)_— gy + (=" —y7)

=[D—(A+B)K](@" —y )+ (@ —y)

where D = diag{d;,---,d,} and K = diag{K,,---, K, } with

11



di@l)=dily) + 4+ gieD -0y  + ,  +
_ x; _y_JF xi ;é yl :E:F—y:k [L’i ;é yz »
di = ’ ’ KZ - ¢ ¢ — 1’ cee n

D; otherwise G; otherwise
Then, d; > D;and K; < Gy, i =1,---,n, because d(-) € Dand g(-) € G.
If F(x) — F(y) = 0, then we have

2" —y~ =—[D— (A+ B)K]@a* —y") (12)

By the equations (11), without loss of generality, we can assume

where z; € R* and z, € R"*, for some integer k.

Write

_ Ri1 Ryo
D—-(A+B)K =
Ry Ry
where R, € R, R1Z ¢ RF"F Ry € R %k and Ry, € R"%"* The equation (12)
can be rewritten as
0 Ri1 Ryo z1

2 R Ry 0

which implies Ry12; = 0. By Lemma 2, R;; is nonsingular,which implies z; = 0 and
xt = y*. Similarly, we can prove = = y~. Therefore, x = y, which means that F'(z) is

locally univalent.

12



Second, we will prove that F'(x) is norm-coercive. Suppose that there exists a sequence
{2 = (@1, Tn) | 155 such that lim_ ||z, [|2 = oc. Then, there exists some index i

such that hm |di(x} i) +x,,;| = oo, which implies that hm llg(x:)]|2 = oc.

Some simple algebraic manipulations lead to

g(x") " PF(z Zgz Pudi(z]) — g(z*) " P(A+ B)g( +Zgz Pi;
29( ) {PIDG! — (A+ B)]}°g(z")
>ag(zt) T g(x™)

where a = min )\({P[DG‘1 —(A+ B)]} ) > 0. Therefore,

1E (@a)ll2 = el Pll3 g (z)ll2 — o0

which implies that F'(x) is norm-coercive. Combining with theorem 1, Theorem 2 is proved.

f

Following corollary is a direct consequence of Theorem 2 and Lemma 3.

Corollary 1 Suppose a(-) € A2, d(-) € D, and g(-) € G. Let D = diag{Dy,-- -, D,}
and G = diag{Gy,---,Gy,}. If there exist a positive definite diagonal matrix P and a

positive definite symmetric matrix () such that

2PDG'—PA—-ATP-Q -PB
>0

~BTP Q
holds, then there exists a unique nonnegative equilibrium for the system (3) in the NCP

sense.

Remark 2 It seems that conditions for the existence of nonnegative equilibrium in the
NCP sense is similar to those for Hopfield neural networks (For example, see Lemma 2 in

Lu, Rong, & Chen (2003)). However, the equilibrium for the Hopfield neural networks dis-

13



cussed in (Lu, Rong, & Chen (2003)) is different than the nonnegative equilibrium discussed
in this paper.

4 R -global asymptotic stability of the nonnegative equilibrium

In this section, we discuss the global asymptotic stability of the nonnegative equilibrium
defined in previous section. Let z* be the nonnegative equilibrium of the system (3) in the

NCP sense and y(t) = x(t) — *. Thus, the system (2) can be rewritten as

dy;§t> — o) [ —d((t) + iaijg;(yj(t)) - ibmg;*(yj(t — 7))+ JZ} (13)
or in matrix form

dgiz—iw =a*(y(t)) { —d*(y(t) + Ag*(y(?)) + Bg"(y(t — 7)) + J] o
where fori =1,---,n,

i a*(y) = diag{ai(y1), -, a,(yn)}
di(s)=d;(s+a}) —di(x}), d*(y) = (di(w), - di(yn)) "
gi(s)=gi(s+ ) —gi(a}), g (W)= (gi(), -, 9u(yn)) ",

—di(x}) + X (ai; + biy)g;(@}) + L 27 =0
Ji: =1 J:(‘]ly"'vjn)—r

Since z* is the nonnegative equilibrium of (3) in the NCP sense, i.e., the solution of NCP
(6), J; < 0 holds for all ¢ = 1,---,n which implies that g/(y;(t))J; < 0 holds for all
1=1,---,nandt > 0.

