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Abstract
Solution of non-stationary problems in high dimensions is feasible only if certain
low-parametric nonlinear approximation to the solution is used. Thus, even if the initial
system is linear, defining equations for the model parameters are nonlinear. The general
concept is to use the Dirac-Frenkel principle to obtain the approximate trajectory on
the manifold. In this paper, this approach is analyzed for the dynamical approximation
of high-dimensional tensors in the so-called Tensor Train (TT)-format. We obtain an
explicit system of ODEs describing the evolution of parameters, defining the solution,
and propose an efficient and stable numerical scheme to solve this system. The efficiency
of the proposed method is illustrated by the numerical examples.

TT-format, Dirac-Frenkel, Splitting scheme, higher dimensions
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Introduction

This paper aims at constructing efficient numerical methods for the solution of highdimensional time-dependent problems of form
dx
= Ax,
dt

x(0) = y0 ,

(1)

where x = x(q1 , . . . , qd , t) is an unknown multivariate function of d variables. The problems
of form (1) play a crucial role in many applications, especially in quantum chemistry, where
numerical methods for the approximate solution of electronic and molecular Schrödinger
equations are of great importance, for example in the presence of certain time-dependent
sources. Another application is related to the Fokker-Planck and master-type equations in
multiconfiguration dynamics.
It is interesting to note that the solution of the non-stationary problem is often used to
compute the approximation to the spectrum of the operator A. This method will be discussed
later on in the numerical examples. Equations of the form (1) appear in the computation of
the molecular spectra [24, 1]. The main difficulty in solving (1) is the high-dimensionality of
∗
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the problem. If a tensor-product grid with n nodes in each direction is used, then the total
number of unknowns would be nd , which is large even for small n and d. There are several
possibilities to overcome this curse of dimensionality. One case use basis functions of special
type (radial basis functions, sparse grids, etc), or use methods to approximate the discrete
solution. Such kind of methods have been around in quantum chemistry for quite a long time.
One of the most effective ones is the so-called multiconfigurational time-dependent Hartreemethod (MCTDH) [23] which has proven its effectiveness in many cases. The discretization
of a multivariate function on a tensor-product grid leads to high-dimensional arrays that we
will call tensors. The number of elements of a tensor grows exponentially in the number of
indices. Thus, this tensors have to be approximated by certain data-sparse representations.
Several formats have been proposed to represent a tensor in a data-sparse way. They
include canonical and Tucker formats, the two formats with well-established properties and
application areas, see the review [21] for more details. They have known drawbacks: the
canonical format can not be computed via stable algorithms, and the Tucker format in high
dimensions is subject to the curse of dimensionality. The H-Tucker [16, 13] and Tree-Tucker
[27] formats were proposed as alternatives.
These formats depend on specially chosen dimension trees and require recursive procedures.
To avoid the recursion, it was proposed to use a simple matrix product form of the tensor
decomposition [25, 26], that was called the Tensor Train format, or simply the TT-format
(also known in other areas as Matrix Product States (MPS) [28] and linear tensor network
[31]).
A tensor A is said to be in the TT-format, if its elements are defined by formula
A(i1 , . . . , id ) = G1 (i1 )G2 (i2 ) . . . Gd (id ),

(2)

where Gk (ik ) is an rk−1 × rk matrix for each fixed ik , 1 ≤ ik ≤ nk . To make the matrix-bymatrix product in (2) a scalar, boundary conditions r0 = rd = 1 have to be imposed. The
numbers rk are called TT-ranks and Gk (ik ) — cores of the TT-decomposition of a given
tensor. If rk ≤ r, nk ≤ n, then the storage of the TT-representation requires ≤ dnr2 memory
cells. If r is small, then this is much smaller than the storage of the full array, nd .
The TT-format was introduced in [25, 26] as an alternative to two commonly used formats:
the canonical format and the Tucker format. These two formats can be considered as different
generalizations of the singular value decomposition (SVD) from matrices (i.e., d = 2) to
higher order tensors. The tensor is said to be in the canonical format, if
A(i1 , . . . , id ) =

r
X

U1 (i1 , α) . . . Ud (id , α).

(3)

α=1

This representation is often referred to as CANDECOMP/PAFAFAC, or simply the CP
model [4, 17]. If r, the canonical rank, is small, then the number of parameters depends on d
linearly. The Tucker model [30, 5] is the representation of form
A(i1 , . . . , id ) =

