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Abstract

In this paper we prove a posteriori La(L2) and Loo(H ") residual based
error estimates for a finite element method for the one-dimensional time de-
pendent coupling equations of two scalar conservation laws. The underlying
discretization scheme is Characteristic Galerkin method which is the partic-
ular variant of the Streamline diffusion finite element method for 6 = 0. Our
estimate contains certain strong stability factors related to the solution of an
associated linearized dual problem combined with the Galerkin orthogonal-
ity of the finite element method. The stability factor measures the stability
properties of the linearized dual problem. We compute the stability factors
for some examples by solving the dual problem numerically.
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1 Introduction

This paper is the second part in a series of two papers concerning approximate
solutions for the coupling equations. In the first part [13], we derived, for smooth
solutions in the Sobolev space H¥*1 of functions with their partial derivatives up to
order k+1 in Loy, optimal a priori error estimates for the Streamline diffusion finite
element methods (for short, the Sd-method below) of order O(R*+1/2). In this part
we extend our studies to a posteriori estimates (see [1], [2], [6]-]9]) dealing with the
following basic problem: To construct an algorithm for the numerical solution of
the coupling equations such that the error between the exact and approximate solu-
tions, measured in some appropriate norms such as weighted Lo(Lz) and Lo, (H 1)
norms, is guaranteed to be below a given tolerance and such that the computational
cost is almost minimal. These two properties are referred to as the reliability and
efficiency of the algorithm, respectively. The a posteriori error analyses are required
for the reliability in the sense that the error is controlled by certain norms of the
residual (which is obtained by inserting the computed finite element solution into
the differential equation) term, whereas the a priori error estimates are based on
controlling the size of the error by some norm of the unknown solution itself. As for
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the efficiency the adaptivity may be invoked to avoid unnecessary mesh-refinements
on the regions where the contribution to the error is already small.

The main objective in this study is to derive a posteriori error estimates and prove
strong stability estimates of the dual problem for the solution of the interface prob-
lem in a system of two different partial differential equations describing, e.g., mul-
tifluids with different state equations and moving contact discontinuities. More
specifically we consider the following coupling of two conservation laws in one di-
mension: Find u : (z,t) € R x Ry — u(z,t) € R such that

Ut + fR(u)fﬂ - (6’11,)11 = 07 T > 05 t> 07
ur+ fr(u)y — (eu)ee =0, x<0, t>0, (1.1)
’LL(.CC, 0) =1up, TE ]Ra
and also a suitable “continuity” condition
u(z,t) = ub(t) t>0,

at the interface x = 0, to be compatible with initial condition uq (for more details
see [11, 13]), where € = €(x,t) is a positive small viscosity, ug : R — R is a given
function and f, : R — R, a = L, R, denote two “smooth” functions.

This is a system of nonlinear conservation laws arising in the study of fluid
problems with two different equations on each side of the interface which may be
fixed or are moving with the flow. For instance, on one side of the interface, we
assume that the flow obeys the rules of the isentropic system of gas dynamics while
on the other side flow is arbitrary. A more complex problem in the case of having
to couple the Navier-Stokes system with the Euler system of gas dynamics [3], as
well as modelling certain plasma physical problems cf [11].

This paper is organized as follows: In section 2, we construct a space-time
discretization and formulate the Streamline diffusion method for the approximation
solution of the coupled problem. Section 3 is devoted to the proof of a posteriori
error estimates for the corresponding Characteristic Galerkin for the perturbed
coupled problem in two different norms. In section 4, we state and prove the
analytical strong stability estimates for dual solution of our problem and Finally,
in our concluding section 5 we present some computational results, with emphasis
on computation of the stability factors by solving associated dual problem.

2 Finite Element Discretization

We formulate a finite element method for the first equation involving fr in (1.1). We
use the Galerkin method with piecewise linear basis functions which are continuous
in space and discontinuous in time, i.e. the Sd-method. To do this we first introduce
some basic notation.

Let {0 =tg < t; < .. <ty =T} be a partition of the interval I = (0,7) into
the subintervals I,, = (tp,,tn+1), with time steps k, = tp41 —tn, n=0,1,...,N—1
and introduce the corresponding space-time “slabs” S,, = R4 x I,. On each slab
for h > 0, we define a space-time mesh 7' = { K} with space-time element K, as an
quasi-uniform subdivision (see e.g., Ciarlet [5]) of the slab S, i.e., for each K € T}?
there is an inscribed circle in K such that the ratio of the diameter of this circle
and the diameter of K is bounded below, independently of K and h.

