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Abstract.  We complete a study initiated in an earlier paper, on the horizontal attracting and 
repelling forces acting on two parallel semi-infinite plates, partly immersed in an infinite liquid 
bath and subject to capillary forces in a uniform gravity field. We find a considerable range of 
behavior patterns, depending on the contact angles on the plate sides and on the plate separation, in 
ways that we did not anticipate. 
 
The former author dedicates his contribution in this work to the memory of Margaret Keidel, 
whose talents should have been better recognized.  

 
 

1. Introduction 

Observations of the mutual attractions and repulsions of floating bodies (of household or 
laboratory size as distinguished from ångström size and from passenger ships) can be traced at 
least to Mariotte [1] in the 17th Century. His attempts then to explain observed behavior on the 
basis of physical principles suffered from inadequate mathematical and conceptual background: 
the Calculus was not yet a routine working tool, and the concept of surface tension was yet to be 
invented.  In fact, at the time of the present writing three centuries later, there is still no adequate 
general theory for such floating phenomena (although a recent paper of McCuan [2] appears to 
offer an interesting start). However, both the Calculus and the surface tension concept were 
available to Laplace in 1806, and he used them in deep and ingenious ways in his two treatises 
on capillarity [3,4] to investigate in quantitative detail a number of problems related to floating. 
Among them was his discussion of the horizontal forces acting on two ideally thin infinite rigid 
plates of possibly different materials, held vertically parallel to each other and partially dipped 
into an infinite liquid bath subject to a downward gravity field. See Figure 1. Although this is not 
strictly a floating configuration, it shares essential features of that state of being, and has the 
virtue of a (relative) conceptual simplicity. The Laplace investigation encompassed a wide range 
of configurations within this genre, and predicted the experimentally confirmed result that under 
certain conditions the plates could repel each other when sufficiently separated, with a uniformly 
bounded repulsion changing to unbounded attraction when the plate separation becomes less than 
some critical value, depending on the data.  

Laplace’s astonishing achievements may well have intimidated later authors from addressing 
such problems; in any event, beyond some expositions of his work we are aware of no further 
literature on the topic during more than two ensuing centuries. Then the present initial author, 
encouraged by success using a more geometric method on a question regarding a single plate, 
approached in [5] from the same geometric point of view the questions studied by Laplace, 
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achieving more precise estimates and also improvements in organization and clarity in describing 
the global structure.  

The present work continues and largely completes the investigations initiated in [3,4,5], 
clarifying further some points, providing new explicit estimates and completing the discussion of 
cases left open in those references. We offer procedures for determining the forces (subject to 
some idealizations) to arbitrary accuracy. Perhaps most significant is our claim to have organized 
the entire theory, covering all cases already known to occur and additionally some that had as yet 
not been observed, on the basis of clearly delineated geometrical distinctions. We were 
personally startled by the wide variety of behavior that can appear in a configuration governed 
apparently by few parameters, and additionally by the precision of the predictions that follow 
directly on translating the hypotheses into mathematical terminology. The formalism did much 
of our work for us, leading to predictions of behavior that have escaped earlier literature; our 
contribution consisted largely in interpreting geometrically what the symbols were telling us.  

We have put special emphasis into elucidating the precise conditions under which transition 
between repelling and attracting can occur, and on a complete description of what happens 
during the transition (for a configuration consisting of given materials) as the plate separation 
changes, and also on asymptotic behavior for large separation, which may have a special interest. 
In all cases ––with a single exception–– as one decreases the separation from a repelling 
configuration, one passes through a succession of portions of distinct solution curves of the 
“capillarity equation” tending to a particular curve that yields zero force; however it can happen 
that for an initial part of the procedure one passes through curves that are successively more 
distant from the limiting one, and thus with force increasing instead of decreasing. We show also 
that, for any prescribed contact angle on the face of one of the plates that faces the other plate, 
there is exactly one (isolated) configuration that remains repelling as the plates come together. 
This is the “single exception” just indicated, and leads to a singular perturbation at the limiting 
position of zero separation; thus such configurations are necessarily unstable with respect to 
perturbation of the data.  

The limiting configuration in which the gap between the plates is completely closed yields 
nominally an infinite attracting force, except for the isolated situation in which the contact angles 
with the fluid of the two plates are supplements of each other; in this idealized configuration a 
finite explicitly known repelling force is experienced.  

We view the present work as definitive for the topic as presently conceived. In the interest of a 
complete and unified presentation, we present here a full discussion of all cases, thus yielding 
inevitably some duplication of material in the earlier work [5]. Nevertheless, for some of the 
underlying material of general interest we have chosen to cite [5] in preference to repeating 
details; in that sense the two papers should be viewed as forming a unity. The reader will 
encounter a few changes in notation, as seemed to us appropriate for the more unified and global 
presentation adopted here.  

With regard to the underlying questions raised in the early observations of Mariotte, the lesson to 
be inferred is that in the context of the elaborate behavior patterns exhibited in the present greatly 
simplified example, easy answers in general situations cannot be expected. 
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2. Preliminary material 

Our configuration is determined by two parallel infinite vertical plates, ideally thin and dipped 
into a bath of fluid of unlimited extent, subject to a vertically downward gravity field, see Figure 
1. The plates are to be held in fixed prescribed position by a device that compensates for vertical 
forces and also both measures and provides the horizontal force that is needed to prevent them 
from moving toward or away from each other. The fluid responds to capillary surface forces, 
causing the surface to rise or fall in response to molecular attractions of liquid molecules to those 
of the plates and of the outside air (or other immiscible fluid, which we assume to be of less 
density).  

!1 !2
g

 
Figure 1. The conceptual configuration. The two infinite vertical plates may be of different 

materials from each other and also on each of their sides; they are dipped into an infinite 
liquid bath, leading to capillary rise and fall of the liquid. The plates are assumed to be 
constrained by rails to rigid horizontal movement. The scale measures the horizontal 

force between them, and prevents them from moving relative to each other. 

Our underlying conceptual weapon will be an identity from differential geometry that could not 
have been known to Laplace. If S is any oriented two dimensional surface immersed in 
Euclidean 3-space R3 and bounded (smoothly) by a curve Γ, then denoting by H the mean 
curvature vector of S and by n the unit exterior co-normal on Γ, there holds 

  
   

HdS
S! = n

"!! ds . (2.1) 

Note that (2.1) converts an integral of vectors orthogonal to S into an integral of vectors 
tangential to S. When multiplied by surface tension σ and used in conjunction with Young’s 
discovery that at a fluid/fluid interface there is a pressure jump  
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  δp = 2σ|H|, (2.2)  

(2.1) provides a concise and clear expression of the fundamental relations of surface tension, as 
introduced by Segner [6] and developed by Young in [7].  

(Young attempted to apply the concept of surface tension in similar ways also to solid/fluid 
interfaces. He was led to untenable assertions, apparently for the reason that his pressure jump 
relation cannot be applied to such configurations. The conceptual error continues however to 
appear in engineering literature and also in university curricula, and has recently again found 
explicit formal expression in the papers [8] and [9]. See [10] and [11] for further discussion of this 
point. The reader may note that the hypotheses underlying the present work conflict with assertions 
in [8] and in [9].)  

In the classical spirit (as developed in part by himself) Laplace presumed identical configurations 
in every vertical plane orthogonal to the two plates. Using later literature [12] not available to 
him, we are able to prove that such solutions exist and in fact there is no other possibility, thus 
fully justifying his intuition. We are reduced to a one-dimensional problem within a generic 
planar section as indicated, for the rise height z = u(x) in the three intervals between and outside 
the plates, with x the abscissa directed orthogonal to the plates. In such a section the relation 
(2.1) adopts the particularly simple form, that for any smooth planar curve C joining points P1 
and P2,  

  
 
k ds

C! = v1 + v2 . (2.3) 

Here k is the (planar) curvature vector of C, and v1, v2 are the unit outer directed tangents at the 
endpoints P1, P2 of C. The proof of (2.3) follows directly from the observation that k is the 
derivative in arc on C of the unit tangent vector in either orientation.  

In our contemplated configuration, each plate has two surfaces, which may be of differing 
materials, offering different local attractions to the molecules of liquid or air. Thus we are 
confronted locally with eight distinct solid/fluid interfaces, in conjunction with three fluid/fluid 
(liquid/air) interfaces; we assume that the three adjacent liquid regions are connected to each 
other, and similarly the adjacent air regions, so that within each medium one finds by Pascal’s 
Law the same pressures at corresponding heights. Considerations of obtaining a local minimum 
for the energy show that in any interval in which the fluid interface has the form y = u(x) it must 
satisfy the equation 

  sin!( )x = "u  (2.4) 

where ψ is inclination angle, and κ = ρg/σ with ρ = density change across the fluid/fluid 
interface S, g = gravitational acceleration, and σ = surface tension, see, e.g., [13, 14, 15]. The left 
side of (2.4) can be recognized as the local (planar) curvature of S. We have assumed that S is in 
horizontal equilibrium at infinity and that u denotes height above that level.  

Writing sin!( )x " cos!( )!uux " cos!( )!u tan! , we may put (2.4) into the separable form 
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  !udu = sin"d"  (2.5) 

permitting explicit integration for u as function of ψ. Using also 

  dx =
cos!
"u

d!  (2.6) 

and denoting by (xα,uα) a particular point on S, we are led to 

 

  
x = x! +

cos"
#u"!