X

G(α1 , . . . , αd )U1 (i1 , α1 ) . . . Ud (id , αd ),

α1 ,...,αd

where Uk are called Tucker factors, and the tensor G(α1 , . . . , αd ) — Tucker core.
The canonical format is a good candidate for low-parametric representation of tensors. It
can be used to approximate high-dimensional operators and their inverses (see, for example,
[2, 3, 11, 14, 15, 12]) using certain analytical expansions. However, the canonical format has
a serious drawback: there are no robust algorithms to compute the canonical approximation
numerically. In fact, the best approximation problem in the canonical format can be ill-posed
[6] and the best approximation may not even exist.
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The TT-format comes with all basic linear algebra operations: addition, dot product,
matrix-by-vector multiplication (we will clarify what is meant by “matrix in the TT-format”
later on). Thus, one can use Krylov time methods for solving the nonstationary problem of
form (1). In this paper we will use another approach.
The tensors of fixed TT-ranks form a low-dimensional manifold M = TTr in the space of
all d-dimensional tensors [18]. We are looking for the approximate solution of (1) that lies
on this manifold for every t: the real trajectory y(t) should be projected onto M.
There are several possibilities to perform such projection. A natural way is to just perform
best approximation for the particular time t by using the robust approximation procedures,
that are readily available for the TT-format. However, as in two and three-dimensional cases,
this approach may not be optimal: we are interested in the approximation of the trajectory
in “whole”, not in the approximation of the individual parts of it. If the “true” solution is
close to the manifold for all t there is no problem. However, in several importrant problems
(including time-dependent Schrödinger equation), it may not be true since the solution may
incorporate a large noise, coming, for example, from artificial reflections from the boundaries.
At some moment, these unwanted components may become comparable to the “true” signal
that we are interested in, and the optimal approximation will approximate noise, rather then
maintain the closeness to the original trajectory.
Thus, the approximation of the time-dependent problems is defined using the so-called
Dirac-Frenkel variational principle, which states that the optimal solution x(t) should satisfy
dy
− Ay, δyi = 0, δy ∈ Ty M,
(4)
dt
where Ty M is the tangent space of the manifold M taken at the point y. Provided that y0
belongs to M, (4) defines a trajectory on M that is “close” to the true solution y(t) in the
variational sense. We refer the reader to the book [22] for more details. Another approach
can be based on standard time-stepping scheme with approximation, and it was considered
in [8] for several parabolic problems.
Since (4) defines a trajectory on the manifold of tensors with small TT-ranks, the solution
can be defined by a small number of parameters, i.e., the cores Gk that will now depend on
time t. Thus, it is important to write down the equations for these quantities. The analogous
procedure is well-established for the case of the Tucker format which is in fact used in the
MCTDH method, where the equations for the factors and for the core are derived and then
solved numerically 1 . The benefit of using the TT-format instead of the Tucker format is that
with a fixed rank the number of parameters in the TT-format does not grow exponentially in
the number of degrees of freedom. By increasing the rank the accuracy of the approximation
is also increasing, thus we can study the quality of the approximation numerically. Note that
in some cases there are theoretical estimates on the structure of the solution [10].
The paper is organized as follows. In Section 2 basic notation (which is not yet standard)
is presented, along with known facts about the TT-format. In Section 3 a dynamical TTapproximation is described and the equations of motion for the cores are obtained for the
general time-dependent system. In Section 4 the linear case is described in more details. It
is the central part of the paper: an efficient splitting scheme is presented for solving the
obtained equations of motion in a stable way, and also its properties are investigated. In
Section 5 numerical experiments are given.
h

1
Note, that this approach is not applicable to the canonical format, since the tensors of fixed canonical
rank do not form a manifold
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2

Notation and basic facts

2.1

Parameter-dependent matrices

In this section several basic facts and definitions are recollected. Through the paper, any
multiindex object, i.e. Gk (ik ) is a matrix, depending on parameters, and these parameters are
listed in the brackets. The size of this parameter-dependent matrix should be clear from the
context (i.e, rk−1 × rk ). The number of parameters can be arbitrary. A parameter-dependent
matrix Gk (ik ) is in fact a collection of nk matrices of the same size. This convention allows us
to replace certain summations by matrix products, simplifying the presentation. For example,
multiplication of two parameter-dependent matrices yields a new parameter-dependent matrix
with larger number of parameters:
W (ik , ik+1 ) = Gk (ik )Gk+1 (ik+1 ).
Individual elements of the parameter-dependent matrices are referred to as Gk (ik )(αk−1 ,αk ) .
This is an important operation, and we will use a special notation for that.
Definition 2.1. For a given parameter-dependent matrix Gk (ik ),
three-dimensional tensor with elements
<

<

G>
k (αk−1 , ik , αk ) is a

G>
k (αk−1 , ik , αk ) = Gk (ik )(αk−1 ,αk ) .

(5)

Note, that this notation is consistent: < G>
k (αk−1 , ik , αk ) is a parameter-dependent matrix
of size 1 × 1, i.e., a scalar. The notation (5) can be extended to extract either row or column
index of a parameter dependent matrix.
Definition 2.2. Given a parameter-dependent matrix Gk (ik ), by < Gk (αk−1 , ik ) and G>
k (ik , αk )
we denote parameter-dependent matrices of sizes 1 × rk and rk−1 × 1 respectively with elements
<

Gk (αk−1 , ik ) = Gk (ik )(αk−1 ,:) ,

G>
k (ik , αk ) = Gk (ik )(:,αk ) .