Let now ¢ be a positive integer and introduce the finite element space

Ul ={uec H(S,): ul, € Py(K), KeTy},

where P,(K) denotes the set of polynomials on K of degree less than or equal to g.
Then we define the trial and test function spaces as the subspaces of U} by

V,?:{UEU;?ZUH:UZL and Wﬁ:{weU}f:w‘F:O}a



respectively. Here uz is the trace of a function in U} approximating u® on I" which
is the boundary of Q = Ry x (0,7). Note that we may assume that the functions
v(z,t) € Vi and w(z,t) € W} are vanishing for sufficiently large |z|.

Summing over n, taking all the slabs together we get the function spaces

N-1 N-1
=[]V, =1
n=0 n=0

i.e., we seek an approximate solution u; € Vp such that for n = 0,1,.... N — 1 we
have that up |s,= u}. We emphasize that the functions in V), are continuous in
x and possibly discontinuous in t at discrete time levels ¢,,. Similar properties are
valid for wy, € W,

In order to write the Sd-method in a compact form suitable for analysis, and because
the functions in Vj, may be discontinuous in time, we introduce the jump terms [v]
across each time level by defining, for x > 0 and n =0,1,...,N — 1,

vy ifn=0

[W](z,tn) = { vy —v_ ifn #0,

W heI‘e
o _ ]. E
U+ 11101 ’U(:! ’ t S )5 V- 11101 /U(:[ Y S )7

and also we use the following notation

<U7U>" = / u(m,tn)v(x,tn)dx, |'U|n = <U’U>'}1/2'
Ry

2.1 The Sd-Method

We start with the first equation of system (1.1) and reformulate it as the following
initial boundary value problem: Find u such that

Leu=ur+ fru)uy — (€u)ge =0 in Q,
u(0,t) =u®  te(0,7), (2.1)
u(z,0) = ug reRy,

where € is a positive viscosity coefficient, which we typically assume to be a ‘small’
constant specified below. Our main goal is to derive a posteriori error estimates for
the above problem based on the Sd-method. In the formulation of the Sd-method
below, if the mesh size is not small enough, the given viscosity € will be replaced
by an artificial viscosity € depending on the computed solution u; and the mesh
size h. Therefore in the a posteriori error analysis of (2.1) it is convenient to split
the total error e = u — wy, into two parts e = p + 0 where p = u — 4 with 4 the
solution of a perturbed continuous problem obtained by replacing e by € in (2.1),
and € := 0 = 4 — uy, is the discretization error related to applying the Sd-method
(now without modifying the viscosity coefficient) to the perturbed problem. In this
case, the a posteriori error estimates (also underlying adaptive algorithm) is, in the
case of space discretization only, basically as follows:

. h?
1ella = SCill=R(un)l|5, (2.2)

where ||.||4 and |.||p are some norms, e.g., an L,(L,) in time-space or Lo (H ')
norm, h is the mesh size, and R(up) = Leuy, is the residual obtained inserting the



computed finite element solution into the perturbed differential equation. Further
C; is an interpolation constant which depend on the shape of the elements, the
local order of polynomial approximation and the choice of norms, but not on the
particular solution being approximated or the mesh size, and S is a stability factor
which measures certain stability properties of an associated continuous linearized
dual problem.

The Sd-method for (2.1) can now be formulated as follows: Find u}' € V', such
that forn=0,1,...,N —1

(uh o + FrCuR )l oo vh + 807+ Fr(uioit )+ (eufovi )

n

(2.3)
H([unl, vy )n + / up vy dt = / ubv}l’7+dt Yup € Wi,
r, I'n
where uf _ = uo, [un] = uj , —uf _,

¢ = mazx(e, Ch|R(up)|/|Vun|, Cah®/?),

R(un) = e+ Fundel + Lo s,

n

0 =Ch,

with i denoting the mesh size, C' and C;’s are positive constants and I',, := {0} x I,,.
The artificial viscosity € acts in an implicit way to provide additional stability near
to shocks (¢ ~ C1h), and less in smooth regions (¢ ~ Cyh3/2).

