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The Willmore functional on isometric immersions
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Abstract

Let S ⊂ R2 be a bounded domain and let g be a Riemannian
metric on S. We study the restriction of the Willmore functional to
the class of isometric immersions of (S, g) into R3. We provide a notion
of stationarity for such isometry-constrained functionals and a method
to derive the Euler-Lagrange equations satisfied by stationary points.

1 Introduction

Let S ⊂ R2 be a bounded domain. Let u be an immersion of S into R3 with
induced metric g, induced area measure µg on S and induced boundary
measure µg∂ on ∂S. For such an immersion u, the Willmore functional is
given by (cf. e.g. [46, 37])

W (u) =
1

4

∫
S
|H|2dµg +

∫
∂S
κgdµg∂ , (1)

where κg is the geodesic curvature of ∂S. The Willmore functional has
been studied extensively in the literature, cf. [48, 39, 33] and the references
cited therein. Its analytical properties have been systematically studied in
[24, 2, 25, 34]. More recently, there has been growing interest in constrained
versions of the Willmore functional. The typical constraints include pre-
scribed conformal class (cf. [5, 26, 35]) or fixed area and enclosed volume,
cf. [14, 38].
In this paper we study the restriction of the Willmore functional (1) to
isometric immersions of a given Riemannian manifold (S, g) into R3. More
precisely, from now on S ⊂ R2 will denote a bounded simply connected
domain with smooth boundary, and g : S → R2×2 will be a given smooth
Riemannian metric on S. We will study the restriction of the Willmore
functional to the class

W 2,2
g (S) =

{
u ∈W 2,2(S,R3) : ∂iu(x) · ∂ju(x) = gij(x)

for i, j = 1, 2 and almost every x ∈ S
}
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of W 2,2 isometric immersions of (S, g) into R3. That is, we will study the
functionals

W̃g(u) =

{
W (u) if u ∈W 2,2

g (S)

+∞ otherwise.

These functionals are entirely natural from a geometric viewpoint, as they
are the simplest purely extrinsic functionals on surfaces. In addition, they
play a pivotal role in the modelling of thin films in nonlinear elasticity, cf.
[11, 10]
In the case when g is the standard flat metric, i.e. gij = δij , the correspond-

ing constrained Willmore functional W̃g agrees with the energy functional
arising Kirchhoff’s nonlinear bending theory for thin elastic plates, cf. [11].
It was studied in some detail in [17]. However, the arguments used in that
paper heavily depend upon the special structure (developability) of intrin-
sically flat surfaces, so they do not carry over to other metrics. Still worse,
they are not suited to even formulate the concept of ‘stationary point’ for
functionals such asWg. In fact, a possible notion was introduced in [17], sim-
ply by regarding solutions to the Euler-Lagrange equations derived in that
paper as stationary points. But this definition is somewhat ad hoc, and it
clearly does not help in defining stationarity for W̃g when g is Riemannian
metric other than the standard flat metric. Moreover, from a conceptual
viewpoint, a major drawback of the derivation of the Euler-Lagrange equa-
tion in [17] (which is a system of ordinary differential equations) is that the
relation to the classical Willmore equation remains unclear.

In this paper we provide a general framework for the analysis of isometry-
constrained functionals such as W̃g, which works for arbitrary Riemannian
metrics g. This approach overcomes the problems mentioned earlier. It
leads to a natural notion of stationarity, based on the geometric concept of
bendings. Bendings are deformations of a given surface which preserve the
metric. The velocity field τ of such a deformation is a solution of the system

∂iu · ∂jτ + ∂ju · ∂iτ = 0 for all i = 1, 2, (2)

which is obtained by linearizing the system ∂iu · ∂ju = gij . Solutions τ to
(2) are called infinitesimal bendings of u.
We provide a general scheme to derive Euler-Lagrange equations for func-
tionals such as W̃g for arbitrary metrics g. Our abstract Euler-Lagrange
equations will be formulated in terms of infinitesimal bendings. We give
various formulations of these Euler-Lagrange equations, one of which shows
very clearly the relation to the classical Willmore equation (cf. [46]). In
particular, it explains how Euler-Lagrange ordinary differential equations
such as those derived in [17] (or the particular version stated in [40]) relate
to the Willmore equation. As mentioned earlier, even this relation was not
clear before.
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One of the formulations of the Euler-Lagrange equations found in the present
paper is a weak formulation which makes sense under the natural growth
conditions ensured by finiteness of the energy alone. Its relation to the other
formulations is somewhat analogous to the relation between the weak for-
mulation of the Willmore equation in [34] and its usual formulation.
The approach in this paper leads to the immediate qualitative conclusion
that the Euler-Lagrange equations of the functionals W̃g must differ con-
siderably depending on the sign of the Gauss curvature of g. The simple
reason is that the structure of infinitesimal bendings (i.e. of the admis-
sible test functions) depends heavily on the sign of the Gauss curvature.
In particular, it also leads to a new a new approach for the derivation of
the Euler-Lagrange equation obtained in [17]. In the present paper we are
mainly interested in the general approach valid for all metrics.