"

$ d"

u2 = u!
2 +

2
#
cos"! – cos"( ),

 (2.7) 

which provides a solution with inclination ψα at the point indicated, in accord with the classical 
existence theorem. For the solution in the semi-infinite interval connecting x = – ∞  to a plate at x 
= xα, making an angle γ with the plate (measured within the liquid) and vanishing at x = – ∞, we 
find, with ψα = (π/2) – γ, 

  
x = x! –

1
2"

1+ cos#
$

$!% cot #d#

u =
2
"
1– cos$( ).

 (2.8) 

Note that in (2.8) the height uα at xα cannot be prescribed; it is determined by the inclination at 
the point and the condition at infinity. More precisely, we have: 

Theorem 2.1. The solution of (2.4) as given by (2.8) is uniquely determined by the 
requirement that its domain extends to x = – ∞ and that it achieves the inclination ψα at x = xα.  

Thus our stipulation above that u(– ∞) = 0 is superfluous; that behavior is imposed on us by the 
requirement of unbounded domain of definition.  

Proof:  From the geometrical interpretation of the left side of (2.4) as planar curvature, we see 
that if w(x) is a solution with !w x"( ) = !u x"( )  and w(xα) ≠ u(xα), then the height difference 

 ! x( ) ! u x( ) – w x( )  has a global minimum at xα . Denoting by ϕ the inclination of w(x), we thus 
find from (2.4) that 

  2 > sin! – sin"( )#x

x0$ d# > %& x'( ) x' – x  (2.9) 



 6 

so that the range of definition cannot be unbounded for both solutions. Thus w(xα) = u(xα), and 
by the general uniqueness theorem for prescribed initial data, the solutions must coincide.  

The equation (2.4) admits (in an extended sense) a unique global solution, obtained by 
continuing the parametric expression (2.8) past the vertical singularities at ψ = π/2 and ψ = 
3π/2 until ψ = 2π. We illustrate this extension in Figure 2.  

 

Figure 2. Global solution of (2.4) 

We observe that the function  

  
  
Q x( ) ! –1+ !

2
u2 + cos"  (2.10) 

provides a first integral of (2.4), in the sense that it is constant on any solution curve. Further, we 
have shown in [5] that Q is positive or negative according as the net force acting on two parallel 
partially dipped plates as described above, and subject to the contact angles arising from the 
indicated solution, is attracting or repelling. This observation takes on special interest in the 
context of the following remark: 

Theorem 2.2.  The horizontal force exerted on a plate by an “outer” solution, extending to 
infinity, is independent of contact angle. 

Proof:  Figure 3  illustrates a plate dipped partially into an infinite fluid at reference level 0. The 
lower horizontal line is the fluid at rest level, which remains unaffected by the dipping when the 
contact angle is π/2. We compare that configuration with that which occurs for a general contact 
angle γ, as in the figure. 
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Figure 3. Proof of Theorem 2.2 

Since S0 has zero curvature, we conclude from (2.2) that no net pressure is exerted on that 
surface. There may however be equal surface tensions σ acting in opposite directions at the end 
points of the segment 0P as indicated. Since the configuration is assumed in mechanical 
equilibrium, the tension at P will be canceled by an equal and opposite one from the outer 
segment extending to infinity. Thus the net effect of S0 is a tension σ pulling on Π, as indicated 
in the figure. 

The net pressure force exerted on S is similarly expressed according to (2.3) as a sum of two 
tensions at the end points, one of which is canceled by the remaining infinite segment. There 
remains the horizontal tension – σsinγ acting on Π. Additionally there is a pressure force –ρgh at 
each height h under S, according to Pascal’s Law. Summing these forces to the height u, we 
obtain a net pressure force p = –ρgu2/2, beyond the pressures exerted below S0 

Since sinγ = cosψ at the contact point of the upper solution with Π we conclude that the 
difference of forces exerted by S on Π from those exerted by S0 on Π is exactly σ(–1 + cosψ + 
ρgu2) = σQ. This function is constant on S as noted above, and clearly vanishes at x = – ∞. Thus 
the forces are the same, as was to be shown.  

An extension of the reasoning, using (2.10), yields  

Corollary 2.2. The horizontal forces exerted on the two plates, in any configuration, are equal 
and opposite. 

In view of Theorem 2.2, we may assume throughout this work and without loss of generality, 
that the two outer contact angles are both π/2.  No changes in horizontal force relationships will 
ensue.  
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3. Demarcation of solution characteristics 

The particular solution surfaces S extending to positive or negative infinity along the x–axis 
serve as demarcation barriers, separating those solutions for which the plates attract each other 
from those for which the plates repel. Given two vertical plates Π1 and Π2 situated at x1 and x2, 
then by appropriate sign choices for the roots appearing in (2.8), and by shifting any given 
solution rigidly left or right, we obtain all possible such barriers relative to the given two plates. 
Each barrier S lies entirely in an upper or lower half plane. A solution between the plates is 
attracting if and only if it lies, together with any extension beyond the plates, either above a 
positive barrier or below a negative barrier. Such solutions have no inflections. The closure of 
the interval on which such a solution can be extended as a graph does not include the vertical 
point of any of its barriers. Each barrier solution between the plates yields zero attracting force. 
The repelling solutions are exactly those that extend so as to cross the x–axis. Each such solution 
has a single inflection at the (uniquely determined) crossing point; at each such inflection the 
sense of concavity of the curve reverses. 

These statements are not difficult to prove formally, the details amounting essentially to an 
exercise. Alternatively, the statements will be clear –– to some extent implicitly –– from the 
context of the material in the later sections. Explicit formal details can be found in [5]. 

A full characterization of behavior requires a finer delineation of cases. Let us fix attention on 
the plate Π2, and on an arbitrary angle γ2, in the range 0 ≤ γ2 < π/2. We will have use for the five 
solution curves indicated by Roman numerals in Figure 4, in which all illustrated curves are 
solutions of (2.4) meeting Π2 in angle γ2, as shown.  We make the preliminary observation that if 
the starting point u2 on Π2 is high enough then in view of the geometrical interpretation of (2.4) 
relating curvature to height, the solution curve will bend sharply and become vertical prior to 
reaching Π1. By lowering u2 continuously we reach a (unique) level at which Π1 is just attained, 
at contact angle γ1 = 0. Continuing in this way, we see that γ1 then increases monotonically as u2 
decreases until the contact angle γ1 = π is attained on Π1.  Further decrease of height on Π2 yields 
physically unrealistic configurations in which the solution curve does not connect to Π1. Using 
that the choice of γ2 is arbitrary, we have in fact proved: 

Theorem 3.1.  Given contact angles γ1 and γ2, 0 ≤ γ1, γ2 ≤ π, there is a unique solution curve 
of (2.4) meeting Π1 in angle γ1 and Π2 in angle γ2. 

For the problem of forces between the plates as physically posed, the boundary data consist only 
of the contact angles on the two plates, each of which is a prescribed constant; the fluid heights 
are not prescribed, and thus the problem in general form is to find a solution of the capillary 
equation 

   divTu = !u           (3.1) 
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for which ux / 1+ ux
2 + uy

2  is prescribed at the two positions x1 and x2 of the plates. It may not 
be evident that the solution we have introduced, for which u is independent of the y-coordinate, 
is the desired physical solution, but that is in fact the case. We have shown the existence of a 
particular solution to this problem. Any seemingly increased freedom offered in the broader 
formulation (3.1) is illusory. That follows from the reference [12], which establishes the 
remarkable property of capillary surfaces in a gravity field, that any solution expressible as a 
graph is unique regardless of the form of the domain. The apparently limited class of solutions 
envisioned by Laplace encompasses in fact all that can appear; all solutions of the boundary 
problem (3.1) in two dimensions can be expressed by solutions of the corresponding one-
dimensional problem (2.4), and we may safely limit ourselves to that simpler problem. 

 

The particular solutions noted in Figure 4, corresponding to 0 ≤ γ2 < π/2, are characterized by the 
properties: 

I.   The upper barrier S0+, asymptotic to the x – axis at x = – ∞ and meeting Π2 in angle γ2.  

II.  The unique solution of (2.4), meeting Π1 on the x–axis, and meeting Π2 in angle γ2. 

III. The unique solution of (2.4), meeting Π2 in angle γ2 and crossing the x–axis at the   
       midpoint between the two plates. This solution is symmetric relative to the midpoint and  
       meets Π1 in the angle γ1 = π – γ2. 

IV. The unique solution of (2.4), meeting Π2 in angle γ2 and Π1 in angle γ1 = π.  

V.   The lower barrier S0–, asymptotic to the x – axis at x = + ∞ and meeting Π2 in angle γ2 

Figure 4a sketches the case in which 2a > x3 – x2, so that V does not extend to Π1.  In the 
procedure of moving u2 downward when 0 ≤ γ2 < π/2, the solution IV is then encountered prior 
to reaching V. If 2a < x3 – x2 then the order in which IV and V are encountered is reversed, as 
sketched in Figure 4b. The barriers I, II, III however always appear in the order as written. The 
order in which these curves appear is important for the classification; we address this point in 
Sec 5  below.  

 



 10 

.
x0x x

x

x

1 2

3

4
γ2

γ2

γ2

γ2

γ2

π –γ2

ψ0

Π1

Π2

I

II

III

IV V

 
 
 



 11 

.x1 x2

x3

x4

γ2

γ2

γ2

γ2

γ2

γ1

Π1

Π2

I

II

III

IV

V

aa

 
Figures 4a,b. Sketches of the general appearance of barrier solutions. The relative positions  

of IV and of V interchange according to whether or not V extends to Π1. 
 