In order to estimate the error e = u — uy, we also need to estimate p = u—u. To
control the u — @, we may adaptively refine the mesh until € = ¢, giving u = 4, or
alternatively approximate é in terms of ¢ — €. In the a posteriori error estimates for
the Sd-method (2.3), below for simplicity we assume that u® = 0, ¢ = € is constant
and that the function h(x,t) = h is constant, for all z,¢t. Further we consider the
following simplified version of the Sd-method with é = Ch and § = 0 (an error
analysis for the Sd-method in the case ¢ # 0 is given in [15, 20]): Find u; € V7,
such that forn =0,1,..., N —1

(uh,t + fR(uh)I,U)n + (éuh,m, Uﬂ@)n + ([up], v4)n =0, Yo € Wy (2.4)

3 A Posteriori Error Analysis

3.1 Introduction

The a posteriori approach tries to estimate the error of approximating a particular
solution by using the information from computation. The foundation is a rigorous
a posteriori error estimate which bound the error by computable quantities that
depend on the “known computed” numerical solution rather than the unknown
exact solution.

The standard a posteriori error estimates for time-dependent problem as pre-
sented in [12], [19] and [6] typically rely on Galerkin orthogonality, interpolation
estimates and strong stability estimates for a suitable dual problem running back-
ward in time with a desired error functional as initial data on the right hand side as
key ingredient. In our approach to a posteriori error analysis, in addition to these
ingrediences, we rely also on the concept of stability factor. Below we, especially,
consider these issues in more details.



3.2 The Dual Problem

In order to obtain a representation of the error (see Sect. 3.4), we consider the
following auxiliary problem, referred to as the linearized dual problem: Find ¢ such
that

‘6290 =—Pt— AT@:& - &me = 1/}1 in Q, (31&)
0(0,t) = 0 te(0,7T), (3.1b)
o@,T) = ¢ weR,, (3.1¢)

where )
A= / fr(su+ (1 — s)up)ds.
0

and L} denotes the adjoint of the operator £ is defined in (2.1). Note that this
problem is computed “backward”, i.e. from ¢y, where the initial data is given, to
0. Depending on the choice of ¥; or ¥, we get estimates of different norms or
functionals of the error.

3.3 Notations

We use the following notation

(u, ) :/S uvdzdt, (u,v)g = Z(u,v)n,

n n=0
1= 1o @) = (uvv)%, [z, = llul, O, @),
T
[Newir,) = sup_fu, D), HUHL1<L2>:/ [[u(. )] L. dt,
t€[0,T] 0
el = l[valless  where  —vpe =u, v(wr) =v(wr) =0, |gle = I¢?g]L.,

where the computational domain is restricted to the interval (xp,xzgr) and ¥ is
positive weight function.
By Dyup and Douy, we denote “discrete second derivative” of u defined by

Up.(x?, T
Diup(z,t) = max [unz(27,1)]

Jj=i,i—1 h;l AS (SC € )at S In; (32)

i—1r%4

where [v(27)] = lim¢ o+ (v(2] + () —v(z] = (),

(Dow,v)p = —(Wg,v)n Yv €W}, (3.3a)
(D5w,v)n = —(fws,ve)n Yo € WP, (3.3b)
where D§, Dy : Wi — Wi,

The a posteriori error estimates contain residual of the computed solution defined
by

Ro = uny + fr(un)z, R1 = Dyuy, Ry = —Dup,

(Pn - I)“Z,f n n
Rs = B — on S,, Ry = (up 4y —up _)/kn) on Sy,
where 7 is identity operator and P, : S, — W' denote the La-projection defined
by
(Pru,v)p = (u,v)n, Yo e WS,



We defined P and w by

(Po)ls, = Pulpls,), and (7¢)ls, =mn(4ls,),

respectively, where m,, : La(S,) — Iy, = {v € La(S,) : v(x,-) is constant on I,z €
R4} is defined by

Tnvls, ——/ t)dt Vv € Ilg,.

We note that Pm = 7P since P,m, = m, Py, for n =0,1,..., N — 1.

