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Abstract. We propose a combined tensor format, which encapsulates the ben-
efits of Tucker, Tensor Train (TT) and Quantized TT (QTT) formats. The structure
is composed of subtensors in TT representations, so the approximation problem is
proven to be stable. We describe all important algebraic and optimization opera-
tions, which are recast to the TT routines. Several examples on explicit function
and operator representations are provided. The asymptotic storage complexity is
at most cubic in the rank parameter, that is larger than for the QTT format, but the
numerical examples manifest, that the ranks in the two-level format increase usu-
ally slower with the approximation accuracy than the QTT ones. In particular, we
observe, that high rank peaks, which usually occur in the QTT representation, are
significantly relaxed. Thus the reduced costs can be achieved.

1. Introduction

By a very general definition inmathematics, tensor is an array of values inCwith several
indices A(i1, ..., id), varying in some ranges 1, ..., nk. If all nk 6 n, one need at most nd
memory cells just to store all the elements. Such exponential growth with d is called
the “curse of dimensionality” [1]. To get rid of this problem, the natural idea is not to
keep all the elements explicitly, but rather approximate them via some low-parametric
structured representation, which itself requires much less data to be stored. If only a
few tensor entries are nonzeros, i.e. a tensor is (pointwise) sparse, the simplest approach
is to store and use in computations only these elements [2, 3].

Unfortunately, this is often not the case in practical problems (in particular, solution
of multidimensional PDEs), and thus the development of some data-sparse techniques
begun. Some of them are based on the idea of separation of variables from the func-
tional analysis: the initial tensor is approximated with the sum of Kronecker products
of one-dimensional vectors (so-called tensor formats). Others are based on properties of

$Partially supported by RFBR grants 09-01-12058, 10-01-00757, 11-01-00549, RFBR/DFG grant 09-01-
91332, Russian Federation Gov. contracts No. Π1112 and Π940, 14.740.11.0345 at Institute of Numerical
Mathematics, Russian Academy of Sciences, Russia, 119333 Moscow, Gubkina 8.
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the discretization: the most important components, which can be represented with a
low number of parameters are selected and smartly combined to eliminate the errors
as far as possible (Sparse Grids, ANOVA decomposition [4, 5, 6, 7], wavelet and mul-
tiresolution analysis).

In this article, we consider only tensor formats. They are described by the splitting
of the dimensions in the initial tensor (obviously, we can enumerate the same data ar-
bitrarily), and the summation structure of the separable components. Even if the first
issue is more or less fixed by the “physical” model, the second one gives us much more
freedom, with totally different performance of numerical methods, based on a certain
format.

During the history of tensor methods, different formats were proposed and ana-
lyzed, such as canonical [8, 9, 10, 11], Tucker [12, 13, 14, 15], Matrix Product States
[16, 17, 18, 19] and MCTDH [20] in quantum physics community, HT (Hierarchical
Tucker) [21, 22] and TT (Tensor Train) in numerical algebra community [23, 24, 25],
and later the QTT (Quantized TT) [26, 27, 28, 29, 30]. Different comparisons of these for-
mats were done, see the reviews [2, 31, 32, 33], and [34]. As the combined approach, the
Tucker-Canonical format was applied to the solution of Hartree-Fock equation [35, 36].
In terms of the asymptotic complexity in n and d, the best one is the QTT format, with
the storage demand O(d log

2
(n)r2). However, the important question is, how large is

the tensor rank bound r of a given tensor, and more important, of the tensors, arising
during the solution of a certain problem. In a very general case, no theoretical answer
is available.

In this paper we show, that in practice better results can be obtained with the smart
combination of Tucker, TT and QTT formats (further called QTT-Tucker), rather then
with only one of them. Namely, inmany cases the Tucker and TT ranks are close. So the
QTT approximation of the Tucker factors instead of the TT ones might require smaller
ranks for the same accuracy, and moreover, avoid high rank peaks in the middle of
Tensor Train. The latter property can be expected from the cyclic tensor networks (Ten-
sor Chain), but approximation problems on them are usually unstable. The format
proposed forms a closed manifold, as the Tucker, TT and HT formats [37, 38], hence
it allows stable solution of optimization problems. The corresponding algorithms are
described in this work.

The paper is organized as follows. In Section 2 we introduce the notations used, and
briefly review the existing stable tensor formats. In Section 3, the new format, QTT-
Tucker is introduced, and its basic advantages are discussed. In Section 4, we describe
the TT-to-QTT-Tucker conversion, and provide the analytical examples, demonstrating
the storage reduction possibilities of the new format. In Sections 5 and 6, the basic
linear algebra operations, rounding (rank compression) and optimization methods are
presented, the error analysis and complexity are discussed, with the use of the two-level
Tucker-TT structure, and TT-structured subtensors. Finally, Sections 7 and 8 provide the
numerical experiments to check the performance, and the conclusion.

2. Overview of tensor formats
2.1. Notations
Each element of the represented tensor is computed via sums over the rank indices.
More complex tensor networks contain more ranks and sums. To write them explicitly
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is too long and complicated. Instead, we will use the graphical notations, proposed in
the quantum chemistry community [16, 17], later in [39], and used also in [40]. The idea
is very simple: the arrays are represented with rectangles, their indices are lines, and if
a line connects two rectangles, it means that we multiply the elements of these arrays
and perform the summation over the connecting index. For example, the following
figures denote:

a matrix Awith two indices i, j: A
i j

a vector [xj]: x
j

The matrix-by-vector product y = Ax =
[∑

jAijxj

]n
i=1

is now written as

i
y =

i
A

j
x

Note that all blocks here are white, which means, that no restrictions are imposed.
However, an important property we will need further is the orthogonality of cores.

Definition 1. An array A(i1, ..., ip, j1, ..., jq) is said to be left-orthogonal, if∑
i1,...,ip

Ā(i1, ..., ip, k1, ..., kq)A(i1, ..., ip, j1, ..., jq) = δ(k1, j1) · · · δ(kq, jq), where

Āmeans the complex conjugation, and δ(k, j) = 1 if i = j, and zero otherwise.

In a matrix case (p = q = 1) it means the well-knownmatrix orthogonalityA∗A = I.

Definition 2. An array A(i1, ..., ip, j1, ..., jq) is said to be right-orthogonal, if∑
j1,...,jq

Ā(m1, ...,mp, j1, ..., jq)A(i1, ..., ip, j1, ..., jq) = δ(m1, i1) · · · δ(mp, ip).

In the graphical notation, the left/right orthogonality looks as follows:

A

i1

ip

j1

jq A

i1

ip

j1

jq

The filled part of a rectangle emphasizes the indices, which are being convolved, give
the identity tensor.

The orthogonality property is heavily utilized in the approximation and solution
tensor routines, since it allows to control the introduced approximation error, andmake
orthogonal projections, see [24, 39, 41, 42].

Wewould like also to define some of array indices as parameters, to distinguish their
purposes, and in consistency with the previous notations in MPS and TT community.
Here are, for example, 3D array elements

X(α, i, β) = Xα,i,β = Xα,β(i), α, β = 1, ..., r, i = 1, ..., n,

that could be written in the block form as

X(i) =

[
X1,1(i) · · · X1,r(i)
Xr,1(i) · · · Xr,r(i)

]
,
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or, if we need also to write explicitly the elements enumerated by i index,

X(i) =


(
X1,1(1)
X1,1(n)

) (
X1,r(1)
X1,r(n)

)
(
Xr,1(1)
Xr,1(n)

) (
Xr,r(1)
Xr,r(n)

)
 .

The latter is especially convenient for presenting the analytical structures in the format,
since all the elements of a block are written in the same equation.

We emphasize here, that the same letters with the same superscripts denote the same
arrays, and the structure of brackets or subscripts only specifies their certain permu-
tation and reshaping. If a set of indices is written in brackets (like X(i)), all the rest
indices are written in the subscript (Xα,β(i)), or omitted (X(i), X:,:(i)) in the standard
sense (omitted or substituted with “:” indices mean their full range, explicitly written
- certain elements).

If there are only one or two subscripted indices, such object is considered as amatrix
(vector), depending on indices in brackets as parameters, with row and column indices
taken from the subscript. Any linear algebra operations (block concatenations, sums,
scalar, Hadamard and contracted products, singular value decompositions, etc.) are
then naturally defined.

2.2. Some existing formats

The oldest known closed tensor network (and, hence, the formatwith stable operations)
is the Tucker format [12, 13, 14]:

X(i1, ..., id) =
∑

γ1,...,γd

X(c)(γ1, ..., γd)X
(f)1
γ1

(i1) · · ·X(f)d
γd

(id), or graphically,

X(c)
γ1

X(f)1
i1

γ2

X(f)2
i2

γ3
X(f)3

i3

γd

X(f)d
id

The mode indices i1, ..., id vary in ranges n1, ..., nd, and the rank indices γ1, ..., γd - in
ranges r1, ..., rd. We see, that the storage of X(c) still grows exponential in d, though, if
r� n, it is applicable to low-dimensional problems.

