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Abstra t
We present on epts of data-sparse tensor approximations to the fun tions and operators
arising in many-parti le models of quantum hemistry. Our approa h is based on the
systemati use of stru tured tensor-produ t representations where the low-dimensional
omponents are represented in hierar hi al or wavelet based matrix formats. The modern
methods of tensor-produ t approximation in higher dimensions are dis ussed with the
fo us on analyti ally based approa hes. We give numeri al illustrations whi h on rm
the eÆ ien y of tensor de omposition te hniques in ele troni stru ture al ulations.
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Introdu tion

Among the most hallenging problems of s ienti omputing nowadays are those of high dimensions, for instan e, multi-parti le intera tions, integral or di erential equations on [0; 1℄d
and the related numeri al operator al ulus for d  3. Many standard approa hes have a
omputational omplexity that grows exponentially in the dimension d and thus fail be ause
of the well known \ urse of dimensionality". To get rid of this exponential growth in the
omplexity one an use the idea of tensor-produ t onstru tions ( f. [86℄) on all stages of
the solution pro ess. Hereby we approximate the quantity of interest in tensor-produ t formats and use other approximation methods for the remaining low-dimensional omponents.
Depending on the spe i properties of the problem, these low-dimensional omponents are
already in a data-sparse format, like band stru tured matri es, or an be approximated via
hierar hi al (low-rank) matrix and wavelet formats, respe tively. In order to obtain low-rank
1

tensor-produ t approximations it is onvenient to start already with a separable approximation of possibly large separation rank. This is the ase e.g. for hyperboli ross approximations
in tensor-produ t wavelet bases or for Gaussian-type and plane wave basis sets whi h are frequently used in quantum hemistry and solid state physi s. With su h a representation at
hand it is possible to apply algebrai re ompression methods to generate the desired low-rank
approximations. We want to stress, however, that these re ompression methods in multilinear algebra lead to severe omputational problems sin e they are, in fa t, equivalent to
some kind of nonlinear approximation in d  3. Despite these omputational diÆ ulties, su h
kind of pro edure is espe ially favourable for smooth fun tions with few singularities whi h
are a tually typi al for our envisaged appli ations to be dis ussed below.
A large lass of translation invariant kernels of integral operators an be represented via
integral transformations of a separable fun tion, e.g. Gaussian fun tion. Using exponentially
onvergent quadrature rules for the parametri integrals it is possible to derive low-rank
tensor-produ t approximations for these integral operators. In a similar manner it is possible
to derive su h representations for matrix-valued fun tions in the tensor-produ t format.
It is the purpose of the present paper to dis uss possible appli ations of the afore outlined
approa h to ele troni stru ture al ulations with appli ations in quantum hemistry and
solid state physi s. It will be shown in the following how to ombine the di erent te hniques,
whi h omplement ea h other ni ely, to provide a feasible numeri al operator al ulus for some
standard many-parti le models in quantum hemistry. Within the present work, we fo us on
the Hartree-Fo k method and the Kohn-Sham equations of density fun tional theory (DFT).
We present a brief survey on existing approximation methods, and give some numeri al results
on rming their eÆ ien y. Our approa h aims towards a numeri al solution of the HartreeFo k and Kohn-Sham equations with omputational omplexity that s ales almost linearly in
the number of parti les (atoms). In parti ular, large mole ular systems su h as biomole ules,
and nanostru tures, reveal severe limitations of the standard numeri al algorithms and tensorprodu t approximations might help to over ome at least some of them.
The rest of the paper is organised as follows. Se tion 2 gives a brief outline of ele troni
stru ture al ulations and of the Hartree-Fo k method in parti ular. This is followed by a
dis ussion of best N -term approximation and its generalization to tensor produ t wavelet
bases. We present an appli ation of this approa h to the Hartree-Fo k method. In Se tion
4, we rst introdu e various tensor produ t formats for the approximation of fun tions and
matri es in higher dimensions. Thereafter we onsider a variety of methods to obtain separable
approximations of multivariate fun tions. These methods enter around the Sin interpolation
and onvenient integral representations for these fun tions. Se tion 5 provides an overview
on di erent data sparse formats for the univariate omponents of tensor produ ts. Finally,
we dis uss in Se tion 6 possible appli ations of these tensor-produ t te hniques in order to
obtain linear s aling methods for Hartree-Fo k and Kohn-Sham equations.
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Basi

prin iples of ele troni

stru ture

al ulations

The physi s of stationary states, i.e. time harmoni , quantum me hani al systems of N parti les, is ompletely des ribed by a single wave fun tion
(r1 ; s1 ; :::; rN ; sN ) 7! (r1 ; s1 ; :::; rN ; sN ) 2 C ;
2

ri

2 R 3 ; si 2 S ;

whi h is a fun tion depending on the spatial oordinates ri 2 R 3 of the parti les i = 1; : : : ; N
together with their spin degrees of freedom si . Sin e identi al quantum me hani al parti les,
e.g. ele trons, annot be distinguished, the wave fun tion must admit a ertain symmetry
with respe t to the inter hange of parti les. The Pauli ex lusion prin iple states that for
ele trons, the spin variables an take only two values si 2 S = f 21 g, and the wave fun tion
has to be antisymmetri with respe t to the permutation of parti les
(r1 ; s1 ; : : : ; ri ; si; : : : rj ; sj ; : : : ; rN ; sN ) =

(r1 ; s1 ; : : : ; rj ; sj ; : : : ri ; si; : : : ; rN ; sN ) :

The Born Oppenheimer approximation onsiders a quantum me hani al ensemble of N ele trons moving in an exterior ele tri al eld generated by the nu lei of K atoms. Therein the
wave fun tion is supposed to be a solution of the stationary ele troni S hrodinger equation
H

=E ;

with the many-parti le S hrodinger operator (non-relativisti Hamiltonian) H given by
N
1X
H :=

2 i=1 i

K X
N
X

jr
a=1 i=1 i

Za
Ra

j

+

X

jr
i<j N i

1
rj

j

+

X

Za Zb

jRa
a<bK

Rb

j;

(2.1)

where Za ; Ra are harges and positions of the nu lei, respe tively.
The basi problem in wave fun tion methods is to al ulate (approximately) the wave
fun tions (r1 ; s1 ; :::; rN ; sN ), ri 2 R 3 , si =  21 as an eigenfun tion of the non-relativisti
Hamiltonian H. The wave fun tion an be assumed to be real valued, whi h we will pursue
in the sequel, for sake of simpli ity. Perhaps in ase of translation symmetry, e.g. for bulk
rystals, a omplex setting might be helpful. One is mostly interested in the ground energy.
Due to the Ritz or Courant-Fis her min-max prin iple [76℄ this problem an be asted in a
variational formulation

E = minfhH; i : h; i = 1g ;

= argminfhH; i : h; i = 1g :

The wave fun tions an be approximated by antisymmetri tensor produ ts
where ea h k denotes a Slater determinant
1
det('ki (rkj ; skj ))Ni;j =1 :
k (r1 ; s1 ; : : : ; rN ; sN ) = p
N!