The size of < Gk (αk−1 , ik ) is 1 × rk , and the size of G>
k (ik , αk ) is rk−1 × 1. One should
be very careful, since matrix-by-matrix product is noncommutative, and the order is very
important with this notation.
Using the above conventions, the TT-format can be written in a simple “separable” form:
A(i1 , . . . , id ) = G1 (i1 )G2 (i2 ) . . . Gd (id ).

(6)

In this paper, we will need the following “basic identity”.
Lemma 2.3. Suppose A1 (i1 ), . . . , Ap (ip ) and B1 (i1 ), . . . , Bp (ip ) are parameter-dependent
matrices such that the matrix-by-matrix products
A(i1 , . . . , ip ) = A1 (i1 )A2 (i2 ) . . . Ap (ip )
and
B(i1 , . . . , ip ) = B1 (i1 )B2 (i2 ) . . . Bp (ip )
are 1 × 1 matrices, i.e., scalars. Then,




A1 (i1 ) . . . Ap (ip )











B1 (i1 ) . . . Bp (ip ) = A1 (i1 ) ⊗ B1 (i1 ) . . . Ap (ip ) ⊗ Bp (ip ) .

(7)

Proof. It is sufficient to note that for scalars, which are 1 × 1 matrices, the product is equal
to the tensor product, and use the following well-known property of the tensor product:
(AB) ⊗ (CD) = (A ⊗ C)(B ⊗ D),
where A, B, C, D are arbitrary matrices such that products AB and CD are defined.
Definition 2.4. (TT-manifold) Let r = (r1 , . . . , rd−1 ) be a given rank parameter. Then TTr
is the set of tensors that can be represented in the form (6).
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2.2

Vectors and matrices in the TT-format

The functions and their discretizations are in this paper are directly related to d-dimensional
tensors. For brevity, we will use the term “vector in the TT-format”. By that we implicitly
assume, that the vector in question has length N = n1 n2 . . . nd and it can be considered as
an n1 × . . . × nd tensor which has low TT-ranks. Square matrices acting on such vectors have
size N × N and their elements can be naturally indexed by a 2d-tuple (i1 , . . . , id , j1 , . . . , jd ),
1 ≤ ik , jk ≤ nk , i.e. M (i1 , . . . , id , j1 , . . . , jd ). A matrix M is said to be in the TT-format, if
M (i1 , . . . , id , j1 , . . . , jd ) = M1 (i1 , j1 )M2 (i2 , j2 ) . . . Md (id , jd ),

(8)

where Mk (ik , jk ) is an rk−1 × rk matrix, and r0 = rd = 1. If all TT-ranks are equal to 1, then
(8) reduces to
M = M1 ⊗ . . . ⊗ Md ,
i.e. it has Kronecker rank 1. Thus, (8) is a generalization of a standard low-rank approximation
of high-dimensional operators [32, 2].

2.3

Left and right orthogonalization of the TT-format

The TT-representation (6) is non-unique, since it is invariant under a transformation
G0k (ik ) := Gk (ik )S,

G0k+1 (ik+1 ) := S −1 Gk+1 (ik+1 )

for any nonsingular matrix S. Using such transformations, certain cores of the TT-representation
can be made orthogonal. There are two types of orthogonality of cores: left-orthogonality
and right-orthogonality. First, introduce a notion of left and right unfolding of the core.
Definition 2.5. (Left and right unfoldings) For a given parameter-dependent matrix Gk (ik ),
its left unfolding, denoted by L(Gk (ik )) is defined as


L(Gk (ik )) =







Gk (1)
Gk (2)
..
.




.



(9)

Gk (nk )
The matrix L(Gk (ik )) has size (rk−1 nk ) × rk . The right unfolding R(Gk (ik )) is defined as
R(Gk (ik )) =



Gk (1) Gk (2) · · ·

Gk (nk )



(10)

.

The matrix R(Gk (ik )) has size rk−1 × (nk rk ).
Using L(·) and R(·) operators, it is easy to define left and right orthogonality of cores.
Definition 2.6. (Left and right orthogonality) The core Gk (ik ) is said to be left-orthogonal,
if L(Gk (ik )) has orthonormal columns, and right-orthogonal, if R(Gk (ik )) has orthonormal
rows.
The cores G1 (i1 ), . . . Gk (ik ) can be made left-orthogonal by equivalent transformations,
starting from the first core. Indeed G1 (i1 ) can be written as
G1 (i1 ) = Q1 (i1 )R,
(L)

where Q1 (i1 ) is left-orthogonal by applying the QR-decomposition to a G1 . Then, the
matrix R is incorporated into the second core:
G02 (i2 ) = RG2 (i2 ),
and the same procedure is applied to the modified core G02 (i2 ), and the second and the third
core will be modified, an so on. This procedure is called orthogonalization of cores [26], and
can be implemented in O(dnr3 ) complexity.
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3