3.4 An a Posteriori Error Estimates in Ly(L>)

Let us now prove a basic a posteriori error estimate in a weighted Lo-norm. We

start by representing the error Hé”iwl(ﬂ) in terms of the dual solution ¢ of (3.1)
2

choosing ¢y = ¢~'é and 2 = 0. Multiplying (3.1a) by é and integrating over

each S,,, integrating by parts, and summing over n, we obtain the following error

representation formula:

“le)g = (6, Lp)a

€l

Ly e =&y
Z (P) + (ééza@z)n} - unh]a@ﬁ-)n
n=0 n=0
Z unt + fR(UR) 2, P)n + (EUn,zs Pa)n} — Z ([un], @+ )n-
n=0 n=0

So that using the Galerkin orthogonality with ¥ = 7Py € V}, as an suitable inter-
polant of ¢,

N— N-1
[f2 ”L“’ Z Unt + frR(Un)z, ¥ — @) + Z (€tna, (V= ©)z)n
n=0 n=0 (34)

n Z_ (funl, (¥ — @) ).

n=0

To proceed we use the following interpolation estimates, proofs of which can be
found in [14] and [18]:

Lemma 3.1 There is a constant C; such that for R € La(2)

h? .
(R, = Pe)al < Gl = (T = PYR)| g1 o 1€0sll ) (3.50)
|[(éun,z; (0 = Pe)a)al < Cill W Rall, o1 o |€@azl Lo q)- (3.5b)
LY (Q) 5 ()

Similarly we have also the following Lemma, proof of which can be found in [12]
Lemma 3.2 There is a constant C; such that for R € L;Fl Q)
(R, P(xp — @)l < CillkaRl -1 g el 30 (3.6)

We introduce the stability factors S} and S? associated with discretization in time
and space, defined by

||80tHL;P(Q) v ||€8011HL’2P(Q)

) e

t_
=

, (3.7)

||é||L;/171(Q) ||é||L;/171(Q)



respectively. Using Cauchy-Schwarz inequality in (3.4) coupled with the interpo-
lation estimates (3.5a), (3.5b) and (3.6) and the strong stability factors (3.7), to
derive the Lo(Ls) a posteriori error estimates for the scheme (2.4).

Theorem 3.3 The error é = t—uy,, where @ is the solution of the perturbed problem
and up, that of (2.4) satisfies
h? "
Hu - uh”L’éﬁ*l(Q) < CiSé H ?(I - ,P)RO)HL;L:*1(9) + CiSéHknROHL;Z)*l(Q)

+Ci5?||h2731|| v gy T CSellkaRall Ly )

(3.8)
T t
4 CSIIERal 1 o + Ot
¢
+ C’Z-SéHknR;;HL;rl(Q).
Proof. Using the notation introduced above, we may write (3.4) as
N-1 N-1
|| ||Lw 1 = Z(Ro,‘p—@)n‘f' Z(éuh,m;(q]—(p)m)n
n=0 n=0
N1 (3.9)
+ > ([un], (¥ = @) yn = I+ 11+ I11.
n=0
Writing ¥ — ¢ = ¥ — Py 4+ Py — ¢ we obtain
N-1 N-1 N-1
I=Y (Ro,U=Pp+Po—¢)n= (Ro,Po—)n+ Y (Ro,P(mp— )
n=0 n=0 n=0

h? A
< Gl Z (T = P)R0) |y o 1602 g0y + IHnRoll = o 104 150

where we have used (3.5a) in the first integral and (3.6) in the second integral.
For the term II, we get the following bound, using (3.5b) and the fact that D§ is
constant on I,

2

Il = (€unzy (U —Po+Po—©)g)n

i
Oy

N-1

(€un,z, (Pp = @)x)n + Z (€un,z, (¥ = Pp)z)n

il
- o
il
LS

(étn,z, (P = @©)a)n + ¥ _ (—Dsun, P(7 — 9))n

n=0

< Ci(IF*Rul g1 g 1600l 3y + IRl pg=s o It g e )

3
Il
o

Finally, for the third term III in the error representation we have

1T = 3 (fun, (¥ = ) )
= 3 {lunl. Po— @) hn+ 3 (. (7P — Pg)y)
= I_Il +III2 :



Considering first 1111, we have with the Lo-projection P,, defined above

N-1
115 =

(]