=

P

(2.2)
k k

(2.3)

Here the fun tions ' : R 3  f 21 g ! R are supposed to be pairwise orthogonal

h' ; ' i =

XZ

s R3

' (r; s)' (r; s)d3 r = Æ; :

An approximation by a single Slater determinant (2.3)
 SL := p1 det('i(rj ; sj ))Ni;j=1 ;
N!
whi h is a kind of rank one approximation by an antisymmetri tensor-produ t gives the
Hartree-Fo k energy fun tional

EHF ('1; : : : ; 'N ) := hH
3

SL ;

SL

i:

Whi h inserted into (2.2) yields the following onstraint minimization problem

EHF = minfEHF ('1 ; : : : ; 'N ) = hHSL; SL i : h'i ; 'j i = Æi;j ; i; j = 1; : : : ; N g
with N 2 onstraint onditions h'i ; 'j i = Æi;j ; i; j = 1; : : : ; N .
An additional simpli ation an be made for even number of ele trons, restri ting pairs of
orbitals with opposite spin to the same spatial behaviour 'i (r; 21 ) = 'N=2+i (r; 12 ) =: i (r),
i = 1; : : : N=2. This gives the so alled restri ted Hartree-Fo k model for lose shell systems.
The orresponding Hartree-Fo k energy fun tional an be al ulated expli itly

EHF (1; : : : ; N=2)

= 2
+ 2

N=2 Z 
X
1
i=1 R3

jr (r)j
2 i

(r)ji (r)j

2+V

2



d3 r

N=2 X
N=2 Z Z 
X
i (r)i (r)j (r0 )j (r0 )

jr

i=1 j =1 R3 R3

0j

r

(2.4)


i (r)i (r0 )j (r)j (r0 ) 3 0 3
d r d r;
2jr r0 j

where V denotes the Coulomb potential due to the nu lei. Variational al ulus applied to the
restri ted Hartree-Fo k energy fun tional

EHF =

min E ( ; : : : ; N=2 )
hi ;j i=Æi;j HF 1

yields the Hartree-Fo k equations

F i(r) = "i i(r);

(2.5)

with the Fo k operator F , as a ne essary ondition, that for a minimizer there exist pairwise
orthogonal orbitals i, i = 1; : : : ; N=2. De ning the redu ed one-ele tron spin density matrix,
or simply \density matrix" in the following, as the kernel fun tion
N=2

X
i (r)i (r0 )
(r; r0) :=
i=1

(2.6)

of the orresponding spe tral proje tion operator P , and introdu ing the total ele tron density

n(r) := 2(r; r);

(2.7)

the Fo k operator is given by

F (r) =

1
(r) + V (r) (r) + VH (r) + (K) (r);
2

with Hartree potential

VH (r) :=
and ex hange operator

Z

n(r0 )

jr

R3

(K) (r) :=

Z
R3

d3 r0 ;
0
rj

(r; r0 )

jr
4

(r0 )d3 r0 :
0
rj

(2.8)
(2.9)

(2.10)

This is a oupled nonlinear eigenvalue problem, sin e the Fo k operator depends on the density
matrix (2.6), where i , i = 1; : : : ; N=2 are the eigenfun tions orresponding to the N=2 lowest
eigenvalues 1  : : : N=2 < N=2+1  : : :.
A rank one approximation as in the Hartree-Fo k model seems to be a rather poor approximation to the wave fun tion. One way to pursue is to use more than one Slater determinant
to approximate the wave fun tion. This results in methods like on guration intera tion (CI),
multi on guration self- onsistent- eld (MCSCF), oupled luster (CC) methods and other.
All these methods have in ommon that they require a mu h larger omputational e ort. As
a general referen e for these methods, we refer to the monograph [63℄.
In ontrast to these wave fun tion methods, DFT [75℄ tries to repla e the linear, but
high-dimensional S hrodinger operator by nonlinear but low dimensional partial di erential
equations with the same ground state energy and whi h look formally like the Hartree-Fo k
equations. The major di eren e is that in the Kohn-Sham equations, the nonlo al ex hange
term K is repla ed by a lo al ex hange- orrelation potential Vx depending only on the ele tron
density n. However the fun tional dependen e turns out to be very ompli ated and is not
known expli itly. The most simple form is alled the lo al density approximation (LDA) [75℄
where the ex hange orrelation potential is a nonlinear fun tion of the density
1 2
(3 n(r)) + orre tion terms :

Ele tron orrelation an be in orporated into the orre tion term, whi h is usually taken
from quantum Monte Carlo al ulations for a homogeneous ele tron gas. The orresponding
Euler-Lagrange equations take the form (2.5) with Fo k operator

Vx (r) =

1
3



1
F (r) := 2 (r) + V (r) + VH (r) + Vx[n℄(r) (r):
Sin e there are no nonlo al terms, apparently the omputation of these density fun tional
models be omes more simpler and eÆ ient as Hartree-Fo k omputations. Nevertheless, the
exa t fun tional is still unknown and all known approximate fun tionals have ertain de ien ies. Therefore a model error is still intrinsi al in all of these methods. It should be
mentioned, that a tually so- alled hybride models, i.e. onvex ombinations of Kohn-Sham
and Hartree-Fo k models, have shown the best performan e in ben hmark al ulations for
mole ules.
Usually the orbitals i are approximated either by atomi entered basis fun tions e.g.
Gaussian-type orbitals (GTO) or even harmoni polynomials (plane waves). A new alternative
approa h is based on multi-s ale wavelet bases, f. [2, 34, 43, 62℄ and referen es therein.
Due to the Coulomb singularity of the nu lear potential, the orbitals are only smooth away
from the nu lei. To get rid of these ele tron nu lear usps the ore ele trons are added to
smooth the nu lear potential. The Coulomb potential is thereby repla ed by a pseudopotential
and only the valen e ele trons are onsidered expli itly in an external eld generated by the
pseudopotentials [30℄.
2.1

Density matrix formulation of Hartree-Fo k and DFT models

Solving the spe tral problem orresponding to the Hartree-Fo k equations (2.5) leads to O(N 3 )
omplexity at least. In order to a hieve algorithms whi h s ale linear in the number of
ele trons N it therefore turns out to be ne essary to ir umvent the omputation of the
5

eigenvalue problem. Instead it is possible to reformulate the Hartree-Fo k method in terms of
the density matrix (2.6). It has been already mentioned before that the nonlinear part of the
Fo k operator (2.8) an be expressed in terms of the density matrix. Furthermore it is not hard
to see that the Hartree-Fo k energy fun tional (2.4) an be rewritten as a fun tional of the
density matrix EHF () where the orthogonality onstraints of the orbitals have to be repla ed
by the idempoten y ondition of the density matrix onsidered as a spe tral proje tor, i.e.,
Z

(r; r00 )(r00 ; r0 ) d3 r00

(r; r0) = 0:

R3

The density matrix plays the key role in order to a hieve linear s aling in Hartree-Fo k and
DFT methods. For instan e it is well known that the density matrix exhibits exponential
de ay (r; r0)  exp( jr r0 j) for nonmetalli systems. This so- alled shortsightedness of
the density matrix [68℄ enables e.g. an eÆ ient treatment of the nonlo al ex hange term (2.10)
in the Fo k operator. Various omputational s hemes, entirely based on the density matrix,
exist to perform Hartree-Fo k or DFT al ulations, f. [4, 7, 70, 71, 73℄ and referen es therein.
In Se tion 6, we dis uss an approa h using the sign fun tion of an operator whi h seems to
be espe ially suitable for our purposes.
3

Hyperboli

ross approximation in wavelet bases

The idea of sparse grids or hyperboli ross approximation is based on the following observation.
Let us onsider a omplete orthonormal basis in L2 (R ), f l;k : l 2 N [ f 1; 0g, k 2 Il g with
℄Il  2l , whi h obeys the following approximation property
L 1X
X

ku

l= 1 k

ul;k

l;k

k  CR 2 Lskuks

with ul;k = h

i;

l;k ; u

with respe t to the Sobolev spa es H s(R ),l s > 0. Typi al bases are e.g. wavelet bases or
trigonometri polynomials l;k (x) = e2i(2 +k)x , l  0. The orthogonality an be relaxed to
a biorthogonal setting, whi h also in ludes hierar hi al nodal basis fun tions as originally
proposed by Zenger. We refer to [49, 81℄ and referen es therein for the detailed exposition of
this approa h.
Setting Wl := span f l;k : k 2 Il g, the tensor-produ ts l;k(x) = l ;k (x1 )    ld ;kd (xd ),
li  P1, ki 2 Ili , i = 1; : : : ; d; form an orthogonal basis in L2 (R d ). Taking the spa es
ZL = l ++ld L Wl    Wld , we then get dimZL = Ld 2L and
1

