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Abstract
Let G be a real semisimple Lie group. The regular coadjoint orbits of G (a certain dense family of
top-dimensional orbits) can be partitioned into a finite set of types. We show that on each regular orbit,
the Iwasawa decomposition induces a left-invariant foliation which is isotropic with respect to the Kirillov
symplectic form. Moreover, the dimension of the leaves depends only on the type of the orbit. When
G is a split real form, the foliations induced from the Iwasawa decomposition are actually Lagrangian
fibrations with a global transverse Lagrangian section. For these orbits, we use the structure of the
Iwasawa decomposition to construct completely integrable systems.
In order to partition the orbits into types and construct isotropic nilpotent foliations, we make a
somewhat detailed study of the conjugacy classes of Cartan subalgebras, starting with the work of
Sugiura, which may be of independent interest. In particular, we give a fairly explicit construction a
representative of each conjugacy class.

Keywords:

coadjoint orbit, Iwasawa decomposition, isotropic foliation, Lagrangian fibration, integrable
system, Cartan subalgebra, conjugacy class
MSC(2000): 51N30 (also 14L35) Primary; 53D12, 53C12, 57S20 Secondary.

1

Introduction

Let G be a noncompact real semisimple Lie group with Lie algebra g. The Iwasawa decomposition of G
is a group decomposition G = N AK, where N is a nilpotent analytic1 subgroup, A is an abelian analytic
subgroup, and K is a maximal compact analytic subgroup [10]; it is unique up to conjugation.
Let X ∈ g∗ be a regular point in the dual of the Lie algebra, and denote by Ω = Ad∗ (G)X the coadjoint
orbit through X. Since G acts transitively on the left on Ω, the coadjoint orbit is a homogeneous space
Ω ≃ G/StabX . As we will see, for a regular point X, the stabilizer subgroup is always conjugate to a
subgroup of AK, whence the nilpotent part N acts on the coadjoint orbit Ω, and in fact yields a foliation of
Ω by N -orbits.
Each coadjoint orbit Ω carries a canonical symplectic structure ω (the Kirillov symplectic structure). In
this paper, we investigate the interplay between the Iwasawa decomposition, in particular the foliations of
coadjoint orbits by N -orbits, and the Kirillov symplectic structure. In general, the N -orbits do not have any
nice symplectic structure (i.e., they are not necessarily symplectic, isotropic, coisotropic, or Lagrangian), nor
are they well-behaved with respect to the transitive left G-action on Ω (since N and AK do not commute
in general).
On the other hand, we will show here that there is always a nilpotent analytic subgroup of N (in some
cases N itself) whose orbits in Ω yield a left-invariant isotropic foliation of Ω. The set of regular orbits can be
partitioned into a finite set of classes, corresponding to the conjugacy class of the stabilizer, which we refer
to as the type of Ω. The subgroup of N which induces a left-invariant isotropic foliation of Ω is completely
determined by the type of Ω.
Moreover, when Ω is considered as an embedded submanifold of g∗ in the natural way, the leaves of this
left-invariant isotropic foliation are affine subspaces of g∗ . Classically, foliations of surfaces by affine lines are
known as rulings (similarly for foliations of complex surfaces by complex lines), so we call these foliations
∗ Max Planck Institute for Mathematics in the Sciences, Inselstraße 22, D-04103 Leipzig, Germany.
Email: kirwin@mis.mpg.de
1 Recall that in the context of Lie groups, an analytic subgroup is simply a connected Lie subgroup.
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n-rulings, where n is the dimension of the leaves. Indeed, for G = SL(2, R), the foliations induced by the
(two) choices of Iwasawa decomposition yield exactly the two rulings of the one-sheeted hyperboloid by lines
(see Section 1.2 below).
It sometimes happens that the left-invariant isotropic foliation of an orbit Ω induced by a subgroup of N is
actually a Lagrangian fibration. In these cases, which can be described explicitly, we use the structure of the
foliation to construct a completely integrable Hamiltonian system on Ω, that is, a set of n = 12 dim Ω functions
f1 , . . . , fn which are linearly independent and Poisson commuting. In fact, all of the left-invariant isotropic
foliations we construct induce Poisson-commuting families of linearly independent functions f1 , . . . , fn , where
in the general case n is the dimension of the isotropic leaves (i.e., the resulting system is only completely
integrable when the leaves are Lagrangian).
The motivation for this work is twofold. First, coadjoint orbits themselves are an important class of
objects, both as a rich source of examples and as building blocks for more elaborate theories. Because
they are all symplectic manifolds, coadjoint orbits have found many applications in symplectic geometry;
especially in quantization and representation theory (for example, Kirillov’s orbit method [13], [26]), and in
integrable systems [4], [8], [18]. (As these are large and well-developed fields, we make no attempt to give
a complete list of references; rather, we point the interested reader toward some representative references
which may form a starting point for further reading.) Because of this variety of applications, we feel that
any deeper understanding of the structure of coadjoint orbits is inherently interesting.
The second motivation is more concrete. Historically, integrable systems arose as examples of nonlinear
PDE which were nevertheless completely integrable due to a high degree of symmetry. It was slowly realized
that many integrable systems could be described by a common language (for example, in terms of Lax
equations) based on the symplectic geometry, in particular Hamiltonian dynamics, of certain coadjoint
orbits. Moreover, this point of view provided new algebraic methods for constructing solutions of integrable
systems and studying the space of solutions, as well as explaining the high degree of symmetry present.
As mentioned above, in some cases our construction yields Lagrangian fibrations which give rise to integrable systems, that is, to complete sets of linearly independent Poisson-commuting functions (a theorem
of Arnol’d-Liouville [3] gives a partial converse to this: an integrable system is locally a Lagrangian fibration). In some sense, then, we are reversing the historical process. We begin with the coadjoint orbits and
from them, construct integrable systems. On the other hand, the integrable systems which arise from out
construction do not seem to be of the usual form found in the classical theory of integrable systems.
One of the most powerful and general methods of constructing integrable systems, which encompasses
most known types of integrable systems, is the AKS method, due to Adler [1], Kostant [16] and Symes
[22], where one uses invariant functions on g∗ to construct a completely integrable system on a coadjoint
orbit of a subgroup of G in a subspace of g∗ . The orbits which arise in the AKS method are of necessarily
smaller dimension than the regular orbits considered here; for example, to describe the finite nonperiodic
Toda lattice, one uses orbits in sl(2, R) of dimension 2n − 2, whereas the regular orbits in sl(2, R) have
dimension n(n − 1)/2. On the other hand, the ingredients and methods of our construction seem related
to the classical techniques: both start with the Iwasawa decomposition (although there are generalizations
of classical integrable systems which use more general group decompositions), and split real forms seem to
play a distinguished role in both our construction and the AKS method (see Section 3.1 and, for example,
[22, Sec. 3,5]).
In another direction, Fomenko and Miščenko have constructed integrable systems (Euler equations) on
coadjoint orbits of semisimple Lie algebras using the so-called shift method (see [7] and [17]). We do not yet
know how our integrable systems are related to theirs.
Finally, we mention that the ingredients of our construction exist in infinite dimensions (see, e.g., [11],
[12]), and it is reasonable to expect some version of our construction to go through in that setting, which is
home to some of the most famous examples of integrable systems, where coadjoint orbits in loop algebras are
the starting point (the KdV hierarchy and moduli spaces of harmonic maps, for example). Thus, in future
work we hope to understand how the integrable systems arising here, and their potential generalizations, fit
in to the established theory.
Aside from the constructions of integrable systems on coadjoint orbits, we should mention some other
related work. Of course, coadjoint orbits, and in particular their symplectic geometry, have been the subject
of much scrutiny in the literature, and we cannot hope here to give a complete list of references. A good general reference for the geometry of coadjoint orbits is the book [6] by Duistermaat and Kolk. In [5], Bernatska
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and Holod study the coadjoint orbits of compact Lie groups (a focus which is somewhat complementary to
the one taken here).
Our classification of regular coadjoint orbits is based on an invariant of conjugacy classes of Cartan
subalgebras which was introduced by Sugiura in [20] and [21]. In [15], Kostant also studied the problem
of classification of conjugacy classes of Cartan subalgebras and provided a set of theorems which achieves
essentially the same result as Sugiura, although the invariants he constructs are slightly more complicated,
and Sugiura’s invariant is quite well suited to our application. In [19], Rothschild classifies the orbits in a real
reductive Lie algebra in terms of the intersection of the Lie algebra with the orbits in its complexification.
We give here an outline of the rest of the paper. In the remainder of the Introduction, we will state
our main results more precisely, and then discuss coadjoint orbits in SL(2, R), which displays much of the
general behavior while being explicitly and easily calculable.
In Section 2, we recall (mostly to fix notation) some standard material regarding real Lie algebras. First,
in Section 2.1, we specify the algebras which we will study, then in Section 2.2 we recall Cartan subalgebras
and their basic properties. This allows us to define regular coadjoint orbits. Section 2.3 recalls the Iwasawa
decomposition. Finally, Section 2.4 reviews the theory of Cayley transforms and Sugiura’s invariant, which
allows us to classify coadjoint orbits according to type; since much of the material here is less standard (and
indeed since we know of no reference for some of the results), much more detail is included. The section
culminates with Theorem 2.11, which describes the structure of an arbitrary θ-stable Cartan subalgebras in
terms of the root data associated to a maximally noncompact Cartan subalgebra.
Section 3 is the heart of the paper. In Section 3.1, we construct the isotropic foliations of “maximally
noncompact” coadjoint orbits induced from the Iwasawa decomposition. We also classify those orbits for
which the induced foliation is actually a Lagrangian fibration. Then, we consider the general case in Section
3.2. Finally, in Section 3.2.1, we show that if the dimension of G is not too small, there are at least two
distinct types of orbits which admit nontrivial isotropic foliations induced by the Iwasawa decomposition.
In Section 4, we show that the foliations are actually rulings; that is, that the leaves are affine subspaces
of g∗ , and that the affine structure of the leaves can be used to construct completely integrable Hamiltonian
systems on those orbits for which the induced foliation is a Lagrangian fibration.
The paper concludes with an Appendix which contains the geometric data of the isotropic foliations for
each of the real Lie algebras.