Theorem 3 (R -Global Asymptotic Stability of the Nonnegative Equilibrium) Suppose
a() € A2NA3NA4, d(-) € D, and g(-) € G. Let D = diag{Dy,---,D,} and G =

14



diag{G1,- - -, G,}. If there exist a positive definite diagonal matrix P and a positive definite

symmetric matrix () such that

9PDG-'—~PA—-ATP-Q —PB
>0 (15)

~B'P Q

holds , then the unique nonnegative equilibrium x* for the system (3) in the NCP sense is

R -globally asymptotically stable.

Proof : Without loss of generality, we assume

l’,:oj Z‘:1727...7p

z; >0,1=p+1,---,n
for some integer p. By assumptions A3 and .4,, it can be seen that

yi(t +00 i (t)

)
pdp pdp g; (p)dp

< 400 = +0o0 < 400
Z‘aﬂp) /1aﬂp) /

holdfort=1,---,nandt > 0.

Let (3, P, () be the constant and matrices defined in Lemma 3 such that

28D —BA —3B
Z=|—-BAT 2PDG' —PA-ATP-Q —-PB|>0

— 3BT ~B™P Q

and define

15



It is easy to see that V' (t) is positive definite and radial unbounded.

Noting g; (v:(t))J; < 0, then

v (t " . - .
% = 262:%@ { d yl Zamg] yj ) +Zbljg] (yj(t_T» + JJ}
=1 7j=1
#2320 P )~ ) + D5 10 + 500 ) + 9
=1 7=1

+9* (y(1)Qg"(y(t) — 9" (y(t — 7)) Qg™ (y(t — T))

y () Dy(t) —y" (1) Ag*(y(t)) —y' (t)Bg*(y(t — 7)
9" (y(t))PDG'g*(y(t) — g" " (y(t)) PBg*(y(t)) — g* " (y(t)) PBg"(y(t — T))}
+9" (y()Qg* (y(t)) — 9" (y(t — )Qg"(y(t = 7))

—2

where 0 = min A(Z) > 0. Therefore, Jim ly(t)]]2 = 0. 4

If the equilibrium is strictly positive, then the convergence is exponential.

Theorem 4 (R -Global Exponential Stability) Suppose a(-) € A2NA3NA4, d(-) €
D, and g(-) € G. Let D = diag{D1,---,D,} and G = diag{G1,- - -, G, }. If there exist a

positive definite diagonal matrix P and a positive definite symmetric matrix () such that

16



2PDG'—PA—-ATP-Q -PB
>0
~-B’P Q

holds and x* is the positive equilibrium of the system (3), then x* is R -globally exponen-

tially stable; moreover; the converge rate can be estimated by O(e™ "), where v > 0 is

determined by the following matrix inequality

28a(x*)D — 431, — 4ya ' (2*)G —Ba(z*)A —Ba(z*)B
—BAT a(z*) 2PDG™' —PA—ATP—-Qe»™ —PB | >0
_BBTa(z") _BTP 0

for some (3 > 0.

Proof: By Theorem 3, we have lim z(t) = x*. Because z > 0, then a;(xf) > 0, and

fi(z*) — I; = 0 hold for all ¢ = 1,---,n. Namely, for the system (13), J; = 0 holds for

L) = 2857 (OO + 23 P [ SOW [T 400) Qg (s s

i=1

o
S
~~
S
~—

Differentiating L(t), we have

dflf) — 4876y (Fy(t) + 2867 Y000 (4(1) | - d"(y(2) + Ag™(y(t) + By (y(t — 7))

yi(t)
et [ IO 2ty T (y(0)P [ - 4 (0(0) + A" (0(0) + B g(u(e — 7)

)y ()P — g7 (gt~ 7)Qg" (y(t — 7))

Due to the convergence of x(t), there exist a small ¢ > 0 and 7" > 0 such that for all
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1=1,---,nand t > T, we have

yi(t)
g: (p)dp ) o
0/ a(p) < Gl =2

and the following matrix, denoted by H,

2Ba*(y(t))D — 4vBI, — 4y(a(z*) — e)~'G —Ba*(y(t)A —fBa*(y(t))B
—BATa* (y(t)) 9PDG~' — PA— ATP — Q&> _PB
_ 3BT a"(y(1)) ~BTP Q

is positive definite. Then

dL(t)