 
 

4. Attracting plates 
 

We base our discussion on the result of [5] that the net force between the plates is attracting if 
and only if the trajectory S has a positive minimum or negative maximum u0, and that the force 
per unit length of the interface is then given by the explicit expression 

   F = !"u0
2 . (4.1) 
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We may assume we have a positive minimum, at (x0, u0). We seek to estimate the magnitude of 
F. 

According to our particular choice of γ2 in the range 0 ≤ γ2 < π/2, there can be no minimum to the 
right of Π2. There is a natural distinction, according as the minimum is achieved between the 
plates or to the left of Π1. Namely, a minimum occurs between the plates if and only if there 
holds additionally 0 ≤ γ1 < π/2.  We label such configurations as: 

Case 1: The minimum lies between the plates. Then x1 < x0 < x2. From the invariance of (2.4) 
under reflection in a vertical axis we recognize that S must be symmetric relative to a vertical 
through the minimum point (x0, u0). Denoting the contact angles with the plates by γ1, γ2, we 
assume initially that 

  γ1 ≥ γ2 (4.2) 

which implies by the convexity of S that x0 lies in the left half of the interval joining the plates, 
x1 < x0 ≤  x1 + a.  We find from (2.5) and from (2.7) applied between x1 and x2, 

  2 !a = cos"d"
!u0

2 + 2 1– cos"( )#1

#2$ . (4.3) 

It is immediate that (4.3) establishes a biunique correspondence between the non-dimensional 
quantities √κa and !u0

2 . In general, √κa will be prescribed, as half the plate separation. We may 
then determine !u0

2  from (4.3), which already determines the (attracting) force by (4.1). The 
position x0 is then given by 

   ! (x0 – x2 ) =
cos"d"

!u0
2 + 2 1– cos"( )0

#2$ . (4.4) 

The heights u1 and u2 on the plates can be ascertained using (2.5), which yields 

  
2 1– sin !1( ) = " u1

2 – u0
2( )

2 1– sin ! 2( ) = " u2
2 – u0

2( ).  (4.5) 

Thus all relevant quantities can in any specific instance be determined to arbitrary accuracy by 
way of formal quadratures.  

To obtain general a priori estimates we observe from (4.3) that 

  
cos!d!

"u0
2 + 2 1– cos# 2( )#1

#2$ < 2 "a < cos!d!
"u0

2 + 2 1– cos#1( )#1

#2$  (4.6) 

and thus, observing that ψ1 = γ1 – π/2, ψ2 = π/2 – γ2 , 
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cos ! 2 + cos !1( )2

4"a2
– 2 1– sin !1( ) < "u0

2 <
cos ! 2 + cos !1( )2

4"a2
– 2 1– sin ! 2( ) . (4.7) 

The positivity of the right side of (4.7) provides a necessary condition that must be satisfied in 
every attracting configuration. The left side could conceivably be negative for some attracting 
configurations, thus providing no information in such cases. We may however note that in every 
case for which a positive minimum appears, the solution lies above the barrier I; S0+, and thus u0 
has at least the height of S0+ achieved on Π1.  There follows 

  !u0
2 " 2 1– sin #1

0( ) , (4.8) 

in which !1
0  is conveniently taken as the larger of the two angles of intercept between S0+ and 

Π1. For the net attracting force F acting on the plates, we thus obtain from (4.1) 

Theorem 4.1.  In Case 1 there holds 

  
 

max
cos !1 + cos ! 2( )2

4"a2
– 2 1– sin ! 2( ),!2 1– sin !10( )#

$
%

&%

'
(
%

)%
<
1
*

F <
cos !1 + cos ! 2( )2

4"a2
 (4.9) 

displaying a force becoming unboundedly large as the inverse square of the plate separation 
when the plates approach each other, and remaining distinct from zero as the plates separate.  

The quantitative interpretation of Theorem 4.1 for larger values of a requires a lower bound for 
the term 2 1– sin !1

0( ) . We obtain such a bound from an alternative form of (4.3), using the 
barrier S0+ rather than the given solution to evaluate the plate separation: 

  2 !a = cos"d"
2 1– cos"( )#1

0

#2$  (4.10) 

which directly relates !1
0 = "1

0 + # / 2  with a. We write (4.10) in the form 

  23/2 !a = 1+ cos"
"1
0

"2# cot" d"  (4.11) 

and conclude from the convexity of the solution that 

  1+ cos! 2 ln
sin! 2

sin!1
0 < 2

3/2 "a < 1+ cos!1
0 ln sin! 2

sin!1
0  (4.12) 

which establishes a roughly linear relationship between ln sin!1
0  and √κa, yielding 
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  e–A2 !a sin" 2 < sin"1
0 < e–A1

0 !a sin" 2 < e
–A1 !a sin" 2  (4.13) 

and displaying an exponential decay in the inclination of the barrier S0+ as function of plate 
separation, in accord with general asymptotic estimates of D. Siegel [16]. See Figure 5 . Here  

  A2 =
2 2

1+ cos! 2

,!!A1
0 =

2 2
1+ cos!1

0
,!!A1 =

2 2
1+ cos!1

. (4.14) 

We find by (4.13), (4.14) 

  
2 1– sin !1

0( ) = 2 1– cos"1
0( ) = 2 sin2 "1

0

1+ cos"1
0 > sin

2 "1
0

> e–2A2 #a sin2 " 2

 (4.15) 

thus establishing the bound from zero of the left side of (4.10).  

 

 

Figure 5. Upper and lower bounds for the non-dimensional half-separation y = √κa in terms of  
x = inclination ! 1

0 of the barrier I: S0+ on Π1 ;  the contact angle γ2 on Π2 is taken as 30o.  

For given √κa, attracting configurations with fluid rising between the plates must satisfy ψ1 < ! 1

0 . 
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We have already noted that in specific instances, (4.3) can be solved numerically for (the unique) 
u0 in terms of ψ1, ψ2, and a. Alternatively, the integral appearing in (4.3) can be reduced to 
elliptic integrals and asymptotically estimated according to established theory. In these ways, the 
net force  F = !"u0

2    can be obtained to arbitrary accuracy.  This does not of course obviate 
Theorem 4.1 as a general description of the qualitative behavior of solutions. 

If instead of (4.2) we have γ1 ≤ γ2, we exploit the symmetry in the problem to interchange γ1 and 
γ2 in the above relations. 

Case 2: The minimum lies outside the interval between the plates. A positive minimum 
outside the interval between the plates appears if and only if π/2 < γ1 < !1

0 . There then holds x0 < 
x1 = x2 – 2a, and the discussion becomes somewhat more intricate, as one sees by observing that 
for the data !1

0  and ! 2
0 = ! 2 , as achieved by the barrier I described in Sec. 3, the net force 

vanishes regardless of plate separation. (We note of course that in this example !1
0  varies with 

the separation). Nevertheless we can obtain meaningful asymptotic estimates, using a similar 
procedure as above. 

I

Π1 Π2

S

u0

x0
x2x1

.
γ1< γ10

γ10

γ2

 

Figure 6. Minimum point x0 < x1. The point (x0, u0) →  (–∞ , 0) as γ1 increases to ! 1

0 ,  
when γ2 is fixed and the same for both curves. 

For such a configuration, the minimizing abscissa x0 occurs at a distance a0 > 2a from x2, and we 
have 

  !a0 =
cos"d"

!u0
2 + 2 1– cos"( )0

#2$ . (4.16) 



 16 

The relations (4.3) to (4.5) continue to hold and formally provide all relevant quantities, to 
arbitrary accuracy in any explicit case. 

To establish a priori bounds on these quantities, we first restrict attention to the original interval 
between Π1 and Π2, and find from (4.3) the general bound 

  
cos ! 2 + cos !1( )2

4"a2
– 2 1– sin ! 2( ) < "u0

2 <
cos ! 2 + cos !1( )2

4"a2
– 2 1– sin !1( )  (4.17) 

as in (4.7). The two cosines appearing in (4.17) now have opposite signs, but since the solution 
arc is confined to the positive region where it is convex, the sum of the cosines cannot vanish. 
Note that (4.16) and (4.16) directly connect u0 with a0 and with a, depending only on inclinations 
at the boundaries, without recourse to the solution heights on the two plates.  

For fixed γ1 and γ2 and small enough a, the quantities a, a0 are related through (4.16), (4.17). In 
fact, placing (4.17) into (4.16) leads directly to relations of the form 

  C1a < a0 < C2a . (4.18) 

From (4.17) and from (4.18) we see directly that asymptotically for small a the horizontal force 
grows as O(a–2) and similarly as O a0

–2( ) . Qualitatively, this behavior is the same as for Case 1.  

As already remarked, the horizontal forces on the plates tend to zero when the datum γ1 on Π1 
tends to the value !1

0  achieved on that plate by the barrier I. We can make this observation 
explicit by joining (4.3) to (4.10) to obtain 

  
cos!d!

"u0
2 + 2 1– cos!( )#1

#2$ =
cos!d!
2 1– cos!( )#1

0

#2$ . (4.19) 

We rewrite (4.19) in the form 

  
cos!d!