1.1

Main results.

Let us state our main results more precisely. In the remainder of the Introduction, we assume the reader is
familiar with the structure theory of simple Lie algebras; the notation and relevant material for the rest of
the paper will be introduced in Section 2 below.
Let G be a Lie group with real, semisimple Lie algebra g. By Cartan’s criterium, a Lie algebra g is
semisimple if and only if the Killing form is nondegenerate. We henceforth identify g with its dual by the
Killing form. Hence, we consider adjoint orbits with symplectic structure equal to the pullback of the Kirillov
symplectic form on the coadjoint orbits via the identification.
Let X ∈ g be a regular point, and denote by Ω the orbit through X. Such an orbit is called a regular
orbit, and in this article we restrict our attention to such orbits. The stabilizer h of Ω at X is a Cartan
subalgebra, and without loss of generality (by simply choosing another point in the orbit) we may assume it
to be stable under some choice θ of Cartan involution. Let h0 be a maximally noncompact θ-stable Cartan
subalgebra, and let ∆ denote the set of roots with respect to hC
0.
In [20], Sugiura shows that conjugacy classes of Cartan subalgebras are in one-to-one correspondence
with conjugacy classes of real admissible roots systems (see Definitions 2.6 and 2.8). We denote by F =
{α1 , . . . , αj } such a root system. There is a unique conjugacy class of Cartan subalgebras associated to
F = ∅, the so-called maximally noncompact Cartan subalgebras. There is also a unique conjugacy class of
Cartan subalgebras associated to (the unique conjugacy class of) the maximal real admissible root system.
As there is a finite number of conjugacy classes of real admissible root systems, we may partition the set of
regular orbits into a finite set of types.
Definition 1.1 The orbit Ω is said to be of type F if the admissible root system associated to the conjugacy
class of stabilizers of Ω is F. If F = ∅, then Ω is said to be of type 0.

3

Choose an Iwasawa decomposition G = KAN (compatible with the Cartan involution with respect to
which h is stable), or, at the Lie algebra level, g = k ⊕ a ⊕ n. Our first main result is the following theorem.
Theorem 3.1 Each type-0 orbit Ω admits a left-invariant isotropic foliation N with NX = n.
We can go further and completely characterize those orbits for which the induced foliation is actually a
Lagrangian fibration.
Theorem 3.2 If g is a split real form or a complex simple Lie algebra regarded as a real Lie algebra, then the
left-invariant isotropic foliation of Theorem 3.1 is a left G-invariant Lagrangian Rn -fibration over Ad(K)X,
where n = dim n, and Ad(K)X is a transverse Lagrangian submanifold.
For type-F orbits with |F| > 0, we can show the existence of left-invariant isotropic foliations whose
tangent space at X is a subspace of n. Indeed, using the theory of Cayley transforms, we give in Theorem
3.5 an inductive procedure by which one can use the foliation of Theorem 3.1 above to induce left-invariant
isotropic foliations on type-F orbits for any F; because of the technical nature of the result, we leave the
precise statement to Section 3.2.
The subspace of n which is tangent to the isotropic left-invariant foliation might be (and is, in some cases)
{0}, which implies the associated foliation is trivial. On the other hand, if the dimension of G is not too
small, we have the following result, which for the sake of readability in the introduction is a simplification
of Theorem 3.7. See the remarks following Theorem 3.7 for the precise meaning of “too small.”
Theorem 3.7 If Ω is type {α}, with α simple, and the dimension of G is not too small, then Ω admits a
left-invariant isotropic foliation N with {0} =
6 NX n.
Our next main results are that the induced foliations are (generalized) rulings, and that when the foliation
of Ω is Lagrangian, the resulting affine structure on the leaves gives a completely integrable system on Ω.
Theorem 4.1 Let Ω be a coadjoint orbit in g through a regular point X. The leaves of the left-invariant
isotropic foliation of Ω of Theorem 3.5 (that is, the foliation induced by the Iwasawa decomposition G =
KAN ) are affine subspaces of g.
Theorem 4.2 Let G be a split real form. Then each type-0 orbit admits a left-invariant Lagrangian fibration
over Ad(K)X, and the affine structure on the Lagrangian fibers can be used to construct n = 21 dim Ω linearly
independent, Poisson-commuting functions f1 , . . . , fn ∈ C ∞ (Ω).
Finally, in order to construct the isotropic left-invariant foliations on type-F orbits for |F| > 0, we make
a somewhat detailed study of the conjugacy classes of Cartan subalgebras, based on the work of Sugiura.
Because our main result in this direction may be of independent interest, we state it here (see Section 2 for
the requisite Lie theory involved in the statement)
Theorem 2.11 Let F = {α1 , . . . , αj } be a real admissible root system associated to the θ-stable CSA hF ,
where the roots are with respect to a maximally noncompact θ-stable Cartan subalgebra h0 . Then
hF =

\j

m=1

ker αm |h0 ⊕

Mj

m=1

R(Eαm + θEαm ),

(2.1)

where Eα is the vector in gC such that ad(X)Eα = α(X)Eα , X ∈ hC (with a certain normalization given in
Section 2.4).

1.2

Regular orbits in sl(2, R).

We give here an example of our construction of left-invariant isotropic foliations of adjoint orbits in the
simple setting of sl(2, R). The Lie algebra sl(2, R), the set of traceless 2 × 2 matrices, is a 3-dimensional
simple real Lie algebra. We can define two nilpotent subalgebras n = R( 00 10 ) and n− = R ( 01 00 ), a maximal
0 1
0
, and a compact subalgebra k = R −1
abelian subalgebra a = R 10 −1
0 , from which we obtain the Iwasawa
decompositions sl(2, R) = k ⊕ a ⊕ n = k ⊕ a ⊕ n− .
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Define coordinates (x1 , x2 , x3 ) on sl(2, R) by


sl(2, R) = (x1 , x2 , x3 ) :=

x3
x1 − x2

x1 + x2
−x3




: x1 , x2 , x3 ∈ R .

(1.2)

Since the determinant is conjugation invariant, it is constant on each adjoint orbit. Computing the
stabilizer of a point in each orbit to find the dimension of the orbit, and recalling that SL(2, R) is connected,
we conclude that there are four types of adjoint orbits in sl(2, R):
1. Type-0: 1-sheeted hyperboloids {x21 − x22 + x23 = a2 }, each of which passes through a unique point of
the form (0, 0, a) for 0 < a ∈ R. The conjugacy class of the stabilizer algebra of such an orbit is a,
which is type 0.
2. Type-1: connected components of the 2-sheeted hyperboloids {−x21 + x22 − x23 = b2 }, each of which
passes through a unique point of the form (0, ±b, 0) for 0 < b ∈ R. Here, each stabilizer algebra is
conjugate to k, which is type {α}, where α is the (unique) real root in ∆(sl(2, C), aC ).
3. the two components of the right cone {−x21 + x22 − x23 = 0} minus the origin. For one component, the
stabilizer algebras are conjugate to n, and for the other component they are conjugate to n− .
4. the origin, for which the stabilizer algebra is the full sl(2, R).
The first two types are generic (in a certain precise sense described in Section 2.3) and will be called
regular orbits.