1

1

1

ku uZl k . 2 Lskuks;:::;s:
This means that one obtains the onvergen e rate 2 Ls with Ld 2L degrees of freedom,
instead of the usual omplexity 2Ld . The pri e to pay is that one has to require a slightly
higher regularity in terms of the mixed or tensor-produ t Sobolev norms k:ks;:::;s in H s;:::;s =
Nd
s
i=1 H (R ). Therefore, for fun tions satisfying this regularity requirement we an get rid of
the urse of dimensions. Up to a logarithmi term, we an a hieve asymptoti ally the same
omplexity as in one dimension. It has been proven by Yserentant [88℄ that eigenfun tions
of the many-parti le S hrodinger operator (2.1) belong to Sobolev spa es of mixed partial
6

derivatives. This result enables the onstru tion of sparse grid approximations for the entire
wavefun tion [47, 48, 89℄.
Pra ti ally the sparse grid approa h is limited be ause the Riesz onstant CR of the basis enters by CRd . Usually this be omes rather large with in reasing d. Re ent experien es
demonstrate that hyperboli ross approximations or sparse grid approximations an be applied su essfully for a moderate number of dimensions d  10; :::; 30. In the appli ation we
have in mind, namely the numeri al solution of the Hartree-Fo k or Kohn-Sham equation, the
orbitals are fun tions in R 3 and the operators have kernels in R 6 . This makes the sparse grid
approa h highly attra tive for the present problem.
Hyperboli ross approximations an be used also in an adaptive setting. Results for graded
meshes have been obtained by Griebel et al. ( .f. [47℄). S hwab and Nits he ( f. [72℄) have
onsidered point singularities, and demonstrated that an adaptive sparse grid approximation
works well. In fa t, wavelet bases are highly advantageous for lo al adaptive approximation.
This an be explained best in the framework of a best N-term approximation [16, 17, 20, 28℄.
For   2, the spa e lw (J ) is the olle tion of sequen es, respe tively in nite ve tors, u 2
l2 (J ), satisfying
℄ f 2 J : ju j >  g .  
for all  > 0. The quantity

kuklw (J ) := kukl (J ) + jujlw (J )
2

with jujlw (J ) := sup(  [℄ f 2 J : juj >  g℄1= )
>0

de nes a quasi-norm in lw . Rearranging u 2 l2 (J ) by a non-in reasing sequen e u = (uk )k2N ,
i.e. juk j  juk 1j, we have an alternative representation of this quasi-norm via

jujlw (J ) = sup (k1= juk j)
k>0

and, if  < 2,

kuk = kukl (J )  kuklw (J ):
2

The quantity

N (u) :=

ku
℄ supp vN
inf

v

k=(

X

k>N

juk j2)1=2

denotes the error of the best N -term approximation of u. An approximation v satisfying
ku vk . N (u) is given by v where vk = uk if k = 1; : : : ; N and vk = 0, for k > N .
Proposition 3.1

[16, 21℄

1. For u 2 l2 (J ) and s > 0 the estimate N (u) . N
1
1
s
 = s + 2 and N (u) . N kuklw (J ) :

s

holds if and only if u 2 lw (J ) with

2. For 0 <  <  0  2 there holds

l (J )  lw (J )  l 0 (J ):
P

3. The wavelet expansion of a fun tion u = l;k ul;k
if and only if (ul;k ) 2 l (J ) where 1 = s + 12 .
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l;k

s (R )
belongs to the Besov spa e B;

In a re ent paper, Nits he [72℄ has shown that the quasi Bana h spa es l (Zd), 0 <  < 1,
are also tensor-produ t spa es.
Theorem 3.2

[72℄ For 0 < 

 2 there holds l (Zd) = Ndi=1 l (Z):

P

In N
the ase of a tensor-produ t wavelet expansion of a fun tion v = v  in the Besov
s (R ) we therefore obtain the following rate for the best N-term approximation
spa e di=1 B;
inf

℄ supp vN N

kv vN k . N skvkNdi

=1

s (R)
B;

for all 0  s < s . Note that due to s < s no logarithmi term is present in the above
estimate. A similar but more ompli ated result is true for the energy spa e H 1 (R 3 ). Let
us note that this means that asymptoti ally the number of degrees of freedoms required to
obtain an a ura y  behaves (almost) like the orresponding number for a one-dimensional
problem.
In order to apply Nits he's theorem to solutions of Hartree-Fo k and Kohn-Sham equations
it be omes ne essary to establish an asymptoti smoothness property for the behaviour of the
solutions at the atomi nu lei. This has been a hieved in the Hartree-Fo k ase by applying
the al ulus of pseudodi erential operators on manifolds with oni al singularities. Our results
an be summarized in the following theorem:
[35, 37℄ The self- onsistent- eld solutions i of the Hartree-Fo k equations,
obtained via the level-shifting algorithm, satisfy the asymptoti smoothness property
Theorem 3.3

for x 6= A and j j  1
jx i(x)j  C jx Aj1 j j
in
neighbourhood  R 3 of a nu leus at A. This is suÆ ient to ensure i 2
N3a bounded

s
i=1 B; (

) for ea h s > 0 and 1 = s + 21 .

Here we have used the standard short-hand notation for mixed partial derivatives

 :=

  
;
x1 x2 x3
1

2

1

2

3

3

with the absolute value of the multi-index j j := 1 + 2 + 3 . The iterative solutions of
the Hartree-Fo k equations to whi h the theorem applies refer to the so- alled level-shifting
algorithm with an appropriate initial guess. This algorithm orresponds to a xed point
iteration s heme for whi h onvergen e has been proven by Can es and Le Bris [13℄. It should
be mentioned however that so far no proof exists that every solution of the Hartree-Fo k
equations an be obtained via the level-shifting algorithm. In view of (2.6), this theorem an
be immediately extended to the density matrix.
The one-ele tron redu ed density matrix (x; y) belongs to

ea h s > 0 and 1 = s + 12 .
Corollary 3.4

N6
s
i=1 B; (

) for

For further appli ations of the best N -term approximation to post Hartree-Fo k methods, we
refer to [36℄.
Sin e the univariate basis fun tions and therefore the tensor-produ ts are xed from the
beginning, a sparse grid approximation will be by far not an optimal tensor-produ t approximation with respe t to the separation rank. In general we expe t that the separation rank
8

of an \optimal" tensor-produ t approximation 1 is mu h smaller than for a sparse grid approximation of omparable a ura y. For example, let f; g 2 H s (R ), and kf fL k . 2 Ls
, kg gL k . 2 Ls. Then F (x; y ) = f (x)g (y ) has separation rank ropt = 1. The sparse grid
approximation FZL has the same approximation rate 2 Ls and O(L2 2L ) degrees of freedom,
but a relatively large separation rank L2L >> 1. We will see in a moment that the sparse
grid approximation is not too bad. Be ause, to store both fun tions fL and gL with respe t
to the given basis requires 2  2L oeÆ ients, whereas the sparse grid approximation requires
O(L22L) nonzero oeÆ ients in ontrast to O(2dL ) for the full produ t. Keeping in mind that
a really optimal tensor-produ t approximation for d > 2 is still an unsolved problem, and
in general it might be quite expensive, the sparse grids approximation is simple and heap
from the algorithmi point of view. It a hieves also an almost optimal omplexity for storage
requirements. It is a trivial task to onvert an \optimal" tensor-produ t representation into
a sparse grid approximation. The opposite dire tion is a highly nontrivial task and requires
fairly sophisti ated ompression algorithms.
It is worthwhile to mention that previous wavelet matrix ompression approa hes are based
on some Calderon-Zygmund type estimates for the kernels. The sparse grid approximation is
intimately related to wavelet matrix ompression of integral operators with globally smooth
kernels. The kernel fun tions of Calderon-Zygmund operators are not globally smooth. Nevertheless, it an be shown that they an be approximated within linear or almost linear omplexity by means of wavelet Galerkin methods see e.g. [8, 17, 18, 19, 77℄, sin e they are smooth in
the far eld region. This result is proved, provided that the S hwartz kernel K (x; y) in R d  R d
is approximated by tensor-produ t bases
, where is an isotropi wavelet basis in R d .
Re ently developed fast methods like wavelet matrix ompression and hierar hi al matri es
are working well for isotropi basis
tions or isotropi lusters. Corresponding results for
N fun
d
i have not been derived so far. Tensor-produ t bases
sparse grid approximations with 2i=1
in the framework of sparse grids do not have this geometri isotropy, whi h might spoil the
eÆ ien y of these methods. This is not the ase for more general tensor-produ t approximations of these operators dis ussed in Se tions 4.2.2 and 4.2.3 below. Therefore tensor-produ t
approximations will provide an appropriate and eÆ ient tool handling nonlo al operators a ting on fun tions whi h are represented by means of tensor-produ t (sparse grid) bases. The
development of su h a tool will play a fundamental role for dealing with operators in high
dimensions.
4