"u0
2 + 2 1– cos!( )#1

#1
0

$ =
1

2 1– cos!( )
– 1

"u0
2 + 2 1– cos!( )

%
&
'

('

)
*
'

+'
#1
0

#2$ cos!d!  (4.20) 

We are interested here in asymptotic behavior for small values of !u0
2 , and it will be convenient 

to limit ourselves to the range 0 < !u0
2 < 2 1– cos"1( ) . Denoting the left and right sides of (4.20) 

by L and M, we obtain as a crude estimate 

  
 

1
2
sin!1

0 – sin!1( ) < L <
1

2 1– cos!1( )
sin!1

0 – sin!1( )  (4.21) 



 17 

  
 

sin! 2 – sin!1
0

8 1 – cos! 2( )3/2
"u0

2 < M <
sin! 2 – sin!1

4 2 1– cos!1( )3/2
"u0

2  (4.22) 

yielding 

  C1 sin!1
0 – sin!1( ) < "u0

2 < C2 sin!1
0 – sin!1( )  (4.23)  

as !1 "!1
0 with C1 and C2 uniform constants. (4.23) establishes quantitatively the asserted 

dependence.  

 

 
5. Repelling Plates 

 
As we have established in [5], the plates Π1 and Π2 will repel each other exactly for those inner 
contact angles γ1, γ2 such that the (extended) solution curve of (2.4) meeting the respective plates 
in those angles crosses the x–axis. In this section we characterize the general appearance of such 
curves, and obtain quantitative expressions for the repelling forces.  

We start as above, assuming that the contact angle γ2 on the inner side of Π2 lies in the range 0 ≤ 
γ2 < π/2 as in Figures 3 and 4. We introduce as reference configuration the surface I (see Sec.3) 
designated as S2

0+ : u2
0+ x( )  meeting Π2 in that same angle γ2 and at a height y2

0+ > 0 such that 
u2
0+ x( ) vanishes at x = – ∞. We have given in (2.8) an explicit representation for that surface, and 

shown that  S2
0+  in conjunction with pressure forces exerts a horizontal force on Π2 exactly 

balancing the force due to any surface on the opposite side of Π2 and extending to the rest level u 
= 0 at x = + ∞. Thus, such a configuration leads to no net force on Π2, regardless of γ2. We 
introduce correspondingly the reference surface V: S2

0– , meeting Π2 at the same angle and 
extending from a height y2

0– < 0  to vanishing height at x = + ∞, see Figure 4. 

We compare  S2
0+  with a surface S2: u2(x) meeting Π2 in the same angle γ2 but in a point y2 ≠ y2

0+ . 
As we have seen in the proof of Theorem 2.1, u2(x) cannot extend as a graph to an unbounded 
interval. If y2 > y2

0+  then u2(x) > y2
0+ + δ(x2) > 0, and thus by (2.4) its curvature k > δ(x2)/κ > 0. 

Since u2(x) > u2
0+ x( ) > 0, this function will have a positive minimum u02, and since its curvature 

exceeds that of a circle of known radius, it must become vertical at a distance from the minimum 
point not exceeding that radius,. We have shown in Sec. 4 that any such surface joining the two 
plates leads to a net attracting force F0 = !u02

2  between the plates. 

We consider what happens if y2 < y2
0 .  Then at each point x < x2 the curvature will be at least a 

fixed constant less than that of S2
0+ , and thus S2 will cross the x-axis at a finite point x02 < x2, 

meeting that axis in an angle ψ0.  We rewrite (2.4) in the form 
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  sin!( )!
d!
du
tan! " sin! d!

du
= #u  (5.1) 

leading to the separable form sinψ dψ = κu du, which we integrate from the crossing point to the 
contact with Π2 to obtain 

   cos! 0 – sin " 2 =
1
2
#u2

2  (5.2)  

The net force on Π2 due to surface tension becomes  

   
 
F! = ! 1– sin " 2( ) = ! 1– cos# 0( ) + 1

2
$gu2

2  (5.3) 

while the pressure forces sum to 

   
 
Fg = –

1
2 !gu2

2  (5.4) 

Taking into account that the two plates are subject to equal and opposite forces, we obtain  

Theorem 5.1. In a repelling configuration, the total net horizontal force between the two 
plates is  

   F0 = 2σ(1–cosψ0) (5.5) 

We have thus reduced the problem to that of determining the angle ψ0, in terms of the prescribed 
data and the distance 2a between the plates.  

We start by examining in general terms what happens, as we decrease the heights u2 from the 
height u2

0+  of S0+ to the extent possible, while preserving the repelling property of the solution. 
Formally we can move the starting point downwards to the intersection height u2

0– of S0– with 
Π2, while keeping the intersection angle unchanged (see Figure 4). In that way, when that 
limiting initial height is achieved, the solution will coincide with S0– and yield zero force, while 
all solutions with lower initial points on Π2 will produce attracting forces. There can be a 
difficulty with that procedure, as S0– may not extend to Π1, and thus an interval of the solutions 
u2(x) with initial points close enough to u2

0– will be physically unrealistic (see Figure 4 and the 
discussion below). We address this issue by introducing the (unique) solution IV: w2(x;a) of 
(2.4) meeting Π2 in angle γ2 and Π1 in angle π. Then the range of admissible starting points on Π2 
for repelling solutions can be taken to be 

   max w2 x2;a( ),!u20– x2( ){ } < u2 x2( ) < u20+ x2( )  (5.6) 

If u2 = u2
0+  then by the general uniqueness theorem the entire trajectory of u(x) coincides with 

that of S0+, and the inclination ψ02 = 0 is achieved at an idealized crossing point x02 = – ∞. As 
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expected, (5.5) then yields F0 = 0.  If u2 < u2
0+  then the curvature of S2 remains on the entire 

trajectory at least a fixed constant less than that of S0+, and thus S2 will cross the x – axis at a 
finite point x02 > – ∞. The identical reasoning, repeated for decreasing choices of u2, shows that 
x02 increases monotonically to x2 as u2 decreases to 0; in this configuration one has obviously 
ψ02(x2) = (π/2) – γ2. Further decrease of u2 into the negative domain now yields decreasing ψ02 
until the initial value u2

0– is reached, at which point the entire locus coincides with S0– and the 
value ψ02 = 0 is again attained in an idealized sense, at x02 = +∞.   Any further decrease of u2 
leads to loci that do not cross the x–axis and thus provide attracting configurations.  

In the context of the physical problem considered, this last step contains superfluous solutions, as 
for large plate separations the locus S0– will not extend to the plate Π1, and in this event a range 
of heights u2 will be included for which the solutions u(x) have that same behavior. The 
additional barrier w2(x;a) indicated above serves to exclude all solution surfaces that do not join 
the two plates, and leads to characterization of the precise range of γ1 values yielding repelling 
solutions that join the plates, each of which meets Π2 in angle γ2. This range appears as a single 
open interval Ia2, defined as the interval separating the angles !1

0+ and !1
0– ≤ π with which S0+ 

and either S0– or w(x) meet Π1. 

We observe further that during the procedure as described above, the contact angle γ1 increases 
monotonically through the range of achievable values, from !1

0+ to !1
0– . This property permits us 

in much of what follows to replace the height parameter u2 by the contact angle γ1.  

We can make this procedure quantitative, so as to determine numerically which value on the left 
side of (5.6) is to be used. 

The locus S0+ becomes vertical at an abscissa x3 > x2, beyond which it cannot be continued and at 
whichu3 = 2 / ! . Denoting by x4 the abscissa of the vertical point of S0–, we see from 
symmetry properties of the equation that x2 – x4 = x3 – x2. (see Figure 4). Thus the criterion that  

u0– x2( ) should be replaced by w(x2) in (5.6) is that x3 – x2  < 2a. We proceed to estimate x3 – x2. 

Using (2.8) we are led to    

  x3 – x2 =
1
2!

cos"
1– cos""2

# /2

$ d" =
1
2!

1+ cos" cot"#
2
– % 2

# /2

$ d" . (5.7) 

We obtain 

Theorem 5.2:  The left side of (5.6) is to be chosen as u0– x2( )  if and only if 

   
 
2a ! 2a" !

1
2#

1+ cos$ cot$%
2
– & 2

% /2

' d$ . (5.8) 
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The integral in (5.8) is easily computed numerically. As a guide in individual cases, we note that 

  – lncos ! 2 < 1+ cos" cot"#
2
– ! 2

# /2

$ d" < – 1+ sin ! 2 lncos ! 2  (5.9) 

Thus we have the 

Corollary 5.2.1:  If  2 2!a < – lncos" 2 then u0– x2( )  must be chosen in (5.6). 

If – 1+ sin ! 2 lncos ! 2 < 2 2"a , thenw2 = w x2;a( )  is the correct choice.  

It remains to determine w2, which is needed for the height estimate (5.6) in configurations of 
relatively large plate separation for which (5.8) fails to hold. It is the height on Π2 of the 
uniquely determined solution of (2.4) in the interval x1 < x < x2, which meets Π1 in angle γ1 = π 
and Π2 in the prescribed angle γ2. We have need for this solution in the present context exactly in 
the situation for which (5.8) fails. We will have to distinguish cases, according to whether or not 
this locus crosses the x-axis between the plates Π1 and Π2. We start by determining the plate 
separation 2a0 dividing these cases, that is the separation for which w2 = 0 (see Figure 4). Then 
the crossing angle with the x-axis becomes ψ0 = (π/2 – γ2); integrating (5.1) from the contact 
point with Π1 (with γ1 = π) to the crossing point on the x–axis we find 

   sin ! 2 =
1
2 "w1

2 . (5.10) 

Using (2.7) adapted to this configuration we determine 

   2a0 =
1
2!

cos"
sin # 2 – cos"

$
2
– # 2

$ /2

% d"  (5.11) 

Since the separation 2a decreases with decreasing height w2, we see that w2(x;a) cuts the x-axis 
between the plates if and only if a > a0. We thus have reduced the problem to two explicit cases, 
according to the prescribed separation 2a and the explicitly given value 2a0.  