Dynamical TT-approximation

3.1

Equations of motion in the general case

In this section a general framework for the dynamical low-rank approximation in the TTformat will be derived, following the ideas of [20, 19, 22].
Suppose that X(t) is an n1 × n2 × . . . nd d-dimensional tensor depending on time, i.e.,
a solution to a certain nonstationary problem. We want to approximate X(t) by Y (t) that
belongs to a manifold M of tensors will fixed TT-ranks. Of course, it can be done “pointwise”
by the TT-SVD algorithm, but then the dependence of the TT-factors will not be smooth,
just as in the two-dimensional case. For the approximation the analogue of the Dirac-Frenkel
variational principle will be used. The projected (approximate) trajectory Y (t) should satisfy
the variational condition
h

dY
dX
−
, δY i = 0,
dt
dt

δY ∈ TY M,

(11)

where
δY = δY1 (i1 )Y2 (i2 ) . . . Yd (id ) + Y1 (i1 )δY2 (i2 ) . . . Yd (id ) + . . . + Y1 (i1 ) . . . δYd (id ).

(12)

If we impose left-orthogonality conditions, (12) has to be equipped with gauge conditions of
form
X
X
Yk∗ (ik )δYk (ik ) = 0,
Yk∗ (ik )Yk (ik ) = Irk .
(13)
ik

ik

The equations of (12) and (13) have to be solved for a given δY ∈ TY M to get δYk (ik ). Let
us perform an auxiliary orthogonalization of Yd (id ), . . . , Y2 (i2 ) from right to left,
Yk (ik ) . . . Yd (id ) = Sk−1 Zk (ik ) . . . Zd (id ),

k = 2, . . . , d,

(14)

where the cores Zk (ik ) are right orthogonal. Then, equations (12) are rewritten as








δY = δY1 (i1 )S1 Z2 (i2 ) . . . Zd (id ) + Y1 (i1 ) δY2 (i2 )S2 Z3 (i3 ) . . . Zd (id )+

(15)

+ . . . + Y1 (i1 ) . . . δYd (id ).
To get δYk (ik ), contract (15) from the left with Y1 (i1 ), . . . , Yk−1 (ik−1 ), and from the right
with Zd (id ), . . . , Zk+1 (ik+1 ):
δYk (ik )Sk = Pk (ik ) − Yk (ik )Φk ,
where
<

Pk> (αk−1 , ik , αk ) =

X

>
[Yk−1
(ik−1 , αk−1 )]∗ . . . Y1∗ (i1 )δY (i1 , . . . , id )Zd∗ (id ) . . . [< Zk+1 (αk , ik−1 )]∗ .

is ,s6=k
>
>
Since [Yk−1
(ik−1 , αk−1 )]∗ . . . Y1∗ (i1 ) and Zd∗ (id ) . . . [Zk+1
(αk , ik−1 )]∗ are numbers, one have
>
>
[Yk−1
(ik−1 , αk−1 )]∗ . . . Y1∗ (i1 ) = Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 ),
>
>
(αk , ik−1 )]∗ = Zk+1
Zd∗ (id ) . . . [Zk+1
(αk , ik−1 ) . . . Zd (id ),
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where the overline denotes the complex conjugate. To determine Φk it is sufficient to use the
gauge conditions (13). Thus, we have
δYk (ik )Sk = Pk (ik ) − Yk (ik )Φk =: Fk (ik ),
δYd (id ) = Pd (id ),
< P > (α
k−1 , ik , αk )
k

:=

X

k = 1, . . . , d − 1,

>
δY (i1 , . . . , id )Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 )< Zk+1 (αk , ik+1 ) . . . Zd (id ),

is ,s6=k

Φk =

X

Yk∗ (ik )Pk (ik ).

ik

(16)
Note, that Fk (ik ) can be written as
Fk (ik ) = Pk (ik ) − Yk (ik )

X

Yk∗ (i0k )Pk (i0k ),

i0k

and since L(Yk (ik )) is a matrix with orthonormal columns (due to left-orthogonality), each
column of the matrix L(Fk (ik )) is just a projection of the corresponding column of L(Pk (ik ))
onto the space, orthogonal to the column space of the matrix L(Yk (ik )),
L(Fk (ik )) = L(Π⊥
Yk (ik ) Pk (ik )),