Toolkit for tensor-produ t approximations

The numeri al treatment of operators in higher dimensions arising in traditional nite element
methods (FEM) and boundary element methods (BEM) as well as in quantum hemistry,
material s ien es and nan ial mathemati s all have in ommon the fundamental diÆ ulty
that the omputational ost of traditional methods usually has an exponential growth in d
even for algorithms with linear omplexity O(N ) in the problem size N (indeed, N s ales
exponentially in d as N = nd , where n is the \one dimensional" problem size).
There are several approa hes to remove the dimension parameter d from the exponent ( f.
[5, 41, 49, 53, 58℄). For the approximation of fun tions, su h methods are usually based on
1 It

should be mentioned that in our appli ations at best almost optimal tensor-produ t approximations
an be a hieved. This is not of parti ular signi an e sin e we are aiming at a ertain a ura y and small
variations of the separation rank, required in order to a hieve this a ura y, do not ause mu h harm.
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di erent forms of the separation of variables. Spe i ally, a multivariate fun tion F : R d
an be approximated in the form

Fr (x1 ; :::; xd ) =

r
X
k=1

!R

d
sk (1)
k (x1 )    (k) (xd )  F;

where the set of fun tions fk(`) (x` )g an be xed, like the best N -term approximation disussed in Se tion 3, or hosen adaptively. The latter approa h tries to optimize the fun tions
f(k`) (x`)g in order to a hieve for a ertain separation rank r at least the almost optimal
approximation property. By in reasing r, the approximation an be made as a urate as
desired. In the ase of globally analyti fun tions there holds r = O(j log "jd 1 ), while for
analyti fun tions with point singularities one an prove r = O(j log "j2(d 1) ) ( f. [53℄).
In the following we want to give a short overview of various approa hes to generate separable approximations with low separation rank. We rst introdu e in Se tion 4.1 two di erent
tensor-produ t formats whi h have been used in the following. Se tion 4.2 provides a su int dis ussion of low rank tensor-produ t approximations of spe ial fun tions, in luding the
Coulomb and Yukawa potential, for whi h a ertain type of \seperable" integral representation exists. This integral representation an be used to obtain separable approximations
either by applying the Sin approximation (Se tion 4.2.1) or dire tly through a best N -term
approximation of exponential sums (Se tion 4.2.2).
4.1

Tensor-produ t representations in higher dimension

Let a d-th order tensor A = [ai :::id ℄ 2 C I be given, de ned on the produ t index set I =
I1  :::  Id . It an be approximated via the anoni al de omposition (CANDECOMP) or
parallel fa tors (PARAFAC) model (shortly, anoni al model) in the following manner
1

A  A(r) =

r
X
k=1

::::: Vk(d) ; bk 2 C ;

bk Vk(1)

(4.1)

where the Krone ker fa tors Vk(`) 2 C I` are unit-norm ve tors whi h are hosen su h that for
a ertain approximation only a minimal number r of omponents in the representation (4.1)
are required. The minimal number r is alled the Krone ker rank of a given tensor A(r) . Here
and in the following we use the notation to represent the anoni al tensor

U  [ui℄i2I = b U (1) ::: U (d) 2 C I ;
(d)
(`)
(`)
I`
de ned by ui :::id = b  u(1)
i  uid with U  [ui` ℄i` 2I` 2 C . We make use of the multi-index
notation i := (i1 ; :::; id ) 2 I .
1

1

The Tu ker model deals with the approximation

A  A(r) =

r1
X
k1 =1

:::

rd
X
kd =1

bk :::kd Vk(1)
1

1

::: Vk(dd) ;

(4.2)

where the Krone ker fa tors Vk(``) 2 C I` (k` = 1; :::; r`, ` = 1; :::; d) are omplex ve tors of the
respe tive size n` = jI` j, r = (r1 ; :::; rd ) (the Tu ker rank) and bk :::kd 2 C . Without loss of
generality, we assume that the ve tors fVk(``) g are orthonormal, i.e.,
1

D

E

Vk(``) ; Vm(``) = Æk` ;m` ; k`; m` = 1; :::; r` ; ` = 1; :::; d;
10

where Æk` ;m` is Krone ker's delta.
On the level of operators (matri es) we distinguish the following tensor-produ t stru tures.
Given a matrix A 2 C N N with N = nd , we approximate it with the anoni al model by a
matrix A(r) of the form

A  A(r) =

r
X
k=1

Vk(1)

   Vk(d) ;

(4.3)

where the Vk(`) are hierar hi ally stru tured matri es of order n  n. Again the important
parameter r is denoted as the Krone ker rank.
We also introdu e the following rank-(r1 ; :::; rd ) Tu ker-type tensor-produ t matrix format

A=

r1
X
k1 =1

:::

rd
X
kd =1

bk :::kd Vk(1)
1

1

::: Vk(dd) 2 R I :::Id ;
2
1

2

(4.4)

where the Krone ker fa tors Vk(``) 2 R I` I` , k` = 1; :::; r`, ` = 1; :::; d, are matri es of a ertain
stru ture (say, H-matrix, wavelet based format, Toeplitz/ ir ulant, low-rank, banded, et .).
The matrix representation in the form (4.4) is a model redu tion whi h is a generalisation
of the low-rank approximation of matri es, orresponding to the ase d = 2. For a lass
of matrix-valued fun tions ( f. [53, 58℄ and Se tion 6.1 below) it is possible to show that
r = O(j log "j2(d 1) ). Further results on the tensor-produ t approximation to ertain matrixvalued fun tions an be found in [41, 54℄.
Note that algebrai re ompression methods based on the singular value de omposition
(SVD) annot be dire tly generalised to d  3. We refer to [5, 6, 25, 26, 27, 33, 58, 59,
64, 66, 67, 74, 90℄ and referen es therein for detailed des ription of the methods of numeri al
multi-linear algebra. In the following, we stress the signi an e of analyti al methods for
the separable approximation of multivariate fun tions and related fun tion-generated matries/tensors.
4.2

Separable approximation of fun tions

Separable approximation of fun tions plays an important role in the design of e e tive tensorprodu t de omposition methods. For a large lass of fun tions ( f. [84, 85℄) it is possible
to show that tensor-produ t approximations with low separation rank exist. In this se tion,
we overview the most ommonly used methods to onstru t separable approximations of
multivariate fun tions.
4.2.1

Sin

interpolation methods

Sin -approximation methods provide the eÆ ient tools for interpolating C 1 fun tions on
having exponential de ay as jxj ! 1 ( f. [80℄). Let

