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Abstract

The elastic energy of a multiphase solid is a function of its microstructure. De-
termining the infimum of the energy of such a solid and characterizing the associ-
ated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution and optimal design. Mathe-
matically, the problem is to determine the relaxation under fixed phase fraction of
a multiwell energy. This paper addresses two such problems in the geometrically
linear setting.

First, in two dimensions, we compute the relaxation under fixed phase frac-
tion for a two-well elastic energy with arbitrary elastic moduli and transformation
strains, and provide a characterization of the optimal microstructures and the as-
sociated strain.

Second, in three dimensions, we compute the relaxation under fixed phase
fraction for a two-well elastic energy when either (1) both elastic moduli are
isotropic, or (2) the elastic moduli are well-ordered and the smaller elastic modulus
is isotropic. In both cases we impose no restrictions on the transformation strains.
We provide a characterization of the optimal microstructures and the associated
strain.
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We also compute a lower bound that is optimal except possibly in one regime
when either (1) both elastic moduli are cubic, or (2) the elastic moduli are well-
ordered and the smaller elastic modulus is cubic; for moduli with arbitrary symme-
try we obtain a lower bound that is sometimes optimal. In all these cases we impose
no restrictions on the transformation strains and whenever the bound is optimal we
provide a characterization of the optimal microstructures and the associated strain.

In both two and three dimensions the quasiconvex envelope of the energy can
be obtained by minimizing over the phase fraction. We also characterize optimal
microstructures under applied stress.

1. Introduction

1.1. Relaxation

The elastic energy of a multiphase solid is a function of its microstructure. De-
termining the infimum of the energy of such a solid and characterizing the associ-
ated optimal microstructures is an important problem that arises in the modeling
of the shape memory effect, microstructure evolution and optimal design. Mathe-
matically, the problem is to determine the relaxation under fixed phase fraction of
a multiwell energy.

We work in the framework of geometrically linear (infinitesimal) kinematics.
Lete; € R;;i;" be the stress-free (transformation) stain of the i phase relative to
a reference configuration, a;; € £ (ngg") be its elastic modulus and w; € R be
its chemical energy. (We use £* (-) to denote self-adjoint linear operators, L% (-)
to denote positive-semidefinite self-adjoint linear operators and £% (-) to denote
positive-definite self-adjoint linear operators on -, respectively.) Then the energy

density W;: RG" — R of this phase subject to a linearized strain € € Rg" is
given by
1
Wi;(e) = 5(041'(6—61)7(6—62)}—1—11)1-. (1.1)
Here, the inner product (-, -) is defined as usual by Ve, ea € REL", (€1, €2) :=
Tr(ere2). We write the energy density W: Ry — R of the material with N
phases as the minimum over /N quadratic energy wells,
W(e):= min_ W;(e). (1.2)

i=1,...,N

Classically one postulates that the state of the solid occupying a region {2 C
R™ is described by displacement fields u: {2 — R™ that minimize the potential
energy,

/ W (e(u)) da. (13)
(9]

Here e(u) = 3 (Vu+ (Vu)T). (Henceforth we shall not write the dependence of
on u—and on = € {2 through u—explicitly.) Since W has a multi-well structure,
the problem of minimizing the total energy might not have any solution; instead
minimizing sequences develop oscillations and do not converge in any classical



The relaxation of two-well energies with possibly unequal moduli 3

sense [Dac89]. In other words, we find ourselves in a situation where we can re-
duce the energy with strain fields that have finer and finer oscillations but can never
attain the minimum. We interpret this as the emergence of microstructure [BJ87,
CK88]. We refer the reader to [Bha03] for a detailed introduction.

Relaxation (with affine boundary conditions). Once a material forms microstruc-
ture, its effective behavior is not described by W but by a relaxed energy density
w: R?yﬁ" — R that describes its overall effective energy after the formation of

microstructure. The theory of relaxation [Dac82, AF84,Dac89,KP91,DM93] pro-
vides a characterization of such an energy:

W(e) := inf ][ W (e (1.4)
ulpo=¢€x

(We use f, - dz and (-) to denote We(ﬁ) J¢, - dz.) This definition is independent

of the choice of domain, (2 (c.f,, e.g., [Dac89, §4.1.1.1, pg.101] or [MilO1, §31.2,

pg.674]).

The relaxed energy density can be thought of as the average energy density of
the solid accounting for microstructure and describes the behavior of the solid on
macroscopic length scales. The theory justifies this since minimizing fQ W) dz
with specified boundary conditions is equivalent to minimizing the relaxed prob-
lem fg W () do with the same boundary conditions:

inf ][ W (e) dr = min ]l W(e) dz
ecf 0 ec& 0

where & is the set of all strain fields that satisfy the specified boundary conditions.

Relaxation (with affine boundary conditions) with fixed phase fractions. Now con-
sider the problem of finding the optimal microstructure (arrangement of phases)
and the optimal strain field when the phase fractions of the phases and overall
strain are given.

A microstructure of N phases can be described by a characteristic function
x: £2 — {0, 1}" chosen such that fori = 1,..., N,

xi(z) =

1 if the point « € {2 is occupied by the 5™ phase,
0 otherwise.

(Consequently Ziil Xi = 1.) The phase fractions A\ = (Aq,...,Ay) € [0,1]
(satisfying Zivzl A; = 1) are given by A = (x).
Given some microstructure x and a displacement field u, the potential energy

of the crystal is
N
/ in(x)Wi(e) dz. (1.5)

We define the relaxed energy denstty under fixed phase fraction, W y : R?yrxn" — R,
through the variational problem

Wi(e) := 1nf inf ][ZXZ Wi( . (1.6)

(X)=X ulpo=¢€x
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Relationship between W and W. From (1.2) and (1.4),

W(e)= inf min  W;(e) dz.
ulpo=éz Joi=1,..., N

Note that the minimization over ¢ is to be carried out pointwise. Using the charac-

teristic function y introduced earlier,

W(€) = inf /minZXi(x)Wi(e) dz
ulpo=ez Jo X Pl
N

inf  min /szl(x)wz(ﬁ) dz

ulpo=¢€¢x X =1
N

inf inf /Q Z Xi(x)W;(e) dz

X ulan=¢€z P

= min <1nf inf / Z)ﬁ

A ulpo==¢€zx

:m/\in W (). (1.7)

Note that the evaluation of W from W is a simple finite dimensional minimiza-
tion problem. Therefore, for the energy density (1.2), the problem of computing
W is essentially that of computing W . Thus the problem we study is the charac-
terization of W and the optimal microstructures.

Relaxation with traction boundary conditions. When the specimen is subjected to
tractions at the boundary the relevant potential energy is not (1.3) but

[ Wi do - /8 ) ula) as:

If it is further supposed that the applied traction corresponds to a uniform stress,
ie.,do € Rix" Vo € 912, t(x) = & - n(z), where 7 is the unit outward normal

na,
/Q Wi(e) - (7, ) da.

to 8(2, this reduces to
Analogous to (1.4) we define the relaxed conjugate energy density, w’ R?yfn"
R, through the variational problem

W(5):= inf W(e) — (7€) dx; (1.8)
ulpp=¢€x @

and analogous to (1.6) (c.f., (1.5)) we define the relaxed conjugate energy density

under fixed phase fraction, Wi : R?yé” — R, through the variational problem

N
Wi (5) = &g inf > Xi(@)Wile) — (7€) da. (1.9)

ulpo==¢€z
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As before
—0 . =0 ,_
W (a) = m;nWA(U).
Relationship between relaxation with affine boundary conditions and relaxation
with traction boundary conditions. Wi is the negative of the Legendre-Fenchel

transform of W y:

N
W(5) = inf inf ][ i(x)W;(e) — (7,¢) dx
A (0) R Q;X( )Wi(e) — (o, €)

mgin ( inf inf ]{2 sz(x)Wz(E) dz — (7, €>>

(=X ulpo=e=

= mgin (W)\(g) - <57 E>)
= —megx (<5’,€> —W/\(E)) :

W is similarly related to TW.

1.2. Previous results

Two phases in two dimensions. Lurie and Cherkaev [LC88] used the translation
method to consider the relaxation of a two-phase material with equal isotropic
elastic moduli (c.f., also [Ser96]). Allaire and Kohn [AK93a] extended this to
two isotropic phases with unequal elastic moduli albeit with equal transformation
strains, which latter restriction Lu [Lu93] overcame (c.f., also [Ser00]). Grabovsky
[Gra96], also using the translation method, considered two phases with arbitrary
elastic moduli albeit with equal transformation strains. Our work completes this
by studying a general two-phase material with no restrictions on the elastic moduli
or transformation strains.

Two phases in arbitrary dimension. Pipkin [Pip91] and Kohn [Koh91] considered
the relaxation of a two-phase material with equal elastic moduli (o = «3). Pip-
kin’s approach was to determine the rank-one lamination envelope of the energy
and then show that it coincided with the quasiconvex hull. This approach fails
when the elastic moduli are unequal since then rank-one laminates are no longer
necessarily optimal (c.f., in two dimensions, [Lu93,Gra96] and §3; and, in three
dimensions, §4).

Kohn’s approach was to compute a lower bound using Fourier analysis and
then show its optimality by constructing microstructures whose energies attain
this bound. Fourier analysis is not an useful approach when the elastic moduli of
the two phases are unequal. Kohn also used the translation method, and it remains
viable even for unequal elastic moduli. Our work here too uses the translation
method though the translation we use is different from that used by Kohn.

Allaire and Kohn in a series of papers considered this and related problems
for the case of well-ordered materials (i.e., materials for which either a; < ag
or as < a1) [AK93b] and non-well-ordered isotropic materials [AK94]. In these
papers the transformation strain of both phases was taken to be equal.
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More than two phases. Very little is known when one has more than two phases.
In the simple situation where the elastic moduli are equal and the transformation
strains are pair-wise strain compatible, T is the convexification of the W [Bha03,
Result 12.1, pg.215]. The problem remains open, even for equal moduli, when the
transformation strains are not strain compatible. For a discussion of difficulties
see [Koh91]; for recent progress see [FK93,SW99,FS00, GMHO02,CS].

2. Overview

Two dimensions. In §3 we compute the relaxation under fixed phase fraction for a
two-well elastic energy in two dimensions for arbitrary elastic moduli and arbitrary
transformation strains, and provide a characterization of the optimal microstruc-
tures and the associated strain (Theorem 2.1 below).

Three dimensions. In §4 we attempt to compute the relaxation under fixed phase
fraction for a two-well elastic energy in three dimensions when either (1) both
elastic moduli are cubic!, or (2) the elastic moduli are well-ordered and the smaller
elastic modulus is cubic. In both cases we impose no restrictions on the transfor-
mation strains.

We succeed in doing so if either (1) both elastic moduli are isotropic, or (2) the
elastic moduli are well-ordered and the smaller elastic modulus is isotropic; other-
wise we are partially successful: we obtain a lower bound which is optimal except
possibly in one regime. When the lower bound is optimal we provide a charac-
terization of the optimal microstructures and the associated strain. (Theorem 2.2
below.)

For moduli with arbitrary symmetry (still with no restrictions on the trans-
formation strains) we obtain a lower bound for the relaxation under fixed phase
fraction. This lower bound is sometimes optimal. For the regimes where the lower
bound is known to be optimal we provide a characterization of the optimal mi-
crostructures and the associated strain. (Theorem 2.3 below.)

Ancillary results. In both two and three dimensions we can obtain the quasiconvex
envelope by minimizing over the phase fraction. We discuss the problem of relax-
ation under applied stress in §5.1. In [CB] we relate these results to experimental
observations on the equilibrium morphology and behavior under external loads of
precipitates in Nickel superalloys.

Theorem 2.1 (Two dimensions). Let W : R2X2 — R be given by (1.1) and (1.2)

e sym
for N = 2. Then, W y: R?yff — R, defined in (1.6), is given by
2
W)\ €) = max min ANiWi(e;) + BA1 A2 det(eg — €7).
( ) BE0Y(ay,az)] 61,62611%3},?;2 ; ( ) ! ( 1)

A1€1+A2e0=¢

LC.f., Definition 4 in §4 for the definition of “cubic moduli”. We use the term “cubic”
to include isotropy as a special case.
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The interval [0,%(a,,a,)] 0ver which (3 ranges is defined as follows: Let T €
L* (R2X2) be defined by,

sym

Te:=e—Tr(e)l,

I=(49);
and let
-1
Yo = <|I?|aX1 <(a7§Tof§> e,e>> , (2.1a)
V(ar,a2) = MiN(Yay, Vaz)- (2.1b)
Explicitly,
2

&) = Y NiWi(€(5(6),8) + B* () A1 Az det(€5(5* (), €) — €1 (8*(€), €)),

where,

€5 (6%(€),8) := (Maa1 + Aiag — B*(O)T) !

(2 = B7(E)T)E — Aa(azey — cr€y)),
e5(8*(8),€) := (Aaa1 + Miag — B*()T) ™!

(o1 = g (E)T)e + >\1(042€§ — a1€));

0 ifo(-,€) = (Regime 0),

* (= 0 if 9(0,€) > (Regime 1),
T@=9 4 if 6(0,8) < 0 and ¢(Ya, ), &) >0 (Regime II),
Yar,as) I P(Viar,a0)5€) < 0. (Regime I1I);

@ (-, €) is the mapping
[0, Y(a1,a0)] 2 B+ —det (()\2041 + Mag — BT) ! (aa(eh — &) — ay (€] — E)))

and, in Regime I, 3, € [0,7(a,,a.)] is the unique root of ¢(-, €) when ¢(0,€) < 0

and ¢(7(a1,a2)7 E) = 0.
Further,

1. In Regime 0 every microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime I the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain takes the value €7 in phase 1 and €5 in phase 2
while the optimal stress is constant.

3. In Regime II the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €} in phase 1 and €% in phase 2.
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4. In Regime III, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly large* and includes at least two rank-two laminates.
In any optimal microstructure, in phase i, i = 1,2, the strain is confined to
an affine subspace of dimension dimker(a; — Y(a, ,a.)T") < 2; the sum of the
dimension of the two affine subspaces is also at most 2. In particular, if phase
i is harder than the other phase (i.e., if Yo, > V(a1,a2)) then the strain is €} in
that phase.

Theorem 2.2 (Cubic moduli in three dimensions). Ler W: R2 %3 — R be given
by (1.1) and (1.2) for N = 2. Moreover, let one of the following conditions hold:

1. Both elastic moduli are cubic (c.f., Definition 4 in §4).
2. The elastic moduli are well ordered® and the smaller elastic modulus is cubic.

Then a lower bound for Wy : R3X3 — R, defined in (1.6), is given by

sym

2
Wa(e) > a a i XNiWi(e) — M3 - pft(ea — €1).
A(E)/BEISI(lafaz) Rg.lS'O)%S) 61,613161]%“ ; iWil€) = MAaB - ¢ (€2 — €1)

sym

A1€1+A2e0=¢€
Here,
Say, NSa, if oy and as are cubic,
S(Ot],ag) = Sal l:fal < a27
Sas ifas < ag;

Sfor a cubic elastic modulus o with lamé modulus ¢, diagonal shear modulus . and
off-diagonal shear modulus n,

2618205 — (€ + 2min(p, ) (6} + 53 + B3)
+ 20(B132 + B203 + P31) .
— 4lmin(p,n)(B1 + B2 + B3) ’
+ 126(min(z,m))* + 8(min(u, 7)) > 0

Se=<¢BeERY

and ¢ : R3%3 — R3 is defined by

Sym

o (e) := ¢(RTeR), R € SO(3), (2.2a)
€33 — €22€33
ple) = | €3, — eszens | . (2.2b)

2
€19 — €11€22

To present a more explicit expression let T € L* (R?’X?’) be defined by,

sym

Te:=e— Tr(e)l,

100
I:= (010);
001

*In a sense explained in the proof of Theorem 3.16.
3I.e., o1 < agoras < o.
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let Yo, Yass V(ar,az) be asin (2.1); let Wy(3,€): R x R3X3 — R be defined by

sym

Wi (8,€) := Rg}g%)%?)) . :21161]11233 , MWi(er) + AaWa(e)

A1€1+A2?;n € — )\1)\2ﬂ : ¢R(62 - 61);
let R, (0,€), €5 (R« (8,€),8,€),e5(R« (8, €), B, €) attain the extrema above and let
e*(R, 8,€) := €e5(R, 5,€) — (R, B,€). We use “|||” to mean “parallel and not
anti-parallel”. For x € R™ and S C R" we say x ||| S'if Iy € S, x ||| y. Then,

Wy (0,€)  if Ae*(-,-,€) =0 (Regime 0),

Wx(B,€) if36 € S((¥17a2) N ({O} x RZUR x {0} xRU R2 x {O}) ,
0 7& _QSR*(B[’E)(AE*(R*(ﬁh €)7 ﬂlv E)) H| {_617 —€2, _63}

(Regime 1),
W(Bu, €)  otherwise. Here [3, is the unique solution in S(q, a,) of
pT (At (R, (-, €),-,€) =0 (Regime I1),

W)\(ﬂ,,,,g) ifaﬁm € {ﬁ € R?) | 51 = Yo, a2)762 ﬁB € [ al,a2)]}
U{B €R3 | B2 =Ya1,00) 53 = B1 € [0, V(1,00 }
U{B e R} | Bs =Y(a1,02), 1 = B2 € [0,%(a1,00)] } »
0# —opf ﬁ””é)(Ae (Ru(Bus €), Bur, €)) ||| {€1, €2, €3}

(Regime I1I),
WA(Bw: €) i 0 # =™ O (Ae* (Ru (B, €), B ©)) ||| Int(RY)
where By = Y(a,,az) (1,1, nr (Regime IV).