0
for a > 0, for which the stabilizer
We consider first the 1-sheeted hyperboloids. Let X = (0, 0, a) = a0 −a
algebra of X is a. One may easily check that [a, n] = n so that left translation of n induces a 1-dimensional
distribution on the orbit Ω.
This distribution can be understood quite clearly by working at the group level, where the Iwasawa
decomposition is SL(2, R) = KN A, with









1 a
λ
0
cos θ
sin θ
:a∈R .
: λ ∈ R≥0 , and N =
: θ ∈ [0, 2π) , A =
K=
0 1
0 1/λ
− sin θ cos θ
We then have Ω ≃ KN A/A ≃ KN , and the leaves of the foliation induces by left translation of n are
the orbits Ad(k)Ad(N )X, for k ∈ K; that is, Ω is an R-bundle over S 1 . We could replace N = exp n by
N− = exp n− in the Iwasawa decomposition to obtain another identification of Ω as an R-bundle over S 1 .
The fibrations of Ω induced by n and n− are nothing but the two classical rulings of a 1-sheeted hyperboloid. Note that the two fibrations are, for purely dimensional reasons, Lagrangian fibrations. In general,
one obtains only isotropic foliations for type-0 orbits. Figure 1 shows the rulings in the coordinates defined
in (1.2).

Figure 1: Type-0 regular orbit in SL(2, R) equipped with left-invariant isotropic foliations by N -orbits.
If one makes a similar computation for the coadjoint orbits which are connected components of 2-sheeted
0 1
hyperboloids, for example the orbit Ω = Ad(SL(2, R)) −1
0 ≃ N A, one sees that [k, n] 6⊂ n, that is, n is
not stable under the stabilizer subalgebra k, and hence does not induce a left-invariant foliation of the orbit.
Of course, left multiplication by N induces a foliation of the orbit Ω by N -orbits, pictured below in 2. The
foliation is again for dimensional reasons Lagrangian, but here it really is just a low dimensional coincidence;
in general, the foliation of a type-F orbit Ω by N -orbits, for large values of |F|, has no particular symplectic
character (i.e. the N -orbits are not Lagrangian, isotropic or coisotropic, or symplectic).
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As we will see, the general case is analogous: the regular coadjoint orbits in any simple Lie algebra can
be grouped into families according to the conjugacy class of the stabilizer subalgebra, and for at least one
such family the nilpotent summand of an Iwasawa decomposition induces a left-invariant isotropic foliation
of the orbits.

Figure 2: Type-{α} regular orbit in SL(2, R) foliated by N -orbits.

2

Setup

Much of the material in this section is standard; we recall it to set notation and fix the range of our focus.
The more standard material can be found in any of the excellent texts [14], [9], [23] (or any of many others
on Lie theory). For less standard material, we include specific references or short proofs where no reference
could be found.

2.1

Real Lie algebras.

The foliations we want to describe arise from the Iwasawa decomposition of a semisimple Lie algebra (the
group level decomposition will also play a role). Since we are interested in the symplectic geometry of
coadjoint orbits, we will restrict our attention to coadjoint orbits in real semisimple Lie algebras, though in
some cases the underlying algebra has a complex structure. Every semisimple Lie algebra is a direct sum
of simple Lie algebras, so we further restrict our attention to simple real Lie algebras. These come in two
types: simple complex Lie algebras regarded as real algebras, and noncomplex simple real Lie algebras. If g
is a noncomplex simple real Lie algebra, then gC is a simple complex Lie algebra.
Our construction arises from the Iwasawa decomposition, which in the compact case is trivial in such a
way that our construction yields only the trivial foliation by points.2 Hence, we will consider only
1. simple complex Lie algebras, regarded as real Lie algebras (which are never compact), and
2. noncompact noncomplex simple real Lie algebras.
The simple complex Lie algebras are the four classical series of types An , Bn , Cn , Dn , and the exceptional
algebras of types E6 , E7 , E8 , F2 , F4 , and G2 . The list of noncompact noncomplex simple real Lie algebras
is longer; see Figure 4 in the Appendix.
Throughout, we will denote by g a simple real Lie algebra, gC its complexification, and s a simple complex
Lie algebra.

2.2

Regular (co)adjoint orbits.

By Cartan’s criterium for semisimplicity, the Killing form B on g is nondegenerate and hence induces
an isomorphism g∗ ≃ g, by which we identify g∗ with g. Under this identification, coadjoint orbits in g∗
correspond to adjoint orbits in g. In this section, we first recall the Kirillov symplectic form on coadjoint
orbits and corresponding adjoint orbits. Then we discuss regular orbits, certain generic orbits which are the
focus of this article, as well as their relation to Cartan subalgebras.
2 The Iwasawa decomposition of a compact Lie group G is G = GAN where A = N = {e}. The foliations we construct are
induced from N , and hence are trivial for compact groups.
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Let G be a simple Lie group with Lie algebra g. Fix ξ ∈ g∗ and consider the coadjoint orbit W := Ad∗ (G)ξ.
Denote the stabilizer group of ξ by Stabξ := {g ∈ G : Ad∗ (g)ξ = ξ}. The Lie algebra of Stabξ is
stabξ = {Z ∈ g : ad∗ (Z)ξ = 0}.
The Kirillov form, an alternating bilinear form ωξ on g, is given by
ωξ (X, Y ) := hξ, [X, Y ]i .
One may compute that ωξ is Stabξ -invariant, and ker Bξ = stabξ , whence ωξ descends to a nondegenerate
alternating bilinear form ωξ on g/stabξ . What is harder to prove, but well known and originally due to
Kirillov, Kostant, and Souriau, is that the left-invariant 2-form ω on W induced by ωξ is closed; that is, ω
is a symplectic form on W .
By Cartan’s criterion, the Killing form B(X, Y ) = tr(adX adY ) is non-degenerate if g is semisimple, and
so we can use the Killing form B to transfer the coadjoint orbit W and its symplectic structure to g. Define
Ω := B −1 (W ) = Ad(G)X.
Under this identification, stabX := {Z ∈ g : ad(Z)X = 0} and the stabilizer algebra of X is B-orthogonal to
the tangent space of Ω at X.
Finally, we note that the bilinear form ωξ induces a bilinear form ωX on g, given by ωX (Y, Z) :=
B(X, [Y, Z]), which restricts to a symplectic form ωX on Ω.
We now turn to regular orbits. For the definition, we need to recall some of the basic structure theory
of semisimple Lie algebras. For X ∈ g, consider the characteristic polynomial det(λ1 − adX) = λn +
Pn−1
j
j=0 pj (X)λ . The rank of g is the minimum index r such that pr (X) is not identically zero.

Definition 2.1 X is said to be regular if pr (X) 6= 0. An orbit Ω = Ad(G)X is said to be regular if X is
regular.

Regular points are thus generic.
The polynomials pj are invariant under any automorphism of g [23, Sec. 3.9], which means pr (Ad(g)X) =
pr (X), whence we have proved:
Lemma 2.2 Ad(g)X is regular if and only if X is regular.
Pn−1
Moreover, if detgC (λ1 − adgC X) = λn + j=0 p′j (X)λj , then pj = p′j g , which shows that X ∈ g is regular
if and only if X = X + 0i ∈ gC is regular.
For X regular, the generalized 0-eigenspace

hX := {Y ∈ g : ad(X)s Y = 0 for some s ≥ 1}

(2.1)

is called a Cartan subalgebra, which we abbreviate by CSA.
If g is a complex simple Lie algebra, then hX is a CSA if and only if it is a maximal abelian subalgebra
such that {ad(Y ) : Y ∈ hX } is simultaneously diagonalizable. If g is a real semisimple Lie algebra, then hX
C
is a CSA if and only if the complexification hC
X is a CSA in g . All CSAs have the same dimension, which
is in fact the rank r of G. The rank r may also be characterized as the minimal dimension which occurs
among generalized 0-eigenspaces of the form (2.1).
It is well known (see [14, Prop. 2.7, 2.10]) that if g is a complex semisimple Lie algebra, then we can
take s = 1, that is, hX = {Y ∈ g : [X, Y ] = 0}. It seems to be less well known that this is also true for real
semisimple Lie algebras, so we give here a proof.
Lemma 2.3 Let g be a real semisimple Lie algebra, and let X ∈ g be regular. Then hX = {Y ∈ g : [X, Y ] =
0} is a Cartan subalgebra.
Proof. Let h′ := {Z ∈ gC : [Z, X] = 0}. Since X is regular in gC , the CSA in gC generated by X is h′ .
Two CSAs which contain a common regular element must coincide [23, Proof of Thm. 4.1.3], and since a
subalgebra of g is a CSA if and only if its complexification is a CSA in gC , we see that h′ = hC
X . Hence, if
′
Y ∈ g is such that ad(X)s Y = 0 for some s ≥ 1, then Y = Y + 0i ∈ hC
X = h implies [X, Y ] = 0 whence
hX ⊂ {Y ∈ g : [X, Y ] = 0}. The opposite inclusion is obvious and hence the lemma is proved.
From Lemma 2.3 and the Ad-invariance of regularity discussed above, we obtain the following result
which is basic to our construction.
Lemma 2.4 If Ω is a regular orbit, then stabY , Y ∈ Ω, is a Cartan subalgebra.
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2.3

The Iwasawa decomposition.