Case 1: a < a0..   Here w < 0 throughout the closed interval [x1, x2]. We find using (5.10) that  

   2a = 1
2!

cos"
!
2
w1
2 – cos"

#
2
– $ 2

# /2

% d"  (5.12) 

The height w1 = w x1;a( ) is determined implicitly from (5.12), and the entire traverse is then 
given parametrically in terms of inclination angle ψ by 

   x = x1 +
1
2!

cos"
!
2
w1
2 – cos"#

$ /2

% d"  (5.13) 
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   w = – w1
2 – 2

!
cos" . (5.14)   

The required w2 = w2(x2;a) is found from (5.14) as w2 = – w1
2 – 2

!
sin " 2  

Case 2: a > a0.  The locus of w2(x) crosses the x–axis at a point x0, with x1 < x0 < x2; since the 
orientation of the map to the ψ-coordinate reverses at the crossing point, it is then necessary to 
treat separately each side of that point. Denoting these sides by a1, a2, we find 

   

2a = a1 + a2 ,

a1 =
1
2!

cos"
cos" 0 – cos""0

# /2

$ d"

a2 =
1
2!

cos"
cos" 0 – cos""0

#
2
– % 2$ d"

 (5.15) 

providing three equations for the three unknowns a1, a2 and ψ0, which are easily seen to admit a 
unique solution.  

If we consider Π2 as being fixed, then the solution S0–:u2
0– (x) is completely determined by the 

angle γ2 of intersection with Π2. The solution w2(x;a) meets Π2 in the same angle γ2 but depends 
additionally on the separation 2a of the plates. We observe as in the proof of Lemma 5.4 below 
that either the solutions coincide, throughout their traverses as graphs, or else they are disjoint 
on those intervals. If (5.8) holds strictly, then the interval Ia2 does not extend on Π1 to π, and for 
the given γ2 the plates attract each other in the range !1

0–  < γ1 < π, with !1
0–  the contact angle of 

u2
0– (x)  with Π1. 

If (5.8) fails, then S0– does not reach Π1, and IV: w2(x;a) provides the lower barrier. The interval 
Ia2 extends to π. The barrier calculation must respect the division into Cases 1 and 2 above.  

We have proved: 

Theorem 5.3:    The set Ia2 of solutions of (2.4) meeting Π2 in angle γ2 and for which the two 
plates repel each other is characterized as the set of all solutions crossing Π2 at angle γ2, and 
lying below S0+ and also above either S0– or w2(x;a), according to whether or not (5.8) holds. 

We proceed to obtain quantitative descriptions of these trajectories. The details depend on the 
location of the crossing point x0 with the x–axis. As indicated above, we are free to adopt γ1 ≥ 
!1
0+ as parameter.  In accordance with the Cases 1 and 2 indicated above, we distinguish 

configurations in which x0 < x1, x1 < x0 < x2, and x2 < x0. Within the family considered of 
solutions meeting Π2 in angle γ2, the cases are demarcated by the particular solutions joining the 
plates and meeting them on the x–axis.  The former meets Π1 in an angle  !1

– = " 01  + (!/2) ; the 
latter meets Π2 in the angle ! 2 = " / 2( ) – # 02 , and Π1 in the angle 
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!1
+ > " – ! 2 = # 02 + " / 2( ) > # 01 + " / 2( ) = !1

– (see Figure 4). Adapting (2.7) to these cases, we 
find the relations 

   2a = 1
2!

cos"
sin #1

– – cos"#1
– – $

2

$
2
– # 2% d"  (5.16)  

and 

   2a = 1
2!

cos"
sin # 2 – cos"

$
2
– # 2

# 1
+ – $

2% d"  (5.17) 

which determine the angle !1
±  in the respective instances. We are led to: 

Theorem 5.4: For γ2 fixed as above, suppose that  γ1 is in the range Ia2 of repelling solutions. 
Let !1

– ,!!1
+  be the respective solutions of (5.16), (5.17). If !1

0+ < !1 < !1
–  then the solution crosses 

the x–axis in the range – ∞ < x < x1, at an angle ψ0 such that 0 < ψ0 < ψ01. If !1
– < !1 < !1

+  then 
the solution crosses the x–axis in the interval x1 < x < x2 between the plates, with ψ0 increasing 
from ψ01 at x1 to ψ02 at x2. If γ1 increases further then ψ0 decreases, until the solution curve 
coincides with the greater of u0– (x) and w2(x). All values in the indicated ranges are achieved, 
and ψ02 is the maximum crossing angle, yielding by (5.5) that the maximum achievable repelling 
force occurs at an angle γ1 for which the fluid is depressed at Π1 and undisturbed at Π2.  

Till now we have fixed the separation 2a, and investigated the range of (γ1,γ2) leading to 
repelling solutions. We now change perspective; we fix (γ1,γ2) within the repelling range, then 
allow the plates to move together; that is, we let 2a → 0. We can facilitate the discussion by 
making a further subdivision into cases. For each given (γ1,γ2) with γ2 ∈[0, π/2) and separation 
2a, we subdivide Ia2 into three subsets: Ia2 = Ia2

l ! Ia2
r ! Ia2

s  according to choice of γ1: 
 

 Ia2
l = those trajectories S2 ∈Ia2, for which γ1 + γ2 < π, and  

 Ia2
r = those trajectories S2 ∈Ia2, for which γ1 + γ2 > π. 

 Ia2
s = the anti-symmetric solution with data (π – γ2, γ2), for which γ1 + γ2 = π. 

It is clear that for each γ2 in the half-closed interval [0, π/2), each of  the sets just introduced will 
be non-null. In this context we note that the traverse S2 that crosses the x–axis at the midpoint  
(x1 + x2)/2 between the plates is the single element of  Ia2

s ≡ III, see Figure 4 and Sec. 3. We 
consider the individual cases that can occur, and arrive at 

Theorem 5.4:    If  S2 ! Ia2
l ! Ia2

r  then there exists a unique a!∈ (0, a) such that when the 
separation is reduced to 2a!  the net horizontal force acting on the plates vanishes. For all 
smaller values of a!  the plates attract each other, according to the laws developed in Sec.4; 
notably the attracting force becomes unboundedly large asO 1 / a!

2( ) . For the unique 
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 S2 ! III "Ia2
s the force remains repelling for all plate separations, and is subject to the fixed 

upper bound 2σ in magnitude that is evident from (5.5).  

(In the following section we will establish more precise bounds on forces arising in repelling 
configurations.) 

Proof of Theorem 5.4:  We introduce as reference surface the (unique) antisymmetric solution 
III: S2

0 : u2
0 x;a( )assuming the data ! 2

0 = ! 2 and !1
0 = " – ! 2  on the respective plates, and crossing 

the x–axis at the midpoint 12 x1 + x2( )  between the plates, see Figure 4. Keeping γ1 and γ2 fixed 

and letting a → 0 yields a family of solutions, all with the same fixed data on the plates, all 
crossing the x–axis at the midpoint, and tending asymptotically to a linear segment crossing the 
axis at the angle ψ0 =  (π/2) – γ2.  Since all these solutions cross the axis, they yield repelling 
forces for all values of a, tending to the limiting force F02 = 2σ(1 – sinγ2).  

Lemma 5.5:  Let u(x) and v(x) be two solutions of (2.4) on a common interval I . Suppose that 

 !u x0( ) = !v x0( )  at a point x0 ∈ I. Then either the trajectories of these solutions coincide on I or 
else they are disjoint.  In the latter case, there holds  

    !u x( ) – !v x( )( ) x – x0( ) " 0  (5.17) 

on all of I, with equality holding only at x = x0. 

Proof:  If u(x0) = v(x0) then by the classical uniqueness theorem for o.d.e.’s the entire trajectories 
coincide. Suppose u(x0) > v(x0). Then from the basic equation (2.4) we see that locally (5.17) 
holds, with strict inequality for x ≠ x0. Denoting by ψ1 and by ϕ1 the respective inclination angles 
of u and of v at a point x1 < x0 on I, we thus obtain for x0 – x1 small enough   

   
 
0 <! u – v( )

x1

x0" dx = –sin#1 + sin$1 . (5.18) 

We now continuously decrease x1 in I. Since initially ! !u < !"  due to the larger curvature at the 
higher point, the difference u – v increases with decreasing x1, and hence the indicated integral 
increases and thus remains positive.  Were a point to be reached at which equality holds in 
(5.17), the right side of (5.18) would vanish. This contradiction shows also that there can be no 
coincidence point of the loci when x1 < x0, and completes the proof of the lemma for that case. 
The case x1 > x0 yields to analogous reasoning.  

From this result we obtain immediately 

Corollary 5.5: If S2: u(x;a) is a solution of (2.4) that meets Π2 in angle ! 2 = ! 2
0  and Π1 in 

angle !1 < " – ! 2
0 , then u x;a( ) > u20 x;a( ) throughout the interval between the plates. Similarly, if 

!1 > " – ! 2
0  thenu x;a( ) < u20 x;a( ) . Any solution is uniquely determined by the angles with which 

it meets the two plates. 
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We may now complete the proof of the theorem. Decreasing of the separation 2a can be effected 
by moving the plate Π1 to the right (Figure 7 ) without disturbing Π2. In this way the curve S0+  

I

III

V

Π1

Π2

γ2

γ2

γ2

γ2

γ2

γ2γ1
+

γ1

.

x4

x2x1

γ1–

0+

γ1
+.