As mentioned earlier, a key role in our approach is played by so-called bend-
ings and by their infinitesimal counterparts. Geometer’s interest in such
objects dates back at least to Darboux [9]. Both bendings and infinitesimal
bendings have been studied extensively in the literature, with contributions
from the German school [3, 47, 15, 8] and many contributions by the So-
viet school [41, 43, 19, 20, 42], especially dating from the 1940s through the
1980s. The classical results about bendings are ‘rigidity’ results: in [8] it was
shown that two closed isometric analytic convex surfaces are congruent up
to reflection (i.e. they only admit trivial bendings); the regularity hypothe-
ses were later relaxed in [15] and in [36]. Rigidity results about compact
surfaces with Gauss curvature changing sign were obtained, e.g., in [1] and
[32]. A related question is that of local bendability, i.e., whether a point
on a surface has a neighbourhood that can be deformed without changing
the metric. Such questions were studied by the Russian school as well. The
classical results about infinitesimal bendings are ’infinitesimal rigidity’ re-
sults. We refer to [4] and [21] for closed convex surfaces. More recent results
on infinitesimal bendings include e.g. [29, 30] and [16].
Regarding applications, the results of the present paper emphasize the im-
portance of full bendings in fully nonlinear elasticity. The relevance of (full)
bendings has apparently not yet been appreciated in the applied literature.
In contrast, there are many contributions about infinitesimal bendings due
to their well-known role in linearized elasticity, cf. e.g. [13, 7, 28, 12, 27].
In applications, one is often interested in more general energy densities than
|H|2, namely (anisotropic Helfrich-type) densities of the form Q(H − H0)
for some given spontaneous curvature H0 and some quadratic form Q. Such
functionals, along with other questions related to applications, will be ad-
dressed elsewhere.

The structure of the paper is as follows. After presenting in some detail our
main results in Section 2, in Section 3 we prove existence of minimizers under
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various subsidiary conditions. In Section 4 we introduce the key concepts. In
Section 5 we obtain results about infinitesimal bendings ofW 2,2 immersions.
In Section 6 we compute the first variation of the Willmore functional under
infinitesimal bendings for various representations of the latter, and we prove
the main results.
In order to make this article more accessible to non-geometers, the use of
geometric notions and notation have been kept to a minimum.

2 Discussion of main results

It is clear that the isometry constraint leads to new difficulties which are
not encountered in the context of the classical Willmore functional. The
main new challenge is to find a large enough class of variations and a use-
ful formulation of the Euler-Lagrange equation. On the other hand, the
isometry constraint simplifies matters drastically when it comes to proving
existence of minimizers. This is because it breaks the usual invariances of
the Willmore functional. Therefore, proving existence of minimizers of W̃g

will turn out to be straightforward. In fact, we will see that the stationary
points of W̃g agree with those of the functional Wg defined by

Wg(u) :=

{
1
2

∫
S |∇2u|2g dµg if u ∈W 2,2

g (S,R3)

+∞ otherwise.
(3)

(We refer to later sections for details on the notation.) One can prove
results such as the following one; cf. Proposition 3.1 for existence results
under other subsidiary conditions.

Proposition 2.1 The restriction of the functional Wg to the space

A0 = {u ∈W 2,2
g (S) :

∫
S
u dµg = 0}

attains a global minimum on this space.

Once minimizers are found, one is interested in a suitable notion of sta-
tionary points of Wg and in the Euler-Lagrange equations satisfied by such
stationary points. As explained earlier, these are linked to the notion of
infinitesimal bendings. We will distinguish between stationary points of Wg

and the (a priori smaller) class of surfaces which are stationary for Wg under
infinitesimal bendings. We refer to Section 4 for details.
We denote by 〈·, ·〉g the scalar product associated with the metric g, and its
extension to tensors is denoted by the same symbol. By h we denote the
second fundamental form of a given immersion u. The Christoffel symbols
are denoted by Γk

ij . As in the rest of the paper, S ⊂ R2 denotes a simply
connected bounded domain with smooth boundary. Our first formulation of
the Euler-Lagrange equation for general metrics is this one:
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Theorem 2.2 Let g ∈ C∞(S,R2×2) be a Riemannian metric on S and let
p ≥ 2, q > 2 or p > 2, q ≥ 2. Then the following is true: If u ∈ W 2,q

g (S) is
stationary for Wg under infinitesimal bendings, then we have∫

S
〈h, b〉g dµg = 0 (4)

whenever b ∈ Lp(S,R2×2
sym) solves the linearized Gauss-Codazzi-Mainardi sys-

tem

b : cof h = 0

(curl b)1 + Γi
11bi2 − Γi

12bi1 = 0 (5)

(curl b)2 + Γi
12bi2 − Γi

22bi1 = 0

in the distributional sense. Here, (curl b)k = ∂2bk1−∂1bk2, and cof h denotes
the cofactor matrix of h.