(17)

where by Π⊥
Yk (ik ) is the orthogonal projector, discussed above. The form (17) is very important,
since the projector is invariant under multiplication of Yk (ik ) from the right by any nonsingular matrix, i.e.
⊥
Π⊥
Yk (ik ) = ΠYk (ik )W .
The final form for the equations of motion looks like
dYk (ik )
Sk = Π⊥
k = 1, . . . , d − 1,
Yk (ik ) Pk (ik ),
dt
dYd (id )
= Pd (id ),
dt
X dX(i1 , . . . , id )
>
< P > (α
Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 )< Zk+1 (αk , ik+1 ) . . . Zd (id ),
k−1 , ik , αk ) =
k
dt
is ,s6=k
(18)
where Yk (ik ), Sk , Φk , Pk , Zk depend on time t. Note, that Zk and Sk are auxiliary variables
defined by the orthogonalization procedure (14), and can be considered as known functions
of Yk .
From now on, we consider the case when X(t) is the solution of the equation of form
dX
= F (X, t).
dt

3.2

(19)

Difficulties in the solution of the equations of motion

Equation (18) can be used to compute the dynamics of the “reduced system”, provided that
Pk (ik ) can be computed cheaply. If it is the case, one can use any suitable ODE solver.
However, this is not a good idea due to several reasons. First of all, the matrices Sk can be
ill-conditioned, thus, the system in the variables Y1 (i1 ), . . . , Yd (id ) will be stiff. For example,
the following situation is not uncommon: the initial value Y (0) has a very nice structure
(say, rank-1), but during time evolution the one has to use larger ranks. To put the solution
7

into the manifold with higher ranks, the simplest choice is to use pad Yk (ik ) by zeros. In this
case, the matrices Sk will be singular.
Another source of stiffness is that the different Yk (ik ) can correspond to different physical
properties (for example, different scales), thus each of them would require different time steps.
For example, the solution may be constant along one direction, and vary a lot along another
— the time step should be taken as the smallest among two of them.
Therefore, a specific time-stepping scheme should be constructed. A natural idea is to use
splitting: first make a time step in the first block variable Y1 (i1 ), modify the right-hand side,
then in the second, and so on. The simplest splitting scheme has first order in time, but it is
simple and cheap to implement, and we will show also, that it allows to avoid the inversion of
the matrices Sk and also for certain important cases, will have some conservation properties.
A benefit of the splitting scheme is that by using so-called Strang-Marchuk splitting the
second order in the timestep can be achived at no computational cost.

3.3

Splitting scheme

A natural idea to solve the system of equations (18) is to use the splitting scheme. The idea
is as follows. First, we make a time step in the first core, Y1 (i1 ) from t to t + τb with all other
cores fixed, then in the second core from t + τb to t + 2τb, and so on. In order to approximate
the evolution of the full system on a time interval [t, t + τ ] the fractional time step τb = τd
should be used.
The whole time interval is split into d intervals. at the k-th step, only the k-th core is
modified accordind to the equation
dYk (ik )
Sk = Π⊥
Yk (ik ) Pk (ik ),
dt

k = 1, . . . , d − 1,

(20)

where Pk (ik ) is defined by (18) with Y1 (i1 ), . . . , Yk−1 (ik−1 ), Zk+1 (ik+1 ), . . . , Zd (id ) taken from
the previous (k − 1) time step, i.e., do not depend on. The dX
= F (X, t) term (see (19))
dt
depends on the whole tensor, not on the particular component. Thus, it is convenient to
rewrite (20) in a new variable
Ybk (ik ) = Yk (ik )Sk .
dYbk (ik )
= Π⊥
(21)
bk (ik ) Pk (ik ), k = 1, . . . , d − 1,
Y
dt
The main advantage of this tranformation is that the right-hand side can be computed in a
stable way without inversion of the matrix Sk . Indeed, the projector does not change and
can be computed in a stable way via the QR-decomposition. Pk (ik ) depends only on the full
tensor, which can be written as
Y = Y1 (i1 ) . . . Yck (ik )Zk+1 (ik+1 ) . . . Zd (id ).
The question is how to compute the right hand side for each equation (21) in a fast way. We
will show how it can be done for a very important practical case, when the initial system is a
linear system.
After Ybk (ik ) has been modified, it is easy to recover Yk (ik ) as the Q-factor of L(Ybk (ik )).

3.4

The second-order splitting scheme

The splitting scheme described in the previous section has only first order in time. However,
it is very simple to modify it to achieve the second order in the time step, using the so-called
Strang splitting. Its idea is as follows. For a general system of form
8

du
= A(u, t) + B(u, t),
dt
we make three fractional steps: half-step in A(u, t), then full step in B(u, t) and finally
half-step in A(u, t). This scheme has second order in time. In our settings we have not two,
τ
but d operators in the right-hand side. It means, that we make a time step of length 2d
in all
cores except the last one (starting from 1 and going to the (d − 1)-th core), and a time step
τ
in the last core, and then the process is repeated in the opposite direction: we make a time
d
τ
step of length 2d
in the d − 1 core, d − 2 core and so on until the first core is reached. This is
exactly how the Strang splitting looks for this particular system of ODEs we are trying to
solve, and the cost is increased only twice, but the benefit is great: instead of the first order
in time we have the second order in time.