Π1
δ

S2

S2

+

–

γ1–
.

δ

 

Figure 7. Moving Π1 toward Π2 , for fixed data on the plates. The contact angles ! 1
+  and ! 1

–  
reappear on I and on V. 

remains unvaried during the procedure  (as it is completely determined by the datum γ2 on Π2 
and by the condition at negative infinity) while the contact angle it forms with Π1 increases 
continuously as Π1 is moved toward Π2,  from !1

0+  to π – γ2. When the trajectory  S2
+ !Ia2

l , the 

crossing point x01 <
1
2 x1 + x2( ) , and we see directly (Figure 7 ) that the angles !1

0+ and !1
+  with 

which S0+ and  S2
+ meet Π1 are such that 

   !1
0+ < !1

+ < π – γ2 (5.19) 
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in view of the convexity of S2
+ . But throughout the procedure !1

+  remains unchanged, while !1
0+ 	 

increases continuously to	 π – γ2. Thus there is a unique value a = a!  at which !1
0+  = !1

+ . When 
this position is attained, the curve  S2

+ meets Π1 and Π2 in the same angles as does S0+, and hence 
by the above Corollary must coincide with S0+, which yields zero net force on the plates. This 
conclusion establishes the initial sentence of the theorem in the case considered.  

Letting a decrease still further, one obtains !1
0+ > !1

+ . But both solutions achieve the same datum 
γ2 on Π2. Hence the corollary now yields that the considered solution u+(x;a) lies above S0+, 
achieves a positive minimum u0

+  = u(x0;a) > 0, and thus by () yields the attracting force 

! u0
+( )2 between the plates. This completes the proof of the theorem, for the case S2 !Ia2

l . When 

 S2 !Ia2
r  analogous reasoning yields the same result, with S0+ replaced by S0–. Here the 

inequality (5.19) is replaced by 

   !1
0– > !1

– > " – ! 2 . (5.20) 

A technical change is needed in the reasoning, in the event that S0– does not extend to Π1, as 
indicated in Figure 7. In that event, !1

0– in (5.20) is to be replaced by the inclination π achieved 
by S0– at the point x4 indicated in the figure.   

 

 

VI. Force Estimation; Repelling Plates 

We wish to determine the forces acting on the plates, in terms of the contact angles γ1, γ2 and the 
separation distance 2a; we seek general estimates for these forces depending on parameters of 
the configuration, and notably we seek asymptotic growth or decay estimates as a → 0 or ∞. We 
see from (5.5) that for given materials the problem devolves entirely on determining the angle ψ0 
with which the (unique) solution curve arising from the data γ1, γ2 intercepts the x–axis. The 
material we have developed has provided explicit criteria as to whether an intercept occurs, and 
has yielded general formulas from which ψ0 can then be obtained computationally in any 
specific such case. Our remaining task is to determine general a priori estimates.  

We approach this problem by introducing barrier functions, in the form of specific solutions 
delineating changing behavior characteristics. For given γ2 ∈[0, π/2) we have already introduced 
two such barriers as the “crossover solutions” S0+ and S0– (I and V). And we have introduced the 
barrier IV:w2

0 x( ) , which replaces S0– whenever (5.8) fails. These surfaces determine the range 
of all solutions with contact angle γ2 on Π2, which extend to meet Π1, and which yield repelling 
forces. We have also introduced the symmetric barrier III: S2

0 :u2
0 x;a( ) , which serves to separate 

those repelling solutions that change to attracting solutions with decreasing a via S0+ with fluid 
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rising between the plates, from those that pass through S0–, and depress the fluid between the 
plates. 

We now introduce additionally the barrier solutions: 

II:  S2
1 :!u2

1 x;a( ) is the uniquely determined solution in Ia2
l , which passes through the point (x1,0) 

at the intersection of Π1 with the undisturbed fluid surface, and 

II2:  S2
2 :!u2

2 x;a( ) is the uniquely determined solution in Ia2
r , which passes through the point 

(x2,0) at the intersection of Π2 with the undisturbed fluid surface. 

The former of these is indicated in Figure 4, together with the four special solutions already 
introduced. The solution trajectories are mutually nonintersecting; the trajectories meeting Π2 in 
angle γ2 and extending to Π1 simply cover a region between the plates bounded between the 
curves that meet Π1 in the angle 0 or π.  

We label the barrier curves I to V, as indicated in the figure. All repelling solutions lie below I 
and above IV and V, throughout the intervals for which comparison is possible. We characterize 
these curves individually for later reference: 

I.  This is the basic upper barrier S0+, separating attracting solutions above it from an interval of 
repelling solutions below it. The traverse cuts Π2 in the (prescribed) angle γ2 and tends to zero 
from above together with its slope, at x = – ∞. The curve is given parametrically in terms of its 
inclination angle ψ as  

   
x !( ) = x2 –

1
2"

1+ cos! cot!
!

#
2
– $ 2% d!

u0 !( ) = 2
"
1– cos!( )

 (6.1) 

We thus have the explicit value 

   u2
0 =

2
!
1– sin " 2( )  (6.2) 

for the height u2
0  achieved on Π2, while the angle !1

0with which the curve meets Π1 is 
determined by 

   2a = 1
2!

1+ cos"
#1
0 – $
2

$
2
– # 2% cot" d" . (6.3) 

We have shown above from the barrier property of S0+ that in the range 0 ≤ γ2 < π/2 the 
intersection angle !1

+  with Π1 of any repelling solution u(x) meeting Π2 in angle γ2 satisfies  
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   !1
0 < !1

+ " #  (6.4) 

II.  This is the particular repelling solution meeting Π2 in angle γ2 and crossing the x-axis at the 
position x1 of Π1, where it meets Π1 in an angle !1

1  interior to the range (6.4). It thus crosses that 
axis in the angle!1

1 = "1
1 – # / 2 .  

The curve II serves to mark off the set of repelling solutions that cross the x-axis at distance 
exceeding 2a from Π2, at a point x01 < x1. These solutions include curves approximating S0+, 
yielding arbitrarily small but non-zero repelling forces, for fixed separation 2a > 0 of the plates. 
For the solution II with the required properties, we may replace (6.1) by 

   
x !( ) = x2 –

1
2"

cos!
sin #1

1 – cos!!

$
2
– # 2% d!

u !( ) = 2
"
sin #1

1 – cos!( )
 (6.5) 

We find now the intercept height on Π2 

   u2 =
2
!
sin "1

1 – sin " 2( )  (6.6) 

and for given plate separation 

   2a = 1
2!

cos"
cos"1

1 – cos""1
1

#
2
– $ 2% d" . (6.7) 

We may calculate !1
1  from (6.7) as follows: 

Lemma:   Given any 2a > 0 and γ2 ∈[0,π/2), there exists a unique !1
1 " 0,# / 2( ) for which 

(6.7) holds. The relations (6.5) then provide the unique solution of (2.4) meeting Π2 in angle γ2 
and Π1 in angle !1

1 = "1
1 + # / 2 ,  as indicated in Figure 7 . 

Proof:  We denote the integral appearing in (6.7) by J(!1
1, " 2 ).Setting cosψ = – s, in the interval 

  – cos !1
1  < s <. – cos((π/2) – γ2) = – sinγ2 (6.8) 

and setting s1 = –cos!1
1 ,  s2 = – sinγ2, we find 

   
 
J (!1

1;" 2 ) = – s
s – s1

s1

s2#
ds

1 – s2
. (6.9) 
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One sees directly that J can be made arbitrarily large by letting!1
1 " 0 , also that it becomes 

arbitrarily close to zero on letting !1
1  increase toward (π/2) – γ2. Thus all positive values can be 

achieved by adjusting that parameter. We obtain the uniqueness by showing that J is strictly 
decreasing in s1, and thus also in!1

1 : 

We cannot differentiate (6.9) under the sign, as that leads to a singular integral. It is however 
differentiable in s1, as we can see by modifying it to a more tractable form. An integration by 
parts yields  

   
 

J = – 2s2
1 – s2

2
s2 – s1 + 2 s – s1s1

s2!
ds

1– s2( )3/2
  (6.10) 

so that 

   
 

!J
!s1

=
s2

1 – s2
2 s2 – s1

– 1
s – s1s1

s2"
ds

1– s2( )3/2
. (6.11) 

Since s2 < 0 and sinceds1 / d!1
1 > 0 , the assertion follows, and we see that!1

1  is uniquely 
determined by the value of J.  One verifies directly from (6.5) that all requirements for the 
solution thus defined are satisfied.  

All these solutions lie above the solution III next described, We conclude as in Sec. 5 above that 
if γ1 is chosen in the range !1

0 < !1 " !1
1  then the solution with data γ1, γ2 on the two plates will 

change to an attracting solutions if γ1 and γ2 are held fixed and a decreases sufficiently.  

III.  This is the antisymmetric solution crossing the x-axis at the midpoint between the plates. 
We find 

   !1 = " – ! 2 . (6.12) 

Denoting the crossing point by x0 = (x1 + x2)/2 and the inclination at that point by ψ0, and 
restricting attention to the portion x > x0 for which u > 0, we obtain 

   
x !( ) = x0 +

1
2"

cos!
cos! 0 – cos!!0

!