— < [y (1),9" (w®), 9"t —TNIH@) | gr(y(t)) | <O

g (y(t =7))

holds for all t > T'. We have L(t) < L(T). This implies ||y(t)||2 = O(e™7"). §

Remark 3 Ifall the components of the equilibrium x* are positive, then x* is R! -exponentially
stable. This is because there exists a sufficiently large T such that all a;(x;(t)) > n > 0 for
1=1,---,nandt > T, where 1 is a positive constant. Instead, if some components of x*
are zero, then x(t) converges to x*. However, the convergence is not exponential in general.

For example, consider the following system:

PO — () [~u(t)]

(16)
u(0) =1
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It can be seen that the system (16) satisfies conditions in Theorem 3, but does not satisfy

the conditions in Theorem 4. Its solution is u(t) = Hil, which converges to zero but not

exponentially.

S Comparison and numerical example

In Chen & Rong (2003), the authors investigated global stability of delayed Cohen-Grossberg
neural networks where amplifier functions are assumed strictly positive. By this way, there
was not of much difference to deal with Cohen-Grossberg neural networks from cellular
or Hopfield neural networks which do not contain any amplifier functions. The same linear
matrix inequality as (15) were presented to guarantee the existence, uniqueness, and global
stability of the equilibrium. In this paper, we consider that the amplifier functions are not
always positive and can be zero. Thus, the Cohen-Grossberg neural networks have richer

dynamical behaviors.

In the following, we compare the following two Cohen-Grossberg neural networks with a

time delay:
= ai(t)| = diwi(0) + Y gy (0) + 3 bijgy st 7)) + 1]
j=1 j=1
i=1,---n (17)
dx;(t) - "
o = bia(0)| = dia0) + 2 a5y (1) + X bigs(as(t = 1) + 1
j=1 j=1
7;:17"'7”7 (18)
where b;(p) > 0 forall p € R, i = 1,---,n. First, from Lemma 1, one can see that the

first orthant R is invariant through the evolution (17) under the assumption A,. Instead,
the first orthant R” is not invariant for the system (18). Second, in the paper (Lu, Rong, &
Chen (2003)), it was proved that under the assumption that b;(s) > 0 and LMI (15), the
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system (18) has a unique equilibrium which is the solution of the equations

j=1 j=1
However, the system (17) has at most 2" equilibria, which are the multiple solutions of the

equations

l’z[—dz(l’z) + Zaijgj(xj) + Z b,-jgj(xj) + Iz] = 0, 7= 1, e, n (20)

j=1 g=1
Among these equilibria, only one equilibrium is the solution of the corresponding NCP (5),
which is R’} -globally asymptotically stable in R’;. In particular, if the LMI (15) is satisfied
and each component of the unique equilibrium of the system (18) is nonnegative, then it
must be the unique nonnegative equilibrium of the system (17) in the NCP sense and glob-
ally asymptotically stable. Otherwise, in case the unique equilibrium of the system (18) has
some negative components, the nonnegative equilibrium of the system (17) in the NPC sense

has at least a zero component. The following proposition summarize these comparisons.

Proposition 2 Suppose that b;(s) > 0 foralls € R,i=1,---,n,d;(-) € D, and ¢,(-) € G,
and the LMI (15) is satisfied. Denote the unique equilibrium of the system (18) by x°, the
equilibrium set of the system (17) by ), and the unique nonnegative equilibrium of the

system (17) in the NCP sense by x*. Thus, we conclude

(1) For any index set J C {1,---,n}, there exists an equilibrium x’ € §Q of the system
(17) such that v} =0, i € J;
(2) If all components of x° are nonnegative, then x° = x*;

(3) If some components of x° are negative, then x* must have some zero components.

Proof: We only need to prove item 1. The remaining claims are direct consequences from

the Theorems 1-4 in this paper and that in Chen, Rong (2003).