4

The linear case

4.1

Equations of motion for the linear system case

Now let us concentrate on the numerical solution method in the linear case, when the
tensor Y is the optimal dynamical low-rank approximation to the solution x(t) of a linear
high-dimensional equation of form
∂x
= Ax,
∂t

x ∈ Cn1 ⊗n2 ⊗...⊗nd ,

x(0) = x0 .

(22)

We will suppose that both A and x0 are given in the TT-format, and the TT-ranks that
specify the manifold are also given.
The right-hand side of the equations (18), defined by Pk (ik ), can be calculated in a fast
way. Indeed, if A is in the TT-format with cores Ak (ik , jk ), and Y has cores Yk (ik ), the cores
Wk (ik ) of the tensor, corresponding to the matrix-by-vector product are [26].
Wk (ik ) =

X

Ak (ik , jk ) ⊗ Yk (jk ).

(23)

jk

In other words,

dX
dt

is also in the TT-format with the cores Wk (ik ) given by (23). Therefore,
<

Pk> (αk−1 , ik , αk ) =

X

>
Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 )

is ,s6=k

W1 (i1 ) . . . Wd (id )< Zk+1 (αk , ik+1 ) . . . Zd (id ).
Now, represent the product W1 (i1 ) . . . Wd (id ) as
W1 (i1 ) . . . Wd (id ) =

>
W1 (i1 ) . . . Wk−1
(ik−1 , βk−1 )< Wk> (βk−1 , ik , βk )< Wk+1 (βk , ik+1 ) . . . Wd (id ).

X
βk−1 ,βk

The summation over i1 , . . . , ik−1 can be then separated from the summation over ik+1 , . . . , id ,
and the expession for Pk (αk−1 , ik , αk ) can be written as
(L)

(R)

Pk (ik ) = Ψk−1 Wk (ik )Ψk+1 ,

(24)

where
<

(L)>

Ψk−1 (αk−1 , βk−1 ) =

X

>
>
Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 )W1 (i1 ) . . . Wk−1
(ik−1 , βk−1 ),

i1 ,...,ik−1
<

(R)>
Ψk+1 (αk , βk )

=

<
X

(25)
Wk+1 (βk , ik+1 ) . . . Wd (id )Zk+1 (αk , ik+1 ). . . . Zd (id )

ik+1 ,...,id
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Using the “basic identity”, we have
<

(L)>

X

Ψk−1 (αk−1 , βk−1 ) =

>
>
Y1 (i1 ) . . . Yk−1
(ik−1 , αk−1 )W1 (i1 ) . . . Wk−1
(ik−1 , βk−1 ) =

i1 ,...,ik−1

X



Y1 (i1 ) ⊗ W1 (i1 ) . . .

X

>
Yk−1
(ik−1 , αk−1 )

⊗

>
Wk−1
(ik−1 , βk−1 )



.

ik−1

i1

Analogous representation holds for Ψ(R) . Finally, we have the following compact expression
for the matrices Ψ(L) , Ψ(R) (we also plugged in the expression (23) for Wk (ik )).
<

Ψ(L)
s (αs )

<

X

=



(L)
Ψs−1 (αs−1 ) < Ys> (αs−1 , is , αs )



⊗ As (is , js ) ⊗ Ys (js ) ,

αs−1 ,is ,js

Ψ(R)>
(αs−1 )
s

=

X 

< Z > (α
s−1 , is , αs )
s



(R)>

⊗ As (is , js ) ⊗ Ys (js ) Ψs+1 (αs ),

(26)

αs ,is ,js
(L)
Ψ0

4.2

= 1,

(R)

Ψd+1 = 1.

Splitting scheme for the linear case

The splitting schemes (both first and second order) in the linear case reduce to the solution
of problems of form

X


dYbk (ik )
(L)
b (j ) Ψ(R) ,
= Π⊥
Ψ
A
(i
,
j
)
⊗
Y
k k k
k k
k−1
k+1
bk (ik )
Y
dt
jk

(27)

and the sought core is recovered as a Q-factor:
[L(Yk (ik )), Sk ] = QR(L(Ybk (ik )),

k = 1, . . . , d − 1.

(28)

For the last core, the equation is just a linear system of ODEs:
X

dYd (id )
(L)
= Ψd−1
Ad (id , jd ) ⊗ Yd (jd ) ,
dt
jd

(29)

The complete numerical scheme is summarized in the Algorithm 1 for the first-order
scheme.