Let s be a complex simple Lie algebra. For a CSA h < s, denote the associated set of roots by ∆ = ∆(s, h),
a choice of positive roots by ∆+ , and a choice of simple roots by Π.
For each nonzero root, define the root space
sα := {X ∈ s : ad(H)X = α(H)X for all H ∈ h}.
Then s decomposes as
s=h⊕

M

sα .

(2.2)

[sα , sβ ] = sα+β ,

(2.3)

α∈∆

Moreover,

where we adopt the convention that if γ 6∈ ∆, then sγ := {0}. The root space sα is one dimensional, and the
decomposition (2.2) is B-orthogonal, except that B(sα , s−α ) 6= 0.
P
The Killing form B is nonsingular on h, and can be expressed as B(H, H ′ ) = α∈∆ α(H)α(H ′ ). Since B
is nonsingular on h, to each root α ∈ (h)∗ we may associate a nonzero vector Hα ∈ h, called the dual vector,
such that α = B(Hα , ·).
For H ∈ h, the polynomial pr can be written in terms of the roots as pr (H) = Πα∈∆ α(H), so that a
vector H ∈ h is regular if and only if α(H) 6= 0 for each root α. In particular, the singular vectors in h (i.e.
vectors which are not regular) form a codimension-1 subvariety consisting of the union of the kernels of the
roots.
Let g be a real semisimple Lie algebra, and fix a Cartan involution θ, i.e., an involution on g such that
−B(·, θ·) is positive definite. Let g = k⊕p be the corresponding Cartan decomposition into ±1 θ-eigenspaces.
The decomposition g = k ⊕p is B-orthogonal. The condition B(·, θ·) > 0 implies that k is a maximal compact
subalgebra of g. Denote by K the corresponding analytic subgroup of G with Lie algebra k.
A Cartan subalgebra h < g is said to be θ-stable if θ(h) = h, in which case
h = (h ∩ k) ⊕ (h ∩ p).
Definition 2.5 For a θ-stable CSA h, the subspace h+ := h ∩ k = {X ∈ h : adX has purely imaginary
eigenvalues} is called the toroidal part, and h− := h ∩ p = {X ∈ h : adX has real eigenvalues} is called the
vector part.
Every CSA is conjugate to a θ-stable CSA. For a θ-stable CSA, the dimension of h+ is called the
compact dimension, which we will denote by k-dim h, and the dimension of h− is called the noncompact
dimension, which we will denote by p-dim h. All maximally compact CSAs are conjugate, as are all maximally
noncompact CSAs. For nonmaximal CSAs, the conjugacy classes can be enumerated by conjugacy classes
of admissible root systems (see Theorem 2.9 below).
Fix a maximal abelian subalgebra a ⊂ p, and denote the associated system of restricted roots by Σ. The
dimension of a is called the real rank, denoted R-rank g, and is independent of the choice of a. Choose a set
of positive restricted roots Σ+ , and also a set of simple restricted roots Σ+
0.
Let the centralizer of a in k be m = Zk (a), and choose a maximal abelian subspace t ⊂ m. Then
h0 := t ⊕ a
is a maximally noncompact CSA of g. The roots of gC with respect to h0 , when restricted to a, yield the
restricted roots. Moreover, one may choose the sets of positive and simple roots so that positive roots
restrict to positive restricted roots, simple roots restrict to simple restricted roots, and the restriction map
α ∈ ∆, ∆+ , Π 7→ α|a ∈ Σ, Σ+ , Σ+
0 (resp.) is onto. We will always make such compatible choices.
The Lie algebra g decomposes into restricted root spaces as
M
g = g0 ⊕
gλ ,
(2.4)
λ∈Σ
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where the sum is B-orthogonal except that B(gλ , g−λ ) 6= 0. The restricted root spaces also obey the bracket
relations (2.3), where as usual we set gν = {0} if ν 6∈ Σ. Note that in the case of restricted roots, the roots
spaces gλ are not necessarily one dimensional.
Remark. If g is a complex simple Lie algebra, regarded as a real Lie algebra, then the restricted root
system of g as a real Lie algebra is equal to the roots system of g considered as a complex Lie algebra, that
is, Σ(g, a) = ∆(gC , aC ), and the restricted root spaces have real dimension 2 [24, p. 153].
Let n :=

L

λ∈Σ+

gλ . The Iwasawa decomposition of g is the direct sum decomposition
g = k ⊕ n ⊕ a.

The subspace n is a nilpotent subalgebra, and n ⊕ a is a solvable subalgebra such that [n ⊕ a, n ⊕ a] ⊂ n.
The Iwasawa decomposition of g induces a global decomposition G = KN A (that is, group multiplication
yields a diffeomorphism K ×N ×A onto G), where N and A are the analytic subgroups of G with Lie algebras
n and a (resp.). There is some, but not total, freedom in the order of the analytic subgroups; it is necessary
that N and A be taken together. So for instance, G equals N AK or KAN , but not in general AKN .

2.4

Structure theory of Cartan subalgebras and Cayley transforms.

In this section, g denotes a noncomplex real simple Lie algebra.3 In [20], Sugiura describes an invariant
of conjugacy classes of Cartan subalgebras. We recall this invariant below. Cayley transforms provide
a way to enumerate and move between different conjugacy classes of CSAs, essentially by exploiting the
fact that all CSAs are conjugate in the complexification gC . Using Cayley transforms, we are able to use
Sugiura’s invariant to prove Theorem 2.11, which elucidates the structure of each conjugacy class of Cartan
subalgebras.
The material here is less standard; of course the Cayley transforms themselves are well known (see, for
example, [14, Sec. VI.7]). But we will also be interested in Sugiura’s invariant and sets of strongly orthogonal
real roots because of the ease with which one may successively compute the associated Cayley transforms.
As these objects seem to have had less application, a few words are in order.
Definition 2.6 A root α ∈ ∆(gC , hC ) ⊂ (hC )∗ is real if it takes real values on h.
Since roots take real values on h− and ih+ , a root is real if and only if it restricts to 0 on h+ . In terms
of dual vectors, a root α is real if and only if Hα ∈ h− .
Let H ∈ hC . If α is real, then α(θ(H(h+ )C + H(h− )C )) = −α(H(h− )C ) so that θα = −α.
Definition 2.7 Two roots α, β are orthogonal if B(Hα , Hβ ) = 0, and strongly orthogonal if they are
orthogonal and α ± β is not a root.
Remark. In fact, if α 6= ±β, then α is orthogonal to β if and only if neither α + β nor α − β is a root.
As we will see, our application requires a sets of strongly orthogonal real roots. Maximal sets of strongly
orthogonal roots in complex simple Lie algebras have been classified by Agaoka and Kaneda in [2]. Given
such a set, one could then find subsets consisting of real roots. Another possible approach would be to observe
that sets of strongly orthogonal real roots are in some sense dual to the sets of noncompact imaginary roots,4
which play a role in the classification of real simple Lie algebras (see [14, Sec VI.11], for example). Algorithms
are known which generate maximal sequences of noncompact imaginary roots, and we could then use Cayley
transforms to convert such a sequence into a a maximal sequence of strongly orthogonal real roots.
We will take a different approach, based on Sugiura’s classification of conjugacy classes of CSAs, which
we introduce now.
Definition 2.8 [20, Def. 9] A set F = {α1 , . . . , αℓ } of distinct positive roots is called an admissible root
system if αi ± αj 6∈ ∆, 1 ≤ i, j ≤ ℓ.
3 For a complex simple Lie algebra, regarded as a real Lie algebra, there exists a unique conjugacy class of Cartan subalgebras,
thus obviating the need for Cayley transforms.
4 Using Lemma 2.10 and similar techniques, applying the Cayley transforms associated to a a maximal sequence of noncompact
imaginary roots results in a maximal sequence of strongly orthogonal real roots.
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Two admissible root
1 and F2 are said to be equivalent if the dual vectors span the same
L systems FL
RH
=
subspace, that is, if
α
α∈F2 RHα . Two admissible root systems are said to be conjugate if
α∈F1
C C
there exists an element s ∈ W (g , h ) of the Weyl group such that sF1 is equivalent to F2 . In [20], Sugiura
proved the following classification theorem.
Theorem 2.9 [20, Thm. 6] There is a one-to-one correspondence between conjugacy classes of CSAs in a
real semisimple Lie algebra g and conjugacy classes of admissible roots systems which are contained in a.
Moreover, Sugiura showed that if F is the admissible root system associated to a conjugacy class of CSAs,
then there is a θ-stable CSA hF in the conjugacy class such that
M
⊥
(hF ∩ a) ∩ a =
RHα .
α∈F