Sk;h(x) =

sin [ (x kh)=h℄
 (x kh)=h

R

( k 2 Z; h > 0; x 2 R )

be the k-th Sin fun tion with step size h, evaluated at x. Given f in the Hardy spa e H 1 (DÆ )
with respe t to the strip DÆ := fz 2 C : j=z j  Æ g for a Æ < 2 . Let h > 0 and M 2 N 0 , the
11

orresponding Sin -interpolant ( ardinal series representation) and quadrature read as

CM (f; h) =

M
X
k= M

f (kh)Sk;h; TM (f; h) = h

where the latter approximates the integral

I (f ) =

Z

M
X
k= M

f (kh);

f (x)dx:

R

For the interpolation error, the hoi e h =

p

Æ=bM implies the exponential onvergen e rate

kf CM (f; h)k1  CM 1=2 e
Similarly, for the quadrature error, the hoi e h =

p

ÆbM :

p

2Æ=bM yields
p

jI (f ) TM (f; h)j  Ce 2ÆbM :
If f has a double-exponential de ay as jxj ! 1, i.e.,
jf ( )j  C exp( beajj ) for all  2 R with a; b; C > 0;
the onvergen e rate of both Sin -interpolation and Sin -quadrature an be improved up to
O(e M= log M ).
For example, let d = 2. Given a fun tion F (;  ) de ned in the produ t domain :=
[0; 1℄  [a; b℄, a; b 2 R , we assume that for ea h xed  2 [a; b℄, the univariate fun tion
F (;  ) belongs to C 1 (0; 1℄ and allows a ertain holomorphi extension (with respe t to  )
to the omplex plane C ( f. [53℄ for more details). Moreover, the fun tion F (;  ) restri ted
onto [0; 1℄ is allowed to have a singularity with respe t to  at the end-point  = 0 of [0; 1℄.
Spe i ally, it is assumed that there is a fun tion  : R ! (0; 1℄ su h that for any  2 [a; b℄
the omposition f (x) = F ((x);  ) belongs to the lass H 1 (DÆ ). For this lass of fun tions a
separable approximation is based on the transformed Sin -interpolation [41, 80℄ leading to

FM (;  ) =

M
X
k= M

F ((kh);  )Sk;h( 1 ( ))  F (;  ):

The following error bound
sup jF (;  ) FM (;  )j  Ce

 2[a;b℄

sM= log M

(4.5)

holds with  1 ( ) = arsinh(ar osh( 1)). In the ase of a multivariate fun tion in [0; 1℄d 1 
[a; b℄, one an adapt the orresponding tensor-produ t approximation by su essive appli ation
of the one-dimensional interpolation ( f. [53℄). In the numeri al example shown in Fig. 1), we
approximate the Eu lidean distan e jx y j in R 3 on the domain jxi yi j  1 (i = 1; 2; 3), by the
Sin -interpolation. To that end, the approximation (4.5) applies to the fun tion F (; ; ) =
p
 2 +  2 + 2 in := [0; 1℄3 .
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Figure 1: Convergen e of the Sin -approximation of F (; ; ) =  2 +  2 + 2 on the sli e
 =  = 0 (left), and the pointwise error for M = 32 on (; 0; 0),  2 [ 1; 1℄ (right).
4.2.2

Integral representation methods

Integral representation methods are based on the quadrature approximation of integral Lapla etype transforms representing spheri ally symmetri fun tions. In parti ular, some fun tions
of the Eu lidean distan e in R d , say,

y j ; e jx yj ; e jx yj=jx y j; x; y 2 R d ;

1=j x y j ; j x

an be approximated by Sin -quadratures of the orresponding Gaussian integral on the semiaxis [41, 53, 54, 65℄.
For example, in the range 0 < a  jx y j  A, one an use the integral representation
Z

1

1
=p
jx y j


exp( jx

yj

2 t2 )dt

R

=

Z

F (%; t)dt; x; y 2 R d

(4.6)

R

of the Coulomb potential with
1
F (%; t) = p e


%2 t2 ;

% = j x y j ; d = 3:

After the substitution t = log(1 + eu ) and u = sinh(w) in the integral (4.6), we apply the
quadrature to obtain

TM (F; h) := h

M
X
k= M

osh(kh)G(%; sinh(kh)) 

Z
R

F (%; t)dt =

%2 log2 (1+eu )

1
%

(4.7)

and with h = C0 log M=M . The quadrature (4.7) is proven to
with G(%; u) = p2 e 1+eu
onverge exponentially in M ,

EM :=

1
%

TM (F; h)
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sM= log M ;
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Figure 2: Error of the quadrature formula (4.7) for the Coulomb potential on the interval
[1; 5000℄ for M = 64.
where C; s do not depend on M (but depend on %), see [53℄. With the proper s aling of
the Coulomb potential, one an apply this quadrature in the referen e interval % 2 [1; R℄. A
numeri al example for this quadrature with values % 2 [1; R℄, R  5000, is presented in Fig. 2.
We observe almost linear error growth in %.
In ele troni stru ture al ulations, the Galerkin dis retisation of the Coulomb potential
in tensor-produ t wavelet bases is of spe i interest. For simpli ity, we onsider an isotropi
3d-wavelet basis
(s)
(s )
(s )
(s )
j;a (x) := j;a (x1 ) j;a (x2 ) j;a (x3 );
1

2

1

3

2

3

(0)
(1)
where the fun tions j;a
(x) := 2j=2 (0) (2j x a), j;a
(x) := 2j=2 (1) (2j x a), with j; a 2
Z, orrespond to univariate s aling fun tions and wavelets, respe tively. The nonstandard
representation of the Coulomb potential ( f. [8, 34℄) requires integrals of the form

Z Z
R3 R3

with

(p)
j;a (x)

jx

1
y

j

(q)
3 3
j;b (y) d xd y

=

1
2j +1 Z

p

I (p;q) (t; a

)dt;

b

0

I (p;q) (t; a) = G(p ;q )(a1 ; t) G(p ;q )(a2 ; t) G(p ;q ) (a3 ; t);
1

and

2

G(p;q) (a; t)

=

1

Z Z

2

(p) (x

2

a) e

3

(x y)2 t2

3

(q) (y ) dxdy:

R R

In order to bene t from the tensor-produ t stru ture, it is important to have a uniform error
bound with respe t to the spatial separation ja bj of the wavelets. Re ently, the following
theorem was proven by S hwinger [79℄
Theorem 4.1

Given a univariate wavelet basis
Z

(p) (x

y)

(q) (y ) dy
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(p)
j;a

whi h satis es

.e

jxj for > 0:
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Figure 3: Relative error of Coulomb integrals (4.8) for the ase of pure s aling fun tions,
i.e., p = q = (0; 0; 0), for di erent number of quadrature points M . The isotropi 3d-s aling
fun tions were generated from the univariate Deslauriers Dubu interpolating s aling fun tion
[29℄ whi h is exa t up to 5'th order.
Thenqfor any Æq< 4 , the integration error of the exponential quadrature rule ( f. [80℄) with
2Æ pure s aling fun tions, i.e., p = q = (0; 0; 0)) satis es
h = Æ
M (h =
M
Z1

p

I (p;q) (t; a)dt h

0

p

M
X
m= M

emh I (p;q) (emh ; a)

 Ce

p

M

(4.8)

for = 2 Æ ( = 2Æ pure s aling fun tions) with onstant C independent of the translation parameter a.