In regime II, (3, is the unique solution of ¢™+&)(Ae*(R,(-,€),-,€)) = 0 in
S(Omaz)'
Assume, renumbering if necessary, that Yo, < Ya,- Also let

2 ifur <m,
Dy =45 ifpur=m,
3 ifpr>m.

The lower bound is sharp except possibly in Regime IV when 11 # 1. Further,

1. In Regime 0 every microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime I the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made of these
laminates. The optimal strain is constant in each phase while the optimal stress
is (globally) constant.

3. In Regime II the optimal microstructure is unique and is a rank-one laminate.
The optimal strain is constant in each phase.
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. In Regime III, no rank-one laminate is optimal. The class of optimal microstruc-

tures is possibly large* and includes at least two rank-two laminates.

In any optimal microstructure the strain in each phase is confined to an affine
subspace of dimension at most D,,; the sum of the dimension of the two affine
subspaces is also at most D,,.* Moreover; if one phase is harder than the other
(i.e., if Yoy > 7Ya,) then the strain in the harder phase is constant.

. In Regime 1V the lower bound is possibly non-optimal when py # n1. If the

bound is optimal then:

(a) No rank-one laminate is optimal.

(b) If one phase is harder than the other then no rank-two laminate is optimal.

(c) If 41 = m then there exists an optimal rank-three laminate.

(d) In any optimal microstructure the strain in each phase is confined to an
affine subspace of dimension at most D,,; the sum of the dimension of the
two affine subspaces is also at most D,,. Moreover, if one phase is harder
than the other then the strain in the harder phase is constant.

Theorem 2.3 (Arbitrary moduli in three dimensions). Ler W: R3%3 — R pe

sym

given by (1.1) and (1.2) for N = 2. Then a lower bound for W y: R3X3 _ R,
defined in (1.6), is given by

sym

WA(€> >
2
max max min Z)\iWi(Ei)_)\1>\25'¢R(52_61)~
BENRes0(3) B(ay,az) () RESOB)  e1,e2€R X3 =1

A1€1+Aoea—=¢€

Here, for R € SO(3)

B(al,az)(R) = Ba, (R) N Ba, (R),

B, (R) := {,8 €R? |Vee Rfyfna %(ae,e) — B %) = O} ;

and T : R3%3 — R3 is defined in (2.2).

1
2

3

sym
Let B*, R, attain the maximum above. This lower bound is sharp when

. (Regime 0) axely, — el = (g — a)E.
. (Regime I) 3* € ({0} x R”ZUR x {0} x RUR? x {0}) and

0 # =™ 7 (At (Ro(57, ), 8%,€)) [l {—e1, —e2, —e5}.

. (Regime II) 3* solves $T+ -9 (Ae* (R, (-, €), -, €)) = 0.

(The notation ||| is explained in Theorem 2.2.) Further the statements (1), (2)
and (3) in Theorem 2.2 hold.

“Sharper results are presented in Theorem 4.37.
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Strategy. We prove Theorems 2.1, 2.2 and 2.3 by first using the translation method
to obtain a lower bound for W in §3.2.1 and §4.10, and then constructing mi-
crostructures whose effective energy equals this bound in §3.2.1 and §4.10.

(Note that the construction of a microstructure immediately leads to an upper
bound for W . Various such microstructures, and thus upper bounds—including
some bounds now known to be optimal—are explicit or implicit in the metal-
lurgy literature. [Roy93] surveys work in this direction. The challenge is to prove
a matching lower bound for W .)

Good introductions and overviews of the translation method can be found
in [Che00, Chs. 8, 15, 16] and [Mil01, Chs. 4, 24, 25]. For development of the
method and applications to a wide range of problems c.f., e.g., Tartar [Tar79a,
Tar85, Tar79b]; Lurie and Cherkaev [LC81,L.C82a,LLC82b, LC86a]; Kohn and Strang
[KS82,KS83,KS86a, KS86b, KS86¢c, SK88]; Cherkaev and Gibiansky [GC84,GC87,
CG92]; Murat and Tartar [MT85]; Murat [Mur87]; Avellaneda, Cherkaev, Lurie
and Milton [ACLMS8]; Milton [Mil90a, Mil90b]; and Firoozye [Fir91].

Laminates. The microstructures we construct are laminates; these have been used
in a variety of problems; c.f., e.g., [Tar79b, Tar85,FM86, Tar00], [Che00, Ch. 7],
[MilO1, Ch. 9] and references therein. Good introductions and overviews can be
found in [Che00, Ch. 7] and [MilO1, Ch. 9]. Rank-one laminates are alternating
layers of two phases at fixed phase fraction; rank-two laminates are rank-one lami-
nates where at least one of the layers is itself a rank-one laminate at a smaller scale;
and so on. In order to use laminates in our context, one has to think of them as a
sequence of microstructures with fixed geometry but smaller and smaller scales.

3. Two-phase solids in two dimensions

In this section, we consider the two-well problem in two dimensions.

3.1. A lower bound on the relaxed energy

3.1.1. A lower bound using the translation method. We use the translation
method to derive a lower bound. We state the basic principle in R™ since we use it

for both two and three dimensions. Recall that f: RE ™ — R is quasiconvex if

f(6) < inf F(e) dz. 3.1)
2

ulpp=€x
for each € € R{". Any quasiconvex function can be used to derive a lower bound
on the relaxed energy at fixed phase fraction using the translation method:
Proposition 3.1 (Translation lower bound). Let W: R”*™ — R be as in (1.1)

sym

and (1.2) for N = 1,2. Let f: R} X" — R be quasiconvex and € R. Then

o sym
Wi RG,™ — R defined in (1.6) satisfies the lower bound
o 2
Wa(6) >  max min YO N(W; = Bf)(e) + BF(E).  (3.2)
B=0 61,62€R:"i”>l<" =1

W,;—Bf: convex Aper+Agen=e
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Proof. From (1.6),
2
Wy(€) := inf inf Wi(e) dx.
W= e, f S

Since f is quasiconvex we have the lower bound,

<Xi>=\i ulpp=¢€x

Wa@)> inf  inf ﬁzmm@wmmm+m®

for each 3 > 0. Choosing 3 optimally subject to the restriction that the functions
W; — Bf are convex (the reason for this will become clear in the next step), we
have

2
O3 ma om0 = 55(0)
W;—0Bf: convex =1

+Bf(€).

i P — i vex, usi inequality,
Since W, s convex, using Jensen’s inequalit

2
Wi(e) >  max min inf Z)‘i(Wi — Bf) <J£QXz€d=T>
1

>0 <xi>=\; =ex “ ; do

Wi_,ﬁﬁfi convex X ulog=ex i= JCQ Xi
+B1(#).

Setting €; = % and noting that A1e; + A2e2 = €, we obtain the desired result.

O

3.1.2. The determinant as translation. The lower bound presented in Proposi-

tion 3.1 is valid for any translation f: R{:" — R which is quasiconvex. The art

of the translation method lies in choosing the right translation. In two dimensions,
we pick the translation to be the negative of the determinant: f = ¢ := — det, i.e.,

d)(ﬁ) = 6%2 — €11€22.

This choice of translation might appear to be arbitrary, but in fact is a posteriori
natural.

Quadraticity of ¢. It is easy to verify that
1
o) = 5 (Te,e)
where T' € L* (R2X2) is defined by

sym
Te:=e—Tr(e)l,
I=(39)
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(i.e., —Te is the adjoint of ¢€). Alternatively,
= —Ap + Ag + Ao, (3.3)

where Ap, Ag, Ao € L (RQXQ) are orthogonal projection operators defined by

sym

Range(Ap) = Span {I}, (3.4a)
Range(Aq4) = Span { (5 o )} , (3.4b)
Range(A,) = Span{({})}. (3.4¢)

In particular T has eigenvalues —1 and 1, repeated once and twice respectively. It
follows that 7" is invertible and is neither positive nor negative definite. Note also
that 7% = 1.

Quasiconvexity of ¢. ¢ is quasiconvex since it is quadratic and rank-one con-
vex [Dac89, pg.126]: Ym,n € R%, ¢(m @5 n) > 0. Here 1 @4 1 := %(ﬁ ®
m+ 1 ® n); m @ nis defined by (h @ 7);; = myn;, 4,5 =1,2.

A lower bound on the relaxed energy. With this choice for the translation, and
exploiting the fact that W; and ¢ are quadratic, we may rewrite (3.2) as

Wi(e) = mex Wi(8,€) (3.52)
W; —/343/: convex

where Wy : R x R2X2 — R is defined by

sym

W)\(ﬁ, g) = min ) )\1W1(61) + )\2W2(62) - ﬁ)\l)\gqb(€2 — 61). (3.5b)

2%
e1,e2€RL

A1€1+Aoe0—€

3.1.3. Determining the amount of permissible translation. Our next step is to
characterize the set {3 > 0 | W; — B¢: convex, i = 1,2}.

Lemma 3.2 (Convexity of translated energies). Let o, vy, g € L3 (R?yﬁ?), Let
Yo Vo ,az) > 0 be defined by

Vo

1
(s (e¥r02) )
el|l=1
Y(ar,az) = min(7a1>7a2)~

Then,

B=0|W;,—B¢: convex, i = 1,2},

[Oaf}/(al,ag)] = =
B>=0| W, — B¢: strictly convex, i = 1,2}.

[07 fY(OAth)) =
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Proof. Let ¢ = 1,2. The convexity of W; — (¢ is equivalent to the positive-
semidefiniteness of o; — 8T, i.e., to the nonnegativity of € — ((a; — 5T )¢, €).
Now,

(o100 = (o (- o))
1 1
= a2 - 8 {a; i1 ¥ 2)

i i, . .. . ..
where € = o7 € and o is the unique positive-definite self-adjoint square root of
«;. Thus

WV

Ve, ((a; — BT)e, €) >0 <= Ve, ||€||*> - /B<(a;%Tof%) e,e> 0

~1_ 1
1 <(ai *Tao, 2>e,e>
— Ve#0, — >
s €]l

1
where we have used the invertibility of a;?. (7,, is non-negative since 7" has a
positive eigenvalue and all eigenvalues of «; are positive.) The result follows. O

Note 3.3. From (3.3),
(@ =D)L T) = (al, 1) +7a | I]|* > 0.
This, with Lemma 3.2 gives,

1 < dimker(a — v,T) < dimR2%2 — 1 = 2. (3.6)

sym
Note 3.4. For cubic «, aligning our axis with the principal axis of «, we have,
a = 2kAp + 2uAg + 2nA,,

where s(a), u(a),n(a) > 0 are, respectively, the bulk, diagonal shear and off-
diagonal shear moduli. (Henceforth we shall leave the dependence on o implicit.)
Since T = —Ap + Ag + A,

Thus
2min(u,n) when « is cubic,
Ya =

20 when « is isotropic.

(An isotropic modulus is a cubic modulus for which p = 7.) Moreover, as is easy
to verify,

Span { ((1) 0 )} if o is cubic with p < 7,
ker(ov — v,T) = ¢ Span{(9 {)} if av is cubic with np < p,
Span {(§ %), (98)} if aisisotropic.
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3.1.4. Explicit expressions for the optimal strains and stresses. Let us return
to the minimization problem (3.5b) and find the minimizers €5 (3, €) and €5(0, €).
By differentiating the argument on the right-hand side of (3.5b),

a1(e} — ) — as(es — &) + BT(es — i) = 0. G.7)

In other words,
Ac* = BT Ae* (3.8)

where

Ae* = €5 — €],
Ac* =05 — o7,

of =ay(ef —e)), i =1,2.

Since A\1€] + Aoeax = €, (3.7) gives

()\20(1 + Aoy — ﬁT)E’l( = (042 — ﬁT)E— )\QA(OéET)
(A2ay + Aag — BT)es = (a — BT)e + A1 Aae")
(Mg + Aag — BT)Ae* = A(ae") — (Aa)e.

where

Aae™) := agel — a €],

Ao = ay — aj.

If B8 € [0,%a,,as))» then from Lemma 3.2 it follows that Adpa; + Ajag — BT is
positive definite since it is the sum of the two positive definite linear operators
A2(ag — BT) and A1 (a2 — BT'). Consequently, we may invert the relations above
to conclude that

(8,8 = (a1 + Mg — BT) " (a2 — BT)E— Ao A(ac")),  (3.92)
€3(8,6) = (Aaar + Moz — BT) ' (a1 — BT)e+ M A(ae")),  (3.9b)
Ae*(B,8) = (Ao + Mz — BT) ' (Aae") — (Aa)e) (3.9¢)

Ifg = Y(a1,as)> then Ao + A1ag — BT might only be positive semi-definite.
However, the minimization problem (3.5b) is quadratic. So we can have one of two
situations: either (1) the minimum is finite and the solutions in (3.9) are defined up
to a constant in ker(Aacy; + A1z — BT), or (2) Wa(7Y(a,,as), €) = —00, in which
case,

lim  ¢(Ae*) = 0. (3.10)

B=Y(aq,az)

For future use we observe that for 3 € [0, V(a;,a.))

O0Ae*
B

= ()\2041 + Aoy — ﬁT)_lTAG*. (3.11)
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From (3.9) we also calculate, for § € [0, V(a,,a2))

a1

(F - 6@2_111011_1)71 ay ! (a2 = AT)E = Ao A(ac")) — are}

(a7 Bar'Taz 1)_1 ar’ (a1 = BT)E+ MA(ae")) — azey

*

02
where =1 := Aja7 ! + Asas !
- — 1 1 2 2 .

3.1.5. A lower bound on the relaxed energy. We are now in a position to derive
an explicit lower bound. Applying Lemma 3.2 to the lower bound (3.5a), we have

Wi(e) = 5 max Wi (5,¥). (3.12)

6[077(a1 ,az)]
Determining this maximum is easy since we have the following lemma:
Lemma 3.5. (0, V(0 ,0,)) 2 B — Wa(B, €) is either constant or strictly concave.

Proof. From (3.5b) and (3.11),

%Wm, &) = ~Aad(Ac* (5,9)). (3.13)
P (8.6 = - Tae (5.6, 2 Ae(p.e
S NCE Y 2< (5.0) g e (ﬁ7e)>
= —AAs <TA€*(ﬁ, E), ()\20&1 + Mag — ﬁT)_lTAE*(ﬁ, €)>
<0

except when Ae*(3,€) = 0. Note, from (3.9), that Ae*(3,€) = 0 for some 3 €
(0,Y(a1,a5)) implies that Ae*(3,€) = 0 for all 3 € (0,7(qa,,a,))- However when
Ae*(8,€) = 0, from (3.13), W, (5, €) is independent of 5. 0O

Incidentally, we also observe that:
Lemma 3.6. € — W) (0, €) is strictly convex.

Proof. From (3.5b),

2
%WA(67 E)

02 . 0° e 2
=)\1@(Wl — Bo)(€1(8,6)) + AQ@(Wz — Bo)(€5(8,€)) + ﬂ@ﬂﬁ)
=Ai(a1 — BT) + Aoy — BT) + T
=11 + Az
>0

O

We now obtain the desired lower bound.
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Theorem 3.7 (Lower bound). Wy, > W where Wy : R2X2 — R is defined by

sym
Wi (0,€) if Ae*(-,€) =0 (Regime 0),
Wl)\(é) _ WA(O,E)_ lf(;ﬁ(Ae.*(O,E)) >0 (Regz:me 1),
W (B, €) otherwise (Regime II),
Wx(Y(ar,a0),€) I O(A" (V(a1,a0):€)) < 0. (Regime 118;14)

and, in Regime II, 3, € [0,Y(a,,a,)] is the unique solution of p(Ae*(f3,€)) = 0.

Proof. When Ae*(3,€) = 0, from Lemma 3.5, 5 — W, (0, €) is constant and we
may set 5 = 01in (3.12).

Otherwise, from Lemma 3.5, 5 — Wy (3, €) is strictly concave. Using (3.13),
the maximum occurs at

5= 0 when ¢(Ae*(0,€)) > 0,
/3 = 7(&1,0&2) When ¢(A6*(7(0617042)7 E)) < O'

Since 5 — Wy(0,€) is strictly concave, from (3.13) that 8 +— ¢(Ae*(3,€)) is
strictly increasing. Thus when ¢(Ae*(0,€)) < 0 and (if necessary, interpreting as
a limit) ¢(Ae* (Y(ay,as), €)) = 0 there exists a unique root 3y € [0, Y(qa,,a,)] Such
that ¢(Ae*(0y, €)) = 0 and the maximum of W) occurs at 8 = 3;,. O

Note 3.8. From (3.10), Regime IIT does not occur whenever ¢(Ae*(V(a,,as); €))
does not exist. From §3.1.4 this happens when ker(a1 — Y(a,,a,)7T") N ker(az —
V(al,az)T) # {0}. This includes, in particular, the cases (i) a; = aq (c.f., Note 3.9
below) and (ii) both phases being isotopic with equal shear moduli.

Note 3.9 (Equal moduli). We remark on the special case vy = @y =: « studied
by Pipkin [Pip91] and Kohn [Koh91]. In this case, Yo, = Yas = V(a1,a0) S0 that
A2aq + A102 — Y(ay,a0)T = @ — Y(ay,as) T is not invertible. Thus, as mentioned
in Note 3.8 above, Regime III does not occur.

From (3.9), Ae*(-,-,€) = 0 implies that €] = €}. Thus Regime 0 does not
occur for distinct materials.

