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Stabilization of a degenerate minimization
problem with the simple-layer potential

Samuel Ferraz-Leite

Abstract We consider the reduced model for thin-film devices in stationary micro-
magnetics proposed in [4, DeSimone, Kohn, Müller, Otto, Schäfer 2001]. In the
case ofsoftmaterial, one of the energy contributions is negligible, and the problem
becomes degenerate. The analysis and the numerical scheme recently developed in
[7, Ferraz-Leite, Melenk, Praetorius 2011] are not satisfactory in this case. In the
present work, we overcome the degeneracy and extend the numerical scheme by in-
troducing a stabilizing energy term. Convergence of the method is established and a
numerical experiment concludes the paper.

1 Model problem and introduction

We consider the model that was proposed in [3, 4] for the simulation of thin fer-
romagnetic films: LetΩ = ω × (0, t) be a thin ferromagnetic sample. The surface
ω ⊆ R

2 is a Lipschitz domain with diam(ω) ∼ 1. We model the sample as this
screen and neglect the thicknesst ≪ 1.

We are interested in the effective behavior of the ferromagnetic material when
exposed to an in-plane exterior fieldhext. For simplicity we assumehext ∈ R

2 to be
constant. The magnetizationm : ω → R

2 is an in-plane vector field. In the full 3-
dimensional model due to Landau and Lifschits [8], the magnetization is of constant
length|m(x)| = 1. In the reduced thin-film model, however, this constraint relaxes
to the convex admissibility condition|m(x)| ≤ 1 almost everywhere inω .

Let V denote the simple-layer operator onω corresponding to the Laplacian in
3D, i.e.

(Vϕ)(x) :=
1

4π

∫

ω

ϕ(y)
|x− y|

dy, x∈ ω . (1)
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We recall thatV ∈ L(H̃−1/2(ω);H1/2(ω)) is elliptic and the induced norm‖ϕ‖2
V :=

〈ϕ ,Vϕ〉H̃−1/2(ω)×H1/2(ω) is an equivalent norm on the negative fractional order

Sobolev spacẽH−1/2(ω) := (H1/2(ω))∗, see e.g. [10, 11].
The steady states of the magnetizationm in presence of the applied fieldhext are

minimizers of the quadratic energy functional

e(m) =
1
2
‖∇ ·m‖2

V +
q
2
‖m2‖

2
L2(ω)− (hext,m)L2(ω)2. (2)

The first term is the so-called stray-field energy. In the thin-film model, the mag-
netostatic potentialu : R3 → R is given as simple-layer potential of the negative
divergence ofm, i.e.

u(x) =−
1

4π

∫

ω

∇ ·m(y)
|x− y|

dy, x∈ R
3\ω. (3)

This representation leads to the energy contribution‖∇ · m‖2
V . The second term

models a crystalline anisotropy of the material. Here, we consider the uniaxial case
where the magnetization is favored to align with the first in-plane axis, and the en-
ergy contribution is scaled with a material-parameterq≥ 0. Finally, the linear term
favors alignment ofm along the applied fieldhext.

In [6, 7] the authors establish an appropriate Hilbert spacesetting and analyze
well-posedness of the model problem. The energy space for the magnetization is
H := {m ∈ L2(ω)2 |∇ ·m ∈ H̃−1/2(ω),m ·n = 0on∂ω}, wheren denotes the outer
normal vector ofω ⊆R

2. The space is naturally equipped with the norm‖m‖H :=
(‖m‖2

L2 + ‖∇ ·m‖2
H̃−1/2)

1/2. The admissible set isA := {m ∈ H | |m| ≤ 1}.

Theorem 1 ([7, Theorem 11]). The energy e(m) of (2) admits a minimizerm∗ in
A . The minimizer depends continuously on the datahext with respect to the energy
semi-norm|||m||| := (‖∇ ·m‖2

V +q‖m2‖
2
L2(ω)

)1/2. For q> 0, the quantity|||m||| is a

(not equivalent) norm onH , and the minimizerm∗ is uniquely determined.