To avoid intrinsic curse of dimensionality, somenew formatswere proposed. Among
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them are the Hierarchical (Tree) Tucker [21], or ML-MCTDH [20],

X1234

γ12

X12

γ1

X1

i1

γ2

X2

i2

γ34

X34

γ3

X3

i3

γ4

X4

i4

and TT (MPS) [24, 17, 18],

X1

i1

α1
X2

i2

α2 · · ·
αd−1

Xd

id

In terms of parameter-dependentmatrices it is written asX(i1, ..., id) = X1(i1) · · ·Xd(id).
The mentioned above canonical tensor format is just a sum of rank-1 components (or

the TT with diagonal blocks),

X(i1, ..., id) =

r∑
γ=1

X1γ(i1) · · ·Xdγ(id) =
[
X11(i1) · · ·X1r(i1)

] d−1∏
k=2

X
k
1(ik)

. . .
Xkr (ik)


X

d
1(id)
...

Xdr (id)

 .
Despite the simplicity, this format suffers from a serious drawback: it is not a closed
tensor network, and the approximation problem is not stable [11].

3. Combining Tucker, TT and QTT into the two-level structure

The complexity of TT is O(dnr2), but the complexity of the Tucker factors is O(dnr).
To exploit the best properties of these two formats, in [43] was proposed to leave the
Tucker factors “as is”, and compress into the TT only the core. This structurewas named
“extended TT decomposition”, and also reviewed in [33]. Thus, the storage of such
representation is O(dnr+ dr3), i.e. asymptotically the same as in HT, but the structure
is much simpler:

X(c)1

γ1

α1
X(c)2

γ2

α2 · · ·
αd−1

X(c)d

γd

X(f)d

id

X(f)2

i2

X(f)1

i1

That is,

X(i1, ..., id) =
∑

γ1,...,γd

[
X(c)1(γ1) · · ·X(c)d(γd)

]
X(f)1
γ1

(i1) · · ·X(f)d
γd

(id). (1)

Note, that the range of mode indices ik can be formally even infinite, i.e. we store
(say, as the analytical formulas) rk functions in each factor X(f)k. But in the numer-
ical calculus, the modes should be restricted to some finite values coming from the
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discretization of functions. However, we might like to have so many grid points (e.g.
several millions), that even linear complexity in n is prohibitive.

To use all the benefits from tensor decompositions for low-dimensional data, we use
the QTT format [26, 27, 28, 29, 44, 30, 45, 40]. The idea behind quantization (hence the
name QTT) is very simple. Each mode index ik is further decomposed via the binary

coding: ik = 1+
L∑
p=1

(ik,p−1) ·2p−1, where ik,p ∈ {1, 2}, so it varies in the minimal possible

nontrivial range (“quant”). If the k-th mode size is a power of 2, n = 2L, such coding
enumerates all and no more values of ik. After that, the initial tensor is reshaped to
2× · · · × 2 (so its mode indices are ik,p), and the TT approximation is applied.

The tucker factors are in fact the 1-dimensional functions, which are usually of the
similar smoothness as the initial function. So we can apply the QTT for them:

X(f)k
ik

γk

X(f)k,1
ik,1

γk

γk,1

X(f)k,2
ik,2

γk,2
...

γk,L−1

X(f)k,L
ik,L

In the formulae notation

X(f)k
γk

(ik) = X
(f)k,L(ik,L) · · ·X(f)k,1

:,γk
(ik,1). (2)

The resulting network then looks as follows:

X(c)1

γ1

α1
X(c)2

γ2

α2 · · ·
αd−1

X(c)d

γd

X(f)d,1
id,1

γd,1

...
γd,L−1

X(f)d,L
id,L

X(f)2,1
i2,1

γ2,1

...
γ2,L−1

X(f)2,L
i2,L

X(f)1,1
i1,1

γ1,1

...
γ1,L−1

X(f)1,L
i1,L

(3)

Notice that here wewrite the same L for all factors for brevity, but there can be of course
different Lk. The formulae notation is more complicated: we have to rewrite (1), plug-
ging the equation (2) instead of X(f)k

γk (ik). That is why it is convenient to work in graph-
ical notation with complex tensor structures.
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Remark 1. The extended TT is closely related to HT format: in both cases the physical
modes are separated in the Tucker factors, and the difference is only in the storage of
the core. The TT format for the core is a certain realization of the tree sum structure
from HT. However, we consider only TT variant due to its simplicity, and possibility of
reduction of the algorithms to the TT-structured subtensors. The generalization to an
arbitrary tree topology can be done straightforwardly with technical changes of the TT
algorithms.

Moreover, the QTT representation of the Tucker factors introduces the new level of
structure. A large tree in theHT format with small mode sizes but large dimension (e.g.
applied to the tensor reshaped to 2× · · · × 2) can give a serious overhead, see e.g. [46],
spin system example.

In the following, to refer to such structure and its properties, we introduce our main
definition.

Definition 3. (QTT-Tucker). The tensor format with the rank summation structure (3)
is called theQTT-Tucker format. The parameter d is called the physical, or core dimension,
L is the quantics, or factor dimension, X(c)k is the k-th core block, X(f)k,p is the k, p-th factor
block, and the indices vary in the ranges:

• ik,p 6 nk,p 6 n (mode size),

• αk 6 rc,k 6 rc (core rank),

• γk 6 rT,k 6 rT (Tucker rank), and

• γk,p 6 rf,k,p 6 rf (factor rank).

Obviously, the extended TT decomposition is a certain case of the QTT-Tucker for-
mat, with L = 1.

The storage complexity is O(log
2
(n)dr2+dr3), which is formally even larger than in

the standard QTT approach. For the approximation of discretized smooth functions, the
benefit could be gained from the following consideration. Each TT block of a smooth
function is usually also smooth. So, we can consider it as a set of rc,k−1rc,k 6 r2c one-
dimensional vectors, and apply the QTT approximation to each of them. Suppose that
each 1D vector has its own QTT rank bound rqtt. Then, the maximal possible QTT rank
of the whole tensor is estimated as

rqttr
2
c.

If we apply the QTT to the Tucker factors, their QTT rank is bounded by

rqtt 6 rf 6 rqttrT .

Though in general case these equations give the same estimate (see Lemma 1 below),
most numerical experiments with the smooth functions manifest the Tucker rank of the
same order, as the TT one, rf ∼ rc. Thus, the rank estimate of the QTT-Tucker reads

rqttrc

for the quantized factors, and
rc
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for the TT-approximation of the core. Recalling the number of elements in the TT rep-
resentation, we obtain the memory estimates:

mem(QTT) = O(d log
2
(n)r2qttr

4
c),

mem(QTT-Tucker) = O(d log
2
(n)r2qttr

2
T + dr

2
crT).

It could give a significant reduce of the complexity, see the numerical experiments be-
low. In the following, unless explicitly specified, we assume rT ∼ rc, e.g. the storage be-
comes O(d log

2
(n)r2qttr

2
c+dr

3
c). It is usually the case in practical problems with smooth

functions. However, in general the following rank bound holds:

Lemma 1. If the same tensor is represented in TT format with the rank bound rc, and
in the Tucker format with the rank bound rT , they are connected as follows:

rc 6 rT 6 r
2
c.

The same result was also obtained for the HT format in [34]. The constructive proof
is presented in the next section.

4. Explicit representations

4.1. TT to Tucker conversion

During the exploitation of various tensor formats, it is helpful to construct some simple
and widely used objects explicitly, by specifying the format elements directly. For the
QTT format thiswork started from [27, 29]. For example, consider the Laplace-like sum:

A = x⊗ y⊗ · · ·y+ · · ·+ y⊗ · · · ⊗ y⊗ x.

The exact rank-2 TT representation reads

A =
[
x y

] [y 0

x y

]d−2 [
y

x

]
,

which is obtained simply by successive splitting linearly independent elements of the
leading dimension to the current block, i.e. reconstructing the TT-SVD algorithm
[23, 24] analytically. The Tucker decomposition can also be obtained by similar re-
construction of HOSVD [13]. However, here we also present the transformation of TT
to extended TT (it is usually easier to compute first the analytical TT-SVD rather than
HOSVD).

This method will be done in parallel over the TT blocks. Consider the current k-th
TT block,

Xk(ik) =

 Xk1,1(ik) · · · Xk1,rk(ik)... ...
Xkrk−1,1(ik) · · · Xkrk−1,rk(ik)

 .
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Now, find the minimal set of Rk linearly independent elements X(f)k
αk−1,αk(ik). Enumerate

them X
(f)k
γk (ik), where γk = 1, ..., Rk. Clearly, now Xk can be represented as

 X
(c)k
1,1 (γk) · · · X

(c)k
1,rk

(γk)
... ...

X
(c)k
rk−1,1

(γk) · · · X
(c)k
rk−1,rk(γk)

αk−1 αk

γk[
X
(f)k
1 (ik) · · · X

(f)k
Rk

(ik)
] ik

where X(c)k
αk−1,αk(γk) are the coefficients of Xkαk−1,αk(ik) in the basis X(f)k

γk (ik). Obviously,
the maximal number of linearly independent elements in k-th block is not greater than
rk−1rk. On the other hand, if the rank of the initial block Xk was not overestimated,
the minimal number of linearly independent components is not smaller than rc. This
constructive algorithm confirms Lemma 1.