Let Ae" := €}, — €. From (3.5b) and (3.14) we obtain

7 (&) = MWi(er(0,8)) + AaWa(e5(0,€))  if p(Ae™) >0 (Regime I),
AT MW (B €) 4+ AaWa(€3(Bu, €))  if ¢(Ae") <0 (Regime II).

(3.15)
Here, from (3.9),
€1(8,€) = €= Xp(a— BT)'a A€, (3.16a)
€5(8,€) = e+ Mi(a — BT) ' A€'; (3.16b)
and, in Regime II, 3, is the unique solution in [0, 'y(ahaz)) of
¢ ((a = BT) ' Ae") = 0. (3.17)

5., when either oy # a2 or €] # eb.
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Note that g, is independent of €.
From (3.16)

) — AefB(a — BT) "' T A€,
)+ MB(a— BT)'TAE,

@l

= (

—€
(0,6) —ez = (€—e

|

-

where € := A\j€] + Ag¢€b. Substituting this in (3.15) gives

W (e = % (a(e =), (€~ ) + (Awy + Agws)

0 if p(Ae") >0 (RegimeI),
INdaBlaz (o — B T) ' TAE|? if ¢(Ae) <O (Regime ID);

where (3, is the unique solution in [0, Y(q, a,)) of (3.17).

3.2. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in Theorem 3.7 is
optimal, and characterize the optimal microstructures. This will complete the proof
of Theorem 2.1. Our strategy is to construct upper bounds on the relaxed energy
W by constructing microstructures and using test strain fields whose energy is

exactly equal to the lower bound Wl/\ In the process we will also build insight
that will allow us to identify properties of optimal microstructures that attain the
relaxed energy.

3.2.1. Optimality of the lower bound.

Theorem 3.10 (Optimality of the lower bound). 1V, = WZA

Before we present the proof of Theorem 3.10, we present the (geometric) pic-
ture that underlies it. In the three-dimensional linear space of two-dimensional
strains, the set of {€ : ¢(e — €}) = 0} is the surface of the large dark cone shown
in the Figure 3.1(a), the set {€ : ¢(e — €%) < 0} is inside the large dark cone and
the set {¢ : ¢(e — €3) > 0} is outside the large dark cone. From Lemma 3.11 it
follows that one can form rank-one laminates between €5 and any point that does
not lie inside the large dark cone. In Regimes I and II €} does not lie inside the
large dark cone, and we may form optimal rank-one laminates between them. In
Regime I1I, €7 lies inside the large dark cone and we can not form a rank-one lam-
inate. So we proceed from €7 along the ‘degenerate’ direction (which, from §3.1.2,
is not hydrostatic, i.e., vertical) till we hit the large dark cone at €'. Pick ¢" along
this line so that the €7 is the average of €' and €". Now construct a cone centered at
€", the small grey cone in the figure. €" is the intersection between the line joining
€' and €3 and the ellipse defined by the intersection of the two cones. All relations
in (3.20) follow.
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(a) Three-dimensional geometric dia- (b) Two-dimensional section of three-
gram. dimensional geometric diagram.

Fig. 3.1. An optimal rank-two laminate in Regime II. In the two-dimensional diagram solid
lines represent strain compatible directions; dashed lines represent directions that need not
be strain compatible.

Proof. From (1.6) we readily obtain the following upper bound on W : for any
microstructure x and displacement field u: {2 — R” such that u|p, = € - z,

Wiy (€) < Wy (u) ::][Q (x1Wi(e) + x2Wal(e)) dz. (3.18)

In view of the lower bound in Theorem 3.7 and the upper bound in (3.18), it suf-
fices to construct (a sequence of) microstructures y and displacement fields w (sat-
isfying u|g, = € - ) such that W, (u) = Wlm (€). In order to do so, we seek to
construct microstructures which use as closely as possible the optimal strains we
computed in §3.1.4. We are able to do so directly in Regimes 0, I and II, need a
more elaborate construction in Regime II1.

Regime 0: When Ae* = 0, from (3.9), €] = €5 = €. Thus for any microstruc-
ture x and any displacement field u (satisfying u|gp = €- ), W, (u) = WZOO (€).
The result follows by combining this with Theorem 3.7 and (3.18).

Regimes I and 1I: Recall from (3.14) that ¢(Ae*(5*,€)) > 0 where 8* = 0 in
Regime I and 5* = f3; in Regime II. Therefore, from Lemma 3.11 below we can
find 772, 7 € R? such that

€5 — €] =A™ || m®sn (3.19)

where €7 and € are given by (3.9) for § = (3*. Now construct a rank-one laminate
x in which phases 1 and 2 have phase fractions Ay and A, respectively and the
layers have normal 7 or /. The condition (3.19) assures us that we can construct
a continuous displacement field u (satisfying u|g; = € - ) with strain €] in phase
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1 and €3 in phase 2. For this microstructure and displacement field,

Wy (u) = MWi(e]) + AW (e3)
= MWi(e]) + XaWi(es) — BArAad(es — €7)

= W'\ (o).

The second equality holds above because 3 = 0 in Regime 1 and ¢ = 0 in Regime
II. The result follows by combining this with Theorem 3.7 and (3.18).

Regime III: ¢(Ae* (Y(a,,a5),€)) < 0, and so, from Lemma 3.11, we can not
construct a continuous displacement field directly with the optimal strains. How-
ever, one of the translated energies loses strict convexity at 3 = (4, a,) (Lemma 3.2);
we can use this to construct optimal rank-two laminates:

Assume, renumbering if necessary, that ¥(q,,a,) = 7Va,- It follows that there
exists 0 7# €, € ker(a1 — Y(ay,a,)7") and that

R>zm (Wl - 7(0(1,(12)(;5)(6’1( + ZGH)

is affine. In Lemma 3.12 below, we show that there exist €', ", e* € Rfyﬁ?, p €

(0, A1), 7 Jf i € R? such that

(" =€) || ens (3.20a)
AL—p 1 pA2 1 *
€ € =¢€], (3.20b)
A(1—=p) A(L=p) !
d(e5 —€)=0 (3.20c)
(or equivalently, from Lemma 3.11, 37 € R?, e — € || n ® 1),
pe' + (1 —ples = €, (3.20d)
p(eh—€e")=0 (3.20e)
(or equivalently, from Lemma 3.11, Irh € R?, ¢* — €" || 1 @ 1),
A — A
L Py 22 o—g (3.200)
1—p 1—p

Note that p € (0, A1) implies that (A; — p)/(1 —p) € (0, A1) so that the left-hand-
sides of (3.20b), (3.20d) and (3.20f) are convex combinations. These equations are
schematically represented in Figure 3.1(b).

‘We can now construct our rank-two laminate as follows. First construct a rank-
one laminate in which phases 1 and 2 have phase fractions p and 1 — p respectively
and the layers have normal 7. Next construct a rank-two laminate in which this
rank-one laminate and phasel have phase fractions (A2)(1—p) and (A1 —p)(1—p)
respectively and the layers have normal /. The compatibility equations (3.20c)
and (3.20e) allows the construction of a continuous displacement field u (up to
boundary layers) such that the strains take the value €' in the interior phase 1,
€5 in the interior phase 2 and €" in the exterior phase 1. Moreover from (3.20b)
and (3.20f) u can be chosen to satisfy u|s; = € - x. For this microstructure and
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displacement field,

Wy (u)
_Mi—p
I—p

:)\2W2 (65) +

Wi(e') + % (pW1(€) + (1 = p)Wa(e3))

PA2

1—p
A - I

:)\QWQ(EE) + %;(Wl - '7(@1,a2)¢)(6 ) +

p(1—X\1)
1—p

A1
1

— W)+ L)

p)‘Q I
1_ p(Wl - 7(a1,a2)¢)(6)

AL—p

+ fp’Y(al,aQW(EH) + 7(a1,a2)¢(61)

1

Since W1 — Y(ay,a,)¢ is affine in the direction ¢, from it follows that

AL —p
I—p

PA2 (

(Wl - ’Y(al,az)d))(en) + 1— p Wy — ’Y(cn,az)(ﬁ)(el)

. >\1 —p I p)\z [
=M1 (W1 = Y(a1,02)9) ()\1(1 — p)e * A(1— p)e)

=AM (W1 = Yay,02)8) (€1)

where the second equality uses (3.20b). So,

Wy (w) = M (W1 = Yay,00)P)(€]) + A2 Wa(e5)

AL — 1l A 1
+ V(ay,a2) < 11_ pp¢(€ ) + ]_p_72p¢(6 ))

Since ¢ is quadratic, it follows from (3.20) that

AL — A
T, ) + o) = 600,

pd(e) + (1= p)o(e3) = ¢(€).

Putting these together, and once again using the quadraticity of ¢,

Wi (u) = M(W1 = Yar,a0)P)(€1) + A2(Wa = Y(a1,a2)2)(€3) + V(a1 ,a0)P(€)
= M Wi(e]) + A2 Wa(€3) = Y(ar,a2) A1 A20(€5 — €])

— .
= W)\ (6) .
The result follows by combining this with Theorem 3.7 and (3.18). O

The proof above used the following Lemmas. The first is well-known (c.f., e.g.,
[Koh91]) and the proof is omitted.
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Lemma 3.11 (Strain and rank-one compatibility). Let ¢ € R X" with eigenval-

sym

ues A\ < Ay < -+ < Ay Then, there exist 1 Jf i € R™ such that
el m®sn — AL <0< Ao — @(e) > 0,
ellnen — AtA2 =0 = ¢(e) =0
when n = 2; and whenn > 2,

€|l s — M<0=Xa,.... 1 =0< N\,
6||’fl®ﬁ <~ A =XA3=---=XA,—1 =0and \{\,, =0.

Lemma 3.12. Let o« € L% (R2%3) and 0 # €, € ker(a — 7o T'). Let ¢p(Ae*) < 0.

Then there exist €', €", € € R?Xg, p € (0, A1), m Y} 7 € R? such that (3.20) holds.
Proof. Since ¢,, € ker(a — v,7T) and « is positive-definite, it follows that

o(en) = %(Ten,en> = i(aen,e,ﬁ > 0. (3.21)

Combining this with the fact that ¢(Ae*) < 0 we conclude that the quadratic
polynomial R 3 z — ¢(Ae* + z¢,,) has two real roots z; < 0 < 22 since

P(A* + 26,) =0 = (A" + 2 (TA* €,) + 22p(e,) = 0. (3.22)

Set

—Z1%2

P ALy

€ 1= €] — 296, (3.23a)
€ =€ — (pze + (1 — p)z1)én, (3.23b)
et = pe' + (1 — p)e; (3.23¢)

With these definitions, p € (0, A1) as required, and (3.20a), (3.20b), (3.20d) and
(3.20f) are obvious. Now observe that

€ — € =€y — €] + 226,
= Ae* + 29€,. (3.24a)
e — e = pe + (1= p)es — € + (pz2 + (1= p)z1)en
= p(e] — 226n) + (1 — p)e5 — €] + (pz2 + (1 — p)z1)en
= (1 — p)(Ae* + z1€,). (3.24b)
Since z; and zy are roots of ¢(Ae* + ze,) = 0, (3.20c) and (3.20e) follow. It
remains to show that 1 }f 7. If the contrary were true, then,
(" =€) || (5 —¢),
and thus, from (3.24),
(A€ + z9€,) || (A" + z1€,)

i.e., since since z; # 2, either Ae* || €, or Ae* = 0. It follows from (3.21) that
¢ (Ae*) > 0 which, however, contradicts the assumption that ¢(Ae*) < 0. O
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Note 3.13. The construction of the rank-two laminate in the proof of Theorem 3.10
uses only rank-one connections, as opposed to symmetrized-rank-one connections
(i.e., (3.20c) and (3.20e) enforce equalities instead of the inequality permitted by
Lemma 3.11). This notes explains why.

Optimal microstructures satisfy the the Euler-Lagrange equation associated
with the variational principle i.e., the equilibrium equation. In particular, at an
interface with normal 7 € R? the stress difference [o] is required to satisfy the
relation

[e]a=0 (3.25a)

From (3.8) and (3.24), using a€,, = 7o, 1€y, in regime III, at any interface the
stress difference is related to the strain difference through

[o] 1| Te] (3.25b)

and the constant of proportionality is non-zero. The strain compatibility condition
is
[e] || 7 @5 7 (3.25¢)

for some M € R2. Lemma 3.14 below shows that (3.25) is equivalent to requiring
[€]l || 7 ® 7 which in turn necessitates ¢([e]) = 0.

Lemma 3.14. Let 1, 7 € R2. Then the following are equivalent.

1 (T (i &, ) 1 = 0.
2. (T(m @y 7)) A = 0.
30| f

Proof. The equivalence of the first two statements is trivial. The rest of the lemma
follows from the observation that

T(h ®s1) =m* @, nt.

where, for every v € RZ oyt .= (,01 (1)) v. 0O

3.2.2. Optimal microstructures. A microstructure x for which the energy is op-
timal, i.e., for which
(x) (E) = infﬁ WX (u)
ulpo=¢€z
is an optimal microstructure. Given a microstructure, any displacement field u: 2 —
R™ (with u|g, = € - ) whose energy is optimal, i.e., for which
Wy(u) = inf W, (u)
’U.‘@Q:@I
is an optimal displacement field for that microstructure; the associated strain field
is an optimal strain field.
We have proved (cf. Theorems 3.7 and 3.10) the translated variational principle

2
Wa@ =inf f S xilWs =50 do + 5000 (3.260)
=1

XU
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where (x) = A, ulgo = € x and

0 in Regimes O and I,
B = q Bu in Regime II, (3.26b)
Y(ar,a0) i Regime IIL

Theorem 3.15 (Equivalence of optimal microstructures for original and trans-
lated variational principles). A microstructure and strain field is optimal for the
original variational principle (1.6) if and only if it is optimal for the translated
variational principle (3.26).

Proof. The variational principles are identical when 8* = 0, which occurs in
Regimes 0 and I, and possibly in Regime II. We consider the case when 5* # 0.

Consider a minimizing sequence (x", u") for the original variational statement
of W (€) in (1.6). We have

.(6) fhm]lelw F6)(e dz + F*6(@)

n—0

— WA (11m][¢e’7 x¢())
40 = i f e

from which the result follows. O

Thus

Theorem 3.16 (Optimal microstructures).

1. In Regime 0 any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime I the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the value €7 in phase I and €5 in phase 2
while the optimal stress is constant.

3. In Regime II the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €} in phase 1 and € in phase 2.

4. In Regime III, no rank-one laminate is optimal. The class of optimal microstruc-

tures is possibly large (in a sense explained in the proof) and includes at least
two rank-two laminates.
In any optimal microstructure, in phase i, 1 = 1,2, the strain is confined to
an affine subspace of dimension dimker(c; — Y(a,,a0)T") < 2; the sum of the
dimensions of the affine subspaces is also at most 2. In particular, if phase 1 is
harder than the other phase (i.e., if Yo, > V(ay,az)) then the strain is € in that
phase.
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Proof. In the proof of Theorem 3.10, we showed that in Regimes 0, I and II,
Wa(€) = AWi(e}) + (1 — \)Wo(ed).

Further, recall that oy and a are positive-definite by assumption so that W; and
Wy are strictly convex. It follows that in any optimal microstructure the optimal
strain field is as in the statement of the theorem.

The other statements pertaining to Regime O follow immediately from the
proof of Theorem 3.10 and (3.8).

In Regime I, ¢(Ae*) < 0 so that from Lemma 3.11, we find i Jf 2 € R? such
that Ae* || m ®; . It follows that the strain and thus the microstructure is either
a rank-one laminates (with layering direction either m or 7)) or a microstructure
of these laminates. Finally since § = 0 in this regime, it follows from (3.8) that
Ac* = 0; thus the stress is constant.

In Regime II, ¢(Ae*) = 0 so that from Lemma 3.11, we find unique (upto
scaling) 1 € R? such that Ae* || 7 ® 7. It follows that the strain and thus the
microstructure is a unique rank-one laminate with layering direction 7.

We now turn to Regime III. The non-existence of optimal rank-one laminates
and the existence of an optimal rank-two laminate follows from Theorem 3.10 (and
Lemma 3.12). There exists at least one other optimal rank-two laminate which
can be obtained by interchanging the roles of z; and 2z, in (3.23) (and (3.24)). If
dim(ker(c; — Y(ay,a.)T")) > 1 (which is the case, e.g., when ¢ is isotropic),
1 = 1,2, then one can find an uncountably infinite number of directions €,, which
one can use in the proof of Theorem 3.10 (and Lemma 3.12) to construct the rank-
two laminates; moreover, one can also construct optimal microstructures that are
not laminates but ‘Hashin-Strikhman confocal ellipses’ or ‘Vigdergauz microstruc-
tures’. The reader is referred to [Lu93, Vig94, GK95a, GK95b, GK95¢c, Gra96] for
a discussion of these microstructures.

That dimker(c;; — Y(ay,a,)T) < 2 restates (3.6) and Z?Zl dim ker(a; —
Y(ar,a2)T) < 2 follows from Notes 3.3 and 3.8. Finally we turn to characteriz-
ing the optimal strains: Since

2
inf ][9 3 (Wi = Yo 0m®)(©) A + (ay an) 6@
=1

XU
2
= Z)\'L(Wl - 7(&1,&2)@5)(6:) + 7(&1,&2)¢(€)7
i=1

the result about the optimal strains follows from the strict convexity of Wy —
V(a1,a2)¢ and the non-strict convexity of W1 — v(q; a,)¢- O
4. Two-phase cubic solids in three dimensions

We generalize the preceding approach to the problem in three dimensions when
the elastic moduli o; and a5 are either (1) both cubic (c.f., Definition 4 below), or
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(2) well ordered (i.e., either a; < g or as < «1) and the smaller elastic modulus
is cubic.