In [5, 7], a penalty method in the spirit of [1] was proposed tosolve the model
problem. Although the analysis formally covers the entire parameter regimeq≥ 0, it
is tailored for the caseq> 0. From a mathematical point of view the model is better
justified forsoftferromagnetic films [3], i.e.q= 0. In this case, however,|||m||| is not
positive definite; minimizersm∗ are not uniquely determined; the problem becomes
degenerate. In the present work, we closely analyze this specific caseq= 0. First,
we establish uniqueness of a minimum-norm solutionm∗∗. Then, for someδ > 0,
we introduce the stabilized energy

eδ (m) :=
1
2
‖∇ ·m‖2

V +
δ
2
‖m‖2

L2(ω)− (hext,m)L2(ω). (4)

This stabilized energy admits a unique minimizermδ in A , and we prove conver-
gence

mδ ⇀ m∗∗ as δ → 0. (5)
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2 Degeneracy and the penalty method

In this Section we recall in short the penalty scheme from [7]for the approximation
of solutionsm∗. We point out the difficulties and restrictions in the analysis that
arise forq= 0. In this case the energy functional (2) reads

e(m) =
1
2
‖∇ ·m‖2

V − (hext,m)L2(ω)2. (6)

As was already observed in [4], the constraintm ·n = 0 on∂ω and integration by
parts yield ∫

ω
hext ·mdx=−

∫

ω
(hext ·x)∇ ·mdx, (7)

and hence

e(m) = e(−∇ ·m) =
1
2
‖∇ ·m‖2

V +(hext ·x,−∇ ·m)L2(ω). (8)

We use the notation∇⊥ψ = (−∂2ψ ,∂1ψ)T and observe∇ · (∇⊥ψ) = 0. Let m∗

be a minimizer of the energy (6). Then, any stream functionψ ∈ H1(ω) such that
(m∗+∇⊥ψ) ∈ A yields another admissible minimizerm∗+∇⊥ψ . In general we
cannot expect the solutionm∗ to be unique. But since‖ϕ‖V is an equivalent norm
on H̃−1/2(ω), at least the divergence of a minimizer∇ ·m∗ is unique.

We stress that the rough geometry ofA does not allow a straight forward use of
projection based schemes. In order to compute a numerical approximation to some
minimizerm∗, we first propose a penalty scheme on the continuous level andthen
discretize the resulting problem conformingly. We define the positive part function

(u)+(x) :=

{
u(x), if u(x)≥ 0
0, else

(9)

and use the fact that the energye(m) is well-defined and smooth on the full space
H . Givenε > 0, we seek a minimizermε ∈ H of the penalized energy

eε(m) := e(m)+
1
2ε

‖(|m|−1)+‖2
L2(Ω). (10)

The penalized energy functional (10) is convex and coercivein H and, hence, ad-
mits a (non-unique) minimizermε ∈ H .

To solve the unconstrained non-linear penalized problem, we discretize the en-
ergy spaceH conformingly: LetTh denote a regular triangulation ofω in the
sense of Ciarlet [2] with mesh-sizeh > 0. We denote byRT0(Th) the space of
lowest-order Raviart-Thomas finite element functions [9].This is a natural con-
forming discretization ofH [6], and sinceRT0(Th)⊆ H is a closed subspace, we
immediately conclude existence of a (non-unique) minimizer

mε
h = argminRT0(Th)

eε(mh). (11)
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In [7] the authors prove that this approach—penalization and conforming discre-
tization—yields an unconditionally convergent scheme, but the notion of conver-
gence forq= 0 is quite unsatisfying.