Remark 2. The extraction of the Tucker factor from the TT core can be also done ap-
proximately via the SVD. In this case, we choose not all, but the truncated amount of
linearly independent principal components to ensure a certain accuracy.

The first Laplace-like example in this section contains only 2 linearly independent
elements in each block, so its decomposition reads (we omit i2, ..., id−1 for brevity):

[(
1

0

) (
0

1

)]

γ1

α1


(
0

1

) (
0

0

)
(
1

0

) (
0

1

)

d−2

γ2 . . . γd−1

αd−1
[(
0

1

) (
1

0

)]T
γd[
x y

] id[
x y

]i1 [
x y

]
(4)

Remarkable, we obtain all the same Tucker factors, and the core contains only zeros and
ones to combine the factors correctly.

Other tensor networks can be converted first to the TT format (or a sumof TT tensors,
for example, the Tensor Chain), and then into the QTT-Tucker. It could be helpful in
quantum physical problems, if a model provides initial data in a complicated tensor
network.

4.2. Operator example

Now, derive the quantics representation for [x, y] = [∆L, IL], where ∆L is the finite dif-
ference Laplacian with Dirichlet boundary conditions on a grid with 2L nodes. In [29]
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its explicit QTT representation was proven 1:

∆L =
[
(∆1) (−J) (−J ′)

]i1

j1

γ1

(I1)(J ′) (J)
(J) (J ′)

L−2
i2 . . . iL−1

j2 . . . jL−1

γL−1

(I1)(J ′)
(J)


iL

jL

where ∆1 is a 2 × 2 Laplacian matrix, I1 is the identity of size 2, and J =
(
0 1

0 0

)
is a

Jordan block. We note that the first row of the middle blocks always contains only the
I1 at the first place, and zeros at the others, whereas the last block contains I1 as the first
item as well. Therefore, the full identity matrix IL can be represented using the same
blocks as ∆L except the first:

[
∆L
IL

]
=

[
(∆1) (−J) (−J ′)
(I1)

]i1

j1

γ γ1

(I1)(J ′) (J)
(J) (J ′)

L−2
i2 . . . iL−1

j2 . . . jL−1

γL−1

(I1)(J ′)
(J)


iL

jL

Plugging this decomposition into (4), we obtain the QTT-Tucker representation of the
Laplace operator with factor ranks at most 3, and core ranks 2.

Lemma 2. The finite difference Laplace operator on uniform 2L × · · · × 2L grid with
Dirichlet boundary conditions is exactly representable in the QTT-Tucker format with
the ranks

rf = 3, rT = 2, rc = 2.

Notice, that the crucial point here is to put the “enumerating” Tucker index γ in
the lowest bit block. If we connect γ to the senior bit, the rank will be 4. Recall that
in [29], the QTT decomposition of the multidimensional Laplacian was obtained with
rank 4 for all blocks except one, since there are the TT rank indices on both sides of inner
subtrains. This simplest example confirms the considerations in the previous section:
instead of two TT rank indices in the “linear” QTT structure, the QTT-Tucker format
requires only one Tucker rank index to be connected to the QTT representation of one-
dimensional objects. Thus, choosing the proper bit order, we can reduce the rank of the
common QTT basis.

1here we write the blocks, corresponding to lower bits on the left, i.e. with the Matlab and Fortran
little-endian indexing, whereas in [29] they are written on the right
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4.3. Quadratic form example

In many applications we are to compute the following quadratic form:

V(X ′, X) =

d∑
i,j=1

Bij X
′
i ~ Xj, where (5)

X ′i, Xj are the following rank-1 tensor product objects,

X ′i = e1 ⊗ e2 · · · ⊗ x ′i ⊗ · · · ed, Xj = e1 ⊗ e2 · · · ⊗ xj ⊗ · · · ed,

~ is distributive with ⊗ (e.g. Hadamard or matrix product), ek are the unities with
respect to ~, and B is a matrix of scalar numbers. The quadratic Lyapunov function2 is
such a form, with ek being vectors of all ones, xk = x ′k are the vectors of grid points,
and ~ is the Hadamard product. For a general polynomial, it was investigated in [41],
where the rank bound d + 2 was proven for the polynomial degree 2. Here, we give
a refined result. An explicit construction of a low-rank representation of V , provided
that the basis elements ek, xk, x ′k, (x ′k ~ xk) ≡ x2k are defined, gives the following

Theorem 1. Introduce the off-diagonal lower Ck = Bk+1:d, 1:k, and upper Ĉk = B1:k, k+1:d
submatrices. The quadratic form (5) possesses an exact TT decomposition with the
ranks:

rTT, k = rank(Ck) + rank(Ĉk) + 2 6 d+ 2. (6)

Moreover, if xk = x′k (symmetric case), the ranks reduce to

rTT, k = rank
(
(Ck> + Ĉk)/2

)
+ 2 6 d/2+ 2.

The proof is rather technical and thus is written in Appendix. The Tucker ranks
equal 4 (3 in the symmetric case), since there are 4 (resp. 3) linearly independent ele-
ments in each block. The QTT ranks of the Tucker factors depend on given xk. In the
case of a degree 2 polynomial on a uniform grid, they are equal to 3 [27, 30].

Corollary 1. The estimate (6) is applicable to the d-dimensional anisotropic elliptic op-
erator ∇>B∇ with a constant matrix B, by setting ek = Ik, xk = ∇k, x ′k = ∇>k , x2k = ∆k,
and ~ being the operator composition. A discussion on such structures was started in
[29, 47].

Remark 3. The ranks of the off-diagonal blocks are the so-called semiseparable ranks.
Theorem 1 establishes a connection between the matrix semiseparability and the TT
structure. The rank estimate is numerically sharp. If the matrix is diagonal, i.e. Ck> =
Ĉk = 0, then the TT ranks equal 2 (Laplace operator, harmonic oscillator potential).

5. Fast QTT-Tucker arithmetics

Very basic operationsworth to havewith a format, are the linear algebra operations: lin-
ear combinations, matrix products, etc. For all tensor formats, they are easily derived,
using the following rules:

2For example, it arises in calculation of the typical d-dimensional probability density ψ = exp(−V)
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• separable components are added, or multiplied independently in all variables,

• all rank sums (and hence, the ranks) are added in linear operations, and multi-
plied in bilinear ones.

During the iterative methods, the rank can grow very high due to multiplications.
Hence, another important operation, which should be provided with the format, is the
rank truncation.

The QTT-Tucker format consists from several connected Tensor Trains. So, it will
be convenient in the following to split the description of a certain procedure to the
underlying TTs, for which it is known.

5.1. Linear combination, matrix and Hadamard products
We recall, that the QTT-Tucker contains “physical” modes (i.e. the modes, which the
initial operation is conducted on) only in factors. Therefore, we can recast the opera-
tions to the factors, describing only the proper combination of cores.

• Linear combination X = aX+ bY: add

Z(f)1 = aX(f)1 + bY(f)1, Z(f)k = X(f)k + Y(f)k, k > 1

as tensor trains, with addition of the “tailing” (Tucker) rank rzT = rxT + r
y
T [24];

block-diagonal concatenation of core blocks

Z(c)k =

[
X(c)k(γxk)

Y(c)k(γyk)

]
.

• Matrix-by-matrix(vector) product y = Ax: multiply

Y(f)k = A(f)kX(f)k

as tensor trains, with multiplication of the “tailing“ (Tucker) rank ryT = rAT · rxT [24];
Kronecker product of core blocks

Y(c)k = A(c)k ⊗ X(c)k.

• Hadamard product is reducible to the matrix product: z = x� y⇔ z = diag(x)y.

• Dot product a = (x, y) requires more detailed description. First, we perform the
dot products over factors:

Ak =
(
X(f)k, Y(f)k

)
∈ RrxT×r

y
T .

It is the matrix of size rxT × r
y
T , since it contains all combinations of 1D vectors in

the Tucker factors. Now, the sum structure in dot product looks as follows:

X(c)1

γx1

αx1
X(c)2

γx2

αx2 · · ·
αxd−1

X(c)d

γxd

Ad

γyd

Y(c)d
αyd−1

A2

γy2

Y(c)2
αy2αy1

A1

γy1

Y(c)1
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Convolving the matrices Ak to one of the cores, and taking their TT-dot product,
we obtain the result.

5.2. QTT-Tucker rounding
The algorithm of rounding procedure should be written carefully to make the method
stable. In [24, 13] it was shown, that the only way to control the error introduced
to some part of the format, is to impose the proper orthogonality on the other con-
nected parts. We can reduce the QTT-Tucker rounding procedure to the structured
variants of HOSVD and TT-rounding (for the definitions and descriptions of the TT-
orthogonalization and TT-rounding we refer to [24]), but due to the TT-structure of the
core, certain orthogonalizations will be written explicitly. We summarize the method
in Algorithm 1.