Our approach succeeds when the elastic moduli are (1) both isotropic, or (2)
well ordered and the smaller elastic modulus is isotropic. Otherwise we obtain a
lower bound which is optimal except possibly in one regime.

For ease of exposition we will only present results for the case of both elastic
moduli being either isotropic or cubic. The extension of the results to the other
case is immediate (c.f., (4.11) below) and is thus left as an exercise to the reader.

Overview of §4. After introducing some preliminary definitions in §4.1, we in-
troduce the translation that we shall be using in §4.2 and use it to obtain a (non-
explicit) lower bound on the relaxed energy in §4.3. §4.4, 4.5 and 4.6 are concerned
with determining the amount of permissible translation. An important interme-
diate result is presented in §4.7 and explicit expressions for the optimal strains
in §4.8. In §4.9 we are finally ready to explicitly compute the lower bound pre-
sented in §4.3. In §4.10 we comment on optimality and the optimal microstruc-
tures.

4.1. Preliminary definitions.

R
Definition 1. Let R € SO(3). The linear operator £* (R33?) > L — L* €
L* (R3X3) is defined by

sym
L :=R(L(R"eR))R", Vee RIS

sym
It is easy to check that -7 preserves the algebraic structure of £* (R3%?):
VLi,Ly € L* (Rg’yﬁ?’),

(LiLy) = LELE.
In particular, when L € £* (R3X?) is invertible,
(Lfl)R _ (LR)fl.
Clearly,
ker(LT) = Rker(L)RT. (4.1)
Finally, we note that VR, Ry € SO(3),

(Raka) _ ((RayFz

Definition 2 (Orthogonal subspaces of R2%>). Let

sym
H := Span{I},
I :(6?8),
001

D= span { (3 98). (33 8]},

000 00 —1
O::Span{(g(l)g) (88(1)),(88(1))}.

000 100 010

(These symbols stand for “Hydrostatic”, “Diagonal” and “Off-diagonal” respec-
tively.) Note that R2X3 = H® D @ O.

sym
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. 3 T xz1 0 O
We write Diag (;z) to mean < 0 z2 0 )
3

0 w3
Definition 3 (Orthogonal projection operators). Analogous to (3.4), the orthog-
onal projection operators Ap, As, Ag, Ao € L% (R?ﬁf) are defined by

Range(Ap) = H,

Ag = Ag + A,

Range(Aq) = D,

Range(A,) = O.
Note that L

Ape = 3 Tr(e)l,
and
Ap+As =T e LL (RYY),
the identity operator. Moreover, VR € SO(3), AR = Ap and AT = A,
Definition 4 (Cubic elastic moduli). « € L% (R3%?) is cubic if IR, (a) €
SO(3) and k() p(e), n(a) > 0 such that
affe = 3kAp 4 2uAg + 2nA,. (4.2)

(Henceforth we shall leave the dependence on « implicit.) Here & is the bulk mod-
ulus, i the diagonal shear modulus and 7 the off-diagonal shear modulus.

Definition 5 (Isotropic elastic moduli). o € £% (R3?3) is isotropic if

sym
VR € SO(3), ot = a. (4.32)

Such an elastic modulus is of the form
a=3kAp +2uA, (4.3b)

where x(a) > 01is the bulk modulus and z(«v) > 0 the shear modulus. (Henceforth
we shall leave the dependence on « implicit.) Note that isotropic moduli are cubic
moduli for which . = 7. Note also that

a=LTr(-)] +2ul (4.3¢c)
where £ = x — 211 > 0 is the Lamé modulus.

Definition 6. For ¢ € R35? we define v (€) < va(€) < v3(€) to be the eigenvalues

of €. Moreover for a permutation ¢ on {1, 2, 3} let,

'Uzr(l)(e) 0 0
diag, (¢) := < 8 va(i))(e) 0( )> )
Uﬁ(g) €

Vg (2 (€) Vo (s)(€)
) 4.4)

To_(e) = <’Ud(3)(€) ’Ud(l)(ﬁ)
Vg (1) (€) Vo (2)(€)
and R, (€) € SO(3) to be a rotation that o-diagonalizes ¢, i.e.,
e = RT (¢)diag, () Ry ().

The subscript o is dropped when o is the identity map.
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4.2. Rotated diagonal subdeterminants as translations.

The determinant is a useful translation in two dimensions because it captures
information on strain compatibility: €;,€2 € Rfyff are strain compatible (i.e.,
I, n € R%, ea — €1 || ™ ®s M) if and only if det(e; — €1) < 0; the three-
dimensional analogue is that €1, € € RZ)? are strain compatible if and only if of
the three eigenvalues of €2 — €1, one is non-negative, another is zero and the third
is non-positive (c.f. Lemma 3.11).

Motivated by this we choose a translation of the form 3 - %, where 3 € R3 ,

R € SO(3) and ¢*: R3X3 — R3 is given by

sym
¢ (e) := ¢(R"eR), (4.5a)
553 — €22€33
P(e) = 6%1 — €33€11 | - (4.5b)

2
€19 — €11€22

For convenience we also define ¢;: R3x* — R, j = 1,2,3 by

;(€) = (¢(e)), ; (4.50)
note that these are the diagonal subdeterminants.
Quadraticity of 3 - ¢*. It is easy to verify that

1

ij(e) = §<Tj€7 6>3 .7 = ]-v 27 37 (463)

where T; € L* (R?ﬁf) 7 = 1,2, 3 are defined by
Tye:= ( - ) (4.6b)

0 €23 —e22
The := (_6338 K3 ) (4.6¢)

ez1 0 —eqn

—e€ €12 0
Tge = ( 6132 —6?1 0) (46d)
It is clear that T}, j = 1,2, 3, has eigenvalues —1, 0 and 1 repeated once, thrice

and twice respectively. It is easy to verify that

ker(As — T}) = span{f, (§§_1) (§§g)} (4.72)
ker(As — Tp) = Span {I, (731§§) (§ 0 é)} (4.7b)
ker(Ags — T3) :Span{l, (é—ﬁl%) (gé%)} (4.7¢)
For 3 € R} and R € SO(3), let §- T# € £* (R3:?) be defined by
3
B-TRe:=>" BTl (4.8a)
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Then, as is easy to verify,
1
G- ot (e) = 5<(ﬁ “TH)e, €). (4.8b)

Lete := (1,1,1). We digress for a useful remark on e - T and e - ¢* which
can be easily verified from (4.6).

Note 4.1. e - TT and e - ¢ are independent of R. In particular,

e-T=1I-Tr()I
— 94 + A, (4.92)

(%2 + €55+ 6%1) — (€11€22 + €20€33 + €33€11)

= 5 (T — (Tx())?)

= — (Vl (E)VQ(E) + V2(€)V3(6) + V3(6)V1 (6)) . (4.9b)

e ¢e)

Here v1(€) < va(€) < vs(e) are the eigenvalues of e.

Quasiconvexity of 3 - p*t. d)f, 7 =1,2,3, is quasiconvex since it is quadratic and
rank-one convex: Vm/,n' € R3,
OF(m' s n') = 6 (RT (m' @, n')R)
= ¢;((R"m") @, (R"n"))
= ¢ (m®sn)

where m = RTm’, n = RTn/; and, e.g.,

¢1(m @ n) = —(manz + mang)? — mangmans

=R NG

(m2n3 - m3n2)2

WV

It follows that V3 € R3 , 3- ¢ is quasiconvex. From [Zha03, Thm. 1.2] it follows
that V3 € R3, VR € SO(3), 8 - T* has atleast two positive eigenvalues.
3 - ¢ is not quasiconvex when 3 € R3 \Ri since fori # j = 1,2, 3,

BT e; ®sej = PB1,230\{i.5)€ s €5,

where {e1, €2, e3} is the standard basis for R3.
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4.3. A lower bound on the relaxed energy. I.

For v € L% (R33) let

Sym

Bo(R):={BeR|a-pB-T" >0} (4.10a)

sym 2

= {ﬂ € R} | Ve e R3S 1<a676> — B-¢(RTeR) > 0}
= {5 € R} |Ve e R3S, %(aReRT,ReRT> —B-p(e) = o} (4.10b)

—{Beri o™ - . T >0},

Note that
B, (R) ={B R |W; — B-¢™: convex}. (4.10c)
It is easy to show, e.g., using (4.10), that B,,(R) is compact and convex. Since
V3 € R3, VR € SO(3), B - T has atleast one (in fact, at least two) positive
eigenvalues,

a1 <y = VR € SO(3), By, (R) C By, (R). 4.11)

For o, a2 € L3 (R3$3) let

sym
B(al,a2) (R) = m?:lBai (R)
Since 3- ¢ is quadratic and quasiconvex we immediately obtain the following
analogue of (3.5) (c.f., Proposition 3.1 and §3.1.2):

Wi(e) > W (R, 3, €), 4.12
MO Z BB penin i A (12

where

W)\(R, ﬁ, E) = min A1W1 (61) + /\QWQ(EQ) (412b)

3x3
€1,62ERGT

AerFAzea= — A1A2 6 : ¢R(62 - 61)~
This immediately implies that

Wi(e) > max Wi(0, € (4.13a)
)\() BE€NReso @) Bay,ay) (R) A(ﬂ )

where

W)\(ﬂ, E) = Rg,ls’aé}%L?,) 617€g£3X3 )\1W1(€1) + )\QWQ(GQ) (413b)

Arer+Aoea=€ — )\1>\2ﬁ : ¢R(62 - 61)-

We have potentially lost some information in going from (4.12) to (4.13). We
show in Corollary 4.9 this is not the case when the elastic moduli are isotropic,
and in Theorem 4.32 that this is sometimes not the case when the elastic moduli
are cubic. We do not know whether this is true in general.

To evaluate the lower bound (4.13) we need more information about the set
NRreso(3)B(ay,az) (R). Thus in the next three sections we investigate, first the set
B, (R) and then the set Nreso(3)B(a,,a.) (1) When elastic moduli are isotropic
(64.5) and cubic (§4.6).



The relaxation of two-well energies with possibly unequal moduli 31

4.4. Characterizing the set of allowable translations. 1. Preliminaries.

For v € £% (R33) let

sym
Bo(R) = 0B, (R) N IR3,
B (R) := 0B (R) N Int(R3).
In other words B, ,(R) is that part of the boundary of B, (R) that intersects the
coordinate planes and B, . (R) is that part of the boundary of B, (R) that does
not intersect the coordinate planes; 0B, (R) is the disjoint union of B, ,(R) and
Boc,IH(R)-
From (4.10a) and (4.10c) it is easy to see that
Ba,w(R)={pB€ Ri | Wi — 3 - ¢ convex but not strictly convex }
={BeR} |a;—B-TH>0, a; —B-TH # 0},

Bo,(R)\ Ba,n.(R) = {B € R} |W; — 3 ¢™: strictly convex }
={BeR} |a;—B-T" >0},

Thus o; — 8- T is invertible on B,, (R) \ Ba, u.(R) but not on By, 4.(R).
For o, a2 € L3 (RE$3) let

sym
B(Otl,Oéz),IH(R) = 8B(a17a2)<R) n Int(Ri)
From (4.10a) and (4.10c) it is easy to see that
B(@17a2),ll+(R) = m?:lBaqz,m(R)a
B(m,az)(R) \B(al,az),m(R) = ﬁ12:1 (Bai (R> \BauIH(R)) :

Thus, both oy —3-T and cia— BT are invertible on B(a, a,)(R)\B(a, az)m (R)
and at least one of them is not invertible on B4, a,) . (R).

Lemma 4.2. For o, o1, a9 € LY (R?’XS) let Yo, V(a1,a0) > 0 be defined by

sym

1 1 -1
Vo 1= (lmlaxl <(a‘§(e . T)of5> e,e>) ) (4.14a)
V(ar,a2) = MIN(Yay, Vas)- (4.14b)

Then,
Yot € 0 (ﬂRGSO(B)BOz(R)) 78 (ORGSO(S)BQ,IH(R>) ;
Yiar,00)€ € O (NReso3)Blar,as) (R)) 0 (Nreso@) B (R)) -
In particular, VR € SO(3),

Ya€ € Ba(R)a Ba,m(R),
’Y(al,ag)e S B(al,ag)(R)a B*,u+(R)-
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Proof. Since, from Note 4.1, e - T¥ is independent of R, it follows that for suffi-
ciently small v > 0,

VR € SO(3), v'e - T € B,(R).
Since VR € SO(3), B, (R) is closed it follows that 37, > 0 such that
VR € SO(3), Ya€-T € By u(R).

That v, and 7y(q, ,a,) are given by (4.14) follows from a proof similar to the proof
of Lemma 3.2. The results follow. 0O

Note 4.3. From (4.9a),
(@ —yale-T)LI) = (ol I) + 270 |T]]* > 0.
This, with Lemma 4.2 gives,
1 < dimker(a —7,T) < dimRY —1=5. (4.15)

We end this section by observing that as a consequence of (4.1),

ker(a — 8- T%) = Rker(a® — 3-T)R”. (4.16)

4.5. Characterizing the set of allowable translations. Il. Isotropic elastic moduli.

4.5.1. The set B, (R). In this section we first show that for an isotropic elastic
modulus «, B, (R) is independent of R (Lemma 4.4). Then we explicitly charac-
terize B, (Lemma 4.5), the normal cone to B, . (Lemma 4.7) and ker(a— - TR)
on a subset of B, ;, (Lemma 4.8).

Lemma 4.4. When « is isotropic, B, (R) is independent of R.
Proof. By the definition of isotropy,
VR € SO(3), (aReR”, ReRT) = (ae, €).

This, with (4.10b), immediately implies that for isotropic «, B, (R) is independent
of R and has the characterization

By={BeR} |a—3-T>0}

4.17
{pertiveeryit, Jocg-g-000 20} 7
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Lemma 4.5 (Characterization of the set of allowable translations. I). Ler o be
isotropic. Then,

Ba = S("@:u)

= {8 € [0,2u° | 26818585 — ((8))* + (By)* + (85)%) + 1 > 0},
(4.18a)
Ba, = Sk, 1)
= {6 € [0,20° N IR | 261605 — ((B1)* + (B2)” + (B3)%) +1 > 0},
Ba,11+ = Sm(/ﬁ M)
= {8 € (0,21 | 2810505 — ((B1)” + (53)* + (B5)°) + 1 = 0}
(4.18b)
Here, fori=1,2,3,

_ {4 B;

.
bi: 04+ 2u

4.19)
Proof. From (4.17),

By ={B R} |Ve e Ry, (ae,e) — 26 ¢(e) >0} .
A calculation reveals that
(ae,e) =26 ¢(€) = (£ +2u)(e]) + €3 + €33)
+2(L+ B3)eri€a2 + 2(€ + B1)eaness + 2(0 + [a)essenn
2201 — )€ + 220 — B1)ds + 2201 — Ba)ély.

This function is non-negative precisely when 01, 32, 3 < 2u (i.e., 3’ € |
and the Hessian
042p 0+Bs (452
H:=2 <€+53 4+2p £+ )
L+B2 451 €42

of (E-l— 2/1,) (6%1 + 6%2 + 6%3) + 2(£+ﬂ3)611622 + 2(£+ﬂ1)€22€33 + 2(£+ﬁ2)€33€11
is positive-semidefinite. Set

1 1 B3 By
H:=——_H= <[3’ 1 5/)
L - 3 1 9

and verify through calculations that its invariants are

¢ 13
7z 1

TrH' =3,
((Te(H"))? = Tr((H')?)) =3 = ((81)° + (B)* + (83)%) ,
det H' = 2813585 — ((81)° + (B3)” + (85)%) + L.

N =

The result follows. O
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Fig. 4.1. The set Si. (3, 2).

Note 4.6. The surface Sy, (3, 3) is illustrated in Figure 4.1. We highlight certain
features of S so that its geometry could be better understood.

1. S(k, ), S..(k, i) and Sy, (s, i) intersect the coordinate axes at 2.
2. S, (k, ) consists of three segments of ellipses: When 83 = 0, (4.18b) reduces
—(04+2u) (BT +63) 42001 B —4u(Br +B2) +12£p> +-81* = 0, which is the

equation of an ellipse. The same is true when 83 = $; = 0and 5, = 82 = 0.

3. The intersection of S(, ;1) and Sy, (k, ;1) with the plane (33 = 2y is the straight
line segment 3; = (2 € [0, 2u]; similar statements are true when 3, = 2y and
B3 = 2. Thus the intersection of S(x, u) with Span {e} is {2pe}. Thus, when
« s isotropic, (c.f., (4.14)),

Yo = 2.
Subregions of S,, and S,,. It is useful to divide S and S, (k, @) into subregions.

The definitions below are motivated partially by Note 4.6 and partially by results
to follow. Note that some of these subregions are independent of .