<uh,+ — Up,—, (Pn - Z)‘P+>n

il
Ly

(Ppun,— — tp,—y (T —Pp)(Pn — L)+ )n (3.10)

il
L

(Rg, kn(Pn - I)@+>n
0

3
Il

Now to estimate (Z — P, )¢’ we note that

knwﬁ(z)/ln @(x,t)/In /tt - (z, 7)drdt. (3.11)

Inserting this representation into the right hand side of (3.10), using an estimate
for (P, — ) we get

N-1

1111:2023,(79”71)(/ xtdt—//cpTszTdt»

n=0

_Z/{R?” n—ZL)¢)n /(Rsa(Pn—I)sDT(, ))nd7}dt

tn
<ot R3HLw Loy ll€@aall Ly o) + 1kaRsll o1 g 0t Ly 0)):
where in the last inequality we have used that

H,Pn(PtHL’P @ = ”‘PtHL’P(Q
Finally, for 11> we have

N-1 N-1
I, = nzo%n[Z—:],(ﬂ’so—Pw) n = Z<k Ra, (7Pp = Pp)+)n
N—
= Ra, (7P — P)( (z,t) -(x, 7)dTdt)),
5 JoAmo ] [

< C||knR4HL;p*1(Q)||50tHL’2"(Q)'

The a posteriori error estimate now follows immediately after collecting the terms
and using the definition of the stability factors (3.7).

O

3.5 An a Posteriori Error Estimates in L. (H )

In principle, we may seek to control the error in any given norm by comparing the
corresponding stability factors by solving a dual problem with suitable data. The
norm L., (H 1) offers certain advantages from analysis point of view, and connects
to the following data for a dual linearized equation

Lip=0 in Q,
0(0,t)=0 te(0,T), (3.12)
(p(.’L',T):E $€R+a



where
—Epp =€ x€Ry, |E] —0 as |z] — oo. (3.13)

We define the norm ||é||z-1 by
e+ = (Ex(T), Ex(T))r.,

and note the following error representation based on (3.13)

N—-1
lel7- = 1B )17, = (= o)n = > (6, LEp)n
" N-1
= <é*7 90>N - <é*a 50>N + <é7 90>0 + Z (‘Céua 50)71
N—-1 " N-1
- Z {(uns + frR(un)e; P)n — (€U, Pa)n} — Z ([un], o4+)n
n=0 N n=0 N
=(&,¢)o — Z {(unt + frR(uR)z, )0 — (EUnz, Pz)n} — Z ([un]s o+ )n-
n=0 n=0

Using Galerkin orthogonality for ¥ € V}, and with (€, ¢)o = 0 we have

N-1 N-—1
||é||§i*1 = Z (uhﬂf + fR(uh)ﬂEa U — (p)n - Z (guh,za v, — (pm)n
n=0 n=0

o (3.14)
+ > ([un], (¥ = @)4)n-

We introduce the following stability factors associated with discretization in time
and space respectively,

gt letll L, (24 )) go IVeprall L, (Lo (1))
E — " a1 E — .

- (3.15)
l[€ll -1

l[€l] z7-1
Using interpolation estimates of the same type as those in the previous section we
obtain the following a posteriori error estimate.

Theorem 3.4 The error é = t—uy,, where @ is the solution of the perturbed problem
and uy, that of (2.4) satisfies

2

. e P
el < CiSE”%(I —P)Ro) Lo (2®,)) + CiSElknRoll Lo (2R )

+ CiSEIIR* Rl Lo Loy )) + CiSElknRall Lo (La(ry)) (3.16)

+ CiSE|| %RBHLOC(Lz(RH) + G lkn Rl ez @)
+ CiSEknRall Lo (L2 (R ))-

The proof is essentially the same as the proof of the Ly(2) case and is therefore
omitted. We notice a gain of a factor v/¢ as compared to (3.8) due to the asymmetry
of norms in (3.16), with the weaker H~!(R,)-norm on the left hand side.



4 Analytical Strong stability Estimates

To give the above a posteriori estimate a quantitative meaning we need to estimate
the strong stability factors. We present some stability estimates for the model
problem indicating that the corresponding stability factor is bounded by a moderate
constant. More specifically, to get a quantitative estimate of the computational error
lu — up|| in terms of S%, Sk, S¥ and S%, it is necessary that these two quantities
are bounded by some moderate constants.