That is, the conjugacy class of hF is determined by the (roots which span the) complement of the vector
part of hF in a. Since the roots in an admissible root system associated to a CSA are necessarily real, we
refer to such a system as a real admissible root system.
We recall now the Cayley transform that we will need for our construction, which takes a θ-stable CSA
h and a real root α and produces a θ-stable CSA Dα (h) with k-dim Dα (h) = k-dim h + 1. There is another
type of Cayley transform which is essentially the inverse of Dα , but it plays no role in our construction (it
is associated to imaginary roots, which we have not introduced.)
If α is a real root, then ᾱ = α and so we can choose 0 6= Xα ∈ gα ∩ g and normalize it to obtain Eα such
2
that B(Eα , θEα ) = −2/ |α| . Define
dα := Ad(exp(

iπ
(θEα − Eα )).
4

2
The Dα -transform of h is Dα h := dα (hC ) ∩ g, and one may compute that dα ( |α|
2 Hα ) = i(Eα + θEα ) from
which it follows that


Dα h = ker α|h ⊕ R(Eα + θEα ).
(2.5)

Dα h is clearly θ-stable, and since Eα + θEα is in k, we see that p-dim Dα h = p-dim h − 1.
A CSA h is maximally noncompact if and only if there exist no noncompact imaginary roots, and
maximally compact if and only if there exist no real roots.
−1
For each root γ with respect to h, we obtain roots cβ (γ) = γ ◦ c−1
β and dα (γ) = γ ◦ dα with respect to
Cβ h and Dα h (resp.).

We can use the real admissible root system associated to a CSA h to generate a series of Cayley transforms
which transform a h0 into h. This process reveals the inner structure of the CSA h. We need a few more
facts regarding real and strongly orthogonal roots, and in particular their behavior under Cayley transforms.
Lemma 2.10 Let α, β, γ ∈ ∆(gC , hC ).
1. If α is real and orthogonal to β, then Hdα β = Hβ and dα β|ker α = β.
2. If α, β, γ are orthogonal and α is real, then dα β is orthogonal to dα γ. Hence, if β is real then so is
dα β.
3. If α is real and β is strongly orthogonal to γ, then dα β is strongly orthogonal to dα γ.
4. If α is real and strongly orthogonal to β, then Edα β = Eβ .
Proof. (1) If H ∈ ker α|h , then dα (H) = H. Hence B(Hβ , H) = β(H) = β(d−1
α H) = dα β(H), which
proves the second part of the claim. We then compute B(Hβ , Eα + θEα ) = 0 since hC is B-orthogonal to
2
gα and g−α . On the other hand, dα β(Eα + θEα ) = B(Hβ , d−1
α (Eα + θEα )) = B(Hβ , i|α|2 Hα ) = 0. Hence,
B(Hβ , H) = dα β(H) for each H ∈ Dα h, which yields the first claim.
(2) Since β and γ are orthogonal, we have B(dα β, dα γ) = B(Hβ , Hγ ) = 0, whence dα β is orthogonal to
dα γ. As noted in the proof of part (1) above, dα β(Eα + θEα ) = 0. Hence, if β is real then dα β vanishes on
each summand of Dα h ∩ k = R(Eα + θEα ) ⊕ (ker α|h ∩ k), i.e., dα β is real.
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(3) Suppose dα β ± dα γ is a root. Then d−1
α (dα β ± dα γ) = β ± γ is also a root, a contradiction.
(4) One may compute directly that Ad(exp iπ
4 (θEα − Eα ))Eβ = Eβ , since θEα ∈ g−α and β ± α not a
root implies gβ±α = {0}, that is, that [Eα , Eβ ] = [θEα , Eβ ] = 0.
This section culminates with the next theorem, which reveals the structure of the CSA hF associated to
an admissible root system F.
Theorem 2.11 Let F = {α1 , . . . , αj } be a real admissible root system associated to the θ-stable CSA hF .
Then
Mj
\j
hF =
ker αm |h0 ⊕
R(Eαm + θEαm ).
(2.6)
m=1

m=1

Proof. Let γn denote the image of αn under the sequence of Cayley transforms associated to the ordered
(n − 1)-tuple (α1 , α2 , . . . , αn−1 ), that is,
γj = dd .

..

dα α2 .
1

..

αn−1 αn .

Note that by repeatedly applying Lemma 2.10(2), each γn is a real root. Indeed, γn = αn on their common
domain of definition, and γn is zero otherwise.
We proceed by induction on the length of F. For F = {α1 }, the lemma is just equation (2.5). Note that
by Lemma 2.10(2) and (3), after applying the Cayley transforms associated to the roots α1 , . . . , αn−1 , the
roots γn is real with respect to the new CSA. Suppose then that (2.6) is true for F = {α1 , . . . , αn−1 }. Then
by (2.5) we have
(2.7)
h{α1 ,...,αn } = ker γn |h(α ,...,α } ⊕ R(Eγn + θEγn ).
1

n−1

Since {α1 , . . . , αj } is strongly orthogonal, 2.10 parts (3) and (4) imply
E γn = E d d

..

..
.d
α1 α2

.

αn−1 αn

= Eαn

for all n, so that h{α1 ,...,αn } = ker γn ⊕ R(Eαn + θEαn ).
Now, each vector Eαm + θEαm , m = 1, . . . , n − 1, is in k and h{α1 ,...,αn−1 } (by our induction hypothesis).
Since γn is real, it vanishes on k ∩ h{α1 ,...,αn−1 } , whence
ker γn = ker γn |T n−1

m=1 ker γm

⊕

Mn−1

m=1

Now, repeatedly applying Lemma 2.10(1), we see that γn |T n−1

m=1

ker γn |T n−1

m=1

ker αm

=

\n

m=1

R(Eαm + θEαm ).
ker αm

= αn |T n−1

m=1

(2.8)
ker αm

so that

ker αm .

Combining this with (2.7) and (2.8) completes the theorem.

3

Isotropic foliations

This section forms the heart of this article. Here, we describe how the Iwasawa decomposition, in particular
the nilpotent part, restricted to a regular orbit Ω induces a certain foliation of the orbit. In some cases, this
foliation is actually a Lagrangian fibration admitting a transverse Lagrangian section, so that the orbit is
symplectomorphic to a cotangent bundle. In all cases, the foliations are isotropic and left-invariant.
Depending on the regular orbit, the induced foliation may be the trivial one in which each leaf is just a
point. This is not a failure of our method, but rather a reflection of the fact that some orbits do not admit
nontrivial left-invariant isotropic foliations;
 for example, the orbits in sl(2, R), discussed in Section 1.2, with
0 1
stabilizer algebra conjugate to R −1
0 . On the other hand, we can prove that except for low rank Lie
algebras, at least two classes of regular orbits admit nontrivial left-invariant nilpotent isotropic foliations.
In the first part, we consider the “best” case: regular orbits whose stabilizer algebra is a maximally
noncompact CSA (this includes all orbits in complex algebras considered as real algebras), that is, type-0
orbits. In this case, we obtain foliations with leaves of the largest dimension (given by the dimension of the
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nilpotent part of the Iwasawa decomposition). In fact, the tangent space to the foliation at the identity coset
is the nilpotent subalgebra. If the Lie algebra is a split real form or a complex simple Lie algebra regarded
as a real Lie algebra, then the isotropic foliation is in fact a Lagrangian fibrations. We will conclude the first
part by briefly discussing Darboux frames.
In the second part, we consider type-F, |F| > 0, regular orbits (i.e., those whose stabilizers are not
maximally noncompact). We will give a construction which shows that a subalgebra of the nilpotent algebra
will induce a left-invariant foliation. We will also see that higher compact dimension of the stabilizer of the
orbit corresponds to lower dimension of the leaves. The construction shows moreover that if the rank of g is
not too small, regular type-F orbits with |F| = 1 admit nontrivial left-invariant isotropic foliations.

3.1

Maximally noncompact orbits.