We illustrate the theorem for the ase of pure s aling fun tions in Fig. 4.2.2. Similar results
for wavelets are presented in [14℄.
4.2.3

On the best approximation by exponential sums

Using integral representation methods, the Sin -quadrature an be applied, for example, to
the integrals
Z
Z 1
1
1 1 %t
1
%
e
dt
=
=p
e d; and
%
%
 1
0
to obtain an exponentially onvergent sum of exponentials approximating the inverse fun tion
1
% . Instead, one an dire tly determine the best approximation of a fun tion with respe t to a
2 2

n
P

n
P

ertain norm by exponential sums ! e t x or ! e t x ; where ! ; t 2 R are to be hosen
 =1
 =1
optimally. For some appli ations in quantum hemistry of approximation by exponential sums
we refer e.g. to [1, 60, 62℄.
We re all some fa ts from the approximation theory by exponential sums ( f. [10℄ and the
dis ussion in [53℄). The existen e result is based on the fundamental Big Bernstein Theorem :
15

2

If f is ompletely monotone for x  0, i.e.,
( 1)n f (n) (x)  0

for all n  0; x  0;

then it is the restri tion of the Lapla e transform of a measure to the half-axis:

f (z ) =

Z

R+

e tz d(t):

For n  1, onsider the set En0 of exponential sums and the extended set En :
(

En0 := u =
(

En := u =

n
X
 =1
X̀
 =1

)

! e

t x

p (x)e

: ! ; t 2 R ;
t x

: t 2 R ; p polynomials with

X̀
 =1

)

(1 + degree(p ))  n :

Now one an address the problem of nding the best approximation to f over the set En
hara terised by the best N -term approximation error

d1(f; En ) := inf v2En kf

v k1 :

We re all the omplete ellipti integral of the rst kind with modulus ,
K

() =

Z 1
0

dt

p

t2 )(1

(1

2 t2 )

(0 <  < 1)

( f. [12℄), and de ne K0 () := K(0 ) by 2 + (0 )2 = 1.
([10℄) Assume that f is ompletely monotone and analyti for <e z > 0, and
let 0 < a < b. Then for the uniform approximation on the interval [a; b℄,

Theorem 4.2

2

lim d (f; En )1=n 
n!1 1

 K()
a
1
; where ! = exp 0
with  = :
2
!
K ()
b

In the ase dis ussed below, we have  = 1=R for possibly large R. Applying the asymptoti s
4
0
K( ) = ln
for 0 ! 1;
 + C1  + :::

1 2
4
K() = f1 +  + C1  + :::g
for  ! 0;
2
4
of the omplete ellipti integrals ( f. [44℄), we obtain
1
= exp
!2



2 K()
K(0 )



 exp



2
ln(4R)



1

2
:
ln(4R)

The latter expression indi ates that the number n of di erent terms to a hieve a toleran e "
is asymptoti ally
j log "j  j log "j ln (4R) :
n
j log ! 2j
2
2 The

same result holds for En0 , but the best approximation may belong to the losure En of En0 :
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This result shows the same asymptoti al onvergen e in n as the orresponding bound in the
Sin -approximation theory.
Optimisation with respe t to the maximum norm leads to the nonlinear minimisation problem inf v2En kf v kL1[1;R℄ involving 2n parameters f! ; t gn=1 . The numeri al implementation
is based on the Remez algorithm ( f. [12℄). For the parti ular appli ation with f (x) = x 1 , we
have the same asymptoti al dependen e n = n("; R) as in the Sin -approximation above, however, the numeri al results 3 indi ate a noti eable improvement ompared with the quadrature
method, at least for n  15.
The best approximation to 1=% in the interval [1; R℄ with respe t to a W -weighted L2 norm an be redu ed to the minimisation of an expli itly given di erentiable fun tional
0

d2 (f; En ) := inf v2En kf

v kLW :
2

Given R > 1,  > 0, n  1, nd the 2n real parameters t1 ; !1 ; :::; tn ; !n 2 R , su h that

F (R; t1 ; !1 ; :::; tn ; !n ) :=

Z R
1



1
W (x) 
x

n
X
i=1

!i e

ti x

2

dx = min :

(4.9)

In the parti ular ase of  = 1 and W (x) = 1, the integral (4.9) an be al ulated in a losed
form4:

F1 (R; t1 ; !1; :::; tn ; !n ) = 1
+

n
1X
!i2 
e
2 i=1 ti

2ti

e

1
R

2ti R  + 2

2

n
X

i=1
X

!i [Ei( ti ) Ei( ti R)℄

!i !j 
e
t
+
t
i
j
1i<j n
R

(ti +tj )

e

(ti +tj )R 

with the integral exponential fun tion Ei(x) = x1 et dt ( f. [12℄). In the spe ial ase R = 1,
the expression for F1 (1; : : :) even simpli es. Gradient or Newton type methods with a proper
hoi e of the initial guess an be used to obtain the minimiser of F1 ( f. [56℄).
5

t

Data sparse formats for univariate

5.1

omponents

Hierar hi al matrix te hniques

The hierar hi al matrix (H-matrix) te hnique [46, 50, 51, 55℄ (see also the mosai -skeleton
method [83℄) allows an eÆ ient treatment of dense matri es arising, e.g., from BEM, evaluation
of volume integrals and multi-parti le intera tions, ertain matrix-valued fun tions, et . In
parti ular, it provides matrix formats whi h enable the omputation and storage of inverse
FEM sti ness matri es orresponding to ellipti problems as well as of BEM matri es.
The hierar hi al matri es are represented by means of a ertain blo k partitioning. Fig. 4
shows typi al admissible blo k stru tures. Ea h blo k is lled by a submatrix of a rank not
ex eeding k: Then, for the mentioned lass of matri es, it an be shown that the exa t dense
matrix A and the approximating hierar hi al matrix AH di er by kA AH k  O( k ) for a
3 Numeri

al results for the best approximation of x 1 by sums of exponentials an be found in [10℄ and
[11℄; a full list of numeri al data is presented in www.mis.mpg.de/s i omp/EXP SUM/1 x/tabelle.
4 In the general ase, the integral (4.9) may be approximated by ertain quadratures.
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Figure 4: Hierar hi al partitioning by the standard and weak admissibility onditions
ertain number  < 1: This exponential de rease allows to obtain an error " by the hoi e
k = O (log(1=")) : It is shown ( f. [50, 51, 52℄) that the H-matrix arithmeti exhibits almost
linear omplexity in N :



Data ompression. The storage of N  N H-matri es as well as the matrix-by-ve tor
multipli ation and matrix-matrix addition have a ost O (kN log N ), where the lo al
rank k is the parameter determining the approximation error.



Matrix-by-matrix and matrix-inverse omplexity. The approximatematrix-matrix multipli ation and the approximate inversion both take O k2 N log2 N operations.


5.2

The Hadamard (entry-wise) matrix produ t. The exa t Hadamard produ t of two rank-k

H-matri es leads to an H-matrix of the blo k-rank k2 (see Se tion 5.2 below).
Hierar hi al Krone ker tensor-produ t approximations

Sin e n is mu h smaller than N , one an apply the hierar hi al (or low-rank) matrix stru ture
to represent the Krone ker fa tors Vk` in (4.3) with the omplexity O(n logq n) or even O(n)
that nally leads to O(rn) = O(rN 1=d ) data to represent the ompressed matrix Ar . We
all by HKT(r; s) the lass of Krone ker rank-r matri es, where the Krone ker fa tors Vk` are
represented by the blo k-rank s H-matri es (shortly, HKT-matri es). It was shown in [58℄
that the advantages of repla ing A with Ar ( f. (4.3)), where all the Krone ker fa tors possess
the stru ture of general H-matri es, are the following:



Data ompression. The storage for the Vk` matri es of (4.3) is only O(rn) = O(rN 1=d )
while that for the original (dense) matrix A is O(N 2 ), where r = O(log N ) for some
> 0. Consequently, we enjoy a linear-logarithmi omplexity of O(n log n) in the
univariate problem size n.



Matrix-by-ve tor omplexity. Instead of O(N 2 ) operations to ompute Ax, x 2 C N , we
now need only O(rknd log n) = O(rkN log n) operations. If the ve tor an be represented in a tensor-produ t form (say, x = x1 : : : xd , xi 2 C n ) the orresponding ost
is redu ed to O(rkn log n) = O(rkN 1=d log n) operations.
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Matrix-by-matrix omplexity. Instead of O(N 3 ) operations to ompute AB , we now
need only O(r2 n3 ) = O(r2 N 3=d ) operations for rather general stru ture of the Krone ker
fa tors. Remarkably, this result is mu h better than the orresponding matrix-by-ve tor
omplexity for a general ve tor x.