Algorithm 1: QTT-Tucker round
Input: QTT-Tucker tensor X, accuracy bounds εk,p, or rank bounds Rk,p.
Output: QTT-Tucker tensor Y with possibly smaller ranks, and ||Y − X||2 6

∑
ε2k,p, or

rk,p 6 Rk,p.
1: for k = 1, ..., d do
2: Make TT-tensor X(f)k,L(ik,L) · · ·X(f)k,1(ik,1)X

(c)k(αk−1αk) left-orthogonal {i.e. the k-
th factor connected with k-th core block, so that k-th factor becomes orthogonal.}
{Complexity O(dLr3f)}

3: end for
4: Round the core Y(c) = roundTT(X

(c), εk, Rk), using the TT-round procedure, so that
Y(c) is right-orthogonal. {Complexity O(dr4c)}

5: for k = 1, ..., d− 1 do
6: Round the factor:

Y(f)k(ik)Ỹ
(c)k(αk−1αk) = roundTT(X

(f)k(ik)Y
(c)k(αk−1αk), εk,p, Rk,p)

so that the factor is left-orthogonal. {Complexity O(dLr3f)}
7: Make the core block Ỹ(c)k left-orthogonal: {Complexity O(dr4c)}[[

Y(c)k(γk = 1) · · · Y(c)k(rc,k)
]T
, R
]
= qr

([
Ỹ(c)k(γk = 1) · · · Ỹ(c)k(rc,k)

]T)
.

8: Convolve the matrix R to the next block: Y(c)k+1(γk+1) := R Y
(c)k+1(γk+1).

9: end for
10: Round the last factor {Complexity O(Lr3f)}

Y(f)d(id)Y
(c)d(αd−1) = roundTT(X

(f)d(id)Y
(c)d(αk−1), εd,p, Rd,p).

We emphasize here the operation of building the “factor-one-core-block” TT-tensor,
by formally denoting the core rank indices αk−1αk as the new “physical” index, and
considering γk as the rank index, so that Y(c)k

αk−1,αk(γk) → Y
(c)k
γk (αk−1αk)with the same el-

ements, but nowwith the rank index γk consistent with the TT representation of factor.
Definition 4. The TT-tensor X(f)k,L(ik,L) · · ·X(f)k,1(ik,1)X

(c)k(αk−1αk), with the last block
obtained from the core block with the formal permutation of indices αk−1, γk, αk →
γk, (αk−1, αk), is called the k-th extended factor.

This definition allows us to consider (and update) the Tucker ranks in the uniform
way, by referring to the corresponding ranks of certain TT tensors. It will help us also
in the next section.
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It is also interesting, that the orthogonalization/rounding of the extended factors
(lines 2, 6 and 10 of the algorithm) in fact mimics the Tucker HOSVD: the difference
is in using only one block of the core instead of the whole core as the full array. Lines
4, 7, 8 take into account the TT structure of the core more carefully. The states of the
QTT-Tucker tensor after certain lines of Algorithm 1 are shown on Fig. 1 (the sizes of
the blocks are proportional to their ranks).

Figure 1. QTT-Tucker rounding steps in graphical notations

Input 1–3 4 6-8 Output

To finish with rounding, we provide the error analysis.

Theorem 2. Suppose, that each truncation in QTT-Tucker factors was done with the
Frobenius error εk,p, p > 0, the Tucker ranks (ranges of γk in extended factors) was
determined with εk,0, and each core block is truncated with εk. Then, the Frobenius
error in the whole tensor reads

||Y − X||2 6
∑
k,p

ε2k,p +
∑
k

ε2k,0 +
∑
k

ε2k.

Proof. We split the claim of the theorem to the corresponding estimates of the HOSVD
and TT-round errors. First, suppose that each factor is approximated with the error δk,
and the core is exact. Then, from the HOSVD theorem in [13] we obtain

||Y − X||2 6
∑
k

δ2k.

Second, if the core is approximated with the error δ, it is added to the estimate:

||Y − X||2 6
∑
k

δ2k + δ
2. (7)

Finally, each δk and δ can be obtained from the TT-rounding theorem [24], since they
arise from the TT-rounding procedure for extended factors and core, respectively. We
have

δ2k 6
∑
p

ε2k,p + ε
2
k,0, δ 6

∑
k

ε2k. (8)

Now, plugging (8) into (7), we obtain the statement of the theorem.

Corollary 2. If for all blocks the truncation error is fixed to the same value ε, the total
accumulated error is not greater than

||Y − X|| 6
√
dL+ d− 1ε.

In practical implementation, setting the local accuracy εk = ε/
√
2d for the core trunca-

tion, and εk,p = ε/
√
2dL for the factors provides the controlled accuracy in the whole

tensor ε.
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Remark 4. The Tucker, TT or extended TT are certain cases of the QTT-Tucker format.
The error estimate above reduces to the corresponding estimates of simpler formats
straightforwardly, by setting certain terms (being exactly represented) to zeros.

6. Optimization problems on the QTT-Tucker format

In numerical modeling, we will not be satisfied only with the data compression tech-
niques. The problem of the same importance, is how to solve a certain equation keeping
all the data in the format.

We are to optimize a functional J(x) with x in the format. We are interested in the
following functionals:

error J = ||x− y||2,
energy J = (Ax, x) − 2(y, x),
residual J = ||Ax− y||2, or

Rayleigh quotient J =
(Ax, x)

(x, x)
.

They correspond to the approximation, linear system solution and eigenvalue prob-
lems, and what is important, are reducible to the format parameters without changing
the form, which allows the application of efficient matrix methods.

Provided with the fast algebra and rounding procedure, one can implement all the
standard matrix-vector methods, see, for example, the Krylov methods in TT and HT
[48, 49]. However, these methods are required to keep some intermediate vectors of the
same size, as the initial tensor, thus they also must be approximated. Unfortunately,
in many cases, the better the solution is, the worse structure (and larger ranks) these
vectors have (e.g. residual, Krylov vectors, etc.), and though advanced techniques relax
the complexity to some extent, much better way is to deduce a solver, exploiting the
format structure.

Since the canonical format, one of such techniqueswas theAlternatingLeast Squares
(ALS) method for the approximation and solution purposes. It uses the separation
of variables naturally: all the factors except one are fixed, the minimization/solution
problem is reduced only to its elements, then some other factor is updated (usually, the
next), and so on. The similar approach is applicable to more complex formats, such as
Tucker, TT, HT. However, it has several serious drawbacks:

• the ranks must be prescribed, and are not changed during the iterations, i.e. the
method is not adaptive.

• the convergence might be very slow (e.g. millions of iterations)

• in some formats (e.g. canonical), the problem is unavoidable ill-conditioned and
unstable [11].

Fortunately, for the Tucker, TT and HT formats, there exist modifications, which
can treat these drawbacks. There is lack of convergence analysis (a sort of is given in
[50], but almost inapplicable in practice), but most of numerical experiments with the
practical problems manifest good performance.
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6.1. From the Tucker ALS to the QTT-Tucker DMRG

For the Tucker format, the alternating scheme called TALS (Tucker ALS) (see [14] for
the approximation problem case J = ||x − y||2) is conducted as described in Algorithm
2. We see, that the reduced optimization problem affects two connected blocks of the

Algorithm 2: Tucker ALS iteration
Input: The functional J(x), initial guess x (with orthogonal X(f)k), accuracy ε or rank R

tolerances.
Output: Improved solution x in the Tucker format.
1: for k = 1, ..., d do
2: Fix all the factors except k-th, optimize over this factor connected with core:

Wk = arg min∑
γk

X
(f)k
γk

(:)X(c)(γk,:,...,:)

J(x) ∈ Rn×rd−1 .

3: Split the updated factor and core:
[X(f)k, S, X(c)] = svd

(
Wk, ε, R

)
, X(c)(γk, :) =

∑̃
γk

Sγk,γ̃kX
(c)(γ̃k, :).

4: end for

format, thus the rank can be updated on each step of the algorithm, which is similar to
the DMRG algorithm [16, 19, 41, 39, 42] for the MPS (TT) format.

We briefly review the TT-ALS and TT-DMRG algorithms here. For technical details,
see [41, 39, 42].

The major difference between the Tucker ALS and the TT-ALS methods, is that the
TT-ALS is not adaptive, and all ranks are fixed to some prescribed values. That is, if they
are underestimated for the given accuracy, it can not be reached (however, the method
usually converges to the optimal solution with given ranks). The TT-ALS method is
written in Algorithm 3.

Algorithm 3: ALSTT iteration
1: for k = 1, ..., d, d− 1, ..., 1 do
2: Fix all the blocks except k-th, optimize Xk(ik) = arg min

Xk
J(x).

3: Tomake the reductions of the functional easier (see [39]), makeXk left-orthogonal
(if k is increasing), or right-orthogonal (if k is decreasing).

4: end for

The TT-DMRG ([16], MALS in [39], TT-solve in [42], DMRG MatVec in [51]) allows
to determine the ranks adaptively at runtime. Instead of minimizing over each block,
it merges two neighboring blocks into one larger with two mode indices, performs the
ALS optimization step on such d−1-dimensional tensor, and then splits this large block
back to two TT blocks via the SVD. On the latter step, the rank is updated, since the data
was improved during optimization. See Algorithm 4.