Si(k; p) i= Sy (ki 1) \ Shean (),

Suan(p) = U2y S (); (4.20a)
Sk (i) = {(211,0,0)7}, (4.20b)
S (p) = {(0,21,0)T}, (4.20¢)
S () = {(0,0,2)T}; (4.20d)
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S (k, 1) = Sk, ) N {B ERE | By, B5 > Bu} (4.21a)

S\ (k, 1) = Su(k,p) N {B € RE | B3, B > Ba} (4.21b)

S (i, 1) 1= Su(s, 1) N {BERY | By, B2 > Bs}; (4.21c)
Sup) = U2y S (); (4.22a)
S () = {B €RY | B2 = 5 € (0,2p), B = 2u} , (4.22b)
S () = {BERL| By = B1 € (0,21), Bo = 2u} , (4.22¢)
S () == {B € RE | p1 = B2 € (0,2u), B3 = 21} ; (4.22d)
Smeav (1) 1= {2pe}. (4.23)

Note that Sy, (k, 1) is the union of the disjoint sets sib (K, u) S’I§+ ) (ky ), S (K, ),
Si(p) and Syev (p4). For conciseness we shall write, e.g., (Sl&m SIEII )(1) to mean
SISH)I (N’) U Slgll) (M)

The surface Sy, (K, 1) \ Sy (14
normal to S(k, ) at 8 € Sp.(k, 1)

) is smooth. From (4.18b), N(/3), the outward
\ Smarv(it) is given by

N®B) - (2/315253 ((B1)2 + (85)* + (83)%) + 1)
(v aﬂ, (2ﬂ1ﬂ263 (B +(85)" + (83)*) +1)
81— 8203
([ EEEAC I (4.24)
A

(We use “|||” to mean “parallel and not anti-parallel”.) The next Lemma fills in
some important details.

Lemma 4.7 (Outward normal cone to Sy.,). Let « be isotropic. Let N () belong
to the outward normal cone to S(k, p) at 3 € Sy, (k, ). Then

Ri on Syan(14),
sen() € 3{(§) - (5): (8)} onsut.
{(i)a(%)&%)} elsewhere on Sy, (K, ).

More precisely (4.25) and (4.26) below hold.
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Proof. We prove the last case by showing that,

(_,+,+)T on Slg)("{a,uf)v
sign(N) = ¢ (+,— )7 on S (k, ), (4.25)
(+,4, )T on S (k, ).

Let 8 € StV (k, 11). From (4.19),

B2, B3 > B <= B5,05 > B1.

Clearly,

By — B3] >
B3 — B8y >

so, from (4.24), it remains to show that 8] — 3534 < 0. It is a calculation to verify
that (4.18b), which defines S, (k, i), may be rewritten as

(B +8)° , (35— B3

2 Tapy "

Thus, the intersection of Sy, (k, 1) with a plane of constant 31 is an ellipse with
minor and major axes equal to /2(1 + f7) and 1/2(1 — 37) and oriented in the
(1,1) and (1, —1) directions respectively. This is shown in Figure 4.2. This ellipse

intersects the hyperbola 3535 = 31 at (85, 05) = (1,41) and (5%, B5) = (681, 1),
and the portion of the ellipse consistent with our assumption 31 < 05, 55 satisfies
B1 — 85645 < 0. The cases 3 € Séf)(ﬁ, w)and 3 € SS’)(F;, () are analogous.

The second case follows immediately from (4.19), (4.22) and (4.24). Indeed,

(+,0,0)” on 8 (u),
sign(N) = < (0,+,0)T  on S (1), (4.26)
(0,0,+) on S (n).
Thus,

~ lim NB)=e;, i=1,2,3.
Si) (n)38/ —e

The first case follows from this and the fact that the normal cone to any surface is
convex. [

We end this section by characterizing ker(a — 3 - TF).
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Bi
Bl -B; B3<0
1 \
L B{~3=0
B

Fig. 4.2. A section of the set B y, through the plane 3 = constant.

Lemma 4.8 (Kernel of the translated elastic modulus). Let « be isotropic. Then,

ker(a — 3 -T%) = Rker(a — - T)RT,

soan {(§18) - (

) } on (S/(&lu)l U SISP)(,U),

[elele)]
oo
| [e]e)
[l
—OO
oo

100 001
soan{(§ ) (§§0)} on (s,
ker(a — 3-T) =
610), (100 ®) g
Span (8 018>’((1)88>} on (SI&IIIUSIII )(H),
Do O on Sm&lv(,u)~

Proof. The first statement follows from (4.16) and the isotropy of «.
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When 3 € (S U SS)) (), from (4.22) and (4.20), 81 = 2 and B = f5 €

[0,2p). Thus from (4.3) and (4.6),

(a—0-T)e
=Qe — (2,uT1 + ﬂQTQ + /BQTB)E

=r(€11 + €22 + €33)

e11+€eante
€17 —S117°227°33 €12 €31
€ +e€ “+e
+ 2/1, €12 €gp— 111227533 €23
e11+eante
€31 €23 €33 — HLE2583

0 0 0 —e33 0 €31 —e€go €12 0
—2”(0*633 €23 )—ﬂg( 0 0 0 )—ﬂg( €12 —5110)

0 €23 —e22 ezr 0 —e1n 0 0 0

(k—2p)(e11+€22+e€s3)
2pu— € 2pu— €
246114 BoenntBacas (2u—pP2)e12 (2p—P2)e3n
_ (k—2p)(e11+€22+e€33)
= 2p— € 3 0
(Zu=P2)erz +P2e11+2pe22+2pe33
(k—2p)(e114€22+€33)
20— 0 3
(2u=P2)en +B2e11+2pe22+21e33

Thus (« — B - T)e = 0 if and only if €37 = €12 = 0 and

2
(k— gﬂ)(ﬁu + €22 + €33) + 2pu€11 + PBa€ax + Paezz =0,

2
(k — g,u)(en + €22 + €33) + [ae1r + 2pean + 2pess = 0.

4.27)

When 33 # 2p these four equations are independent: dim(ker(a— - T)) = 2. It

is easy to verify that

00 0 000
(435) (§}) cxerte—s-m

This proves the first statement; the proofs of the second and third statements are

almost identical.

The fourth statement immediately follows by setting 52 = (83 = 2u in (4.27).

Alternatively, from (4.3) and Note 4.1,

(o —2pe-T)e= (LTr(e) 4 2pe) — 2u(e — Tr(e)I)
= (04 2p) Tr(e)I.

It follows that,
€ € ker(ow —2ue - T) <= Tr(e) =0.

This completes the proof. O
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4.5.2. Theset B(,, o,)(R). Finally we explicitly charactetize B(q, ) () (Corol-
lary 4.9) and the normal cone to B(q; ay),1. (Corollary 4.10).

Using (4.11) if necessary, we immediately have the following corollary to
Lemmas 4.4 and 4.5:

Corollary 4.9 (Characterization of the set of allowable translations. II). Ler oq
and oy be isotropic. Then By, o,)(R) is independent of R. Moreover

Bay,az) = S(k1, 1) N S(ka, p2)

and (cf, (4.14)),
V(er,o2) = 2 min(/fflv NZ)

Lemma 4.7 can also be extended:

Corollary 4.10. Let a1 and oo be isotropic. Let N € Ri belong to the outward
normal cone 10 B(q, a0 - Then

Ri on SIII&IV(min(/’(‘l ; M2))a

sign(N) € {(J(g) ) <$) ) ( 8 )} on (Siem U Sy) (min(py, p2)),

0 0 +

{(1)- () (1)} etwtere.

Proof. The first two cases are easy, once it is observed that, from the geometry of
S(k, 1),

(Sm ) Sm&[v)(min(ﬂla N2)) - Su+("£1a Ml) N SII+(K‘27 ,U2)~

We turn to the third case. In addition to the corners of Sy, (1, pt1) and Sy, (K2, p2),
S (K1, 1) N Sy, (K2, p2) can have corners where Sy, (k1, 1) and Sy, (K2, p2) in-
tersect.

Consider the case 3 € Sﬁ)(m, p1) N S[(I})(/-cz, 2). From (4.25) the sign of
the normals at 3 to both Sﬁ)(m, u1) and Sﬁ)(ng, p2) is (=, +, +)T. It follows
that sign(N) = (—, +, +)7. The cases 3 € S[(f)(m,ul) N Sf)(/@g,m) and 8 €
Slgf’)(m, 1) N SIS’) (K2, t12) are analogous. (From (4.21) it is clear that there are
no other cases.) O

4.6. Characterizing the set of allowable translations. 1Il. Cubic elastic moduli.

In this section we extend the results of the previous section (§4.5) to cubic
moduli. Since the case . = 7 has already been considered there we shall prove the
results in this section only for p # 7.
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4.6.1. The set Nrcso(3)Ba(R). After some preliminary results, in Lemma 4.13
we at least partially characterize Ngc So(g)Ba(R). This result derives its impor-
tance from Lemma 4.14 which shows that VR € SO(3), aft —3-T is not invertible
on a certain subset of Npes0(3) Ba (). We end by characterizing ker(afte —3.T)
on this subset (Lemma 4.16) and characterizing ker(ov — yoe - T') (Lemma 4.17).

Lemma 4.11. Let o be cubic. Then

S(k,min(,m)) € Nreso)Ba(R) C S(k, max(p,n))

Proof. From (4.2),

3kAp 4+ 2min(p, n)As < afts < 3kAp + 2max(u, 1) As

and thus, by using (4.3), VR € SO(3),

3kAp + 2min(p, n)As < off < 3kAp + 2max(u, 1) As.

From (4.11) and Lemmas 4.4 and4.5,
S(k, min(p,n)) € Ba(R) € S(k, max(p,n)),

from which the result follows. 0O

When « is cubic, B,r. and B, r. ,, have simple explicit characterizations:

Lemma 4.12. When « is cubic,

[ EIGYD) ifn = p,
: S, 1) N[0, 20 if pu > s
B _ S (K, 1) ifn = p,
alo v — .
Sus(r, 1) N(0,20)°  if =1

The proof of Lemma 4.12 is almost identical to that of Lemma 4.5. Lem-
mas 4.11 and 4.12 immediately lead to the following at least partial characteri-

zation of Nreso(3)Ba(R) when a is cubic:
Lemma 4.13. Let « be cubic. Then, when n > p,
Nreso3) Ba(R) = S(k, p);
and, when . > n,
S(k,m) € Nreso) Ba(R) C S(k, 1) N[0,20]*.
In particular,

S(k, min(u,n)) € Nreso(s)Ba(R),
(SI&III U Sm U Sm&/v) (mln(,u )) ,Q 0 (mRESO(?))Ba (R)) .

(4.28a)

(4.28b)

(4.28¢c)
(4.28d)
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Proof. When n > p, (4.28a) follows immediately from the observation that
S(k, 1) € Nresom Ba(R) C Ba(R) = S(k, ).

(The first inclusion follows from Lemmas 4.11 and the last equality from Lemma 4.12.)
When p > 7, again from Lemmas 4.11 and 4.12,

S(k.m) € Nreso Ba(R) C Ba(RT) = S(r, 1) N[0, 20
In both cases (4.28c) and 4.28d follow immediately from (4.28a) and 4.28b. O
Thus, for cubic «, (c.f., (4.14)),
Yo = 2min(p,n). (4.29)

Lemma 4.14. Let o be cubic. For any R € SO(3), a — 3 - T is not invertible
when 3 € (S U Sy) (min(p, 7).

Lemma 4.17 shows that the result is true also for 8 € Sy (min(p, 7)).

Proof. We begin by observing that a*> can be written as the sum of non-negative
operators as

oo 3kAp +2uAs + 2(n — p)Ay  ifn > p,
3Ap +2nAs +2(n —n)Ag  ifp >
Let R € SO(3) and R := R;'R’. Then
ot = gRaR
3kAR 4+ 2uAs +2(n — p) AT ifn > p,
3kAp 4+ 20Ag +2(p — ) A" if > .

From (4.1) it suffices to show that VR’ € SO(3), a® — 3-T is not invertible when
B € (Siem U Sy (min(u, ). Consider first the case

ﬂ € (SIEE}]I)I ) SI(Hl) U Sm&lv)(min(ﬂa 77))

Then from (4.22), (4.23) and (4.20), 3 = (2min(u,n), B2, 32)T and B> € [0, 2min(u,7n)).
We consider the cases ¢4 > 7 and 1 > p separately.
> n: Using Note 4.1,

OéR/ —ﬁ'T:OéR/ —526~T—(27’]—52>T1
= (3k +202)An + (20 — B2)(As — T1) + 2(pu — ) Ag™. (4.30)

Since, from (4.7),

ker (3 + 202) Ap + (20 — B2)(As — T1)) = Span { (§

oo
N———
ooo

(4.31)
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off — BT is invertible only if

2.0 0 010 001
:Span{I,<0—1 0 ),(100),(000)}
00 —1 000 100
Since dim ker (AdR) = dim ker(Ag4) = 4 the inclusion above is in fact an equal-

ity. Le., o® — 8- T is invertible only if Vz € R3,

21 T
Ad (RT ( -”E21 —-”E21 03 ) R) =0.
T3 0 —T

Le., Vz € R?,

(3R%1 — 1Dxy + 2R11Ro129 + 2R11 R3123 = 0,
(3R%, — 1)x1 + 2R12R30w9 + 2R19R3ow3 = 0,
(3R3; — 1)z1 + 2R13Ro372 + 2R13R3373 = 0.

This implies that R = 0 (e.g., pick = ey, e, e3), which is a contradiction.
1 > p: Similar to the case > 7,

o' =BT = (35 +262) Ap + (21 — B2) (As = T1) +2(n — ) A" (4.32)
and o® — - T is invertible only if
fer (4,7) < (soen { (4 8) - (880)))
Now,
ker (A,,R) — Rker(Ao)RT = {R (mgl xz 0 ) R |ze R3}

Thus o — (G - T is invertible only if Vz € R3,

(R(G o) R (815)) =0
xr3 -
1 00
(R(80) B (
x3
Le., Vz € R?,

Ro1R3171 + Ra2 R3272 + RasR3zws = 0,
(R3, — R3))x1 + (R35 — R3y)aa + (R33 — Ris)ws = 0.
This implies that R = 0 (e.g., pick = ey, e, e3), which is a contradiction.
Similar results hold for § € (SIEEH)] U Sﬁ?)(min(p,n)) and § € (5}(&?;[)I U
S§7)(min(p, ). O
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Corollary 4.15. Let « be cubic and 3 € (S U Sy)(min(w,n)). Then, for any
R € S0(3),

dim ker(a — - TR) _ {2 if v is isotropic,

1 otherwise

Proof. When « is isotropic the result is immediate from Lemma 4.8; we turn to
the case when « is not isotropic.
From the proof of Lemma 4.14 (c.f., (4.30), (4.31) and 4.32),

1 < dimker(a— 8- TF) < 2. (4.33)
Let 8 € (S]Eg}n), U Séll))(lnin(y,n)). We consider the cases 4 > nand n > pu
seperately.
> n: From the proof of Lemma 4.14 (c.f., (4.30) and (4.31)),
dimker(a — - TH) =
> ker(Ag") = Span {(

0
0
0 —
Vo ER, Ad(RT(O% v )R) _

( % % )JC + 2R21R31y
— Vz,y € R, (R22 R32)$ + 2R29 R30y
( R33)$ + 2R23R33y.
This implies
R%, — R2, = R, — R%, = R2; — R%, =: k; (say), (4.34a)
Ro1R31 = RoaR3s = Ra3Rss. (4.34b)

(4.34a) implies
1= R% + R%, + R3; = R%, + R%, + R%; + 3k; = 1+ 3k,

and thus ky = 0, giving, R3; = R%,, R3, = R3, and R3; = R%;. This,
with (4.34b) implies

R21 = R31 = R22 = R32 = R23 = R§3 = k% (say).
Thus R € SO(3) is of the form

(i}ez Ly i}c2>

+ky +ko ko

which is a contradiction since the second row of the matrix above cannot be or-
thogonal to the third row (for any choice of signs). Thus dim ker(a — 3-T%) # 2.
The result follows from (4.33).
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n > p: From the proof of Lemma 4.14 (c.f., (4.31) and (4.32)),

(Ro2R31 + Rp1 R3)y = 0,
— Vr,y €R, (R21R23 — R31Rag)x + (R23R31 + Ry Rasg)y = 0,
(R2oRa3 — R3aR33)x + (RasR3z + RaaRss)y = 0.

Ro1Roo — R31R32 =0, RaaR31 + Ra1 Rz =0,

= { Ro1Ro3 — R31R33 =0, Ro3R31 + Ro1Raz =0,

RooRa3 — R3aR33 =0, RogR3z + RaaR3z = 0.

Squaring and adding these three pairs of equations gives,

Le., at least two of R%, + R%,, R3, + R3, and R%, + RZ; must vanish. It is easy
to see that no such R € SO(3) exists. Thus dim ker(a — 3 - T®) # 2. The result

(R3, + R3,)(R3, + R3,)
(R3, + R3,)(R33 + R3s)
(R3, + R3,)(R33 + R3s)

)

0
0,
0

follows from (4.33).

Similar results hold for 3 € (S,g,), U SIE?))(min(p, n)) and B € (S[(&?f[)[ U

S (min(u, 7). O

We end this section by characterizing, in Lemma 4.16, ker(a®« — 3. T') for
B € (Sim U Sy )(min(s,n)) and characterizing, in Lemma 4.17, ker(a — 3 - TT)

for ﬂ € Suav (min(,ua 77)):

Lemma 4.16. Let o be cubic. When n > 1,

[=]e)e)
o=Oo

Span{(
Span { (é §

Span { (

D on Slll&lv(ﬂ);

0
_01 ) } on (S,(&ln), ] Sl(ul))(u)a

§1 )} on (SI(&2II)I U 51312))(#)7
ker(afe — 5. T) =

[=Nelng

0 0
= 8)} on (S5 U S (),
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and when 1 > 1,

Span { (
Span { (
Span { (

(@) on Sm&lv(n)-

[e]eslen)
=OO
oo

N—

} on (S1Es;111)1 U S:(ul))(n),

=l
[e]enlen}
oo

)} on (S1Eg211)1 U 51(112))(77),
ker(affe — 3-T) =

on (S5 U SS (),

oo
(=l
[=lelw)

SN—
——

The case p = n was considered in Lemma 4.8.