Hadamard produ t. The Hadamard (entry-wise) produ t of two HKT-matri es A  B
is presented in the same format: (U1  V1 )  (U2  V2 ) = (U1  U2 )  (V1  V2 ). In
turn, the exa t Hadamard produ t U1  U2 (same for V1  V2 ) of two rank-k H-matri es
results in an H-matrix of the blo k-rank k2 and with the orresponding \skeleton"
ve tors de ned by the Hadamard produ ts of those in the initial fa tors (sin e there
holds (a b)  (a1 b1 ) = (a  a1 ) (b  b1 )).

Therefore, basi linear algebra operations an be performed in the tensor-produ t representation using one-dimensional operations, thus avoiding an exponential s aling in the dimension
d.
The exa t produ t of two HKT-matri es an be represented in the same format, but with
squared Krone ker rank and properly modi ed blo k-rank [58℄. If A; B 2 HKT(r; s), where s
orresponds to the blo k-rank of the H-matri es involved, then in general AB 2= HKT(r; s).
However,

A=

r
X
k=1

UkA

VkA ;

B=

leads to

AB =
an be proven that the UkA UlA

r
X
l=1

UlB

r X
r
X

VlB ; UkA ; VkA ; UlB ; VlB 2 C nn ;

(UkA UlB )

k=1 l=1
and VkA VlB matri

(5.1)

(VkA VlB ):

It
es possess the same hierar hi al partitioning
as the initial fa tors in (5.1) with blo ks of possibly larger (than s) rank bounded, nevertheless,
by sAB = O(s log N ): Thus, AB 2 HKT(r2 ; sAB ) with sAB = O(s log N ).
5.3

Wavelet Krone ker tensor-produ t approximations

Wavelet matrix ompression was introdu ed in [8℄. This te hniques has been onsidered by one
of the authors during the past de ade in a series of publi ations ( f. [77℄). The ompression
of the Krone ker fa tors Vi 2 R nn is not so obvious, sin e it is not lear to what extend
they satisfy a Calderon-Zygmund ondition. It is more likely that they obey more or less
a hyperboli ross stru ture. An underlying trun ation riterion based on the size of the
oeÆ ients will provide an automati way to nd the optimal stru ture independent of an
a priori assumption. A basi thresholding or a posteriori riterion has been formulated by
Harbre ht [61℄ and in [22℄. With this riterion at hand, we expe t linear s aling with respe t
to the size of the matri es.



Data ompression. The matri es in (4.3) Vk` an be ompressed requiring total storage
size about O(rn) = O(rN 1=d ), where r = O(log N ) is as above. The data ve tor
requires at most O(n logd n) nonzero oeÆ ients.
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Matrix-by-ve tor omplexity. Instead of O(N 2 ) operations to ompute Ax, x 2 C N , we
now need only O(rnd ) = O(rN ) operations. If the ve tor is represented in a tensorprodu t form (say, x = x1 ::: xd , xi 2 C n ) or in sparse grid representation, then the
orresponding ost is redu ed to O(rn), resp. O(rn logd n) operations .



Matrix-by-matrix omplexity. Using the ompression of the Lemarie algebra [82℄, instead
of O(N 3 ) operations to ompute AB , we need only O(r2 n logq n) = O(r2 N 1=d logq N ),
or even O(r2 n) operations.

Adaptive wavelet s hemes for nonlinear operators have been developed in [3, 24℄ and for
nonlo al operators in [23℄. Corresponding s hemes for hyperboli ross approximations have
not been worked out up to now. Perhaps basi ideas an be transfered immediately to the
tensor-produ t ase.
6

Linear s aling methods for Hartree-Fo k and KohnSham equations

Operator-valued fun tions G (L) of ellipti operators L play a prominent role in quantum
many-parti le theory. A possible representation of the operator G (L) is given by the DunfordCau hy integral ( f. [38, 39, 40, 41℄)

G (L) = 21i

Z

G (z)(zI L) 1dz;

where envelopes the spe trum spe (L) of the operator L in the omplex plane. This kind
of representation is espe ially suitable for tensor-produ t approximation using Sin or GaussLobatto quadratures for the ontour integral to get an approximate operator of the form

G ( L) 

X

k

G (zk )(zk I L) 1:

(6.1)

An important example for an operator valued fun tion is the sign fun tion of the shifted
Fo k operator whi h an be dire tly related to the spe tral proje tor P asso iated with the
density matrix . This relation
1
P = [I
2

sign(F

1
I )℄ =
2i

Z

(F

zI ) 1 dz;

where \ spe (F ) = ; en loses the N=2 lowest eigenvalues of the Fo k operator, has been rst
noti ed by Beylkin, Coult and Mohlenkamp [7℄. In order to be appli able, the method requires
a nite gap between the highest o upied "N=2 and lowest uno upied "N=2+1 eigenvalue to
adjust the parameter "N=2 <  < "N=2+1 . This onstraint, in parti ular, ex ludes metalli
systems.
In general, the approximability of inverse matri es, required in (6.1), within the HKT
format is still an open problem. First results on fast approximate algorithms to ompute
inverse matri es in the HKT format for the ase d  2 an be found in [41℄. In Fig. 6,
we onsider the HKT representation to the dis rete Lapla ian inverse ( h ) 1 (homogeneous
Diri hlet boundary onditions) in R d , whi h an be obtained with O(dn logq n) ost. Numeri al
examples for still higher dimensions d  1024 are presented in [45℄. For omparison, the
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Figure 5: Error for anoni al tensor produ t approximations of ( h ) 1 in [0; 1℄d with d = 2; 3
and 4. Here M denotes the number of Sin -quadrature points so that the separation rank is
given by r = 2M + 1, f. [41℄ for further details.
following numeri al example manifests the optimal Krone ker rank of the dis rete ellipti
inverse in d = 2. Let h now orrespond to a ve-point sten il dis retization of the Lapla ian
on a uniform mesh in the unit re tangle in R 2 (Diri hlet boundary onditions). It is easy to see
that the Krone ker rank of h is 2. The Krone ker ranks of ( h ) 1 for di erent relative
approximation a ura ies (in the Frobenius norm) are given in Table 6. Our results indi ate
a logarithmi bound O(log " 1 ) for the approximate Krone ker rank r.
6.1

Matrix-valued fun tions approa h for density matri es

Let F 2 R M M be the Fo k matrix that represents the Fo k operator F ( f. (2.8)) in an
orthogonal basis f'i gM
i=1 , M  N=2. There exist two di erent approa hes to ompute the
Galerkin dis retization D 2 R M M of the density matrix (2.6) via the matrix sign of the
shifted Fo k matrix
1
D = [I sign(F I)℄; with  2 ("N=2 ; "N=2+1 ):
2
The rst approa h uses an exponentially onvergent quadrature for the integral to obtain an
expansion into resolvents (6.1) whereas the se ond approa h is based on a Newton-S hultz
iteration s heme. Con erning the tensor-produ t approximation of resolvents in the HKT
Table 1: Canoni al tensor produ t approximation with optimal separation rank of the inverse
Lapla ian ( h ) 1 on a uniform re tangular grid in [0; 1℄2 . Here n = 64 and, hen e, h 2
R N N with N = 4096.
Krone ker rank for ( h )
Relative Frobenius error

1

6
8
9
11
12
14
10 3 10 4 10 5 10 6 10 7 10 8
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format we refer to our dis ussion in Se tion 5.2. For the Newton-S hultz iteration s heme
proposed in [7℄

S (n+1) = S (n) +

1
I
2



(S (n) )2 S (n) ; S (0) = (F

I) =jjF

Ijj2;