From Theorem 2.2 one can deduce results such as the following.

Corollary 2.3 Assume that the hypotheses of Theorem 2.2 are satisfied.

Then there exist sequences ϕ
(n)
0 , ϕ

(n)
1 , ϕ

(n)
2 ∈ C∞

0 (S) such that

ϕ
(n)
0 cof h+ ϕ

(n)
i

(
−Γ1

i2
1
2(Γ

1
i1 − Γ2

i2)
1
2(Γ

1
i1 − Γ2

i2) Γ2
i1

)
+

+

(
−∂2ϕ(n)

1
1
2(∂1ϕ

(n)
1 − ∂2ϕ

(n)
2 )

1
2(∂1ϕ

(n)
1 − ∂2ϕ

(n)
2 ) ∂1ϕ

(n)
2

)
⇀

√
g · g−1hg−1

(6)

weakly in Lp/(p−1)(S,R2×2) as n→ ∞.

Remarks.

1. A key feature of Theorem 2.2 is that (4) and (5) make sense under the
natural growth conditions u ∈W 2,2(S,R3) and b ∈ L2(S,R2×2

sym) which
follow from finiteness of the energy alone.

2. Theorem 2.2 is (essentially) a consequence of Proposition 6.3 below,
which gives a similar conclusion without any growth conditions beyond
u ∈W 2,2(S,R3) and b ∈ L2(S,R2×2

sym).

3. The regularity assumption on the metric g can be weakened through-
out this paper. Also, there are many instances where one can replace
Sobolev spaces by Hölder spaces and obtain similar results. We leave
it to the interested reader to verify to which extent the regularity
hypotheses can be weakened while preserving the validity of the argu-
ments presented below.

5



4. The relevance of Corollary 2.3 is that it implies a more explicit Euler-
Lagrange equation than Theorem 2.2 once (by a priori estimates) it is

known that the sequences ϕ
(n)
i converge.

5. A converse to Corollary 2.3 is easy to check: if h ∈ Lp(S,R2×2) for

some p > 2 and (6) is satisfied for some ϕ
(n)
0 , ϕ

(n)
1 , ϕ

(n)
2 , then clearly (4)

is satisfied for all b ∈ Lp(S,R2×2
sym) solving (5) in the sense distributions.

In order to formulate our next result, we introduce the matrix

J =

(
0 −1
1 0

)
.

Throughout the paper we use the common convention regarding the raising
and lowering of indices. Covariant differentiation will be denoted by D,
and we denote by ∆g = DiDi the Laplacian corresponding to the metric g
and by Kg the Gauss curvature of g. We will write

√
g := (det g)1/2. By

ν : ∂S → S1 we denote the outer unit normal to S, i.e. the co-normal to the
surface in local coordinates.
The next theorem gives other versions of the weak Euler-Lagrange equation
which are roughly equivalent to Theorem 2.2. On one hand, they are not as
well adapted to the present setting, as they require a degree of regularity for
u which typically is far away from the regularity following from finiteness
of the energy alone. On the other hand, one of them settles the relation
to the classical Willmore equation (cf. [46]) and the other one gives the
relation to a common description of infinitesimal bendings, as used e.g. in
[31], which has the virtue of describing infinitesimal bendings by means of
a single scalar equation. See Section 5 for details.

Theorem 2.4 Let g ∈ C∞(S,R2×2) be a Riemannian metric on S and let
u ∈ W 2,2

g (S). If u ∈ C∞(S,R3) is stationary for Wg under infinitesimal
bendings then the following are true:

(i) We have∫
S
H
(
∆gΦ+ 2(H2 −Kg)Φ

)
dµg +

∫
∂S
H2 〈ν, V 〉g dµg∂ = 0 (7)

for all V ∈W 2,2(S,R2) and Φ ∈W 2,2(S) solving the system

1

2
(∂iVj + ∂jVi)− Γk

ijVk = Φhij for all i, j = 1, 2. (8)

(ii) We have ∫
S

√
gJ ikωk(∂iH) dµg =

∫
∂S

√
gJ ikωkνiH dµg∂
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for all ω1, ω2 ∈W 1,2(S) and all ψ ∈W 1,2(S) satisfying the system

divgω = 2ψH (9)

∇ψ = −hg−1ω. (10)

(iii) If, moreover, Kg 6= 0 on S, and if we set aik = (h−1)ik then we have∫
S

√
gJ ikψDl(a

l
k∂iH) dµg =

∫
∂S

√
gJ ikalk (νl(∂iH)ψ − νiH(∂lψ)) dµg∂

(11)

for all ψ ∈W 2,2(S) satisfying the equation

divg(h
−1∇ψ) + 2Hψ = 0 in S. (12)

Remarks.