# d!

u !( ) = 2
"
cos! 0 – cos!( )

 (6.13) 

with the intercept height on Π2 given by 

   u2 =
2
!
cos" 0 – sin # 2( ) . (6.14) 
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As in the lemma above, we find that the inclination ψ0 is determined by 

   a = 1
2!

cos"
cos" 0 – cos""0

#
2
– $ 2% d" . (6.15) 

If we restrict attention to values of a small enough that (5.8) holds, an analogous discussion 
applies to solutions below III and above V 

Theorem:  For given γ2 as above, the solution curves between the plates, which meet Π2 in 
angle γ2 and which change from repelling to attracting with decreasing a and γ1 fixed are 
characterized as those lying in the regions bounded between I and III, and between III and V.  

The bounding arcs I, III and V however do not themselves share this property. I ≡ S0+ and V ≡ 
S0– yield zero force for all values of a small enough that S0– connects the plates, while the anti-
symmetric solution III continues to cross the x-axis at x0 = (x1 + x2)/2 for all a, and thus provides 
a corresponding repelling force, regardless of plate separation. The solutions I and V mark 
smooth crossovers from repelling to attracting configurations, as γ1 crosses past !1

0 ; however the 
role of III is quite different, and is associated with a highly singular perturbation in the limit as 
a → 0. We shall examine this behavior in more detail below, and show that the particular 
solution II plays a still further significant dividing role in the behavior of the considered family.  

IV–. This is the solution S0– separating repelling from attracting solutions below the x-axis. If the 
plate separation 2a is small enough that (5.8) holds, then the set of all repelling solutions meeting 
Π2 in angle γ2 determines a non-singular direction field filling out the simple region cut off 
between the two plates and the two particular solutions S0– and S0+.  

IV+. If (5.8) fails, then the assertion just made still applies, however with S0– replaced by 
w2(x;a), see Theorem 5.3 above.  

We proceed to use these five “guidepost” curves to characterize the various types of behavior.  
We observe initially that for a solution meeting the x-axis in angle ψ0, there holds in view of the 
convexity of the solution segment joining the crossing point to Π2,  

   ψ0 + γ2  < π/2 (6.16) 

from which cos ψ0 > sin γ2. Thus according to Theorem 5.1 we obtain 

   F0 = 2σ(1–cosψ0) < 2σ(1–sin γ2) (6.17) 

providing a uniform upper bound on the net force exerted on the plates for any repelling solution. 
This estimate is simple and can be useful, but it suffers from the evident failing that the force 
estimate does not go to zero with increasing separation.  We obtain more precise information in 
this respect by observing that for a solution in the range considered for which x0 < x1 we have as 
with (6.15) 
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   x1 – x0 =
1
2!

cos"
cos" 0 – cos""0

#1 –
$
2% d"  (6.18) 

and also 

   x2 – x0 =
1
2!

cos"
cos" 0 – cos""0

#
2
– $ 2% d"  (6.19) 

and thus 

   2a = 1
2!

cos"
cos" 0 – cos""1

"2# d"  (6.20) 

with ψ1 = γ1 – π/2,  ψ2 = π/2 – γ2, and with ψ0 < ψ1 < ψ2, from which ψ0 can be determined in 
terms of γ1 and γ 2, for any a > 0.  We see using Lemma 5.5 that ψ0 → 0 strictly monotonically as 
x0 → – ∞, for fixed plate positions. In conjunction with the general expression for u in (2.7) and 
the convexity (concavity) of solutions in the upper (lower) half plane, we are led also to effective 
upper bounds for F0 → 0. It is also true but perhaps less obvious that regardless of the crossing 
point, F0 → 0 as a → ∞. We proceed to display this behavior in the context of explicit a priori 
estimates, that can be useful in particular situations.  

We note first that since ψ0 + γ2 < π/2 we have sinψ0 < cosγ2. From Theorem 5.1 we find for the 
total force acting on the plates 

   
 
F = 2! 1– cos" 0( ) = 2! sin2 " 0

1+ cos" 0

< 2! cos2 # 2
1+ cos" 0

< 2! cos2 # 2  (6.21) 

which provides a universal upper bound. This bound is however not suitable for large plate 
separation, as it fails to provide the expected prediction of asymptotically vanishing force.  

To improve on (6.21) we return to (6.20), and consider the cases:  

Case a) x0 < x1 < x2 = x1 + 2a.   Then (6.20) applies as written, and we have 

   2a < 1
2!

cos"
cos" 0 – cos""0

"2# d" . (6.22) 

We make the transformationcos! = cos! 0 cos" , leading to 
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2a < 1
2!
cos3/2 " 0

cos#sin#
1– cos# 1– cos2 " 0 cos

2 #
d#

0

#2$

<
1
2!

cos3/2 " 0

sin" 0

sin#
1– cos#0

#2$ d# =
2
!
cos" 0

sin" 0

cos" 0 – cos" 2

<
2
!

1– cos" 2

sin" 0

<
2
!
sin" 2

sin" 0

 (6.23) 

from which we obtain for the repelling force between the plates 

   F = 2σ(1 – cosψ0) =2!
sin2 " 0

1+ cos" 0

<!
sin2 " 2

#a2
= !

cos2 $ 2
#a2

 (6.24) 

by (6.23). This provides an explicit and effective upper bound, for all positive a, which should be 
suitable for preliminary planning in configurations for which a is relatively large. We note that 
for small a the simpler estimate (6.21) is preferable; equality of the two estimates could provide 
a convenient criterion as to which a should be considered “large”.   

We next consider  

Case b) The crossing point lies between the plates, x0 ∈(x1, x2). We find 

   

x0 – x1 =
1
2!

cos"
cos" 0 – cos""0

"1# d"

x2 – x0 =
1
2!

cos"
cos" 0 – cos""0

"2# d"

x0 – x1( ) + x2 – x0( ) = 2a

 (6.25a,b,c) 

and thus either the initial or second of the integral expressions is ≥ a, according to whether or not 
ψ1 ≥ ψ2. If the crossing point x0 lies to the left of the midpoint of the segment joining the plates, 
then the reverse inequality holds. Observing the analogy of (6.25b) with (6.22); we conclude 
with the same reasoning as above that  

   sin! 0 <
2
"
sin! 2

a
 (6.26) 

when x0 ≤ (x1 + x2)/2, and 

   sin! 0 <
2
"
sin!1

a
 (6.27) 

when x0 ≥ (x1 + x2)/2. For the force F in this case, we obtain  
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F < 4!

max cos2 "1,cos
2 " 2{ }

#a2
 (6.28) 

whenever x0 lies between the plates. 

There is a particular interest in 

Case c) x0 > x2. We discover here that ψ0, which increases strictly monotonically as x0 increases 
from  – ∞ to x2, achieves a maximum at x0 = x2 and decreases strictly with further increase in x0, 
until the locus coincides, either with S0– if (5.8) holds, or with w2(x;a) if (5.8) fails. 

In the former event, the force will vanish at the limiting configuration, and configurations with 
attracting forces will appear with further increase of x0 (or equivalently of γ1). In the latter event, 
the solution w2(x;a) appears at the “end point” of the interval Ia2 of repelling solutions joining 
the plates and meeting Π2 in angle γ2. This solution meets Π1 in angle γ1 = π, and the interval 
cannot be extended further.  

As a corollary of the above comments, we note that when a repelling solution exists that passes 
through (x2, 0), the net force on the plates achieves for that solution the absolute maximum  

    Fmax = 2! 1– sin " 2( )  (6.29) 

that is possible for any repelling solution with contact angle γ2 on Π2. 

Comments:  From Case c we conclude that if the point (x2,0) is interior to Ia2, then the datum γ1 
is not uniquely determined by the force. For by (5.5) we see that the force depends only on ψ0. 
By the above remarks, that angle is achieved at two distinct points x0 on opposite sides of Π2, 
corresponding to two distinct solution curves of the family Ia2, for which the values γ2 are the 
same. By the Uniqueness Theorem 3.1, the values γ1 cannot be the same for both curves.  

We do find that for given ψ0, at most two configurations achieving that angle can occur. Exactly 
two configurations appear, for all ψ0 in the open range between zero and the maximum at x2, if 
and only if (5.8) holds. 

We have left open the question of specifying how to determine which (if any) of the above cases 
prevails. The cases can be delineated with the help of barrier curves. Clearly we will find 
ourselves in Case a) for an element u(x;a) of Ia2 if and only if the datum ψ1 on Π1 is smaller than 
the value !1

1 of the barrier II.  The “crossover” configuration, for which this solution coincides 
with II so that ψ0 =!1

1 , is determined by the solution ψ0 of 

   2a = 1
2!

cos"
cos" 0 – cos""0

#
2
– $ 2% d"  (6.30) 
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By letting ψ0 increase from zero to the solution of (6.30), we cover all repelling solutions for 
which x0 < x1. This full interval appears for any γ2 in the range considered.  

Case b) appears exactly for those solutions for which !1
1  < ψ1 < π/2. Since this set of solutions 

always includes the symmetric one for which  ψ1 = ψ2 and which passes through the midpoint of 
the segment S joining x1 to x2, we see that the left half of that segment –– comprising the interval  
!1
1 < ψ1  ≤ ψ2 –– is also included for all data γ2 in the considered range. That is however not the 

case for the right half of the segment.  