Let X be a regular point of g, and assume without loss of generality that stabX is θ-stable. If Ω = Ad(G)X
is a type-0 orbit, we will call Ω a maximally noncompact orbit.
Note that this condition is automatically satisfied by coadjoint orbits in complex simple Lie algebras or
any noncomplex Lie algebras which have a unique conjugacy class of CSAs. In this section, we describe how
for such orbits, the Iwasawa decomposition yields directly a left-invariant isotropic foliation of the orbit.
For nonmaximally noncompact orbits there may still be left-invariant isotropic foliations arising from the
Iwasawa decomposition, but as the construction is more complicated, we defer it to the next section.
Theorem 3.1 Each maximally noncompact orbit Ω = Ad(G)X admits a left-invariant isotropic foliation N
with NX = n.
Proof. To begin, if stabX is a maximally noncompact θ-stable CSA, then it can be decomposed as
stabX = t ⊕ a
where a ⊂ p is maximal abelian and t ⊂ Zk (a) is maximal abelian. Let k′ := k/t. Using the Iwasawa
decomposition of g relative to a, we obtain (as vector space)
TX Ω ≃ g/stabX = (n ⊕ a ⊕ k)/(a ⊕ k) ≃ n ⊕ k′ ,
hence we can identify n as a subspace of TX Ω.
L Next we need to show that n is an isotropic subspace of TX Ω. For each U, V ∈ n, we have [U, V ] ∈ n =
λ∈Σ+ gλ . On the other hand, X ∈ stabX ⊂ g0 . Since the restricted root space decomposition (2.4) is
B-orthogonal, we obtain
ωX (U, V ) = B(X, [U, V ]) = 0
so that n is isotropic.
For each H ∈ stabX ⊂ g0 , (2.3) implies [H, gλ ] ⊂ gλ so that [stabX , n] ⊂ n as desired.
Finally, the distribution N is involutive since n is a subalgebra (i.e., n satisfies Frobenius integrability).

Remark. Any two choices of n, which must necessarily arise from two choices of positive roots, are conjugate
by the Weyl group W (g, h), and W (g, h) acts transitively on the set of such choices. Therefore, there are
|W (g, h)| distinct left-invariant isotropic foliations of a maximally noncompact orbit Ω.
Recall that a real Lie algebra is said to be a split real form if it admits a CSA h such that the roots
∆(gC , hC ) take real values on h. In particular, if g is a split real form, such CSAs are the maximal abelian
subspaces in p. Hence, the maximally noncompact θ-stable CSA h0 is a maximal abelian in p (that is,
h0 = a). For a split real form g, the restricted root system Σ(g, a = h0 ) coincides with the root system
∆(gC , hC
0 ) of the complexification. Similarly, if g is a complex simple Lie algebra regarded as a Lie algebra,
the restricted roots correspond to the roots of g as a complex Lie algebra. In both cases, the global Iwasawa
decomposition induces more structure on the maximally noncompact regular orbits.
Theorem 3.2 If g is a split real form or a complex simple Lie algebra regarded as a real Lie algebra, then the
left-invariant isotropic foliation of Theorem 3.1 is a left G-invariant Lagrangian Rn -fibration over Ad(K)X,
where n = dim n = 21 dim Ω and Ad(K)X is a transverse Lagrangian submanifold.
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Proof. If g is a split real form or a complex Lie algebra, then Zk (a) = {0} which means that stabX is itself
a maximal abelian subalgebra of p. Hence, the restricted roots are just the roots of g with respect to stabX .
To show that n is a Lagrangian subspace, it is enough to show that dim n = dim k. This follows, though,
from the root space decompositions
M
M
1
k=
gα
2 (1 + θ)gα and n =
α∈∆+

α∈∆+

since for every α, dim gα = 1 when g is a split real form and dim gα = 2 when g is a complex Lie algebra
regarded as a real Lie algebra. Hence, the isotropic foliation of Ω is a Lagrangian foliation.
Since n is nilpotent, an Ad(N )-orbit in g is diffeomorphic to Rn , where n = dim n. Now we can appeal
to the global Iwasawa decomposition; we claim that if Y ∈ Ω, then there exist k ∈ K and n ∈ N such that
Y = Ad(k)Ad(n)X. Indeed, if Y = Ad(g)X, decompose g = kna for some k ∈ K, n ∈ N, and a ∈ A.
Then Ad(g)X = Ad(k)Ad(n)Ad(a)X = Ad(k)Ad(n)X. Hence, the leaves of the Lagrangian foliation are
Ad(k)Ad(N )X, and each leaf passes through a unique point Ad(k)X ∈ Ad(K)X.
To show that Ad(K)X is a Lagrangian submanifold, it suffices to show that k is an isotropic subspace of
k ⊕ n. To this end, let U, V ∈ k. Then [U, V ] ∈ k. Since X ∈ stabX ⊂ p,
ωX (U, V ) = B(X, [U, V ]) = 0
since the Cartan decomposition is B-orthogonal.
Applying [25, Thm 7.1] to the above theorem elucidates the structure of these maximally noncompact
orbits yet further.
Corollary 3.3 If g is a split real form or a complex simple Lie algebra regarded as a real algebra, then each
maximally noncompact orbit Ω = Ad(G)X is symplectomorphic to T ∗ (Ad(K)X).
Remarks.
1. The real simple noncompact noncomplex Lie algebras which are split real forms are sl(n, R),
so(n, n), so(n, n + 1), sp(n, R), (for all n) as well as the exceptional algebras EI , EV , EVIII , F I
and G. See Figure 4 in the Appendix for more details.
2. As mentioned in the remarks following Theorem 3.1, the choice of n in an Iwasawa decomposition is
unique up to a choice of positive restricted roots. The set of such choices is parameterized by the Weyl
group of the restricted root system. Each such choice yields a Lagrangian fibration of a maximally
noncompact orbit, and hence a symplectomorphism of the orbit with T ∗ (Ad(K)X).
3. By left invariance we see that in fact Ω ≃ Ad(N ) × Ad(K)X. Also, because the stabilizer of the
coadjoint action on Ω is A, both K and N act freely, and we see in fact that Ω ≃ N × K.
The next result shows that in the case of a split real form, since the restricted roots coincide with the
roots and the root spaces are one-dimensional, the root space decomposition of k and n induces Darboux
coordinates on TX Ω. Left translation then provides a global Darboux frame; this will be useful in Section 4
as it allows us to write the Poisson bracket of two functions explicitly in terms of the Darboux frame.
Theorem 3.4 Suppose g is a split real form, and X is a maximally noncompact regular element which
generates a θ-stable CSA h. For each root space gα , choose a basis vector Xα . For each positive root α ∈ ∆+ ,
define
p
p
−1
−1
xα := α(X)B(Xα , X−α ) Xα and yα := α(X)B(Xα , X−α ) X−α .
Then {xα , xα + yα }α∈∆+ is a Darboux basis for TX Ω such that n = span{xα } and k = span{xα + yα }.

Proof. Since the Killing form is Ad-invariant and X ∈ h implies [X, Xα ] = α(X)Xa , we have
B(X, [Xα , X−α ]) = −B([Xα , X], X−α ) = α(X)B(Xα , X−α ) and
ωX (xα , xα + yα ) = ωX (xα , yα ) =
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B(X, [Xα , X−α ])
= 1.
α(X)B(Xα , X−α )

Moreover, for α 6= β we get ωX (xα , xβ + yβ ) = 0 and ωX (xα , xβ ) = ωX (xα + yα , xβ + yβ ) = 0 since h is
B-orthogonal to the root spaces g±α±β .
Remark. We can also form the so-called triangular decomposition g = n ⊕ a ⊕ n− , where
M
n− :=
g−α .
α∈∆+

For a split real form g and regular element X which generates a maximally noncompact CSA, the subalgebras
n and n− both induce Lagrangian foliations of Ω (although there is no leaf of either that is a global transverse
section for the other), and the basis {xα , yα }, with xα and yα as in the preceding theorem, forms a Darboux
basis for TX Ω such that n = span{xα } and n− = span{yα }.

3.2

Nonmaximally noncompact orbits.