4.1 Strong stability in Ly(Q2)

In this section we consider the a posteriori error estimate of the type (3.8) derived
in the previous section based on the following dual problem

Liop=—pr— AT, —epyp =9¢~'¢  in Q (4.1a)
0(0,¢) =0 €(0,7), (4.1b)
(p(va) =0 S R+, (410)

where we assume that p(z,t) — 0 as ¢ — oo, for all t. We now prove the
following strong stability estimate for the dual problem (4.1).

Theorem 4.1 Let ¢ > 0, a > 0 and 8 > 0 be constants. Suppose further that
P(x,t) is a positive weight function satisfying

Y+ AT, — ATy — 28297 > a|AL |y + By in Q, (4.2)
then the solution ¢ of (4.1) satisfies

T T
H(Pt + A (pIHLw(Q) + HG@JEJEHLU’(Q) + ” ||L (LY ()

4.3)
+2]1é2 (a|AT] + B)% s |2 6||6H2 (

LY(Q) = )’

and
AT A

0l 0y < 43+ Toup |2 DI 1 (4.4)

@)’

Proof. We multiply equation (4.1a) by —(p; + AT¢,) and integrate over Q, =
Ry x (r,T) to get

9 o+ ATl + | btk ATpn)epradot == [ e+ AT
Q. Q-

L 1
A P Le2dxdt + Z|‘7/)1/2(80t JFATSﬁz)”?z,'

Integrating by parts in both space and time variables in the second term on the
left-hand side yields

/ V(pr + ATy )épppdadt = / VPi€pas + / AT o épydrdt
Q, Q, Q,

=- / €Yz prprdrdt — / Yo pradrdt

2

- / epAT Q2 drdt — - / ey AT Q2 ddt (4.5)
Q-
1
- / e (pr + AT 0, ) ppdadt — 3 / (e 2 )sdadt

Q. Q.

1 1
+ = / e dadt + = / ep2 (AT, — AT4p)dadt.
2 Jo. 2 Jo.

10



By substituting into above inequality we have
3, 1 1 R 1 R
koot ATe)l, + 5 [ (@)oot g [+ ATV, - ATv)dod

R4 Q-

< lotela, + / eapn(ioe + AT o )dudt

Qr

_1. . _ 1,1
<lwtelp, + [ @udotu dudi+ g0k + AT,
QT
Collecting terms, we obtain that

1o (g + AT )3, + / (%) (. )

Ry

/ &% (thy + ATy — AT — 26020 V)dadt < 2] bell%..

Qr

We may now choose 7 such that

olyn2 _ 20l n2) (. _ |23 2
[ @etinie = s [ e = 1oy,

te[0,T] J R4

and use (4.2) to obtain

1862112 _ sy + 162 @lATI + )2 ulf,

- - (4.6)
<2flyTzéflg, < 2[lvzeélq.
Choosing 7 = 0 yields the following inequality
1 1 1 1 1,
102 (e + AT )l + €2 (al AT + B)F @2 |f < 2|07 2elly. (A7)

Similarly, to obtain a bound for ||é1/1%<pm||g, multiply equation (4.1a) by —é¢@.,
and integrating over €1, to get

et puall?, + / ebpna(r + AT g, )dudt

Qr

S 1, 1.1
—— [ o <0mHelR, + fletonlp

-

Using the integration by part for the second term in the left-hand side as in (4.5)
and also using (4.2) we obtain

€% as§y + €297 (@l AT+ B) Talldy < 2lv ™7 elg (4.8)

Adding estimates (4.6), (4.7), (4.8) we have proved (4.3).
To prove (4.4) we writing (4.1a) in the form

—Pt — AT‘PI = Wlé + €0y
Taking the square on both sides, multiplying by 1 and integrating over §2 yields

It g oy HIAT el g o | 247 ot = el s o Hleaelg oy [ 2

Recalling (4.8) and using the arithmetic geometric mean value inequality in the
right hand side we have