4.3

Energy conservation

One of the important applications of the dynamical low-rank approximation is the quantum
molecular dynamics, when A = iH, and H is a Hermitian matrix. In this case, the solution
operator
S(t) = eiHt ,
is unitary, and the norm of the solution is constant. A good feature of the proposed timesplitting schemes in the linear case is that they also conserve the norm for the skew-Hermitian
matrices A.
Theorem 4.1. Let H = H ∗ be a matrix in the TT-format, A = iH, then for any starting
vector Y in the TT-format the approximation Ye1 generated by Algorithm 1 has the same norm
as Y for any τ .
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Algorithm 1 First order splitting scheme for dynamical TT-approximation
Require: Matrix A in the TT-format with cores Ak (ik , jk ), vector Y in the TT-format with
cores Y1 (i1 ), . . . , Yd (id ), time step length τ
Ensure: Dynamical low TT-rank approximation Ye to the solution of the initial value problem
dx
= Ax,
dt

x(0) = y,

at time τ .
1: {Preliminary step}
2: τe := τd
3: Orthogonalize Y from

right to left:
Y = Yb1 (i1 )Z2 (i2 ) . . . Zd (id ),

where Z2 , . . . , Zd are right-orthogonal.
:= Yb1 (i1 ).
(R)
During orthogonalization, also compute Ψk , k = 2, . . . , d + 1 matrices using (26).
(L)
Set Ψ0 = 1.
for k = 1 to d − 1 do
Solve ODE (27) on the interval [0, τe] using any suitable time scheme with Yek (ik ) as
the initial value.
[L(Yek (ik )), Sk ] = QR(L(Ybk (ik )).
Yek+1 (ik+1 ) := Sk Zk+1 (ik+1 ).
(L)
Compute Ψk using (26).
end for
Solve ODE (29) using Yed (id ) as the initial value.
Yed (id ) := Ybd (id ).

4: Ye1 (i1 )
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:

Proof. After the right-to-left orthogonalization (construction of Z2 , . . . , Zd ) the norm of Ye is
equal to the norm of the first core:
||Ye ||F = ||Ye1 ||F = ||S1 ||F .
Due to (28), the norm of Ye1 is not changing during the “local” solve, thus after Ye2 has been
computed (at the end of step 1 of Algorithm 4.1, the norm of Ye2 is equal to the norm of the
full tensor:
||Ye2 ||F = ||Ye ||F .
The norm does not change until k becomes equal to d, where there is no projector in the
equation (29). If we stack all elements Yd (id ) into a long vector q, then (29) is a linear initial
value problem:
dq
= Bq,
dt
for some matrix B. It is not difficult to show (see [9]) that B is a Galerkin matrix for A:
B = Q∗ AQ,
where Q is an orthogonal matrix. Therefore, since A∗ = −A, B is skew-Hermitian, and the
norm q is constant in time. Therefore, the whole time-stepping procedure does not change
the norm, provided that each local system is integrated exactly.
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Remark 4.2. In practice, Theorem 4.1 is true only approximately. If the local systems
(27),(28) are solved using some ODE solver with accuracy ε, one can expect that the norm
may change also by the order of O(ε). We will illustrate this behaviour in the numerical
experiments.

5

Numerical experiments

5.1

High-dimensional Henon-Heiles potential, heat equation

As a first example, consider a heat equation

with Henon-Heiles Hamiltonian

dψ
= −Hψ,
dt

(30)

1
H = − ∆ + V,
2

(31)

where
V (q1 , . . . , qd ) =

d
d−1
X
1X
1
qd2 + λ( qi2 qi+1 − qi3 ),
2 k=1
3
i=1

(32)

and λ = 0.111803.
Equation (31) will be discretized by the tensor-product spectral Chebyshev elements (see
[29]) on an interval [−7, 7]. In the following we choose 28 spectral elements in each mode.
The initial condition is set to be a product of a shifted Gaussian (which has rank 1) and
a polynomial of degree 3. We are interested in the computational complexity scaling with
respect to the dimension d. The manifold is chosen to be TTr , where r = (10, . . . , 10), i.e. all
TT-ranks are equal to 10.
Table 1: Timings for the heat equation with the Henon-Heiles Hamiltonian, time interval
[0,1], τ = 1 · 10−2 , the manifold has ranks 10, d = 2, 4, . . . , 64.
Dimension
2
4
8
16
32
64

Time (sec)
2.77
21.39
64.82
142.2
346.9
832.31

We can see, that the time scaling is slightly worse than linear. It is due to the fact that
the time for local adaptive ODE solvers may slightly increase with increasing dimension.