Proof. We consider the cases 7 > p and p > 7 separately.
n > p: When 8 € (S8 U S{V) (), from (4.22) and (4.20), B; = 24 and
B2 = B3 € [0,2u). From (4.2) and (4.6),

(affs — B -T)e
:O[RO‘E — (2/JT1 + /32T2 + ﬁQTg)E

=r(e11 + €22 + €33)]

511—ul+6?§2+5 0 0 0
€12 €31
+ 2/,L 0 6227% 0 + 2’]7 (612 0 e€a3 )
0 0 633_511+E%2+633 €31 €23
0 0 0 —e33 0 €31 —€z2 €12 0
72#(07633 623)752( 0 0 0 )752(512 76110)
0 €23 —e€22 ez1 0 —enn 0 0 0
(k—2p)(e11+€22+e€s3)
2n— 29—
+2pe11+PB2e22+P2e€33 (2n=P2)er2 (2n—PB2)es1
_ _ (k—2p)(e11+€22+€33) -~
o (2n=Fa)er +B2€11+2pe22+2pezs 2n—p)ezs (4.35)
(k—2p)(e11+€22+e€33)
2n— 3 2(n— 3
(2n=PFa)ea (n=pezs +P2€11+2pe2z+2pes3
Thus (. — B - T')e = 0 if and only if €23 = €31 = €12 = 0 and
2
(k — g,u)(Gn + €22 + €33) + 2pe11 + Pz + Paezz = 0,

2
(k— gﬂ)(én + €20 + €33) + Pacr1 + 2pean + 2peszz = 0.

When (35 # 2u the last two equations are independent: dim(ker(aw — 3 -T')) = 1.
It is easy to verify that
( 0
0
0

This proves the first case; the proofs of the second and third cases are almost
identical.

oo

81) € ker(a — - T).
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The fourth case immediately follows by setting B, = (3 = 2u in (4.35).
Alternatively, from (4.2) and Note 4.1,

afte —2ue- T = (3 + 4p) Ap + 2(n — p) Ao
It follows that,
€ € ker(afte —2ue-T) <= Ape = Aye = 0.

1> n: When 8 € (S& U S$)(n), from (4.22) and (4.20), 3; = 27 and
B2 = B3 € [0,2n). From (4.2) and (4.6),

(afte —3-T)e
:O(Ra€ — (27’]T1 —+ ﬂng —+ ﬂ2T3)€

=rk(e1n + €2 + €33)]

611,% 0 0 0 e e
+2u 0 eap— SFe22Tess 0 o (512 5 523>
0 0 533,% €31 €23 0
0 o 0 —e33 0 €31 —€23 €12 0
_27’](0—633 €23 >—ﬁ2( 0 0 O )—ﬁz( €12 _6110)
0 €23 —e€22 €31 0 —e1q 0 00
(K_%#)(€11+522+€33)
2n— 2n—
+2pe11+B2e22+P2€33 (2n=pz)erz (2n—P2)es
2
= 21n—LBs)e (k—%p)(e11+e€22+€33) 0 436
(2n—Fa)era +B2€11+2pea2+2n€s3 ( )
2
2n—PB2)e 0 (k—%p)(e11+e€22+€33)
(Bn=pa)e +B2€11+2n€22+2p€33

Thus (o — - T)e = 0 if and only if €37 = €30 = 0 and

2
(k — gu)(ﬁn + €22 + €33) + 2uerr + Paean + Paezs =0,

2
(k— gu)(m + €22 + €33) + [aerr + 2pean + 2nezs = 0,

2
(k= gM)(EM + €29 + €33) + Po€11 + 2n€an + 2puezs = 0.

When (35, 11 and 1) are distinct, the last three equations are independent: dim (ker(a—
8- T)) = 1. From (4.36) it is clear that

000
(8(1)(1)) € ker(a — - T).

This proves the first case; the proofs of the second and third cases are almost
identical.

The fourth case immediately follows by setting B2 = (3 = 27 in (4.35).
Alternatively, from (4.2) and Note 4.1,

affe —2ne - T = (3k + 4p) A + 2(p — 1) Ao
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It follows that,
e € ker(af —2ue - T) <= Ape = Age = 0.
O

Lemma 4.17. Let o be cubic. For any R € SO(3), a — 3 - T is not invertible
when 3 € Syen(min(u,n)), i.e., when = 2min(u, n)e. Moreover,

RIDR. ifn > p,
ker(o — 2min(u,n)e - T) =< DD O  ifu=n,
RYOR, ifu>n.

Proof. We observe first that
ker (a -0 TR) = ker (QR”RS -0 TRRaRg
= R! ker (aR“ —-f- TRR“) R,
where we have used (4.1). In particular, when § = 2min(u, n)e, from Note 4.1,
ker (o — 2min(p, n)e - T%) = RL ker (o — 2min(u,n)e - T) Rq.

The result follows by combining this with Lemmas 4.8 and 4.16. O

4.6.2. The set Nrc50(3)B(ay,a.) (). Finally, in Corollary 4.18, we partially
characterize Npc SO(g)B(ahaz)(R) and, in Corollary 4.19, the normal cone to

mRGSO(?))B((Xl,OZQ),IH'
Using (4.11) if necessary, we immediately have the following corollary to
Lemma 4.13:

Corollary 4.18. Let oy and oo be cubic. Then

Nreso3)Blar,ax) (1) 2 S(k1, min(u1,m1)) NS (K2, min(ug,12)), (4.37)
3} (ﬂRESO(ZS)B(al,az)(R)) 2 (SI&III U Sy U SIII&IV) (min(,uly n, U2, 772))

and
V(ey,2) = 2 min(p“h m, K12, 772)

Lemma 4.7 can also be extended:

Corollary 4.19. Let oy and oo be cubic. Let N € Ri belong to the outward
normal cone 10 B(q, a0 - Then

Ri_ on Slu&lv(min(,ula i, K2, 772))7
+ 0 0 .
Sign(N) S {(8) , (g) , (3)} on (Sz&mU5111)(m1H(M177717M27772))7

( i ) } elsewhere.
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4.7. An optimal rotation diagonalizes the optimal strain jump.

Now that we have attained our goal of characterizing—to a degree sufficient
for our purposes—the set Npes0(3) B(ay,as) (1) (c.f., (4.13a)) we turn to the max-
imizatio over SO(3) in (4.13b). The main result of this section is:

Theorem 4.20 (An optimal rotation diagonalizes the optimal strain jump).
There exist R.(,€) € SO(3) and €;(R.,3,€), €5(R.,[3,€) € R3x3 that ex-
tremize (4.13b) such that RT Ae* R, is diagonal.

(From Note 4.1 this is trivially true when (3 || e.) Our proof of theorem 4.20
uses doubly stochastic matrices and is presented at the end of this section.

Doubly stochastic matrices. Doubly stochastic matrices are square matrices, all of
whose entries are non-negative and each of whose rows and columns add up to one.
{2,,, the set of all doubly stochastic matrices in R"*", is a (n — 1)2-dimensional
convex set. The set of extreme points of (2,, is IP,,, the set of permutation matrices
in R™*™ ([Bir46] or, e.g., [MI79, pg.19,34]). In particular, the set of extreme points

of {23 is
100 0 1 10 010 001
PS;:{<010),<0 ),( 0),(00 ),(100),(010)}.
001 1 0 01 001 100

Note that the first three of these belong to SO(3) and the next three to O(3) \

SO(3).

The following lemma is elementary:

[=lelsg
oo
oo
[ =l=}
oo

Lemma 4.21. Let v,w € R"™. Then

1. D, € P, that maximizes §2,, > D — Dv-w € R.

2. The ordering of the components of D,v is the same as the ordering of the
components of w. Le., if o is a permutation of {1,2, ... ,n} such that w,(;y <
Wo(it1) 1 = 1,2,...,n—1, then (Dsv)s0y < (Di)g(ig1), = 1,2,...,n—
1.

3. The maximizer is unique precisely when all the components of v are distinct
and all the components of w are distinct.

We define S: SO(3) — {25 by

Ry1 Ria Rus Ry Rip R
SO(3) > | Rat Raz Ras | V> | R2, R2, R%, | € 025 (4.38)
Rs1 Raz R RS, RS, Rig

Some of the following properties of S will be used in the sequel.

Lemma 4.22.

1. VP € P3, ¢(PTeP) = PT¢(e).
2. VP € P35\ SO(3) there exists R(P) € SO(3) such that

¢(PTeP) = ¢(R(P)"eR(P).
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3. For R(P) defined as in (2), S(R(P)) = P. Thus P; C Range(S).

4. The fixed points of S are precisely P3 N SO(3) (and thus P3 N SO(3) C
Range(S)); S can be extended to a map from O(3) to (23, in which case its
fixed points are precisely Ps.

5. S'is not onto.

Proof. The first statement is easily verified.

(2): Each P € Pj is a matrix precisely three of whose components is 1. For
each P € P\ SO(3) replacing one or three 1s by —1 generates a matrix R(P) €
SO(3). It is easily verified that for every such choice of R(P), #(PTeP) =
D(R(P)TeR(P)).

(4): This follows from the fact that the only fixed points of R 3 z — 22 € R
are 0 and 1.

(5): Assume on the contrary that 3R € SO(3) such that

1 /111
s =3 (1) e

Then, from (4.38), for some choice of signs

1 +1 41 +1
R:—(ﬂiuﬂ).
V3 \E1 131

However the rows and columns of this R cannot be orthogonal: R ¢ SO(3), which
is a contradiction. O
Lemma 4.23. Let ¢ ¢ R;?yjf’ and R € SO(3). There exists D € (25 such that
B¢ (e) = —Dp-T(e).
Proof. Let R’ := R(€)R. Then

RTeR = (R(e)R)T diag(e) R(¢)R = (R)T diag(e) R'.

An easy exercise reveals that

" (e)
(Roo Ry — Ry Ros)® (Rog Ry — RigR5,)* (R Ry, — Ry Ry,)?
= — | (R Ri3 — RipRg3)* (RisRyy — RigRyy)? (R Ry, — Ry Ryy)°
(RipRys — Ry Ri3)® (RigRy — Rz Ryy)? (Riy Ry — Ry RY,)?
Y(e) (4.39)
Using the fact that the rows and coulmns of R’ are orthonormal,
(R11)? (R1p)” (Ri)?
B-o"e) =~ | (Ry)* (Rh)® (Rhs)* | T(e)
(R51)? (Rig)? (Rfy)?
=—B-S(RT(e)
=—(S(RY'B-T(e) (4.40)
=—-Dg -7 (e).
where D := (S(R(e)R))T. O
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We are now ready to prove Theorem 4.20:

Proof (of Theorem 4.20).

The existence of R,(3,€) € SO(3) and €}(R,, 3,€), e5(R,,[3,€) € RIF
that extremize (4.13b) follows from the continuity of SO(3) x R} 3 (R, €) —
W (R, 3, €), the convexity for each R € SO(3) of W; — 3 - ¢, and the com-
pactness of SO(3). It remains to show that RT Ae* R, is diagonal. From (4.13b)
and (4.40),

Wi(8,€) = Ré%%}%?,) 6176121161%” MWi(er) + AaWa(ea)

Meatrzea=e + A1A2ST (R(ea — e1)R)B - T(ez — €1).
Thus

Wi(8,8) < MW (e1) + AW 4.41
(5, €) Degg;(e(s) el,eljleR“:" 1Wi(er) 2aWa(e2) ( )

Merdrses—e FAADB-T(ex — €1),

where the inequality arises since we are replacing ST (R(ez — €1)R) with an ar-
bitrary D € (23. From Lemma 4.21(1), there exists D, € P3 that maximizes the
function

93 5D — min )\1W1(61) + )\QWQ(GQ) + Al)\gDﬁ . T(€2 — 61).

3x3
€1,€2€ERGL

A1€1+A2ea=¢€
Since, from lemma 4.22(4), P3 C Range(.S), this implies the existence of R, €
SO(3) such that S(R(Ae*)R,) = D,. Thus the inequality in (4.41) is actually an
equality. Further
S(R(A€e")R,) € P3 = R(A€*)R, is a signed permutation matrix
— (R(Ae")R,)Tdiag(Ae*)(R(Ae*)R,) is diagonal
— RT Ae*R, is diagonal

which completes the proof. O

Note that, since R*TAE*R* is diagonal, for some permutation o (c.f., (4.5)
and (4.4)),
o™ (Ae*) = ¢(RT Ae*R,) = T, (Ae*). (4.42)

4.8. Explicit expressions for the optimal strains and stresses.

We return to the minimization problem (4.12b) and find the minimizers €5 (R, /3, €)
and €5 (R, 3, €).

The expressions in this section can be obtained from those in §3.1.4 by the
formal substitution of 3 - T for 8T, 8 € B(a,.as)(R) \ B(ay,a) . (R) for g €

[07 7(a1,a2)) and ﬁ S B((xl,az),m(R) for ﬁ = ’7(041,(12)-
By differentiating the argument on the right-hand side of (4.12b),

ai(e] — €1) —an(es —€3) + (B-TT)(es —€]) =0 (4.43)
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In other words,
Ac* = (B-TH)Ae* (4.44)

where
Ae* = €5 — €],
* . _* *
Acg* =05 — 07,

of == a;(ef —€)), i =1,2.
Since A\1€] + Aoe5 = €, (4.43) gives
()\20[1 + )\10(2 — ﬂ . TR)ET = (O[Q — ﬂ . TR)(?* )\gA(OéET),

(A1 4+ Mg — 8- TRy = (g — - TR)e+ M\ A(ae),
(A2a1 + Mg — B-TH)Ae* = Alae") — (Aa)e.

where
Aae") := agely — age],
Aa = oy — .
If B € Bla,,a0) (R ar,az2),m (1), then from §4.4 it follows that Apar; + A —

B-TE = N\y(ay — ﬁ T<R )4 A ( ag — 3-T%) is positive definite since it is the sum
of two positive definite linear operators. Consequently, we may invert the relations
above to conclude that

(R, 3,6) = (Maoq + Mg — - TR)_l (4.45a)
((ag —B-Th)e— )\QA(aeT)) ,

(R, B,6) = (Aocu + Aag — §-TR) ™ (4.45b)
(a1 = 8- TM)e+ M Alac")

Ae*(R,3,6) = (Aaa1 + Aoz — - TR)_l (4.45¢)

(A(ae™) — (Aa)e) .

If 3 € Bia,,a0),1.(RR), then Ayay + Ay — 3+ T might only be positive semi-
definite. However, the minimization problem (4.12b) is quadratic. So we can have
one of two situations: either (1) the minimum is finite and the solutions in (4.45)
make sense up to a constant in ker(Apa; + Ajas — 3-TT), or (2) Wy (R, 3,€) =
—o0, in which case,

lim 3 - pf(Ae*) = 0. (4.46)
B'—B
For future use we observe that for 3 € B(q, a.)(R) \ B(ay,az),u(R),

O0Ae*

oh = (Ao + Mg — B-TE)ITE A, (4.47)



52 ISAAC V. CHENCHIAH, KAUSHIK BHATTACHARYA

From (4.45) we also calculate, for 3 € B, a,)(R) \ B(a,,az)m (1),

_ —1
oy (a—l —ay'3- TRozl_l) oy ((ae = B-TH)E— XA(ae)) — as€]

Q

- -1
( -1 ozl_lﬂ . TRozz_l) al_l ((al —p- TR) €+ )qA(oceT)) — Qe

o3
-1 . —1 -1
where a1 := A\ja] " + Ay .

4.9. A lower bound on the relaxed energy. 1.

We are now in a position to derive an explicit lower bound. Recall (4.13a):

Wx(€) = max Wi(5, €
( ) - BENResO3)B(ay,ag)(R) ( )

where W (3, €) is given by (4.13b). Determining MAXBEN ;e 5005 Blay .ag) (R) Wi (8,8
is easy since we have the following lemma.

Lemma 4.24. For 8 € Int (Nreso(3)B(ay,as) (R)), B — Wi(B, €) is either con-
stant or strictly concave.

Proof. From (4.13b),

VWi (3, €)
= M\ X9 (A*(R,, B, €)). (4.48)
0? _
WWA(@ €)
= _)\1)\2 <T]'R* AE*(R*7 6a E)) aiﬂkAe*(R*a ﬁ) €)>

= 2 (T A (R, 6,0), Qoo + s = B TR )T A (R, 6,0))

<0

except when Ae*(Ry,3,€) = 0. Note, from (4.45), that Ae*(R, 3,€) = 0 for
some (R, §) € SO(3) x B implies that Ae*(R, 8,€) = 0 forall (R, 8) € SO(3) x
B. However when Ae*(-, -, €) = 0, from (4.48), W (3, €) is independent of 5. O

Incidentally, we also observe that:

Lemma 4.25. € — W (8, €) is strictly convex.
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Proof. From (4.13b),
82
0e2

02 .
U o™ P\ (el (R, 8,))

W)\(/Ba E)

2 2
oy (W = 5 670N (R, ,6)) + g6 0()
=X (g — B-TEBD) L Ny (g — 8- TEB) 4 5. TE(59
=M + Adsan
>0

O

We now obtain the desired lower bound when the elastic moduli are cubic.
Recall that we use “|||” to mean “parallel and not anti-parallel”. For x € R™ and
SCR"wesayz || Sifdye S, z||y.