Without loss of generality, we assume J = {1,2,--- p}, where p < n. We consider the

following equations
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z; =0 1e=1,---)p
2D

P n
—dil’i + Zl(aij + bij)gj(l’j) -+ ) Zﬂ(aij + blj)g](O) -+ IZ = 0, 1= P + 1, e,
J= J=p

Applying Theorem 1 in Lu, Rong, & Chen (2003) to the complementary set J¢ of .J, we

conclude that (21) has a unique equilibrium 27 = [z{,--- 2], 2/ .- x]], where z; =

- = x, = 0. Let J range all the possible subset of {1, ---,n}, we obtain all 2" equilibria
of the system (17), which completes the proof. f

In the following, we present a numerical example to verify the theoretical results obtained

above and compare the dynamics of the systems (17) and (18).

Consider the dynamical behaviors of the following two systems:

dn) _ g (f) { — 621(t) + 2g(x1(1)) — g(as(t))
(

+3g(1(t — 2)) + gt — 2)) + 11]

(22)
d20) — o (1) | - 6(t) — 29 (1 (1))
+3g(e2(t)) + 39(an(t — 2)) + 29(alt — 2)) + Iy
i) = |u1(tl)|+1 — 6ui(t) +2g(ui (1))
—=g(ux(t)) + 3g(ua(t = 2)) + g(ualt — 2)) + 11]
(23)

duso (t) 1

at . Jua(t)+1

— Bus(t) — 29(ur(t))

+3g(ua(t)) + dg(un(t — 2)) + 29(uslt — 2)) + Iy

where g(p) = 3(p + arctan(p)) and I = (I;,15)" is the constant inputs which will be

determined below. And,
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By the Matlab LMI and Control Toolbox, we obtain

0.2995 0 1.0507 0.3258
P= Q=
0 0.3298 0.3258 0.9430

The eigenvalues of

2PDG'—PA-ATP-Q -PB
Z:

~BTP Q

are 2.6490, 1.1343, 0.5302, and 0.0559, which implies Z is positive definite. By Theorem 3,
for any I € R?, the system (22) has a unique nonnegative equilibrium z* in the NCP sense
which is R? -globally asymptotically stable. By Theorem 1 in Lu, Rong, & Chen (2003),
for any I € R?, system (23) has a unique equilibrium x° which is globally asymptotically
stable in R2.

Incase I = (1,0.1)". The equilibria of the system (22) are (0,0) ", (0.7414,0) T, (0,0.0992) T,
and (0.7414, —0.7062) ". Among them, z* = (0.7414,0) " is the nonnegative equilibrium of
the system (22) in the NCP sense and z° = (0.7414, —0.7062) is the unique equilibrium of
the system (23). Pick initial condition ¢ (t) = 2 (cos(t)+1) and ¢o(t) = ™", fort € [—2,0].
Figure 1 shows that the solution of the system (22) converges to z* = (0.7414,0)", while

the solution of the system (23) converges to z° = (0.7414, —0.7062)

If I = (8,10) ", then 2° = (3.1908,2.7770) ", which implies 2* = 2°. Pick initial condition
¢1(t) = sin(t) +7 and ¢o(t) = —2t + 1, for t € [—2,0]. Figure 2 indicates that the solutions
of both systems (22) and (23) converge to the same equilibrium (3.1908, 2.7770)T.
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If I = (—8,—10)", then the equilibria of the system (22) are (0,0)", (0, —3.7951)7,
(—3.1908,0) ", and (—3.1908, —2.7770)". One can see that z* = (0,0)" is the nonneg-
ative equilibrium of the system (22) in the NCP sense and z° = (—3.1908, —2.7770) " is
the unique equilibirum of the system (23). Pick initial condition ¢, (t) = 7 and ¢» = 1 for
all t € [—2,0]. Figure 3 indicates that the solution of the system (22) converges to z*, while

the solution of the system (23) converges to z".

6 Conclusions

In this paper, we investigate the dynamics of the positive solutions of the Cohen-Grossberg
neural networks with a time delay. Based on the theory of NCP and the LMI technique, a
condition is obtained guaranteeing existence, uniqueness, and global stability of the non-
negative equilibrium in the NCP sense. If the equilibrium is positive, then the stability is

globally exponential. Numerical example verifies the viability of the theoretical results.
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Figure 2: Dynamical behaviors of system (22), (23) with I = (8,10) T .
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Figure 3: Dynamical behaviors of system (22), (23) with I = (=8, —10) " .
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