1002y + 14702 ) < BIEIZ s ) + 20 ATl ) + 101

11



Noting that
||A (10$||L1/1(Q) H(ATA)l/QspmHLw(Q)a

and using (4.6) we have
||90t|\Lw(Q) 61él17y-1 +SHPH—HHA1/2 all7v 0

<2

210el2, -,

which proves the desired result. 0

Corollary 4.2 The assumption (4.2) of Theorem 4.1 is satisfied in the following
cases:

i) v =1 and AT <0, 3=0, a =1, corresponding to a shock,
it) Pz, t) = (&), max AT(-,t) < 1, 3 =0, a > 0, corresponding to rarefac-
tion wave u(x,t) = %, and
iii) 1 = exp(38(t — T)) and |AL| < 3, a = 1, corresponding to regular solution,
see [14].
4.2 Strong stability in L. (H ™)

We now prove a strong stability estimate for the Lo, (H ~!) norm a posteriori error
estimate (3.16) based on the following dual problem

—p — ATgogE — €Pre =0 in ,
©(0,t) =0 te (0,7),

4.9
(P(SC,T):E :EERJF) ( )
_E,,=é&T) xecR..
Theorem 4.3 The solution ¢ of (4.9) satisfies
IVepuallLazaey < SEVTIT)|n-1 (4.10a)
H(Pt||L1(L2(R+)) < StETHé(T)HHfla (410b)

where S§, = % and St = \/supq ||AAT|| + €.
Proof. We start by writing Equation (4.9) in the form
—®Yt — ésﬁzz - AT(PI

Taking the square on both sides, multiplying by 1 and integrating over 2 yields

/ O?drdt + / 92 drdt + / 2604 prdadt = / (AT p,)2dxdt. (4.11)
Q Q Q Q

Using partial integration we find that

ol + éoaall? + / ¢02(,0)d = /Qm%ﬁdzdw IVEE |2, m,)  (412)
+
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Nothing that
[ (AT o0 dudt < Tsup | AAT B .

and using (4.12) we get

lpelléy + léwaalldy < (TSHP IAAT] + O B2, m, - (4.13)

Similarly to prove (4.10a) multiply equation (4.9) by —p,, as in the La-norm ex-
ample to get

sup/ ep2(.,t )derH\/_sOmHQ HE ||L2(R+)7
te(0,T] /Ry

and with 7 =0 1
IVepeall < Sl1El, - (4.14)

The theorem follows from inequalities (4.13) and (4.14), noting that

/H@H <T/H<PH2dt

5 Numerical Implementations

In this section we discuss the computation of the solution of the linearized dual
problem and present some numerical results. By putting f,(u) = aqu (o = L, R)
in (1.1) we get the linear case of our model problem

ut + apuy — (€u)y, =0, x>0, t >0,
us +apuy — (eu)gr =0, x <0, t >0,
u(0,t) =0, t>0,
u(z,0) = up(x), z € R.
The associated linearizaed dual problem take the form
Pt + ARPx + (GSD)I:E = Oa T > Oa t> 0)
ot +arps + (€0)ew =0, x <0, t>0,
(0, 1) =0, t>0,
o(z,T) =K, z €R,

where —F,, = e, corresponding to error control in the Lo (H ') norm.

In [13], implementation of finite element method (Sd-method) for linear case are
considered. This methodology can be used to solve the dual problem as well (with
some minor modification). In all cases below we present computed approximation
of S% and S% defined by (3.15) for a typical solution of coupling of two advection-
diffusion equations corresponding to a posteriori error estimate in L., (H ') norm,
together with plots of dual solutions.

5.1 Test case 1
We first consider the following problem

g — 2y — (eu)pr =0, x € (0,1],
U + Uy — (€U)ge =0, x € [-1,0),

13



Sd—method
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Figure 1: Plot of u by streamline diffusion method at ¢ = 0 and ¢ = 0.3T (top),
t = 0.67 and t = T (bottom) for ¢ = 1076, The exact solution is given by solid
line.

where ¢ € [0, T] with the following continuous initial data

42(1 + x), -1<x<0,
u(z,0) = ¢ 4z(l —x), 0<z<1,
0’ |:C| Z 17

where T = 0.3 is the final time and we have used fixed mesh size h = 1073 in the
computation.