Theorem 4.26 (Lower bound). Let oy and o be cubic. Then

W@ = Wh(e)

Wx(0,€6) ifAe*(-,-,€) =0 (Regime 0),

Wx(B,€) if 36, € (S, U Siem) (K1, min(u1,m))
N(S, U Siem) (K2, min(pz, n2)),
0 # =™ D (A (R, (8,€), 8,9) || {—e1, —ea, —e3}
(Regime I),
Wx(By,€) otherwise (Regime II),

Wi (61117 E) if 36 € (SI&III uS, U SIII&IV) (min(ﬂl, i, 12, 772))a
0# _d’R*(ﬁ””E)(AE*(R*(BMM €), B €)) lll {e1, e2,e3}
(Regime III),
W(Bw:€)  if 3w € Suav(min(per, 1, pi2,m2)),
0 # ™ O (Ae*(Ru(By, €), B, €)) || Int(RY)
(Regime 1V).
(4.49)

Here, in regime II, 3, is the unique solution of ¢**(€)(Ae*(R,(-,€),-,€)) = 0
in S(k1, min(p1,n1)) N S(ka, min(usg, n2)). Note that it is possible that 3, €
(51&111 USy, U SIII&IV) (min(lffla m, 42, 772))
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Proof. Since v; and a5 are cubic, from (4.37) we obtain a lower bound for W (€
by replacing Nreso(3)B(ai,az) (1) by S(k1, min(p1,m1)) N S(k2, min(uz, 72))
in (4.13a).

When Ae*((,€) = 0, from Lemma 4.24, 5 — W, (8, €) is constant and we
may set § = 0 in (4.13a); this is Regime 0. Otherwise, from Lemma 4.24 5 —
W (8, €) is strictly concave.

Suppose there exists 5; € S(k1, min(p1,m1)) N S(ke, min(ue, 172)) such that
VsWi(5,€)|g=p, = 0. Then, by the strict concavity of 3 — W (5, €), By max-
imizes W (5, €) in S(k1, min(p1,m1)) N S(K2, min(pe,n2)) and is the unique
solution of ¢+ (Ae*(R, (-, €), -, €)) = 0. This is Regime II.

Otherwise the maximum is attained on 0 (S(k1, min(u1,71)) N S(ke, min(uz,72)))
at B* (say). Using (4.48), (4.42) and (4.4), we have

N(B") = VgWi(B,€)|p=p
= M0 (Ae*(R,, 3%, €))
= MY, (Ae*(R,, 5, €))
Vo (2) (A€™) vg(3)(A€¥)
= M2 [ v (Ac") voy(Ae) |. (4.50)
’L)(,(l)(AE*) U(,(Q)(AE*)

In particular we observe that the components of N are the pairwise product of
three numbers. Three cases arise:

1. p* € S/(k1, min(p1,m1)) N Si(K2, min(ug, n2)). In this case it is immediate

that

N(B%) I {—e1, —e2, —es}.
Note that this is true even at the edges and the corner of 8Ri since if one
component of IV is zero then two components on N must be zero. This is
Regime 1.

2. B* € Sem(min(uy,m)) U Sem(min(ue,n2)). Since the components of N
are pairwise product of three numbers, it not possible that precisely one be
(strictly) negative and precisely two be (strictly) positive. Thus, from Corol-
lary 4.19, we conclude that either

N(ﬂ*) ||| {_ela —€2, _63}7
which is Regime I; or, in fact 8* € S,y (min(py, 71, p2,72)) and

N(B%) |l {e1, e2, es},

which is Regime III.

3. % ¢ (S U Siem)(k1, min(p1,m1)) N (S U Siem) (K2, min(us, 72)). Again,
since the components of [V are pairwise product of three numbers, it not pos-
sible that precisely one be (strictly) negative and precisely two be (strictly)
positive. Thus, from Corollary 4.19, we conclude that in fact §* € (Sy U

SIII&IV)(min(M17 m, K2, 772)) and

N(ﬂ*) ||| {61762763} lfﬁ* € Sm(min(M177717/~L27772))
Ri if ﬁ* € Slu&lv<min(,u1a 7717”27772»'
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Two sub-cases arise:

(@) B* € (Sw U Suay)(min(p, n1, p2,n2)) and N (%) ||| {e1, e2, e3}. This is
Regime III.

(b) B* € Suav(min(pr, 11, po,m2)) and N (5*) ||| Int(R3 ). This is Regime IV.
O

Note 4.27. In particular the proof above shows that,
Vg (2) (A€®) vy 3y (A€™)
Vo (3)(A€") vo1y (Ae) | ||
Vo (1) (A€™) Vg (2)(A€¥)

{—e1,—e3,—e3} inRegimel
(ﬁ* € (SI U SI&]II)(K‘I’ min(ﬂl, ’Ih))
N(S; U Siem) (K2, min(pz,12))),

0 in Regime II

(8* € S(k1, min(p1,m1)) N S(k2, min(pus, n2))), (4.51)
{e1,e2,e3} in Regime III

(B* € (Siem U S U Sheav) (min (g, 11, g2, m2)),
Int(R3) in Regime IV

(ﬂ* S SIII&Iv(min(/lh m, K2, 772)))

The following corollary follows immediately from (4.51).

Corollary 4.28 (Eigenvalues of the optimal strain jump).

. In Regime I: vy(Ae*) = 0, vy (Ae*)vz(Ae*) < 0.

. In Regime II: v3(Ae*) = 0, v1 (Ae*)vg(Ae*) = 0.

. In Regime III: va(Ae*) = 0, v1(Ae*)vz(Ae*) > 0.

. In Regime IV: v1(Ae*)vs(Ae*) > 0. Thus all eigenvalues of Ae* have the
same sign, i.e., Ae* is either negative- or positive-definite.

N W N~

The following corollary also follows from the proof of Theorem 4.26.

Corollary 4.29.
1. In Regime 0,

— .
W, (e) = min MWi(er) + AaWa(es).

3x3
€1,€2 eRs_wn

A1€1+Aaea=¢

2. In Regime I,
B, - ¢ (Ae*) = 0. (4.52)

3. In Regime II,
QSR* (Ae¥) = 0.
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4. In Regime III,

RTAe*R, =

0 0 0
0 ’U(,(Q)(AE*) 0
0 0 ’U(,(s)(AE*)

when ﬂl!l S (SIE&];I)I U S[S[l) U SIII&IV) (min(,ula m, K2, 772))7

<’Ua(1>(A€*) 0 0 )
0 0 0
0 0 v, (3)(Ae¥) 4.53)

when /6111 € (SIEﬂ211)1 ) SI(IIQ) U SIII&IV) (min(,ul, m, 12, 772))7

Vo (1) (Ae™) 0 0
0 1)0(2) (Ae*) 0
0 0 C

)
when ﬁm € (SIESI)I U S[SIB) U SIII&IV) (min(,ula m, K2, 772))~

5. In Regime Il when (3, € S and in Regime 1V, from Note 4.1,

—
Wi(e) =
min )\1W1 (61)+)\2W2 (62)—2>\1)\2 Inin(uh n, U2, 7]2)6'd)(62—61).

3X3
€1,e2€RL

A1€1+A2€e0—=E

Note 4.30. From (4.46), Regimes III and IV do not occur whenever

67 (A (Ru(Bros €), Buar )
does not exist. From §4.8 this happens when
ker(a1 . ﬁm . TR*(ﬁII+7€)) N ker<a2 _ ﬁm . TR* (ﬁm,?)) 75 {0}

This includes, in particular, the cases (i) &3 = a3 (c.f., Note 4.31 below) and (ii)
both phases being cubic with the smaller shear moduli being equal.

Note 4.31 (Equal moduli). We remark on the special case a1 = ag = « studied by
Pipkin [Pip91] and Kohn [Koh91]. In this case, Ay + A g —3-T T = a—3-TF
is not invertible when 8 € Sy, (k, u). Thus, as mentioned in Note 4.30 above,
Regime III does not occur.

From (4.45), Ae*(-,-,€) = 0 implies that €] = €5. Thus Regime 0 does not
occur for distinct materials.’

From (4.13b), (4.49) and (4.52) we obtain

)\IWI(GT(R*<QH E)’ Bla E)) + )\2W2(€§<R*(ﬁla €>7 617 E))
Wa(e) = in Regime I,
A B Alwl(EI(R*(ﬁlhg)vﬂlhE)) + A2W2(€§(R*(/Bllag)aﬂnag))
in Regime II.

5., when either oy # a2 or €] # eb.
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Here, from (4.45),

(R, B,6) = — Xa(a—B-TH)la A€, (4.54a)
&5(R,B,€) =+ A\i(a—p-TH)la A€, (4.54b)
Ae*(R, 3,€) = (a — B-TH) Lo A", (4.54¢)

From (4.54c) Ae* is independent of €. From the proof of Theorem 4.20 it follows
that R, is also independent of €.
From (4.49) and (4.54) Regime I occurs when

36, € S(k1, min(u1,m1)) N S(k2, min(us, 72)) N IR,
0 # i) ((oz — 6, - TR~ 1g AGT) Il {e1,e2,e3}; (4.55)

and Regime II when
3 6, € S(rmin(u,m), 6 ((a—B-THE)Ta(A)) =0 ©456)

(kK := K1 = Ko, = 1 = po and n := 1y = ns). Note that 3, is independent of
€.

From (4.54),

(R, 5,6 —€, = (—€) — a(a— - TH)15. TRAE,
e5(R,3,6) —eh = (=€) 4+ M\i(a—3-TH 5. TRAE,

where €7 := A\1€] + A€} Thus

—l ,_ 1 o =
WA(G) = 5 <a(e - GT), (6 - €T)> + ()\111}1 + )\2'[1)2)
INioflaz(a— B - TR0 =15 TAE|?  if (4.55) holds
n (Regime I),
Iz (a— Gy - TR =18, . TAE||?  otherwise, i.e., if (4.56) holds
(Regime II).

4.10. Optimality of the lower bound and optimal microstructures

In this section we prove that the lower bound presented in Theorem 4.26 is
optimal in Regimes 0O to III when the elastic moduli are cubic, and in Regime
IV when the elastic moduli are isotropic. Further we characterize the optimal mi-
crostructures. This will complete the proof of Theorem 2.2. Our strategy is the
same as in §3.2.

The proof of Theorem 2.3 is almost identical to that of Theorem 2.2 and is thus
omitted.
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4.10.1. Optimality of the lower bound. We have the following results:

Theorem 4.32 (Optimality of the lower bound). Let oy and «s be cubic. As-

sume, renumbering if necessary, that Yo, < Yo, Then Wx(€) = Wi(@) in
Regimes 0 to III, and in Regime IV when (11 = n;.

Proof. For regimes 0, I and II, the proof is almost identical to the proof of Theo-
rem 3.10 with the following changes: In Regime 0 we use (4.45) instead of (3.9);
in Regimes I and II we use Corollary 4.28 in addition to Lemma 3.11.

In Regimes III and IV, from Corollary 4.28 and Lemma 3.11 we cannot con-
struct a continuous displacement field with the optimal strains. However one of the
translated energies loses strict convexity in these Regimes (c.f., §4.4 and Lemma 4.14);
we can use this to construct optimal rank-two and rank-three laminates. Assume,
renumbering if necessary, that 7o, < Va,. Then oy — 3* - TR+ is degenerate in
Regimes III and I'V.

Regime III: Let P;: R3X3 — R2%2 j = 1,2 3, be the projections and

sym sym

I;: RY<2 — R3%3, j = 1,2, 3, be the imbeddings defined by

sym sym 2

€11 €12 €13 P N 00 0
(612 €22 623) — (622 €23 )»—1> (0 €22 623) s (4573)

€ €
€13 €23 €33 23 €33 0 €23 €33

€11 €12 €13\ P Y4 €11 0 €13
(612 €22 623) — (z}i E;; )»—2> ( 000 ) s (457b)

€13 €23 €33 €13 0 €33

€11 €12 €13 \ P3 ¢y ¢15\ I3 (611 €12 0)
€12 €22 €23 | = 2 (e2 e 0. 4.57¢c
(513 €23 €33 ) (612 €22 ) (1)2 (2)2 0 ( )

Note that these mappings preserve rank-one-ness and symmetrized rank-one-ness.
Let.J € {1,2,3} such that By € (SSH USE U S ) (min(ps, m1)). From (4.53),

'UG-(Q)(AE ) . _
(705 ey ) T =1,
Py (RIACR) = § (op) | ) ifT =2, (4.58)
UG(I)(AE ) . o .
(705 ey ) T =3
and from Corollary 4.28(3),
det (P (R Ae*R,)) > 0. (4.59)

From (4.58), (4.59) and the proof of Theorem 3.10, for every choice
en € Py (Rf ker(ay — By - TR*)R*) ,

there exist two rank-two laminates (1, x2) in R? of the form described in the
proof of Theorem 3.10. Likewise there exists two displacement fields u in R? with

corresponding strains in Rfyff (schematically represented in Figure 3.1(b) with €7}
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and €3 replaced by P; (RT€e{R,) and P; (RTe5 R, ), respectively). These rank-
two laminates, the displacement fields and the corresponding strain fields can each
be imbedded in R?, R? and R332, respectively, using the imbeddings

sym 2

X1, x2)(22,23) if J =1,
(X1, x2) (@1, 2, 23) — § (X1, X2) (21, 23)  if J =2,
if J =3;

eN3)T -+ u(ze, x3) if J =1,
Vo1, (€1)22, (€1)23)T - & + u(wy,22) if J =2,

()31, (€3)32, (€))33)T - & 4 u(zy, xy) if J = 3;
e~ R[R, —I;P; (R]€{R,) + L€

*
1
*
1

(
(

X1, X2) (21, T2
(
u(x1, To, r3) — (
(

)
)
)
(e1)11, (€1)12, (
( (
(

*
1
€ i
*
1

(
(
(
(
(
(

respectively. The resulting microstructure and displacement field shows that the
lower bound (4.49) is optimal in Regime III. Examples 4.33 and 4.34 below illus-
trate this construction.

Regime IV when py = ny: Since p1 = 11, a is isotropic. Recall that

Ua(l)(A *) T
Ae* = R(Ae*)Diag | voz) (A R* (Aev).
5(3)(A *)
Let
. o (1) (A€")+v5(2) (A )+ g (3) (Ae®
€ ::Dlag(v (At (2)(() Hve(4e ))7
0
i ) A1 Vg (1) (A€¥)
€ = Dlag A2V (1) (A€™)+U4(2) (Ae™)Fvg(3) (A™) |
0
A1vg(1)(Ae¥)
e" := Diag A1Vq(2) (A€¥) .
X200 (1) (A" ) +A2Vg(2) (Ae™ ) Fvg(3) (Ae™)
Note that
Vo(1)(Ae”) 100 00 0 -100
€, €' e" € Diag | voz)(Ae") +Span{<0 -1 0) , (0 10 ) , ( 0 0 0)} ;
'Ua(B)(AG*) 000 00 -1 001

(4.60)
and, from Lemma 4.8,

e {(38)-(14)- (3 ) 00 St - 7
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Let
o A1Vq(1) (A€¥)
Vo(1) (A€*) 4 Vg (2) (A€*) + Ug(3)(Ae*)’
e A1V (2) (A€¥) 7
A2Uq(1) (A€*) 4 Vg (2) (A*) + Ug(3) (Ae*)
p A1Vq(3) (A€¥)

= )\Qvg(l)(AE*) + /\QUU(Q)(AG*) + Ug(g)(Ae*) '

Clearly p', p", p" € (0,1). It is easy to verify that

€[l er®e, (4.61a)
€' —ple' || e2 ® eq, (4.61b)
6III _ ((1 _ pII)pIGI + pllell) || 63 ® 63. (4.61(‘,)
Further,
Vo (1) (A€™)
(1 _ pm) ((1 _ pII)pIEI + pnen) + pmem — )\1Diag <v0(2)(Ae*)> ) (4.62)
U,,.(3)(A6*)

We can now construct our rank-three laminate as follows. First construct a rank-
one laminate in which phases 2 and 1 have phase fractions 1 — p' and p' respec-
tively and the layers have normal R(Ae*)e;. Next construct a rank-two laminate
in which this rank-one laminate and phase 1 have phase fractions 1 — p" and p"
respectively and the layers have normal R(Ae*)es. Finally construct a rank-three
laminate in which this rank-two laminate and phase 1 have phase fractions 1 — p"
and p" respectively and the layers have normal R(Ae*)es.

The compatibility equations (4.61) allow the construction of a continuous dis-
placement field u (up to boundary layers) such that the strains take the value
€5 —R(Ae*)e' RT (Ae*) in the interior phase 1, e — R(Ae*)e" RT (Ae*) in the mid-
dle phase 1, ef — R(Ae*)e™RT (Ae*) in the exterior phase 1 and €} in phase 2. For
this microstructure and displacement field, the average strain is € (c.f., (4.62)) and

Wy (u) = W? (€) (as the reader can verify). This shows that the lower bound (4.49)
is optimal in Regime IV for isotropic «;.

(It is easy to see that similar rank-three laminates exist for five other choices
of ¢, ¢" and €" in (4.60).) O

When «; is isotropic, the next two examples illustrate the construction of rank-
two laminates described in the proof of Theorem 4.32 (Regime III). For simplicity
the figures are drawn for a specific choice of o.