Since the symmetric solution III always appears, with inclination ψ1 = ψ2 < π/2, it is clear that 
our construction can be extended past the symmetric one, and thus part of the right side of S is 
always included. If the separation 2a is small enough that (5.8) holds, that means that V becomes 
a lower barrier for repelling solutions; all u2 < 0 and above the intercept of V with Π2 lead to 
repelling solutions joining the plates, their intersection points with S cover the entire extension 
of the joining segment to + ∞, and thus non-uniqueness prevails in the full extent we have 
indicated. 

In the configuration just described the barrier IV: w2(x;a) – which shares with V the boundary 
datum γ2 on Π2 but is vertical on Π1 – lies strictly below V. Letting 2a increase by moving Π1 to 
the left while keeping Π2 fixed, the barrier V remains unchanged and a limiting configuration 
appears in which V and IV share also the datum π/2 on Π1 and hence must coincide. As we have 
seen in Sec. 5, this case is characterized by 

   
2a = 1

2!
1+ cos"#

2
– $ 2

# /2

% cot" d"

u1 = –
2
!
,!!!!u2 = –

2
!
1– sin $ 2( )

 (6.31) 

This solution is negative for all x for which it is defined, and meets Π1 in the angle ψ1 = π/2.  It 
forms a lower barrier for all repelling solutions at the given separation, and for arbitrary x0 > x2, 
repelling solutions can be found above it that are negative between the plates and cross the x – 
axis at x0. This is the closest separation 2a such that Case c) encompasses all x0 > x2.  

For all larger separations, IV forms the lower barrier for repelling solutions, and in fact for all 
solutions, in the sense that there are no solutions joining the plates with datum γ2 on Π2 that lie 
below IV. Successively as a increases, IV will at first cross the x-axis at finite points x0 > x2 
(thus excluding all larger values from the non-uniqueness assertion), then IV will cross at points 
of the right half of the segment S, eventually including all interior points of that sub-segment.  
 
 
In any specific situation, the relevant force can be calculated to arbitrary accuracy with some 
computer help, on the basis of (5.5) and the relations we have given for determining ψ0.  
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VII  Transition from Repelling to Attracting 

 
We start with an arc u(x) in the family of solutions of (2.4) making fixed angle γ2 with Π2 at 
varying heights u2 and meeting Π1 at height u1 with corresponding inclination ψ1. The considered 
family corresponds to the range Ia2 introduced earlier in this section, and simply covers a 
topological disk bounded in part by the two plates and in part by two solutions I: S0+ and either 
IV: w2(x;a) or V: S0– that join the plates. We move Π1 a small distance δa toward Π2, leading to 
a displaced plate!1

" , and we examine how the particular solution curve must be changed, in 
order to maintain the same inclination ψ1 at the intersection with!1

" .   
 
If u1 ≥ 0, we observe that at the contact point with the originally chosen solution curve the angle 
ψ1 has increased due to the convexity of the curve. In order to bring the angle back to ψ1, we 
must move upward along!1

" . In this way we pass through a sequence of solution curves of the 
family that move monotonically upward until the unique initial point is attained at which the 
inclination coincides with that of the barrier solution S0+. In this configuration the end-point data 
coincide with that of S0+, and we conclude that the two curves must coincide. This limiting 
configuration yields zero net force on the plates. Moving Π1 any closer to Π2 yields attracting 
forces, which increase as the inverse square of the plate separation, see Sec.    
 
The situation is less transparent when u1 < 0. In this event, if we follow the same procedure, the 
convexity sense of the initial solution curve is reversed; the angle ψ1 now decreases as we follow 
that curve to!1

" , and to retrieve the original prescribed angle we must move downward on!1
" . 

Thus the succession of solution curves apparently moves away from S0+, in apparent conflict 
with our general assertion above that one of these curves must coincide with S0+ at some stage of 
the procedure.  
 
The clarification of this seemingly paradoxical behavior can be found in the observation that 
although the curve succession is globally moving downward, the plate succession !1

"  is also 
moving, and the initial points of intersection of the solution curves with !1

"  are moving upward 
toward the zero level. Thus successively smaller pieces of the solution curves are being used, 
which in fact converge to and achieve a non-null portion of the barrier S0+.  
 
We proceed to prove this assertion:  Referring to Figure 8, we denote by u(x) a generic solution 
in the family Ia2, and by uδ(x) the solution in that family, which cuts !1

"  at the height u1. This 
solution cuts Π2 at the heightu2

! < u2 . Integrating (5.1) along uδ(x) from the zero level tou2
! , we 

find 

  cos! 0
+ – sin " 2 =

#
2
u2
$( )2 . (7.1) 

The corresponding integration along u(x) yields 
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  cos! 0 – sin " 2 =
#
2
u 2
2 >

#
2
u 2
$( )2  (7.2) 

from which we conclude 

  ! 0
+ > ! 0 . (7.3) 

From the concavity of solutions when u < 0, we have already concluded that ψ* < ψ1. We now 
integrate (5.1) along the u solution from the ψ0 to the ψ1 point, obtaining 

  cos! 0 – cos!1 =
"
2
u1
2 . (7.4) 

The corresponding integration along the uδ curve, from the ! 0
+  point to the !1

*  point, provides 

  cos! 0
+ – cos!1

* =
"
2
u1
2 . (7.5) 

These last two relations imply 

  cos!1 – cos!1
* = cos! 0 – cos! 0

+ > 0  (7.6) 

by (7.3), and we conclude  

  !1
* > !1 . (7.7) 

Since as we have shown, ψ* < ψ1, there must be a point u1
!  interior to the vertical segment 

joining  ψ* to!1
* , at which ψ = ψ1. According to the construction of the family Ia2,  the angle 

ψ  is strictly monotonic along any vertical between Π1 and Π2, and thus u1
!  is uniquely 

determined. This is the new starting point on!1
" , and we have shown u1

!  > u1. We have proved: 

Theorem 7.1.   As Π1 is moved toward Π2, the heights of its intersections with those points of 
the given family Ia2, which intersect it in the prescribed angle ψ1, increase monotonically. There 
is a critical position δa < a, at which that point will lie on S0+. For all larger δa, the plates 
attract each other.  
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Figure 8. Sketch of configuration for proof of Theorem 7.1. 

 

Thus we see that as δa increases, the initial points on the solution curves joining Π1 to Π2 with 
fixed angles γ1, γ2 at the intersections with these planes move monotonically upward. We have 
shown that on S0+: u0+(x) there is a unique point x* between the plates at which the slope ψ* = γ1 
– π/2 is achieved. When Π1 is moved to that position, the slopes of the joining curve at its 
endpoints are the same as those of u0+(x), and thus those curves coincide. Further motion of Π1 
toward Π2 moves the configuration into the realm of attracting solutions, governed by the 
material of Sec. 4.  

The behavior is illustrated in Figures 9a,b, for the contact angles γ2 = 30o, γ1 = 145o (for clarity in 
display of details, the x–axis scale has been expanded.) In the initial configuration, u1 < 0, and 
Figure 9a shows the behavior in this regime. The plate Π1 in varying positions is matched with 
the corresponding solution for the given contact angles according to color. The dots (inserted by 
hand) are at the intersection points. One sees that as predicted the dots rise as Π1 moves toward 
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Π2, reaching the zero level prior to reaching Π2. Once at that level, the rise accelerates sharply as 
shown in Figure 9b. This is as expected, for when the heights uj are positive, the sense of 
curvature of the solution curves contributes to the rise instead of working against it.  

 
Figure 9a. Transition from repelling to attracting. The contact angles γ1 , γ2 are chosen so that 

the initial trajectory meets Π1 at a height u1 < 0. The successive trajectories fall 
but the contact points initially rise and reach the level u =0.  

 



 38 

 
 

Figure 9b. Continuation of the transition. When the contact points become positive, the trajectories 
and the contact points both rise; the rise accelerates, and the contact point attains the barrier 

S0+prior to reaching Π2 .  At this point the solution is identically S0+.  
Further approach of Π1  to Π2  yields rapidly rising attracting forces. 
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Using the special properties of the barriers I and V, we can produce configurations with arbitrary 
prescribed “crossover” distance 2a* between the plates, at which the forces change from 
repelling to attracting. For given x1 < x2 and γ2 ∈[0,π/2) it suffices to choose !1 = "1

0+ + # / 2 , 
where !1

0+  is the inclination of I: u0+(x) at x = x1. Plates Π1 and Π2 situated at x1 and x2 with the 
respective contact angles will then experience no horizontal force, and one ascertains directly 
that moving Π1 toward or away from Π2 without changing the material composition of either 
plate leads respectively to attracting or repelling forces, with the fluid raised above or lowered 
below the level of I.  

This procedure yields all γ1 in the range (π/2) < γ1 < π – γ2, and provides fluid interfaces that are 
elevated relative to the zero level at infinity. An analogous procedure, replacing I by V: u0–(x) 
yields depressed interfaces and values for γ1 in the range π – γ2 < γ1 < π; however this procedure 
can be applied only in the range x2 – x4 < x1 < x2 to which V extends.  

 

VIII  Contact Angles γ2 ≥ π / 2 .  

Throughout this paper, we have assumed 0 ≤ γ2 < π/2. However, the basic equation (2.4) is 
invariant under horizontal and vertical reflections. Two reflections convert a problem with γ > 
π/2 to an equivalent problem of the form we have considered, and to which all above results 
apply. The case γ2 = π/2 yields (aside from the trivial solution u ≡ 0) a solution with a positive 
minimum or negative maximum, which is always attracting, independent of the position of Π1. 
This case is covered in our Sec. 4.  
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