In this section, we describe how a succession of Cayley transforms applied to maximally noncompact CSAs
induces left-invariant isotropic foliations of type-F, |F| > 0, coadjoint orbits. Since there is only one orbit
type for complex simple Lie algebras (and hence is trivially maximally compact), we will focus our attention
in this section on a noncompact noncomplex real simple Lie algebra g. Fix a maximally noncompact θ-stable
CSA h0 .
Let hF be a Cartan subalgebra associated to the real admissible root system F = {α1 , . . . , αj }. According
to Section 2.4, and in particular Lemma 2.10, applying successive Cayley D-transforms associated to the
sequence α1 , . . . , αj yields a sequence h1 , . . . , hj of nonconjugate θ-stable CSAs such that p-dim hn = pdim hn−1 − 1 and hj =hF .
Remark. Even when considering noncompact noncomplex real simple Lie algebras, it happens in some
cases that there is a unique conjugacy class of CSAs, e.g. sl(n, H). In these cases, the CSAs are necessarily
type-0, and so are covered by the construction in the previous section.
The next theorem describes an inductive procedure by which one can construct left-invariant isotropic
foliations of orbits of type-F for F = {α1 , . . . , αj }. For each n = 1, . . . , j, let βn = αn |a be the restriction of
αn to a (so βn ∈ Σ+ is a positive restricted root).
Theorem 3.5 Let Σ0 = Σ+ . For each n = 1, . . . , j, let Σn be the largest subset of Σn−1 such that
1. for each m = 1, . . . , n, if µ ∈ Σn and µ ± βm ⊂ Σ, then µ ± βm ∈ Σn (that is, if µ ± βm is a restricted
root, then it is in Σn ),
2. for each m = 1, . . . , n, we have ±βm 6∈ (Σn + Σn ) ∩ Σ (that is, ±βm cannot be written as a sum of two
elements of Σn ), and
3. (Σn + Σn ) ∩ Σ ⊂ Σn (that is, if µ, ν are restricted roots in Σn such that µ + ν is a restricted root, then
µ + ν ∈ Σn ).
L
Then nn := µ∈Σn gµ is an h{α1 ,...,αn } -stable subalgebra of g. Moreover, if X ∈ g is a regular element
such that stabX = h{α1 ,...,αn } , then nn is ωX -isotropic subspace of TX (Ad(G)X) and hence induces a leftinvariant isotropic foliation Nn of Ad(G)X with (Nn )X = nn .
Tn
Proof. To show that nn is hn -stable, first consider X ∈ m=1 ker αm ⊂ h0 . Since h0 ⊂ g0 , we have
[X, gµ ] ⊂ gµ for all restricted roots µ, whence [X, nn ] ⊂ nn . Next, consider X = Eαm + θEαm . Since αm is
real, θEαm ∈ g−αm , so [X, gµ ] ∈ gµ+αm ⊕ gµ−αm . By condition (1), we see that if µ ∈ Σn then gµ±βm ⊂ nn
which implies [X, gµ ] ⊂ nn . Since this holds for each m = 1, . . . , n, the direct sum decomposition of Theorem
2.11 implies [hn , nn ] ⊂ nn as desired.
Next, we observe that since [gµ , gν ] ⊂ gµ+ν , condition (3) implies that nn is a subalgebra.
Finally, to
that nn is an ωX -isotropic subspace of TX (Ad(G)X) ≃ n ⊕ (a ⊕ k)/hn , let U, V ∈ nn . Let
Psee
n
X = Xker + m=1 cm (Eαm + θEαm ) be the decomposition of X according to Theorem 2.11. Recall that gµ
is orthogonal to gν unless ν = ±µ. Thus, since Xker ∈ g0 , we have B(X, [nn , nn ]) = 0. Moreover, condition
(2) insures that g±βm ⊥ nn which implies Eαm + θEαm ⊥ [nn , nn ] for each m = 1, . . . , n whence we conclude
that ωX (U, V ) = B(X, [U, V ]) = 0.
Remarks.
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1. It may happen that nj = {0}, in which case the isotropic foliation is of Ω is just the trivial one in
which each leaf is a single point.
2. A related point: the construction of hF from h0 does not depend on the order in which the Cayley
transforms associated to {α1 , . . . , αj } are applied to h0 . On the other hand, it might be possible that
one can choose a an order which maximizes the dimension of the the resulting isotropic nilpotent
subalgebra foliation (we do not know). But even then it is sometimes unavoidable that nj = 0. This
happens, for example, for coadjoint orbits in sl(2, R) with maximally compact stabilizers. On the other
hand, as we will see in the next section, we can sometimes guarantee that the left-invariant isotropic
foliation of Theorem 3.5 is nontrivial.
3.2.1

Type-{α} orbits.

If g admits more than one conjugacy class of CSAs, and if g is not too small, then we can show that when α is
a simple positive root, type-{α} regular orbits admit nontrivial left-invariant isotropic foliations. The reason
is that if the number of positive restricted roots is greater than 1, when the restricted root system is reduced,5
or greater than 2, when the restricted root system is not reduced, it will follow that Σ1 is nonempty (Σ1 is
the subset of positive restricted roots appearing in Theorem 3.5 which controls the left-invariant isotropic
foliation of type-{α} orbits). Hence, Σ1 induces a nontrivial left-invariant isotropic foliation.
We first show that when there is more than one conjugacy class of Cartan subalgebras, positive real roots
always exist, and hence there are always nonmaximally compact orbits of type {α}, where α > 0 is simple.
Lemma 3.6 Suppose there exists a real root β. Then there exists at least one positive simple real root α.
Proof. If β is real, then so is −β, so we may assume without loss of generality that β is positive. Decompose
β into simple positive simple roots
X
cα α.
(3.1)
β=
α∈Π

Since β is positive, all of the coefficients cα are positive. Since β is real, β(t) = 0 which implies α(t) = 0 for
each α with cα 6= 0, that is, each α appearing in the decomposition (3.1) is also real.

Theorem 3.7 Assume that α is simple, and let β denote the restriction to a of α. If the restricted root
systemLΣ is reduced, let Σ1 = Σ+ \ {β}. If β and 2β are restricted roots, let Σ1 = Σ+ \ {β, 2β}. Define
n1 := µ∈Σ1 gµ ⊂ n. If Ω = Ad(G)X is type-{α}, then it admits a left-invariant isotropic foliation N1 with
(N1 )X = n1 .
Proof. First, we remark that it is easy to see that since β is simple, n1 is a subalgebra. Thus, we need only
show that Σ1 satisfies properties (1)–(3) of Theorem 3.5.
For the first property, let µ ∈ Σ1 . Since β is a positive simple root, if µ + β is a root then it is a
positive root, whence µ + β ∈ Σ1 since µP+ β 6= β and µ + β = 2β only if µ = β 6∈ Σ1 . Next, decompose
µ into simple positive roots µ = cβ β + ν∈Σ+ \{β} cν ν, where cν ≥ 0 for all ν ∈ Σ+ . If µ − β is a root,
then it can be decomposed as a sum over positive simple roots, and the coefficients all have the same sign,
′
whence it must be
P positive since µ is positive. In particular, the coefficient cβ of β is ≥ 0. This means that
µ = (cβ − 1)β + ν∈Σ+ \{β} cν ν for some cβ ≥ 1, whence µ − β is positive and 6= 0, β (since µ 6= β, 2β), that
is, µ − β ∈ Σ1 .
Property (2) is a consequence of the fact that β is a positive simple root, and thus cannot be expressed
as a positive linear combination of positive roots.
Property (3) is also a consequence of the simplicity of β. If µ, ν ∈ Σ1 such that µ + ν is a restricted
root, then µ + ν is a positive restricted root (since µ, ν are both positive), though not a simple one. Hence
µ + ν 6= β. Of course, µ + ν cannot equal 2β either, since otherwise µ = ν = β 6∈ Σ1 .
Remarks.
1. If |Σ+ | > 1 and 2β is not a restricted root, then Σ+ \ {β} is nonempty and dim n2 > 0. If 2β is a
restricted root, then we must have |Σ+ | > 2 in order to insure that dim n1 > 0. Either way, it only
happens that dim n1 = 0 for small rank Lie algebras, for example sl(2, R).
5 Recall

that a root system is reduced if for each restricted root µ,
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1
µ
2

is not a root.

2. On the other hand, dim n1 < dim n since we must, at the very least, “remove” α from n to insure that
the resulting subalgebra is h{α} -stable. To see why, note that Eα +θEα ∈ h{α} implies [Eα +θEα , Eα ] =
[θEα , Eα ] ∝ Hα ∈ [h{α} , n]. But Hα 6∈ h{α} ⊕ n by construction.

4

Rulings and integrable systems

Our last results are that the leaves of the left-invariant isotropic foliations of the previous section are affine
subspaces of g, and that this affine structure can be used to construct integrable systems. A surface in R3
which is foliated by lines (that is, by actual affine subspaces of R3 , not just by 1-manifolds) is called a ruled
surface, and the foliation itself is called a ruling (a complex surface foliated by complex lines is also said to
be ruled ); for example, the left-invariant isotropic foliations of the maximally noncompact regular orbits in
sl(2, R), shown in Figure 1, are the classical rulings of the 1-sheeted hyperboloid. We will say that a foliation
of a manifold M ⊂ RN is an n-ruling if the leaves are n-dimensional affine subspaces.
Theorem 4.1 Let Ω be a regular orbit in g, say of type F = {α1 , . . . , αj }. The left-invariant isotropic
foliation of Ω of Theorem 3.5 (or 3.1, if Ω is maximally noncompact) is a dim nj -ruling, where nj :=
L
µ∈Σj gµ is the nilpotent subalgebra associated to F constructed in 3.5.