(6.2)

the sequen e S (n) onverges to sign(F I). First appli ations in quantum hemistry by
Nemeth and S useria [71℄ demonstrate the pra ti ability of this approa h. Iterations s hemes
of the form (6.2) seem to be espe ially favourable for tensor-produ t formats. Starting from
an initial approximation of the Fo k matrix F , with low separation rank one has to perform
matrix-matrix multipli ations whi h an be handled in an eÆ ient manner in the tensorprodu t format, f. our dis ussion in Se tion 5.2. After ea h iteration step a re ompression of
the tensor-produ t de omposition of S (n+1) be omes ne essary. For the re ompression one an
apply the simple alternating least squares (ALS) method [5, 87, 90℄ or Newton-type and related
algebrai iterative methods [33℄. The ALS algorithm starts with an initial de omposition
of S (n+1) with separation rank r and obtains the best approximation with separation rank
r~  r by iteratively solving an optimisation problem for ea h oordinate separately. Assume
that r is a tually mu h larger than ne essary, i.e., r~ << r, then the ALS algorithm osts
O(d r~(~r2 + rn2)). We refer to [78℄ for the dis ussion of wavelet methods for density matrix
omputation in ele troni stru ture al ulation.
6.2

Computation of Hartree potentials in tensor-produ t formats

A ommon bottlene k for the numeri al solution of Hartree-Fo k and Kohn-Sham equations is
the omputation of the Hartree-potential (2.9). Traditionally, highly adapted GTO basis sets
are used for the approximation of ele tron densities whi h enable an analyti evaluation of the
subsequent onvolution with the Coulomb potential. This kind of approa h be ame widely
known as density- tting or resolution of the identity method ( f. [31, 32, 69℄) and turned out
to be an essential ingredient for omputational eÆ ien y. We want to dis uss two alternative
approa hes based on anoni al (4.1) and Tu ker (4.2) tensor-produ t de ompositions whi h
have been presented in [14℄ and [15℄, respe tively. Both approa hes have to be onsidered
as a generalization of the density- tting method with respe t to the fa t that they provide
tensor-produ t approximations for both, the ele tron density and the Hartree potential. The
latter be omes possible via separable approximations of the Coulomb potential obtained via
Sin interpolation or best approximation by exponential sums dis ussed in Se tions 4.2.2 and
4.2.3, respe tively.
The anoni al tensor-produ t approa h is based on approximations for the ele tron density
(2.7) in the format

n ( x)

K
X
(2)
(3)
n(1)
=
k (x1 )nk (x2 )nk (x3 )
k=1




X
k(1) (x1 ) k(2) (x2 ) k(3) (x3 );
k=1

whi h an be obtained from separable approximations with large separation rank K , e.g. expansions in terms of GTO basis sets, via algebrai ompression methods [33℄. Using a separable
approximation of the Coulomb potential with separation rank 2M + 1, f. (4.7), we obtain
from an intermediate tensor-produ t representation with separation rank (2M + 1), after a
further ompression step, the Hartree potential in the anoni al format with low separation
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rank

VH (x) =

Z
R3

jx

1
y

j

n(y)d3 y



0
X
vk(1) (x1 ) vk(2) (x2 ) vk(3) (x3 ):
k=1

With su h an approximation at hand, it is straightforward to assemble the Galerkin matrix
with respe t to an arbitrary tensor-produ t basis fG (x) := g (x1 )g (x2 )g (x3 )g,  :=
(1 ; 2 ; 3 ) 2 I , in an eÆ ient manner by utilising the tensor-produ t de omposition of the
onstituents
1

Z Z
R R
3

3

G VH (x)G

d3 xd3 y

=

2

3


X
k=1

hg vk(1) ; g! ihg vk(2) ; g! ihg vk(3) ; g! i:
1

1

2

2

3

3

This approa h is therefore espe ially suitable in ombination with onventional GTO or tensorprodu t wavelet bases. It turned out that signi ant improvements beyond standard GTO
bases an be a hieved, however the un onstraint optimization of univariate omponents required for the ompression steps represents a generi ally ill-posed problem and rather sophisti ated optimization te hniques are ne essary in order to a hieve the required high a ura ies.
The se ond approa h uses the Tu ker format (4.2) to obtain data sparse representations
of ele tron densities. In ontrast to the anoni al approa h, the Tu ker approximation is typi ally a well posed problem. We have studied Tu ker approximations of ele tron densities and
Hartree potentials represented on regular artesian grids. This kind of representation underlies the re ently developed BigDFT ode [9℄ for DFT based large s ale ele troni stru ture
al ulations. The presently most eÆ ient approa h to ompute the Hartree potential on a
artesian grid uses the Fast Fourier Transform (FFT) to perform the onvolution with the
Coulomb potential [42℄. Con erning the omputational omplexity FFT s ales O(n3 log n) on
a ubi grid, where n is the number of grid points in ea h dire tion. Within tensor-produ t
formats it is possible to perform this step with sublinear, i.e., O(n ), 1  < 3 omplexity.
The Tu ker format is not as onvenient for the onvolution as the anoni al format. Therefore
it is favourable to simply rearange the Tu ker tensor with Tu ker rank r into a anoni al tensor with separation rank r2 and perform the onvolution in the anoni al format as des ribed
above. In a subsequent step it is possible to ompress the resulting Hartree potential of rank
r2 (2M + 1) again within the Tu ker format.
We have studied anoni al and Tu ker type tensor-produ t approximations of ele tron
densities and Hartree potentials for a series of small mole ules. We refer to [14, 15℄ for a
detailed dis ussion of the anoni al and Tu ker approa h in luding ben hmark al ulations
for some small mole ules. As an illustrative example we present in Fig. 6.2 results for the
C2 H6 mole ule. The relative errors of the tensor-produ t approximations refer to the L2 (R 3 )
and dis rete Frobenius norm for the anoni al and Tu ker format, respe tively. It an pbe
seen from Fig. 6.2 that the error in the anoni al format de reases approximately like e 
whereas the Tu ker format shows an exponential onvergen e with respe t to the Tu ker rank.
As already noti ed in the previous paragraph it is always possible to rearange the Tu ker into
the anoni al format where the Tu ker rank r orresponds to a anoni al separation rank
 = r2 . Here we observe a similar behaviour for ele tron densities and Hartree potentials.
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Figure 6: Errors for tensor produ t approximations of the ele tron density n and Hartree
potential VH of C2 H6 . a) Krone ker rank of the anoni al format versus error in the L2 norm.
b) Tu ker rank of the Tu ker format versus error in the Frobenius norm.
7

Con lusions

The importan e of tensor-produ t approximations for ele troni stru ture al ulations in quantum hemistry and solid state physi s an be hardly overestimated. Their s ope of appli ations ranges from basi issues related to the problem to nd a onvenient ansatz for the
many-parti le wavefun tion in terms of Slater determinants up to more te hni al issues onerning the eÆ ient omputation of integrals involving the Coulomb potential. Within the
present work we reviewed some re ent developments in numeri al analysis omprising best
N -term approximation in tensor-produ t wavelet bases as well as more general anoni al and
Tu ker type tensor-produ t formats, whi h an be ombined with data sparse representations
for the low dimensional omponents using H matri es or wavelets. Furthermore, separable
approximations of ertain kernel fun tions, like the Coulomb or Yukawa potential, enable
fast onvolutions in tensor-produ t formats. For large s ale Hartree-Fo k and DFT ele troni
stru ture al ulations, based on GTO bases or artesian grids, the omputation of the nonlinear Hartree potential be omes a dominant step. Tensor-produ t formats provide possible
improvements with respe t to onventional approa hes based on density- tting s hemes and
FFT for GTO and grid based methods, respe tively. An essential prerequisite, however, is the
availability of a urate and fast ompression algorithms, whi h have to be su essively applied
in order to avoid a disproportionate in rease of the separation rank e.g. within tensor-produ t
onvolutions. Su h kind of algorithms are presently under development [33, 74℄.
8
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