What is nice, the Tucker ALS scheme generalizes to the QTT-Tucker case straightfor-
wardly by meaning of the following substitutions:

• Instead of the factor-core connected block Wk = X(f)kX(c), we can consider the
extended factor (see def. 4) of sizes n× r2, like in the QTT-Tucker rounding 1.
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Algorithm 4: DMRGTT iteration
1: for k = 1, ..., d− 1, d− 2, ..., 1 do
2: Fix all the blocks except k and k+ 1, mergeWk(ik, ik+1) = X

k(ik)X
k+1(ik+1).

3: optimizeWk(ik, ik+1) = arg min
Wk

J(x).

4: Perform the splitting: [Xk, S, Xk+1] = svd
([
Wk(1, 1) · · · Wk(1, n)
Wk(n, 1) · · · Wk(n,n)

]
, ε, R

)
.

5: if k is increasing then
6: Leave Xk left-orthogonal, and Xk+1(ik+1) := SXk+1(ik+1).
7: else
8: Leave Xk+1 right-orthogonal, and Xk(ik) := Xk(ik)S.
9: end if
10: end for

• If L > 1, instead of the full representation of the extended factor (and hence,
optimization) we employ the TT-DMRG (MALS) algorithm 4 to optimize the TT
representation X(f)k,L(ik,L) · · ·X(f)k,1(ik,1)X

(c)k(αk−1αk).

• Since each factor optimization does not involve the whole core, we have to add
the core optimization step (also via TT-DMRG method) explicitly.

Now, we can write the QTT-Tucker optimization algorithm 5. In the same way, as the
QTT-Tucker roundingmimics the HOSVD, the QTT-Tucker DMRG algorithm implicitly
performs the TALS. Note the similarity with the rounding algorithm 1. If L = 1, and

Algorithm 5: QTT-Tucker DMRG (or ALS) iteration
Input: The functional J(x), initial guess x, accuracy ε or rank R tolerances.
Output: Improved solution x in the QTT-Tucker format.
1: for k = 1, ..., d do
2: Orthogonalize the extended factor X(f)k,L(ik,L) · · ·X(f)k,1(ik,1)X

(c)k(αxk−1α
x
k) from

the left to the right. {Complexity O(dLr3f)}
3: end for
4: Optimize the core X(c) = DMRGTT(J, X

(c), ε, R), using the TT-DMRG 4 or ALS 3
procedures, so that X(c) is right-orthogonal. {Complexity O(dr6c)}

5: for k = 1, ..., d− 1 do
6: Optimize the extended factor: {Complexity O(dLr3f)}

X(f)k(ik)X̃
(c)k(αxk−1α

x
k) = DMRGTT(J, X

(f)k(ik)X
(c)k(αxk−1α

x
k), ε, R)

so that the factor is left-orthogonal.
7: Make the core block X̃(c)k left-orthogonal: {Complexity O(dr4c)}[[

X(c)k(γxk = 1) · · · X(c)k(rxc,k)
]T
, R
]
= qr

([
X̃(c)k(γxk = 1) · · · X̃(c)k(rxc,k)

]T)
.

8: Convolve the matrix R to the next block: X(c)k+1(γxk+1) := R X
(c)k+1(γxk+1).

9: end for
10: Optimize the last factor {Complexity O(Lr3f)}

X(f)d(id)X
(c)d(αxd−1) = DMRGTT(J, X

(f)d(id)X
(c)d(αxd−1), ε, R).

the core is stored in the full format, the method reduces to the simple Tucker ALS. If
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we redefine rT := n, n := 1, the format reduces to the TT, and the only line 4 left in
Algorithm 5 results in the TT-DMRG.

6.2. Some technical details on the QTT-Tucker DMRGmethod

An important operation, which is absent in Algorithm 5, is the reduction of the func-
tional J(x) to the certain part of the format (extended factor, or core). For the TT case, it
was shown [39, 42], that it is equivalent to the projection of the functional gradient via
the fixed TT blocks, and moreover, this projection is orthogonal, if the proper orthogo-
nality constraints are imposed on fixed blocks. For the QTT-Tucker case the situation is
the same, but we need to describe technical differences.

We consider in this section only the energy functional minimization. Its optimal
condition is written as Ax = y, as well as for error/residual functionals.

The first operation is the core optimization step 4. We need to prepare the core
matrix in the TT format, i.e., the projection of the full QTT-Tucker MatVecAx and right-
hand side y on factors. The TT blocks of the projected matrix A(cp)k

αAk−1,α
A
k

(γ̄xk, γ
x
k) and r.h.s.

Y
(cp)k

α
y
k−1,α

y
k

(γ̄xk) are then written, respectively,

X̄(f)k,L

γ̄xk,L−1
ik,L

A(f)k,L

γAk,L−1
jk,L

X(f)k,L

γxk,L−1

X(f)k,1

γxk
jk,1

A(f)k,1

γAk
ik,1

X̄(f)k,1

γ̄xk

A(c)k
αAk−1 αAk

and X̄(f)k,L

γ̄xk,L−1
ik,L

Y(f)k,L

γyk,L−1

Y(f)k,1

γyk
ik,1

X̄(f)k,1

γ̄xk

Y(c)k
αyk−1 αyk

(9)

The linear system on the core then reads∑
γx1 ,...,γ

x
d

A(cp)(γ̄x1, ..., γ̄
x
d, γ

x
1, ..., γ

x
d)X

(c)(γx1, ..., γ
x
d) = Y

(cp)(γ̄x1, ..., γ̄
x
d).

We see, that the projection is performed, by convolving the orthogonal factor blocks
X(f)k over the indices ik,p with the parts of the linear system Ax and y, and the Tucker
ranks play the role of the mode sizes for the optimization over core. Note, that if A = I
(the simple approximation problem is posed), the matrix projection is also identity due
to the orthogonality, and we can skip the first equation in (9).

As soon asA(cp) and Y(cp) are computed, they can be easily used to reduce the prob-
lem to extended factors. Indeed, the step 6 of Algorithm 5 means, that all the factors,
and all the core blocks except k-th are fixed. Thus, all the blocks of A(cp) and Y(cp) ex-
cept k-th contain proper projections with factors. Now, we only need to perform their
projection on all X(c) blocks except k-th, in the same way, as it was done in the TT-ALS
and DMRG routines [39, 42]. After that, we will have the matrix and right-hand side
blocks for computing the last block of the extended factor X(c)k(αk−1αk).
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6.3. Discussion on convergence and complexity

Despite the lack of theoretical convergence analysis of the ALS algorithms, in most nu-
merical experiments they perform quite well. Sometimes, several technical tricks have
to be added [42, 51], which are reasonable in certain cases. Initially, the DMRG algo-
rithm was applied to the MPS format both in quantum chemistry and later numerical
analysis community. Recently, the HT variant was developed [46], and here the QTT-
Tucker one, all of them give satisfactory results for considered problems.

The complexity issues remain open even in practice. One of them, is the difference
between the ALS and DMRG approach. In the ALS algorithm, we have to specify (usu-
ally, overestimated) ranks a priory, so the first iterations are as difficult as the last one
(or even more, if the linear systems are ill-conditioned), and the convergence might be
slow. The DMRG algorithm allows to start with a low-rank initial guess (first iterations
are cheap), and, when the ranks become larger, we already have some reasonable solu-
tion approximation. Thus, in terms of iterations, the DMRG approach works better.

However, this consideration excludes the complexity of working with merged two
blocks instead one, with the storage O(r2n2) instead of O(r2n). In the QTT format, it
increase the size of the local problem twice, which is not very restrictive. If we are to
use larger mode sizes (even in the QTT-Tucker, for example, the core blocks have mode
sizes equal to the Tucker ranks; as for the spectral discretizations, the quantization is
inefficient, since theQTT rank of spectralmatrices equalsn), the overhead ismuchmore
significant. The truncation step involves SVD with even higher complexity O(r3n3).
Thus, the development of improved adaptive one-block techniques is planned for the
future research.

7. Numerical examples

In this section we compare the standard Quantized-TT approximation, when the whole
tensor is reshaped to 2× 2× · · · × 2︸ ︷︷ ︸

log2(nd)

and approximated via TT (called further as linear

QTT), with the QTT-Tucker format, the Tucker splitting of the physical dimensions, and
the QTT of each factor. The asymptotic storage complexity O(d log

2
(n)r2) of the linear

QTT format is smaller, than O(d log
2
(n)r2+dr3) of the QTT-Tucker, but the ranks of the

latter are usually much milder. Obviously, if we do not have the case of the exact low-
rank tensors, the ranks should growwith the accuracy. In the following, we investigate
the respective behavior of these formats in the approximation and the linear system
problems.

7.1. Poisson equation

As the first example, consider the solution of a 5D Poisson equation

−∆u = f = 1 inΩ = [0, 1]5,
u∂Ω = 0,

discretized using the Finite Difference scheme on n = 256 grid points. To solve the
tensor linear system, we use the DMRG TT-solver [42], Alg. 4 for the linear QTT, and
also the DMRG-like method for the QTT-Tucker 5.
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We compare both the storage complexity (maximal rank and the total memory cells
used to keep the representation) and the solution timings and residuals versus the trun-
cation accuracy ε in Frobenius norm, see Figures 2 - 5.