The approximate solution % on a uniform mesh with ¢ = 10~°, time step k/h =
0.5 and for different time levels t = 0,t = 0.37,¢t = 0.67, t = T are presented in
Fig. 1. The exact solutions are represented by the solid line. We next plot the
component of dual solution ¢ and the corresponding their second derivatives ¢ .
at the same time levels, but in reverse order t =T, ¢t = 0.67', t = 0.37 and ¢t = 0 in
Fig. 2 that shows how the error e = —F,, = —¢,,(T) is distributed. Stability
factors S%, and S%, for this € are represented versus time in Fig. 3. Then we take
e = 10~* and plot the corresponding dual solution and stability factors in Figs. 4
and 5 respectively. Finally we plot the variation of stability factors as a function
of viscosity for 1076 < € < 10~ in Fig. 6.

5.2 Test case 2

Finally we consider the above problem with the following initial condition with two
discontinuities

1, -1 <2< -0.25,
u(z,0) = ¢ —1, 025 <x<1,
0, otherwise,
with the parameters ag = —0.01, a, = 0.01 and T = 0.3. Here we have used a

fixed value on the viscosity, e = 1073. Firstly we solve the problem with h = 1072
on a uniform mesh with time step k/h = 0.5. We plot the computed solution u at
t=0,t=0.3T,t=0.6T and t =T in Fig. 7 and the corresponding dual solution
o, second their derivatives solutions ., at t =T,t=0.6T,¢t =0.3T and t = 0 in
Fig. 8. We plot the stability factors corresponding to this h in Fig. 9. Secondly we
refine the mesh size to h = 1072 and then plot the corresponding figures for dual
solutions and their stability factors at t =T, ¢t = 0.67, t = 0.37 and t = 0 in Figs.

14
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Figure 2: Plot of ¢(t) (left) and @, (t) (right) at t = T, ¢t = 0.67, t = 0.3T and
t =0 for e =1076.
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Figure 3: Plot of the stability factors S% and S% versus time for e = 107°.

15



1 15
0.5
o
_osl
= 0.5 o 0.5 1 15y 0.5 o 0.5 1

Figure 4: Plot of the ¢(t) at t =T, t = 0.6T (top), t = 0.3T and ¢ = 0 (bottom)
for e = 1074
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Figure 5: Plot of the stability factors S% and S% versus time for e = 107%.
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Figure 7: Plot of u by streamline diffusion at ¢t = 0 and ¢ = 0.3T (top), t = 0.6T
and t = T (bottom). The exact solution is given by solid line for h = 1072.

10 and 11 respectively. The behaviour of stability factors a function of mesh size
h are shown in Fig. 12.

Note that in our examples, in the first part the related stability factors are almost
constant over the whole time interval (Fig. 3 and 9) while in the second part the
stability factors tend to increase with increasing (decreasing) viscosity (mesh size)
(Fig. 5and 11). This has confirmed that in a computational approach to stability
factors estimation the result can be influenced not only by the geometry and initial
data given by the problem in question but also by the computational mesh. This is
of course an anwanted effect since we would like to compute the stability factors on
a relatively coarse mesh to be able to concentrate the computational effort on the
actual problem solving.
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Figure 8: Plot of ¢(t) (left) and ¢, (t) at t =T, ¢t = 0.6T, ¢ = 0.3T and t = 0 for
mesh size h = 1072.
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Figure 9: Plot of the stability factors S% and S% versus time for mesh size h = 1072,
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Figure 10: Plot of p(t) at t =T, t = 0.6T (top), t = 0.3T and ¢t = 0 (bottom) for
mesh size h = 1073,
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Figure 11: Plot of the stability factors S§ and S% versus time for mesh size h =
1073.
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Figure 12: Plot of the stability factors S% and S% against time for different values
of h.

6 conclusions

In this note we have focused on the approximation of stability factors for a posteriori
error estimation for coupling of two equations analytically and numerically. We
have studied the variation of stability factors with different parameters, such as
viscosity and mesh size. In example 2 It was noted that the stability factors tend
to increase with decreasing mesh size, in other words, the stability factors for H~!-
norm error control appear to be sensitive to mesh refinement. The result indicate
the impossibility of computing stability factors on a coarse mesh and then use them
on the finer mesh. In the examples 1 we got moderately sized stability factors for
small viscosity that these results indicate the possibility of quantitative error control
in the H~!-norm but are growing by increasing viscosity.
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