Theorem 2 ([7, Theorem 11]). Let (hn)n∈N and(εn)n∈N be arbitrary positive zero
sequences. A sequence of minimizersmn ∈ RT0(Thn) of the penalized energy eεn(·)
from (10) satisfies convergence in the following sense: Any subsequence(mk)k∈N ⊆
(mn)n∈N contains a convergent subsequence(mℓ)ℓ∈N ⊆ (mk)k∈N whose limit is a
minimizerm∗ ∈ A of the energy e(·) from (2). Convergence holds with respect
to the weak topology ofH and the topology induced by the semi-norm|||m||| :=
(‖∇ ·m‖2

V +q‖m2‖
2
L2(ω)

)1/2 i.e.

mℓ ⇀ m∗ and |||mℓ−m∗||| → 0. (12)

Moreover, the entire sequence of energies converges:

e(mn)→ e(m∗) and eεn(mn)→ e(m∗). (13)

For q> 0, the minimizerm∗ is uniquely determined and we have convergence of the
full sequence, i.e. (12) holds withmℓ replaced bymn.

Remark 1.The degeneracy in the caseq= 0 has the following consequences:

• To compute a minimizermn ∈ RT0(Thn) we use a damped Newton-method. The
Hessian of the penalized energy reads

Hess(e(mn))(v)(w) = 〈∇ ·v,V(∇ ·w)〉+( fε(mn)v,w)L2(ω) (14)

with some non-linearityfε (mn) that corresponds to the penalty term. This is in
general not a positive definite form, but merely positivesemi-definite.

• Convergence is mathematically only ensured for some subsequencemℓ. The nu-
merical approximations could oscillate between differentminimizersm∗ of the
continuous and constrained problem. In experiments, we observe that different
initial values for the Newton algorithm lead to different minimizers.

3 A stabilized approximation

In this Section we define the minimum norm minimizer and propose a stabilized
scheme to compute it. The minimum norm solution is of specialphysical relevance.
It allows reconstruction of certain microstructural phenomena from the effective
magnetization computed by the reduced model, cf. [4].
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3.1 Minimum norm solution and stabilized energy functional

As already mentioned, the quantityσ∗ = −∇ ·m∗ is uniquely determined from the
model problem (6). We minimize theL2-norm ofm ∈ H under the side constraints
m ∈A and−∇ ·m = σ∗ and define the solutionm∗∗ as minimum norm minimizer.

Proposition 1. Let σ ∈ H̃−1/2(ω) be given. Then there is a uniquely determined
m∗∗ ∈Aσ := {m∈A | −∇ ·m= σ} such that‖m∗∗‖L2(ω) ≤‖m‖L2(ω) for m∈Aσ .

Proof. We recall thatA is a closed and convex subset ofH , cf. [7]. The set of
functionsm ∈ H that satisfy−∇ ·m = σ can be written asHσ := {m ∈ H |m =
∇φ +wwith∇ ·w = 0}. The functionφ ∈ H1(ω) is given as the (up to constants
uniquely determined) solution to the Neumann problem

−∆φ = σ ∈ H̃−1(ω)⊇ H̃−1/2(ω), (15)

∂φ
∂n

= 0∈ H̃−1/2(∂ω). (16)

The admissibility setAσ := A ∩Hσ is closed and convex with respect to the norm
topology ofH . The functionalm 7→ ‖m‖2

L2 is obviously strictly convex, continuous
onH , and coercive onAσ . ⊓⊔

From a numerical point of view this approach is not suitable.First, it doesn’t
provide uniqueness ofm∗ in the first step for the computation ofσ∗. And second, the
side constraint−∇ ·m = σ∗ seems numerically inconvenient. Instead, we introduce
the stabilized energy functional

eδ (m) =
1
2
‖∇ ·m‖2

V +
δ
2
‖m‖2

L2(ω)
− (hext,m)L2(ω). (17)

It depends on a (small) parameterδ > 0 and we seek to compute minimizersm ∈A

of the energy (17).

Proposition 2. There is a unique minimizermδ ∈ A of the energy (17).