Figure 2. Maximal rank versus − log
10
(ε).

Poisson equation.
Figure 3. Total memory cells versus
− log

10
(ε). Poisson equation.

The maximal rank is smaller in the QTT-Tucker format, but the memory plots have
an intersection at ε∗ ∼ 10−3. The very impressive thing is the “reversed” behavior of the
memory plots: due to higher asymptotic complexity of theQTT-Tucker, wemight expect
it to be less efficient for smaller tolerances and hence larger ranks. On the contrary, the
ranks of the linear QTT grow so fast, that the QTT-Tucker outperforms the linear QTT
for high accuracies. If the ranks are almost the same (lower accuracies), the work and
storage complexities of the linear QTT are better.

One may note, that for both formats the memory requirements are still mild: we
need only 104 − 105 cells to approximate the tensor with 2565 ∼ 1012 elements with
single precision.

Now, let us consider the solution times and the residual (Fig. 4, 5). Here again,

Figure 4. CPU time (sec.) versus
− log

10
(ε). Poisson equation.

Figure 5. Residual ||−∆u−f||
||f||

versus
− log

10
(ε). Poisson equation.
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as for the memory, the CPU times have an “reversed” intersection, but at the larger
accuracy ε∗ ∼ 5·10−5. We recall here, that the solution complexity is higher than storage:
the DMRG method for the linear QTT requires O(d log

2
(n)r3) operations, and for the

QTT-Tucker O(d log
2
(n)r3f + dr

6
c) (however, rc is smaller than rf). So, the “practical”

complexity is much more optimistic than the theoretical.
It is worth to check the residuals, since it is the only available measure of the “cor-

rectness” of the solution. From Fig. 5 we see, that the methods manifest almost equal
convergence, and the QTT-Tucker is even slightly better.

Remark 5. One might see, that the relative residual is much larger than the relative
rounding accuracy, due to significantly large constants of equivalence (c1, c2),

1

c1

||A(x− y)||

||Ax||
6

||x− y||

||x||
6 c2

||A(x− y)||

||Ax||
,

depending on the condition number of the matrix.

7.2. Generalized Gaussian function - solution of high dimensional Fokker-Planck
equation

One interesting application of tensor methods is the Fokker-Planck equation, which is
usually high-dimensional. It models the joint probability density distribution of noisy
dynamical system configurations (e.g. positions of particles). The (stochastic) system
ODE reads

dx

dt
= −A(x) +Gη ∈ Rd,

where < η >= 0, < ηiηj >= δij. The probability to find the configurations in some
volume x∗ + dx is written as follows:

P
(
x ∈ B|dx|(x

∗)
)
= ψ(x∗)dx,

and the deterministic PDE on the probability density is the Fokker-Planck equation:

∂ψ

∂t
=
∂

∂x
· (A(x)ψ) + 1

2

∂

∂x
·
(
D
∂ψ

∂x

)
, D = GGT .

It was proven for example in [52], that for a linear system A(x) = Ax, the (unnormal-
ized) steady probability density is given by the generalized Gaussian

ψ|t→∞ = exp(−xTBx), (10)

where B is the solution of the following Lyapunov equation:

AB−1 + B−1AT = −2D = −2GGT .

So, we would like at least to compute and store the generalized Gaussians in a tensor
format.
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7.2.1. 12D example. In this test, we consider the 3D Hookean model for a polymer
chain [53, 54, 55, 56, 57] with 4 springs in the shear flow regime, which yields us the
12-dimensional problem, with the matrix

A = I4×4 ⊗

0 β 0

0 0 0

0 0 0

−
1

2
D, D =

1

2


2 −1 0 0

−1 2 −1 0

0 −1 2 −1
0 0 −1 2

⊗ I3×3, β = 0.2.

This problem was also considered in [47], with attempt to solve the corresponding
Fokker-Planck equation in the linear QTT format. It was shown, that the ranks grow
linearlywith the shear flow rateβ, and to get a satisfactory approximation of the station-
ary solution requires several hours of CPU time. The exponential argument V = xTBx
admits an exact low-rank TT decomposition, see Thm. 1. To construct the stationary
solution (10), we use the scaling and squaring method [58] to compute the pointwise
exponential in the QTT or QTT-Tucker formats.

Figure 6. Memory cells versus − log
10
(ε).

Generalized Gaussian 12D example.
Figure 7. CPU time versus− log

10
(ε). Gen-

eralized Gaussian 12D example.

On figures 6, 7 we show respectively the memory cells required to store the FPE
solution, and the CPU time of the scaling and squaring method versus the Frobenius
rounding accuracy in different formats andmethods. We compare the linear QTT, QTT-
Tucker (with mode size 2), and also the Extended TT (ETT) formats (n = 256, L =
1). The most consuming operation is the squaring of the approximant, and there are
two approaches: exact Hadamard product + rounding (round), and the DMRG-based
approximation of the result (dmrg). We failed to proceed with the former approach for
high accuracies due to the memory limitations: the ranks of the product are squared,
thus we need O(dLnr4f + dr

6
c) storage, and the rounding complexity is O(dLnr6f + dr8c).

By the same reasons, we do not consider the TT format with n = 256. The DMRG
complexity is O(dLn2r4f + dr6c), and the storage is O(dLn2r3f + dr4c). It is also interesting,
that the QTT-Tucker and ETT formats use asymptotically the same amount of memory
(which shows that the largest rank is in the Tucker core), but the n2-overhead makes
the DMRG procedure faster for the Q-format.
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In this example, the complexity of the QTT-Tucker is more than 10 times smaller
than of the QTT format for 6-7 digits of accuracy. It shows the advantages of the new
format in solution of high-dimensional problems.

8. Conclusion

A combined tensor representation was considered. It encapsulates the benefits of the
Tucker, TT and QTT formats. As its predecessors, the new format is a closed manifold.
All basic algebraic operations, as well as rounding and alternating optimization meth-
ods are available and stable. Despite the worse asymptotic storage and computation
complexity, it usually performs better than the “standard” linear-structured QTT, due
to much lower ranks required to fix the same accuracy. Moreover, they are distributed
more uniformly (similarly to the Tucker ranks), on the contrary to the linear QTT, which
normally keeps a “peak” rank at the middle of the tensor train.

From that point of view, the QTT-Tucker format can be considered as a “rank equal-
izing” structure. In terms of TT, an attempt to implement such an idea resulted in the
so-called Tensor Chain [30] format, which is the TT with the summation over the con-
nected first and the last ranks not equal to 1. Such representation was expected to man-
ifest uniform ranks distribution, since none of them are “boundary” or “middle”. Un-
fortunately, the TC manifold is not closed, and optimization problems are ill-posed.
The QTT-Tucker format reduces the peak rank values by making the effective “length”
of the involved tensor trains smaller (d or L versus dL), but without loosing the stability.
Moreover, any TC representation can be easily converted to the QTT-Tucker format.

However, the rank overhead of the DMRG optimization algorithms can be signifi-
cantly worse in the Tucker-based formats rather than the TT, since the effective mode
sizes are now r but not 2, and DMRG techniques require merging of two blocks. To
achieve the same rank complexity as in the rounding procedure, robust one-block al-
ternating methods have to be developed. This is the aim for the future work.

References

[1] Beylkin G., Mohlenkamp M. J.Numerical operator calculus in higher dimensions //
Proc. Nat. Acad. Sci. USA. 2002. V. 99, № 16. P. 10246-10251.

[2] Kolda T. G., Bader B. W. Tensor decompositions and applications // SIAM Review.
2009. V. 51, № 3. P. 455–500.

[3] Bader B. W., Kolda T. G. Efficient MATLAB computations with sparse and factored
tensors // SIAM J. Sci. Comput. 2007. V. 30, № 1. P. 205–231.

[4] GriebelM. Sparse grids and related approximation schemes for higher dimensional
problems. — SFB 611, 2005.

[5] von Petersdorff T., Schwab C. Numerical solution of parabolic equations in high di-
mensions // ESAIM: Mathematical Modelling and Numerical Analysis. 2004. V. 38,
№ 01. P. 93-127.

[6] Griebel M., Kuo F. Y., Sloan I. H. The smoothing effect of the ANOVA decomposi-
tion // Journal of Complexity. 2010. V. 26, № 5. P. 523 - 551.

23



[7] Liu R., Owen A. Estimating mean dimensionality of analysis of variance decompo-
sitions // Journal of the American Statistical Association. 2006. V. 101, №474. P. 712–
721.

[8] Hitchcock F. L. Multiple invariants and generalized rank of a p-way matrix or ten-
sor // J. Math. Phys. 1927. V. 7, № 1. P. 39–79.

[9] Harshman R. A. Foundations of the PARAFAC procedure: models and conditions
for an explanatorymultimodal factor analysis //UCLAWorking Papers in Phonetics.
1970. V. 16. P. 1-84.

[10] Caroll J. D., Chang J. J. Analysis of individual differences in multidimensional
scaling via n-way generalization of Eckart–Young decomposition // Psychometrika.
1970. V. 35. P. 283-319.