5.2

Dependence on the timestep

Now let us confirm that the proposed scheme has indeed the second order in time. The matrix
H is the discretized Henon-Heiles Hamiltonian with dimension d = 8, the time interval is
again set to [0, 1], and we compare the final values ψ(1) for different timesteps τ . For the
reference solution, we use the solution computed with τ = 10−3 . The results are presented in
Table 2.
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Table 2: The dependence of the error on the time step for the Henon-Heiles oscillator (d = 8),
time interval [0, 0.1].
Error
3.137e-03
7.969e-04
2.000e-04
5.001e-05
1.247e-05
3.081e-06
7.335e-07

τ
1.000e-01
5.000e-02
2.500e-02
1.250e-02
6.250e-03
3.125e-03
1.563e-03

5.3

The degenerate case

The proposed scheme has an important advantage over analogous approaches, known in the
dynamical low-rank approximation. Since it is based on projectors, it can easily work in
the degenerate case, when the rank is overestimated, that means, that solution in time has
smaller rank, then the TT-ranks chosen (thus, all matrices Sk are singular). Such kind of
situation can appear in several cases. The first case is when the initial approximation has
larger ranks than the final (“stationary”) solution. The second case is when the TT-ranks are
underestimated: initial approximation has smaller ranks then ψ(t) for sufficiently large t (i.e.,
the manifold was chosen incorrectly). A simple solution is to add fictious zero components to
the initial approximation. This immediately leads to singularities, and is usually solved by
certain regularization techniques. Our approach does not need regularization, and the same
scheme works in both cases. One can also imagine more complicated dynamics, when ψ(t)
has smaller ranks at some times. In this case, regularization techniques are not applicable,
and the largest possible rank has to be chosen. Our scheme makes it possible.
5.3.1

Rank overestimation

As a numerical illustration for the first case (rank overestimation), we will use the simplest
multidimensional harmonic oscillator. In the operator form,
1
H = − ∆ + V,
2
where

1 2
V =
q1 + . . . + qd2 .
2
The operator H is discretized via Chebyshev spectral elements. The initial value is chosen as
a product of a shifted Gaussian and a degree-2 polynomial. It can be shown, that such kind
of functions has TT-ranks bounded by 3. The solution ψ(t) converges to the scalar multiple
of a first eigenfunction which is a Gaussian function, which is separable and has TT-ranks
exactly equal to 1. The error can be measured by the residue


ε(t) =



||Hψ − λψ|||
.
||ψ||

Figure 1 shows the evolution of singular values of different unfoldins of a tensor in time. It
can be seen, that the solution converges to a rank-1 eigenvector, and the second singular
values are numerically equal to zero, but it does not influence the convergence of the splitting
scheme. The results are presented on Figure 1.
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Figure 1: The dynamics of singular values of unfoldings (Heat equation with harmonic
oscillator Hamiltonian, T = 20, d = 4, τ = 0.05)
5.3.2

Rank underestimation

For the second case, when the rank ψ(t) is larger, then the rank of the initial value ψ(0), we
have chosen the Henon-Heiles oscillator again, and set the initial condition to be a Gaussian
function, shifted by 2 in each direction. It has rank 1, while the first eigenvector of the
Henon-Heiles oscillator has non-trivial ranks. In order to put the solution onto the manifold,
we explicitly added fictious zero components to the initial solution, making all TT-ranks to
be equal to 10. The results are presented on Figure 2.

5.4
5.4.1

Time-dependent Schrödinger equation
Norm conservation in the skew-Hermitian case

In this subsection we will consider the application of the proposed numerical scheme to the
complex case, i.e. the equation of form
dψ
= iHψ,
dt

ψ(0) = ψ0 .

where H = H ∗ is the Hamiltonian. Again, H is chosen to be the Henon-Heiles Hamiltonian (31). The result are presented on Figure 3.
5.4.2

Changing the manifold

It is interesting to consider the following numerical example. In the case when the solution is
“going away” from the manifold, we can instantly change the manifold and increase the ranks.
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Figure 2: The dynamics of singular values of unfoldings (heat equation with Henon-Heiles
Hamiltonian, T = 20, d = 4, τ = 0.05)
In order to see, what happens, let us take theinitial TT-ranks to be equal to 5, the time
interval [0, 10], and at the time moment t = 5 the TT-ranks are increased to 10 by adding
zero components. The results are presented in Figure 4. It can be seen, that the “bump”
produces a peak in the singular values of the solution. This is due to fact, that adding zero
components leads (at the first iteration step) to projection of the local matrix-by-vector
product onto a random subspace. However, the effect is then quickly eliminated, and the
first 5 singular values proceed along the same curves.

6

Conclusions and future work

In this paper we have presented an efficient time-stepping scheme for the dynamical TTapproximation. This scheme is simple, has the second order in the time step, does not
suffer from the curse of dimensionality, works with tensor “as whole” (thus, applies to the
degenerate case, when certain singular values of unfoldings vanish), and it is conservative in
the skew-Hermitian case. We demonstrated the efficiency of our approach on several examples.
In future work, we plan to adapt the developed method to the DMRG-type algorithm (to
allow the smooth changing of the manifold) and also to stationary problems, like linear
systems and eigenvalue problems.
The approach considered in this paper can be extended to more general tensor manifolds,
in particular, to the two-level Tucker-TT-QTT format [7].
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