Proof. We define theδ -norm

|||m|||2δ = ‖∇ ·m‖2
V + δ‖m‖2

L2(ω) (18)

and observe that it is an equivalent norm onH . We seek to minimize

eδ (m) =
1
2
|||m|||2δ −F(m) (19)

whereF ∈ L(H ,R) is defined throughF(m) = (hext,m)L2(ω). Obviously this is a
strictly convex, continuous, and coercive minimization problem. SinceA is a closed
and convex subset ofH , the problem has a unique solutionmδ ∈ A . ⊓⊔
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3.2 Convergence

We now establish convergence ofmδ to the minimum norm solutionm∗∗ asδ → 0.
The proof is organized in two steps: First, energy bounds provide weak conver-
gence to some minimizerm∗. From that, we obtain convergence of the quantity
σδ = −∇ ·mδ to the uniquely determinedσ∗ = −∇ ·m∗ in the H̃−1/2(ω)-norm.
Second, the stabilized energy functional (17) provides thelower bound‖mδ‖L2(ω) ≤

‖m∗∗‖L2(ω). Together, we get that each accumulation-pointm̃ of the sequencemδ

is a minimizer of the energy (6) such that‖m̃‖L2(ω) ≤ ‖m∗∗‖L2(ω), which proves
m̃ = m∗∗.

Before stating the convergence of the proposed scheme, we recall two simple
Lemmas. The proofs are left to the reader.

Lemma 1. Let (xn)n∈N ⊆ X be a sequence and x∈ X some element of the metric
space(X,d). Assume that each subsequence(xk)k∈N ⊆ (xn)n∈N has a subsequence
(xℓ)ℓ∈N ⊆ (xk)k∈N such thatlimℓ→∞ = x. Then we already havelimn∈N xn = x. ⊓⊔

Lemma 2. Let (un)n∈N ⊆ H be a sequence in a Hilbert space(H,‖ ·‖H). Let(·, ·)H

denote a continuous semi-scalar product with induced semi-norm | · |H = (·, ·)
1/2
H .

Assume that the sequence has a weak limit un ⇀ u and that the semi-norm converges
limn∈N |un|H = |u|H . Then we already havelimn→∞ |un−u|H = 0. ⊓⊔

Theorem 3. Let(δn)n∈N be some positive zero sequence, i.e.δn > 0andlimn→∞ δn=
0. Then, the sequence(mδn)n∈N ⊆A of minimizers of the stabilized energy (17) sat-
isfies

‖∇ · (mδ −m∗∗)‖H̃−1/2(ω) → 0, lim
n→∞

mδn = m∗∗, (20)

where the second statement holds with respect to the weak topology ofH .

Proof. We may assume without loss of generalityδn ≤ 1. Fromeδ (m) = e(m)+
δ
2‖m‖2

L2(ω)
and the fact thatmδn ∈ A is the minimizer ofeδn, we conclude

e(mδn)≤ eδn(mδn)≤ eδn(m∗∗)≤ e1(m∗∗) = K. (21)

From coercivity ofe(·) we obtain boundedness of(mδn)n∈N in H . Therefore,
each subsequence(mδk)k∈N ⊆ (mδn)n∈N has a weakly convergent subsequence
(mδℓ)ℓ∈N ⊆ (mδk)k∈N. We choose one such subsequence(mδℓ)ℓ∈N and denote its
weak limit by m̃ ↼ mδℓ . Trivially, e(m∗∗) ≤ e(m̃). Weak lower semicontinuity of
e(·) yields the converse inequality

e(m̃)≤ lim inf
ℓ∈N

e(mδℓ)≤ lim inf
ℓ∈N

eδℓ(mδℓ)≤ lim inf
ℓ∈N

eδℓ(m∗∗) = e(m∗∗), (22)

i.e. the weak limitm̃ is a minimizer of the energye(·).
From the uniqueness ofσ∗ =−∇ ·m∗∗, we conclude−∇ · m̃ = σ∗. Recall that