[11] de Silva V., Lim L.-H. Tensor rank and the ill-posedness of the best low-rank approx-
imation problem // SIAM J. Matrix Anal. Appl. 2008. V. 30, № 3. P. 1084–1127.

[12] Tucker L. R. Some mathematical notes on three-mode factor analysis // Psychome-
trika. 1966. V. 31. P. 279-311.

[13] de Lathauwer L., de Moor B., Vandewalle J. A multilinear singular value decomposi-
tion // SIAM J. Matrix Anal. Appl. 2000. V. 21. P. 1253–1278.

[14] de Lathauwer L., de Moor B., Vandewalle J.On best rank-1 and rank-(R1, R2, ..., RN) ap-
proximation of high-order tensors // SIAM J.Matrix Anal. Appl. 2000. V. 21. P. 1324-
1342.

[15] Goreinov S. A., Oseledets I. V., Savostyanov D. V. Wedderburn rank reduction and
Krylov subspace method for tensor approximation. Part 1: Tucker case // SIAM J.
Sci. Comput. 2012. V. 34, № 1. P. A1-A27.

[16] White S. R. Density-matrix algorithms for quantum renormalization groups //
Phys. Rev. B. 1993. V. 48, № 14. P. 10345–10356.

[17] Perez-Garcia D., Verstraete F., Wolf M., Cirac J. Matrix Product State Representa-
tions // Quantum Inf. Comput. 2007. V. 401, № 7.

[18] Vidal G. Efficient classical simulation of slightly entangled quantum computa-
tions // Physical Review Letters. 2003. V. 91, № 14. P. 147902.

[19] Östlund S., Rommer S. Thermodynamic limit of Density Matrix Renormalization //
Phys. Rev. Lett. 1995. V. 75, № 19. P. 3537–3540.

[20] Meyer H.-D., Gatti F., Worth G. A.Multidimensional QuantumDynamics: MCTDH
Theory and Applications. — Weinheim: Wiley-VCH, 2009.

[21] HackbuschW., Kühn S.Anew scheme for the tensor representation // J. Fourier Anal.
Appl. 2009. V. 15, № 5. P. 706–722.

[22] Grasedyck L.Hierarchical singular value decomposition of tensors // SIAM J.Matrix
Anal. Appl. 2010. V. 31, № 4. P. 2029-2054.

24



[23] Oseledets I. V., Tyrtyshnikov E. E. Breaking the curse of dimensionality, or how to
use SVD inmany dimensions // SIAM J. Sci. Comput. 2009. V. 31, № 5. P. 3744-3759.

[24] Oseledets I. V. Tensor-train decomposition // SIAM J. Sci. Comput. 2011. V. 33, № 5.
P. 2295-2317.

[25] Oseledets I. V., Tyrtyshnikov E. E. TT-cross approximation for multidimensional ar-
rays // Linear Algebra Appl. 2010. V. 432, № 1. P. 70-88.

[26] Oseledets I. V. Approximation of 2d × 2d matrices using tensor decomposition //
SIAM J. Matrix Anal. Appl. 2010. V. 31, № 4. P. 2130-2145.

[27] Oseledets I. V. Constructive representation of functions in tensor formats: Preprint
2010-04. — Moscow: INM RAS, 2010. http://pub.inm.ras.ru.

[28] Khoromskij B. N., Oseledets I. V. Quantics-TT collocation approximation of
parameter-dependent and stochastic elliptic PDEs // Comput. Meth. Appl. Math.
2010. V. 10, № 4. P. 376-394.

[29] Kazeev V., Khoromskij B. N. Explicit low-rank QTT representation of Laplace oper-
ator and its inverse: Preprint 75. — Leipzig: MPI MIS, 2010. www.mis.mpg.de/
preprints/2010/preprint2010_75.pdf.

[30] Khoromskij B. N. O(d logN)–Quantics approximation of N–d tensors in high-
dimensional numerical modeling // Constr. Appr. 2011. V. 34, № 2. P. 257-280.

[31] de Lathauwer L. A survey of tensor methods // IEEE International Symposium on
Circuits and Systems. 2009, May. — P. 2773-2776.

[32] Khoromskij B.N.Tensor-structured numericalmethods in scientific computing: sur-
vey on recent advances // Chemometr. Intell. Lab. Syst. 2012. V. 110, № 1. P. 1-19.

[33] Hackbusch W. Tensor spaces and numerical tensor calculus. — Springer–Verlag,
Berlin, 2012.

[34] Grasedyck L., HackbuschW.An introduction to hierarchical (H-) and TT-rank of ten-
sors with examples // Comput. Meth. Appl. Math. 2011. V. 3. P. 291-304.

[35] Khoromskij B. N., Khoromskaia V. Multigrid accelerated tensor approximation of
function related multidimensional arrays // SIAM J. Sci. Comput. 2009. V. 31, № 4.
P. 3002-3026.

[36] Khoromskij B. N. Fast and accurate tensor approximation of multivariate convolu-
tion with linear scaling in dimension // J. Comp. Appl. Math. 2010. V. 234, № 11.
P. 3122-3139.

[37] Holtz S., Rohwedder T., Schneider R. On manifolds of tensors of fixed TT–rank //
Numer. Math. 2011.

[38] Espig M., Hackbusch W., Handschuh S., Schneider R. Optimization Problems in Con-
tracted Tensor Networks: Preprint 66. — Leipzig: MPI MIS, 2011. http://www.
mis.mpg.de/preprints/2011/preprint2011_66.pdf.

25

 http://pub.inm.ras.ru
 www.mis.mpg.de/preprints/2010/preprint2010_75.pdf
 www.mis.mpg.de/preprints/2010/preprint2010_75.pdf
 http://www.mis.mpg.de/preprints/2011/preprint2011_66.pdf
 http://www.mis.mpg.de/preprints/2011/preprint2011_66.pdf


[39] Holtz S., Rohwedder T., Schneider R. The Alternating Linear Scheme for Tensor Opti-
mization in the Tensor Train Format // SIAM Journal on Scientific Computing. 2012.
V. 34, № 2. P. A683-A713.

[40] Dolgov S. V., Khoromskij B. N., Savostyanov D. V. Multidimensional Fourier trans-
form in logarithmic complexity usingQTT approximation: Preprint 18.— Leipzig:
MPIMIS, 2011. http://www.mis.mpg.de/preprints/2011/preprint2011_18.pdf.

[41] Khoromskij B. N., Oseledets I. V. DMRG+QTT approach to computation of the
ground state for the molecular Schrödinger operator: Preprint 69. — Leipzig: MPI
MIS, 2010. www.mis.mpg.de/preprints/2010/preprint2010_69.pdf.

[42] Dolgov S. V., Oseledets I. V. Solution of linear systems and matrix inversion in the
TT-format: Preprint 19. — Leipzig: MPI MIS, 2011. http://www.mis.mpg.de/
preprints/2011/preprint2011_19.pdf.

[43] Oseledets I. V., Tyrtyshnikov E. E. Tensor tree decomposition does not need a tree:
Preprint (Submitted to Linear AlgebraAppl) 2009-04.—Moscow: INMRAS, 2009.
http://pub.inm.ras.ru.

[44] Kazeev V., Khoromskij B. N., Tyrtyshnikov E. E. Multilevel Toeplitz matrices gener-
ated by tensor-structured vectors and convolution with logarithmic complexity:
Tech. Rep. 36.— Leipzig: MPIMIS, 2011. http://www.mis.mpg.de/publications/
preprints/2011/prepr2011-36.html.

[45] Khoromskaia V., Khoromskij B. N., Schneider R. QTT representation of the Hartree
and exchange operators in electronic structure calculations // Comput. Meth. Appl.
Math. 2011. V. 11, № 3. P. 327-341.

[46] Kressner D., Tobler C. Preconditioned low-rank methods for high-dimensional el-
liptic PDE eigenvalue problems // Computational Methods in Applied Mathematics.
2011. V. 11, № 3. P. 363-381.

[47] Dolgov S., Khoromskij B. N., Oseledets I. V. Fast solution of multi-dimensional
parabolic problems in the TT/QTT–format with initial application to the Fokker-
Planck equation: Preprint 80. — Leipzig: MPI MIS, 2011. http://www.mis.mpg.
de/preprints/2011/preprint2011_80.pdf.

[48] Lebedeva O. S. Block tensor conjugate gradient-type method for Rayleigh quotient
minimization in two-dimensional case // Comp. Math. and Math. Phys. 2010. V. 50,
№ 5. P. 749-765.

[49] Ballani J., Grasedyck L. A projection method to solve linear systems in tensor for-
mat: DFG-SPP1324 Preprint 46. — Marburg: Philipps-Univ., 2010. http://www.
dfg-spp1324.de/download/preprints/preprint046.pdf.

[50] Rohwedder T., UschmajewA. Local convergence of alternating schemes for optimiza-
tion of convex problems in the TT format: Preprint 112: DFG-SPP1324, 2011.

[51] Oseledets I. V. DMRG approach to fast linear algebra in the TT–format // Comput.
Meth. Appl. Math. 2011. V. 11, № 3. P. 382-393.