Proof. Let X ∈ Ω such that stabX = hj and nj := (Nj )X = ⊕µ∈Σj gµ is the subalgebra given by Theorem
3.5 of the nilpotent subalgebra n of the Iwasawa decomposition. We will first show that the leaf through X
is X + nj . The result will then follow by left translation of this leaf; since Ad(g) is linear, the left translation
of the affine space X + nj by Ad(g) is an affine space through Ad(g)X which is tangent to the left-invariant
isotropic foliation N .
To see that the leaf through X is X + nj , we first note that since nj is a nilpotent subalgebra, there
exists an analytic subgroup Nj of G which is nilpotent, whence the exponential map is a diffeomorphism
exp : nj → Nj . We will show that Ad(Nj )X = X + nj . Let y ∈ Nj . Then y = exp Y for some Y ∈ nj . Since
nj is hj -stable, we must have ad(Y )X = [Y, X] ∈ nj . Since nj is a subalgebra, it follows that ad(Y )n X ∈ nj
for all n ≥ 1. Hence we have
Ad(y)X = ead(Y ) X = X +

∞
X
1
ad(Y )n X ∈ X + nj .
n!
n=1

(Since nj is nilpotent, the sum above is actually finite.) This shows that Ad(Nj )X ⊂ X + nj . On the other
hand, since nj ∩hj = {0}, we must have dim Ad(Nj )X = dim nj from which it follows that Ad(Nj )X = X +nj .

Let G be a split real form, and choose an Iwasawa decomposition G = KN A. Choose an ordering of
the positive roots ∆+ = {α1 , α2 , . . . , αn }.
convenience, we choose normalized root vectors xj ∈ gαj ,
QFor
n
l
exp(t
xl ) : (t1 , . . . , tn ) ∈ Rn ≃ Rn (recall that for nilpotent
yj ∈ g−αj as in Theorem 3.4. Then N =
l=1
Lie groups, the exponential map provides a diffeomorphism between the Lie algebra n and the group N ).
Let Ω be a type-1 regular orbit, which by Theorem 3.2 has the structure of an Ad(N )-bundle over Ad(K)X.
For j = 1, . . . , n, define smooth functions fj ∈ C ∞ (Ω) by
! !
n
Y
l
exp(t xl ) X := tj .
fj Ad(k)Ad
l=1

Theorem 4.2 The set {fj } is a completely integrable system; that is, {fj } is a set of n =
which are linearly independent and Poisson commuting.

1
2

dim Ω functions

Proof. By Theorem 3.4, the set {xj , xj + yj }nj=1 is a Darboux basis for TX Ω. Using left translation, define
a global frame {Xj , Xj + Yj } for TX Ω, where
Xj (Ad(kn)X) := Ad(kn)∗ xj , and
Yj (Ad(kn)X) := Ad(kn)∗ yj .
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Then for f, g ∈ C ∞ (Ω), the Poisson bracket is given by
{f, g} =
=

n
X

j=1
n
X

Xj (f ) (Xj + Yj ) (g) − Xj (g) (Xj + Yj ) (f )
Xj (f )Yj (g) − Xj (g)Yj (f ).

j=1

We now compute that
(Xj + Yj )(fi ) Ad(k)Ad

n
Y

l

exp(t xl ) X

l=1

d
dt
d
=
dt
=

0

!

!


 1
 
j−1
j
j+1
n
fi Ad(k(t))Ad et x1 · · · et xj−1 e(t +t)xj et xj+1 · · · et xn X
(tj + t)δij = 0.

0

It follows that {fi , fj } = 0 for all i, j so that {fj } is a Poisson-commuting set. Moreover, since dfi = (Xi )∗ ,
the set {df1 , . . . , dfn } is linearly independent.
Remark. Using a similar proof, one may also construct a set of n = dim Nj linearly independent, Poissoncommuting functions f1 , . . . , fn on any type-F, |F| > 0, orbit. Unless the isotropic leaves are Lagrangian,
though, n < 12 dim Ω and so one does not obtain a completely integrable system.
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Appendix: Nilpotent foliation data for simple Lie algebras
Figure 3 shows the data for simple complex Lie algebras which is relevant to the foliations described in
Theorems 3.1 and 3.5, and Figure 4 shows the data for simple real Lie algebras. Note that the simple
complex Lie algebras are regarded as real Lie algebras; in particular, the dimensions are real dimensions.
The first column of Figure 3 gives the name of the Lie algebra g using the conventions of [14, Sec. I.8].
The second and third columns give the real dimension and the rank (resp.) of the algebra (recall that the
rank is the dimension of any CSA). Since the stabilizer algebra of a regular orbit is a CSA, the difference of
the second and third columns gives the dimension of the regular orbits in g, which is recorded in the fourth
column. For complex simple Lie algebras, the isotropic foliation induced by the Iwasawa decomposition is a
Lagrangian fibration, and so the leaves have half the dimension of the orbit.
g
An : sl(n + 1, C)
Bn : so(2n + 1, C)
Cn : sp(n, C)
Dn : so(2n + 1, C)
E6
E7
E8
F4
G2

dimR g
2n(n + 2)
2n(2n + 1)
2n(2n + 1)
2n(2n − 1)
2 × 78 = 156
2 × 133 = 266
2 × 248 = 496
2 × 52 = 104
2 × 14 = 28

rank g
2n
2n
2n
2n
12
14
16
8
4

dim Ω
2n(n + 1)
4n2
4n2
4n(n − 1)
144
252
480
96
24

Figure 3: Orbit and foliation data for simple complex Lie algebras.
Figure 4 below gives data for (noncomplex) simple real Lie algebras. The real rank R-rank g, recorded in
the fifth column, is the dimension of a maximal abelian subspace in the noncompact component p of a Cartan
decomposition g = k⊕p. If the rank of g is equal to the real rank of g, then a maximally noncompact θ-stable
CSA is a maximal abelian subspace of p, whence g is a split-real form, and Theorem 3.2 is valid. The sixth
column gives the the cardinality of a maximal set of strongly orthogonal real roots, which is equal to the
difference in noncompact dimensions of a maximally noncompact algebra and a maximally compact CSA.
This number is a lower bound for the number of distinct regular orbit types. The last two columns of Figure
4 record whether g is a split real form, and the dimension of the leaves of the isotropic foliation of type-0
orbits induced by the Iwasawa decomposition, which is computed as dim n = dim g − dim k − R − rank g.
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g
sl(n, R)
sl(n, H)
su(p, q), 1 ≤ p ≤ q

∆
An−1
A2n−1
Ap+q−1
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so(2p, 2q + 1), 1 ≤ p ≤ q
so(2p, 2q + 1), p > q ≥ 0
sp(p, q), 1 ≤ p ≤ q

Bp+q
Bp+q
Cp+q

sp(n, R)
so(2p + 1, 2q + 1)
0≤p≤q
not so(1, 1) or so(1, 3)
so(2p, 2q)
1 ≤ p ≤ q, not so(2, 2)
so∗ (2n)

Cn

EI
EII
EIII
EIV
EV
EVI
EVII
EVIII
EIX
FI
F II
G

Dp+q+1

Dp+q
Dn
E6
E6
E6
E6
E7
E7
E7
E8
E8
F4
F4
G2

Σ
An−1
An−1
(BC)p if p < q
Cp if p = q
B2p
B2q+1
(BC)p if p < q
Cp if p = q
Cn
Bp if p < q
Dp if p = q
Bp if p < q
Dp if p = q
(BC)n(n−1)/2 , n odd
Cn/2 , n even
E6
F4
(BC)2
A2
E7
F4
C3
E8
F4
F4
(BC)1
G2

dimR g
(n − 1)(n + 1)
(2n − 1)(2n + 1)
(p + q − 1)(p + q)

rank g
n−1
2n − 1
p+q+1

dim Ω
n(n − 1)
2n(2n − 1)
(p + q − 2)(p + q)

R- rank g
n−1
n−1
p

|F|max
[n/2]
0
p

split?
yes

dim n
n(n − 1)/2
2n(n − 1)
p(2q − 1) − 2

(2(p + q) + 1)(p + q)
(2(p + q) + 1)(p + q)
(2(p + q) + 1)(p + q)

p+q
p+q
p+q

2(p + q)2
2(p + q)2
2(p + q)2

2p
2q + 1
p

2p
2q + 1
p

p=q

4pq
4pq + 2(p − q) − 1
4pq − p

n(2n + 1)
(2(p + q + 1) − 1)
×(p + q + 1)

n
p+q+1

2n2
(2(p + q + 1) − 2)
×(p + q + 1)

n
2p + 1

n
2p

yes

n2
4pq + 2q

(2(p + q) − 1)
×(p + q)
n(2n − 1)

p+q

2p

2p

n

(2(p + q) − 2)
×(p + q)
2n(n − 1)

[n/2]

[n/2]

78
78
78
78
133
133
133
248
248
52
52
14

6
6
6
6
7
7
7
8
8
4
4
2

72
72
72
72
126
126
126
240
240
48
48
12

6
4
3
3
7
4
3
8
4
4
1
2

4
4
2
0
7
4
3
8
4
4
1
2

Figure 4: Orbit and foliation data for simple real Lie algebras.

p=q
p=q

4pq − 2p
n2 − n − [n/2]

yes

yes

yes
yes
yes

36
34
30
24
63
60
51
120
110
24
15
6
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