(m,w)σ := 〈∇ ·m,V(∇ ·w)〉H̃−1/2(ω)×H1/2(ω), (23)
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defines a continuous semi-scalar product on the energy spaceH . We denote the
induced continuous semi-norm by| · |σ . The energye(·) can be written as

e(m) =
1
2
|m|σ − (hext,m)L2(ω). (24)

The mappingm 7→ (hext,m)L2(ω) is a linear and continuous functional onH . From

e(m̃)≤ lim inf ℓ∈N e(mδℓ) andeδℓ(mδℓ)≤ eδℓ(m∗∗)→ e(m∗∗), we conclude conver-
gence of the energy limℓ→∞ e(mδℓ) = e(m∗∗). From the weak convergence we have
(hext,mδℓ)L2(ω) → (hext,m̃)L2(ω), and we finally obtain convergence of the semi-

norm limℓ→∞ |mδℓ |σ = |m∗∗|σ . With Lemma 2, we conclude∇ ·mδn → ∇ ·m∗∗ ∈
H̃−1/2(ω). Consider the sequence(σn :=−∇ ·mδn)n∈N. According to Lemma 1, we
have proven limn→∞ σn = σ∗ ∈ H̃−1/2(ω).

Next, we show that the stabilized energy functional in fact approximates the min-
imum norm solution from the set of available choices. We use the fact thatm∗∗ and
mδn are minimizers of the corresponding energy functionals to see

e(m∗∗)≤ e(mδn) and e(mδn)+
δ
2
‖mδn‖2

L2(ω) ≤ e(m∗∗)+ δ
2‖m∗∗‖2

L2(ω)
.(25)

This means that

δ
2

(
‖mδn‖2

L2(ω)−‖m∗∗‖2
L2(ω)

)
≤ e(m∗∗)−e(mδn)≤ 0, (26)

and hence‖mδn‖L2(ω) ≤ ‖m∗∗‖L2(ω). Now consider again the weakly convergent

subsequence(mδℓ)ℓ∈N whose weak limitm̃, as we have seen before, is a mini-
mizer. TheL2-norm is convex and continuous onH . It is, thus, weakly lower semi-
continuous, and we easily conclude‖m̃‖L2 ≤ lim inf ℓ ‖mδℓ‖L2 ≤ ‖m∗∗‖L2. Since we
know∇ · m̃ = ∇ ·m∗∗ and according to Proposition 1, this meansm̃ = m∗∗. Finally,
Lemma 1 yields lim

n→∞
mδn = m∗∗ ∈ H in the weak topology. ⊓⊔

Remark 2.We only established convergence of the sequence of continuous mini-
mizersmδ . Similar ideas as in [7] can be used to prove that a sequencemn = mεn,δn

hn
of discrete minimizers of the stabilized and penalized problem convergences

mn → m∗∗ as (hn,εn,δn)→ (0,0,0) (27)

without additional assumptions on the zero sequenceshn,εn,δn. A close analysis of
the Euler-Lagrange equations as in [5]—a topic that would exceed the scope of this
paper—leads to the heuristic choice ofh∼ ε ∼ δ , at least for uniform meshes.

We perform a numerical experiment withω = (−0.5,0.5)× (−0.1,0.1) and
hext = (1,−0.3)T . This choice ensures that data is smooth, no symmetries arise,
and the constraint|m| ≤ 1 is active on a large subdomain. Following the heuristics,
we chooseε = δ = h. To estimate various error quantities, we computed a refer-
ence solution on a mesh withh= 7.8125·10−4 and 1,964,544 degrees of freedom.
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Fig. 1 Left: error (m∗∗ −mδ ) measured in theH -, V-, andL2-norm. Right: error in the energy
|e(m∗∗)−e(mδ )|. All quantities are plotted over the mesh-sizeh. The parameters areε = δ = h.

Figure 1 shows the results: The dominant error contributionis the error of the diver-
gence in theV-norm‖∇ · (m∗∗−mδ )‖V that decays at a rate ofO(h1/2). The error
measured in theL2-norm is of higher order. The energy is approximated withO(h).
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