26

 http://www.mis.mpg.de/preprints/2011/preprint2011_18.pdf
 www.mis.mpg.de/preprints/2010/preprint2010_69.pdf
 http://www.mis.mpg.de/preprints/2011/preprint2011_19.pdf
 http://www.mis.mpg.de/preprints/2011/preprint2011_19.pdf
 http://pub.inm.ras.ru
 http://www.mis.mpg.de/publications/preprints/2011/prepr2011-36.html
 http://www.mis.mpg.de/publications/preprints/2011/prepr2011-36.html
 http://www.mis.mpg.de/preprints/2011/preprint2011_80.pdf
 http://www.mis.mpg.de/preprints/2011/preprint2011_80.pdf
 http://www.dfg-spp1324.de/download/preprints/preprint046.pdf
 http://www.dfg-spp1324.de/download/preprints/preprint046.pdf


[52] Butchart B. R. An Explicit Solution to the Fokker-Planck Equation for an Ordinary
Differential Equation // International Journal of Control. 1965. V. 1, № 3. P. 201-208.

[53] Venkiteswaran G., Junk M. A QMC approach for high dimensional Fokker-Planck
equationsmodelling polymeric liquids //Math. Comput. Simul. 2005. V. 68. P. 43–56.

[54] Chauviére C., Lozinski A. Simulation of dilute polymer solutions using a Fokker-
Planck equation // Computers & Fluids. 2004. V. 33. P. 687-696.

[55] Ammar A., Mokdad B., Chinesta F., Keunings R. A new family of solvers for some
classes of multidimensional partial differential equations encountered in kinetic
theory modeling of complex fluids // Journal of Non-Newtonian Fluid Mechanics.
2006. V. 139, № 3. P. 153 - 176.

[56] Lozinski A., Chauviére C. A fast solver for Fokker-Planck equation applied to vis-
coelastic flows calculations: 2D FENE model // Journal of Computational Physics.
2003. V. 189, № 2. P. 607 - 625.

[57] Figueroa, Leonardo E. and Süli, Endre. Greedy approximation of high-dimensional
Ornstein-Uhlenbeck operatorswith unbounded drift: Preprint. arxiv:1103.0726v1:
Oxford, 2011. http://arxiv.org/abs/1103.0726v1.

[58] Moler C., Van Loan C. Nineteen Dubious Ways to Compute the Exponential of a
Matrix, Twenty-Five Years Later // SIAM Review. 2003. V. 45, № 1. P. 3-49.

Appendix. Proof of Theorem 1

First of all, we compute the off-diagonal skeleton decompositions

Ck =WkUk, Wk ∈ Rd−k×rk , Uk ∈ Rrk×k,

Ĉk = Ûk>Ŵk>, Ŵk ∈ Rd−k×r̂k , Ûk ∈ Rr̂k×k,

with orthonormal Uk, Ûk. Now, we separate the TT blocks recursively.

On the first step we have V = B11X
2
1 +

d∑
i=2

Bi1X
′
i ~ X1 +

d∑
j=2

B1jX
′
1 ~ Xj + V

[2], where

V [k] =
d∑

i,j=k

Bij X
′
i ~ Xj. So,

V =
[
B11x

2
1 x ′1 x1 e1

] [
E[2]

d∑
j=2

B̂1,jX
[2]
j

d∑
i=2

Bi,1X
′[2]
i V [2]

]>
, (11)

where E[k] = ek⊗ · · · ⊗ ed, X[k]
j = ek⊗ xj⊗ ej+1 · · · ⊗ ed, X ′[k]i = ek⊗ x ′i ⊗ ei+1 · · · ⊗ ed. The

first term in (11) is the first TT block of V . On the other hand, we can represent it using
the skeleton factors for the first row and column:

V =
[
B11x

2
1 Û1x ′1 U1x1 e1

] [
E[2]

d∑
j=2

Ŵ1
j,1X

[2]
j

d∑
i=2

W1
i,1X

′[2]
i V [2]

]>
.

Now, we need to derive the recurrent representation for the second term.
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Suppose we have

Ṽ =

[
E[k]

d∑
j=k

X̂
[k]
j W

k−1
j,1 · · ·

d∑
j=k

X
[k]
j Ŵ

k−1
j,r̂k−1

d∑
i=k

X
′[k]
i W

k−1
i,1 · · ·

d∑
i=k

X
′[k]
i W

k−1
i,rk−1

V [k]

]>
.

(12)
Applying the first step to V [k], obtain

Ṽ =


ek

xkŴ
k−1>
k,: Ir̂k−1

x ′kW
k−1>
k,: Irk−1

Bkkx
2
k x ′k xk ek





E[k+1]

d∑
j=k+1

X
[k+1]
j Ŵk−1>

j,:

d∑
i=k+1

X
′[k+1]
i Wk−1>

i,:

d∑
j=k+1

X
[k+1]
j Bk,j

d∑
i=k+1

X
′[k+1]
i Bi,k

V [k+1]


, Irk−1 =

ek . . .
ek

 ,

or, separating the scalar coefficients from X-related data in the last column,

Ṽ =


ek

xkŴ
k−1>
k,: Ir̂k−1

x ′kW
k−1>
k,: Irk−1

Bkkx
2
k x ′k xk ek



1

Ŵk−1>
k+1:d,:

Wk−1>
k+1:d,:

Bk,k+1:d
B>k+1:d,k

1



E[k+1]

X
[k+1]
k+1:d

X
′[k+1]
k+1:d

V [k+1]

 (13)

For brevity, denote the second matrix in this statement Rk. Now, recall that Ŵk−1> =
Ûk−1B1:k−1,k+1:d,Wk−1 = Bk+1:d,1:k−1U

k−1>:

Rk =


1

Ûk−1

Uk−1

1

1

1




1

B1:k−1,k+1:d
B>k+1:d,1:k−1

Bk,k+1:d
B>k+1:d,k

1


For the second term we use the k-th skeleton decomposition:

Rk =


1

Ûk−1

Uk−1

1

1

1





1

Ûk>1:̂rk,1:k−1
Uk>1:rk,1:k−1

Ûk>1:̂rk,k
Uk>1:rk,k

1



1

Ŵk>
k+1:d,1:̂rk

Wk>
k+1:d,1:rk

1



The last term contains onlyW-coefficients, i.e. yields the form of Ṽ (12). Multiplying
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the first two terms, and plugging into (13), we get

Ṽ =


ek

xk Ŵ
k−1>
k,: ek Û

k−1Ûk>1:̂rk,1:k−1
x ′kW

k−1>
k,: ek U

k−1Uk>1:rk,1:k−1
Bkkx

2
k x ′k Û

k>
1:̂rk,k

xk U
k>
1:rk,k

ek




E[k+1]

d∑
j=k+1

X
[k+1]
j Ŵk>

j,1:̂rk

d∑
j=k+1

X
′[k+1]
j Wk>

j,1:rk

V [k+1]


. (14)

The first term is nothing else than the k-th TT block of V , since it contains only xk, ek. It
has the sizes (1+ r̂k−1+ rk−1+1)× (1+ r̂k+ rk+1), which confirms the first statement of
the theorem. With the second term we can proceed by recursion, and the last TT block
reads (since V [d] is just a one-dimensional Bddx2d)

Vd =
[
ed xd Ŵ

d
d,1:̂rd−1

x ′dW
d
d,1:rd−1

Bddx
2
d

]>
. (15)

If the first-order term is presented with unique object xk = x ′k, the ranks are reduced as
follows. First,

V1 =
[
B11x

2
1 2x1 e1

] 1 0.5 0.5

1

 ,
Reassigning V̄1 =

[
B11x

2
1 2x1 e1

]
, we convolve the rest matrix with the middle blocks,

obtaining

Ṽk =

 ek
xkW

k−1>
k,:

1
2
ek U

k−1Uk>1:rk,1:k−1
1
2
ek U

k−1Uk>1:rk,1:k−1
Bkkx

2
k xk U

k>
1:rk,k

xk U
k>
1:rk,k

ek

 .
We note here, that the constraint xk = x ′k yields V ≡ 0 if B = −B>, so that only the
symmetric part B := 0.5(B + B>) is relevant. Thus, Ŵk = Wk, Ûk = Uk. The rest TT
blocks are simplified as follows:

E[k+1]

d∑
j=k+1

X
[k+1]
j Ŵk>

j,1:̂rk

d∑
j=k+1

X
′[k+1]
j Wk>

j,1:rk

V [k+1]


=


1

1

1

1




E[k+1]

d∑
j=k+1

X
[k+1]
j Wk>

j,1:rk

V [k+1]



Convolving the first matrix from the right with Ṽk, obtain the reduced block

V̄k =

 ek
xkW

k−1>
k,: ek U

k−1Uk>1:rk,1:k−1
Bkkx

2
k 2xk U

k>
1:rk,k

ek

 of size (rk−1 + 2)× (rk + 2). (16)

Remark 6. The proof gives a constructive routine for fast assembly of a quadratic form
in TT format. Indeed, performing the SVDs of submatrices of B (which are in the order
of tens) and building the blocks from (11), (14) (or (16) in symmetric case), (15) we get
the analytical TT representation.
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