Example 4.33. When «; is isotropic, from Lemma 4.8 we can pick €, = ((1) 5 )
The analogues of Figure 3.1(b) are shown in Figure 4.3 for this choice of ¢,,. The
rank-one cone at the origin (in the space of diagonal 2 x 2 matrices) is the union of
the axes (i.e., Span {Diag ()} U Span {Diag (9)}). The shaded quadrants form
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the symmetrized-rank-one cone at the origin (in the space of diagonal 2 x 2 ma-
trices). It is easy to verify that (3.20) is satisfied. In particular for the rank-two
laminate shown in Figure 4.3(a), (3.20b) is

M Py (v1+vs) PA2 . .
~~ D ( plotvz ) — =D vitv2) = D 151 7
A1(1—p) 188 (1-p)(wrtv2) ) T M(1—p) 1ag ( 0 ) iag (v; )

which implies that p = A\ ﬁ; for the rank-two laminate shown in Figure 4.3(b),
(3.20b) is

—P 1—p)(v1 402 pPA2 . . .
ot oy () ¢ P () = Dis ().

V2
vitvg®

which implies that p = A4

Example 4.34. When o is isotropic, from Lemma 4.8 we can pick €, = (§3).

The analogues of Figure 3.1(b) are shown in Figure 4.4 for this choice of ¢,,. The

matrices
U1 /U102 v1 —4/V1v2
/U1Ug Vo ) —\/U1Ug Vo

are rank-one. The rank-one cone at the origin in the plane of the figure, i.e., in

v VU102 v —\/v1v
Span{<\/1)1172 Uzz),<_\/1)117v2 U; 2)};

is the union of the axes, i.e.,

v\ U1v2 v1 —/V1v2
Span{(m o )}USpan{(fm o )}
The shaded quadrants form the symmetrized-rank-one cone at the origin (in the

plane of the figure). It is easy to verify that (3.20) is satisfied. In particular, enforc-
ing (3.20e), we obtain p = %

Note 4.35. Since P;,I;,i = 1,2,3 defined in (4.57) preserve rank-one-ness and
symmetrized rank-one-ness the rank-two and rank-three laminates constructed in
the proof of Theorem 4.32 (and in Examples 4.33 and 4.34) also use only rank-one
connections. As in two dimensions (c.f., Note 3.13) this is in fact necessary.

To see this, first we observe that in Regimes III and IV at any interface the
strain difference [¢] is related to the stress difference [o] through

[o] [| B* - T ([€]) (4.63a)

and the constant of proportionality is non-zero (c.f., (4.44) and recall that 1€, =
B* - TP~¢,). As before, at any interface with normal 7 € R? we require

([e)n =0, (4.63b)
[e] [| 2 @5 7, (4.63¢)

for some 7 € R3. The following lemma, which is the three-dimensional analogue
of Lemma 3.14 shows that (4.63) is equivalent to requiring that [[e] || 72 ® .
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A .
Diag ( 9 )
kY Tox _ AT = Di (vitv2) ) = pj Ao
N P (R* (5 —¢ )R*> = Diag ((lﬁﬂL)l(’UlL'iUQ)) = Diag ()\21’11;}172)
o
S A—p v
\‘\)\_1—61_%—/) = Sovcrus
Py (RE(5—9Rs) S S
By plv14v2) 1= = Nger g .. P;(RTAeR.) = Diag (44
=Dblag <(/\1—P)1(U1+U2)) e \‘ J( o *) ’ (UZ)
— S A1 — TN
=Diag (1113) \ - NP = dou
% b \ (=) T Xouit
N e )\%(z,'jiz'gz ™ .
RN T;Lﬁ,:— 2v1+u2 \\\ P; (RZ (5 — EI)R*) = Diag (”131)2)
N “» »>
\\L _ dovitu: —Aqe .
=R N =k Diag (§)
Y P (RT(¢5 - ¢!'))R.) = Diag (#(v13v2)) = Diag (1)
\‘ - 1
1ag(
(@)
A Diag (9 )
NP (RI(es — ")R,) = Diag (1, ;)
\\\ P — _dov
N A(I-p) T vitAov
— Mw . N
P = 51Fu; Py (B*’ (e — g)R\l
- —Di (A=) (v1%kv2)
Py (Rf(eﬁ - (”[)R*> =Diag ( lﬂ(i)l+})2)\\2\ )
) — Diag (Mo1 . T s
= Diag (p(ulg_%)) = Diag (*wz) « P (R* Ae*R*) = Diag (lg)

= Dlag </\10L'2)

N\

vy
v1tAzvn

',-"‘\ M=p _ —
e N A=p) T

B [ - "o, T« I — mian ((1=p) (1+v2)
1o, utdee [ Aty M—p o v PJ (R (&5~ ¢')R.) = Diag plv14v2) )
P= "o Fon, |T=p 0itrov 1-p = vitlovs “ = Diag (m;szz)
\\ ,_f" \\\ - 1v2
g N
. Diag ( 6 )
“4 Diag ( £ )
(b)

Fig. 4.3. Two optimal
Example 4.33).

rank-two laminates in Regime III (c.f. proof of Theorem 4.32 and

Lemma 4.36. Let 1,7 € R?, 8 € R3 and 3-T (@ 1) # 0. Then the following

are equivalent.
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A Span oL THHLER
—y/V1v2 V2
Ry Aop
\\ v ~y27—,/1}1v2
N Py (RE(&—-MR) =, e
X251z v
\‘\ — vy —A2\/U102
. = v v2
R Y
. M—p — 1
N A(1-p) T 1R
P, RT(€§_€)Rk AM—p— N ™~ 7 _(v1 O
(Rl am) | gmea | N po(EacR)=(32)
=\ ( 0 vg) — | ,,f'\.\\
e Sg 2V — A
. \ '/_,-’ \\ —'E—LHI 1) = ——%1_*» =
Sy, Pt PV YW e :
N L 15 = 1+x2 . Ps (RI(5§ 751)R*) = (\/ETQ \/1;1212)
g . .
b _ A =M
i< p=1== =92 Span vl /U102
N VU102 v
T, x _ Iyp \ — o1 VETE\ _ A [ v T
. P(Bi(& - )R*):P(\/m v2 ):E(M—vz w2
q4
Span ( 23 )
(@)
U1 —,/U102
4 Span (wm v )
°
\P\'\‘] (RI(F§ - F[)R*) = (7 1%)11“2 7"1:;11'2)
=M \\
P="2 o _ Ay
N M(@-p) T IHA2
Py (RI(5§ — e”I)R*) \\\
= uf *W> P, (RT(h - DR\
7p<7m ” o *(:20 g . Py(RIacR)=(%2)
) | R e =
2\ v v TN RO = TR i
e B v “— /U1
N R Pl ‘e P (RT({E - e”)R*) = ! X-pV L2
™ e _ 2 M=a_ A N Va2 w2
1-p=133 | 55175 I ST N — (. v evim
. = Devorss v
. v /U1
N Span 2 2
01 VU1v2 w2
"« Span (1 0)

(b

Fig. 4.4. Two optimal rank-two laminates in Regime III (c.f. proof of Theorem 4.32 and

Example 4.34).
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Proof. The equivalence of the first two statements is trivial. Simple calculations
show that

(8- T(m@s ) m || (8- T)(m & m))n,
ker((8 - T)(rn ® m)) = Span {rm} .

It immediately follows that (8- T(m ®sn))m =0 <= " | 7. O

4.10.2. Optimal microstructures. It is clear that Theorem 3.15 holds in three
dimensions as well.

Theorem 4.37 (Optimal microstructures). Assume, renumbering if necessary,
that 2min(p1, M) = Va, < Yao- Also let

2 ifp <m,
1
Dm = {2 l;ljll 7£ n DIV = 5 lfﬂ“l =M,
[/ =M1 .
fe=m 3 ifp>m.

1. In Regime 0 any microstructure is optimal. The optimal strain and stress are
constant.

2. In Regime I the optimal microstructure is either a rank-one laminate, with
either of two possible layering directions, or a microstructure made up of these
laminates. The optimal strain takes the value €] in phase 1 and €5 in phase 2
while the optimal stress is constant.

3. In Regime II the optimal microstructure is unique and is a rank-one laminate.
The optimal strain takes the value €7 in phase 1 and €5 in phase 2.

4. In Regime I1I, no rank-one laminate is optimal. The class of optimal microstruc-
tures is possibly large (in a sense explained in the proof) and includes at least
two rank-two laminates.

In any optimal microstructure, in phase i, 1 = 1,2, the strain is confined to an
affine subspace of dimension

D, if * < 2min(p1,m),
D, lfﬁ* = Qmin(/ilvnl);

the sum of the dimensions of the affine subspaces is at most

2 ifp* <2min(p1,m),
5 ifB* <2min(u1,m).

In particular, if phase i is harder than the other phase (i.e., if Yo; > V(a1,a2))
then the strain is €] in that phase.

5. In Regime IV: If 11 = m then there exists an optimal rank-three laminate;
otherwise the lower bound is possibly non-optimal. Whenever the bound is
optimal:

(a) No rank-one laminate is optimal.
(b) If one phase is harder than the other (i.e., if Yo, > 7Ya,) then no rank-two
laminate is optimal.

dimker(a; — By - TR*) < {
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(c) In any optimal microstructure the strain in each phase is confined to an
affine subspace of dimension at most dim ker(c; — Y(a,,a5)T) < Dy, the
sum of the dimension of the two affine subspaces is at most 5. Moreover,
if one phase is harder than the other then the strain in the harder phase is
constant.

Proof. The proof for the statement pertaining to Regime 0 remains unchanged
except that (4.44) is used instead of (3.8).

In Regime I, from Corollary 4.28, va(Ae*) = 0 and v1(Ae*)vs(Ae*) < 0.
Thus from Lemma 3.11, we find /1 Jf 7 € R3 such that Ae* || m ®; 7. It fol-
lows that the strain and thus the microstructure is either of two rank-one laminates
(with layering direction m or n) or a microstructure of these laminates. Finally
from (4.52) and (4.44), Ac* = 0: the stress is constant.

In Regime II, from Corollary 4.28, va(Ae*) = 0 and v (Ae*)vz(Ae*) = 0
so that from Lemma 3.11, we find unique (upto scaling) 7 € R? such that Ae* ||
7 @ n. It follows that the strain and thus the microstructure is a unique rank-one
laminate with layering direction 7.

The proof for the statement pertaining to Regime III remains unchanged except
that ker(a; — Y(ay,a,)1") must be replaced as indicated. The inequalities follows
from Corollary 4.15, Lemma 4.17, Note 4.3 and Note 4.30.

We turn to Regime IV. If, when one phase is harder than another, in any optimal
microstructure the strain is constant in the harder phase, then the non-existence
of optimal rank-two laminates follows from Lemma 4.38 below. The rest of the
statement follows by a reasoning almost identical to that for Regime III; that
Z§=1 dimker(c; — Y(a,,a,)7") < 5 follows from Notes 4.3 and 4.30. O

Lemma 4.38. Let n > 3. Let € (viewed as a linear operator on R™) be either
negative- or positive-definite. Then e and 0 cannot form the two rank-two laminates
schematically shown in Figures 4.5 and 4.6. L.e., neither the following

3p € (0,1), 3, " € RES", e’ + (1 — p)e’ =, (4.64a)
I, n' € R™, € =m' Qs 1, (4.64b)
dp € (0,1), Irn, 7 € R™, pel — " =mRs N (4.64¢)

nor the following

3p € (0,1), 3, " € RGL", e’ + (1 — p)e’ =, (4.65a)
I, 7' € R, e = ' @, i, (4.65b)
Im", A" e R™, €' =m"®sn" (4.65c¢)
can hold.

Proof. Assume on the contrary that either (4.64) or (4.65) holds. Either of these,
along with Lemma 3.11 implies: 3p_, p4, p"_, p/y = 0,v_, vy, v" v/, € R" such
that

€= —p_v_Qv_ +pyvy Quy — plvl @vl + plv] @l
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(a) Geometric picture (b) Schematic diagram

Fig. 4.5. Geometric and schematic diagrams of a rank-two laminate. In the geometric dia-
gram solid lines represent strain compatible directions; dotted lines represent strain incom-
patible directions; and dashed lines represent directions that need not be strain incompatible.

(a) Geometric picture (b) Schematic diagram

Fig. 4.6. Geometric and schematic diagrams of a rank-two laminate. In the geometric dia-
gram solid lines represent strain compatible directions; dotted lines represent strain incom-
patible directions; and dashed lines represent directions that need not be strain incompatible.

Let wy € Span {v_, v’_}l and w_ € Span {v+,v;}l. Then

)

(ew ) -w_ = —p_(vs -w_)? = p_(v), ~w_)? <0
> 0.

(ewy) - wy = py(vy - wi)® + pl (v - wy)?

This contradicts € being either negative- or positive-definite.
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5. Ancillary results.

5.1. The uniform traction problem.

We now turn to the uniform traction problem (1.9) for W given by (1.2).
From (1.9), in two dimensions,

2
Wz(ﬁ) - <x1r>lf:)\i geiﬂngxz u\air?ig.m ][Q ;Xﬁ(w)Wl(e(x)) — (@& dz

sym

EERGR? <Xi>=Ai ulog=Ew

2
inf  inf inf ][ Y xi(@)Wile(z)) dz — (5,8)
25
inf max Wi (8,6 — (5,€
EER@EZBG[O,V(QL%)]( A\(B,€) — (7,6))

> max min (Wx(06,€) — (7,¢€)) . 5.1)
ﬁE[O»W(al,ag)]geng?;2( 289 - @.8)

From Lemma 3.5, Lemma 3.6 and a saddle point theorem [ET76, Prop. I1.2.4, pg.
176], (5.1) is in fact an equality. The analogous expression in three dimensions
is obtained by replacing [0, Y(a,,a.)] With Nreso(3)Bla,,as) (R) and RZ5? with
Rfyfn?’; and using Lemmas 4.24 and 4.25 instead of Lemmas 3.5 and 3.6. Note that
_ 1 _
Wi(e) = (0, €) = S{aile — &), (e — €&)) +wi = (7,€)

1
— 5(0[,;6, €) — <oz,;(e; + ai_16),e>

1 1 1
+ 5 <O¢i(€;+ai 10)7 (€ + oy 1U)>
T = 1 —1- =
+ w; — (o€}, o) — 5(0@ G,0).

Thus with the substitutions

€ — € + ozi_lé (5.2a)

w; — w; — (o€;,0) — =(a; " 7,7) (5.2b)

W A(B3,€) — (,€) can be put in the same form as W (3, €). The lower bounds in
§3.1.5 and §4.9, the proofs of optimality of the lower bound in §3.2.1 and §4.10.1,
and remarks on the optimal microstructures in §3.2.2 and §4.10.2 remain valid with
the appropriate substitutions from (5.2). In particular, this independently shows
that (5.1) is in fact an equality.

Performing the minimization in (3.5b) without the constraint A€ + g€y = €,
we obtain, in two dimensions,

ar(c} — ) + BAT(e} — ) =, (533)
as(es —eh) — BMT (65 — €]) = . (5.3b)
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Similarly, in three dimensions, beginning with (4.12b), we obtain,
ar(ef =€)+ Xf-T (g - &) =7, (5.42)
ey —eb) = MpB-TH (e — €)= 5. (5.4b)
Thus, as in (3.8) and (4.44),

No* — BT Ae* in two dimensions,
B -T%+ Ae*  in three dimensions.
Explicit expressions for the optimal strains and stresses in three dimensions can be
obtained by solving (5.4):

e =ar (I-5-TR (\ay' + oy )

(T=8-THa3") 6 = X T (A)) + €, (5.52)
63 — Oé;l (I—ﬁTR* (Alagl _"_)\201171))*1
(- 5770 ot s T (A0) 1 (530

and

ot =(I—B-T% (\ay' + Xarh)) ™

((I_BTR*agl)a._)\leTR*(AeT)) s (563)
o3 = (I=8-T% (Maz" +Xsar))
((I=p-T™ar") o + 0BT (A)), (5.60)

Ac* = (1= B-T% (\ay' + Xart)) " B-TR (Ala™")a + A€') (5.60)

Likewise explicit expressions for the optimal strains and stresses in two dimen-
sions can be obtained by solving (5.3). These can also be obtained by formally
substituting BT for 3 - T+ in (5.5) and (5.6).

5.2. Applications

We discuss the applications of these results to the study of Nickel super-alloys
used in turbine blades and other high temperature applications in [CB]. These ma-
terials are made by quenching an off-stoichiometric alloy and spinodal decomposi-
tion results in a two-phase solids (e.g., NiAl and NigAl, which are both cubic with
different elastic moduli and whose stress-free strains differ by a dilatation) with
fixed phase fractions. The microstructure subsequently evolves (by diffusional
mass transport) to minimize a combination of interfacial and elastic energies. The
late stages of this process are controlled by elastic energy. The microstructure can
further evolve during applications due to the presence of stress. There has been
considerable numerical and experimental effort to study this problem. Unfortu-
nately the experiments are difficult and the computations expensive. In particular,
the computational expense limits the number of particles leading to uncertainity as
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to whether the system is in a metastable state. The results we prove here and the
consequent insights into optimal elastic microstructures provide a benchmark to
evaluate the computations. Our results on applied stress also provide insight into
the possible change of microstructure with stress.

Conclusion

In this paper we have studied the relaxation of a two-well energy under fixed
phase fractions. From a mathematical standpoint, the methods we use follow closely
those that have been used before. However, we find a surprising extension to
three dimensions. The method also provides a lower bound when the moduli are
anisotropic; however it is not clear at this point whether this bound is optimal.
Similarly, the extension of such methods to more than two wells remain open.
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