1. The assertions of Theorem 2.4 (i) and (ii) are roughly equivalent to
each other, and part (iii) essentially follows from (ii).

2. In order to obtain volume integrals that do not contain derivatives of
the test function Φ, one may integrate by parts on the left-hand side
of (7) to obtain the equivalent equation∫

S

(
∆gH + 2H(H2 −Kg)

)
Φ dµg

+

∫
∂S
H2 〈ν, V 〉g +H 〈ν,∇Φ〉g − 〈ν,∇H〉g Φ dµg∂ = 0. (13)

If V and Φ had compact support and Φ could range through C∞
0 (S)

then this equation would reduce to the classical Willmore equation.
However, our class of test functions is strongly constrained: In gen-
eral, nontrivial solutions of (8) cannot vanish at the boundary.
Theorem 2.4 (i) clarifies the relation between the Euler-Lagrange equa-
tion for Wg and the classical Willmore equation. It explains, for in-
stance, how an ODE system such as the Euler-Lagrange equation de-
rived in [17] is related to the classical Willmore equation.

3. Again, the regularity assumptions made in Theorem 2.4 can of course
be weakened (both those on g and those on u), as can be seen from
our proof. However, in oder to obtain the explicit left-hand sides in
Theorem 2.4, one does need some regularity for u which does not
follow from boundedness of Wg(u) alone. Recall that equation (4), in

contrast, is well-defined for all u ∈W 2,2
g (S).

4. Results similar to Corollary 2.3 follow from Theorem 2.4, cf. Section
6 for details.
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3 Existence of minimizers

If F and G are matrices of the same order, we will write

F : G = Tr(F TG).

By D we will denote the metric connection corresponding to the metric g,
and its natural extension to tensors will be denoted by the same symbol. In
contrast, ∇ will denote the usual connection corresponding to the standard
flat metric in R2. We use the common convention regarding the raising and
lowering of indices. In particular, gkl denotes the (kl)-entry of the matrix
g−1. The Christoffel symbols of the connection D are denoted by Γk

ij , that

is, Γk
ij :=

1
2g

kl(∂jgil + ∂igjl − ∂lgij). The normal of a given immersion u will
be denoted by n, so

n =
∂1u ∧ ∂2u
|∂1u ∧ ∂2u|

.

The second fundamental form of the immersion will be denoted by A. The
components of A will be denoted by hij , so

hij = −∂in · ∂ju = n · ∂i∂ju.

For F,G : S → R2×2 we set 〈F,G〉g = F ijGij , and for maps u, τ : S → R3

we define 〈
∇2u,∇2τ

〉
g
:= gikgjl∂i∂ju · ∂k∂lτ.

We set |∇2u|2g =
〈
∇2u,∇2u

〉
g
.

For all u ∈W 2,2
g (S) we clearly have

|∇2u|2g = |A|2g + |Γ|2g = 4H2 − 2Kg + |Γ|2g, (14)

where Kg is the Gauss curvature of the metric g and |Γ|2g := Γm
ijΓ

n
klgmng

ikgjl.

But Kg and |Γ|2g are purely intrinsic quantities and as such they are the

same for all u ∈ W 2,2
g (S). And the same is true for the boundary integral∫

∂S κg dµg∂ . Hence the stationary points of W̃g agree with those of the

functional Wg defined by (3) and with those of the functional Ŵg defined
by

Ŵg(u) :=

{
1
2

∫
S |A|2g dµg if u ∈W 2,2

g (S,R3)

+∞ otherwise.
(15)

More precisely, we have

Wg(u) = 8W̃g(u) + intrinsic expressions. (16)

An immediate consequence of the representation (16) is that the functionals

W̃g are coercive with respect to the W 2,2-seminorm. In fact,

|∇2u|2g =

3∑
i=1

|g−1∇2ui|2 ≥ c|∇2u|2
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where c > 0 is the minimum of the smallest eigenvalue of g−1 on S.
Hence the existence of minimizers under typical boundary conditions follows
at once from the direct method of the calculus of variations.

Proposition 3.1 The restriction of the functional Wg to the space

A0 = {u ∈W 2,2
g (S) :

∫
S
udµg = 0}

attains a global minimum on this space.
If Λ ⊂ ∂S has positive length and u0 ∈ W 2,2

g (S) is given then similar state-
ments are true with A0 replaced by

AΛ,u0 = {u ∈W 2,2
g (S) : (u,∇u) = (u0,∇u0) on Λ}

or by
ÃΛ,u0 = {y ∈W 2,2

g (S) : u = u0 on Λ}.

Proof. Sequences in A0 with bounded Wg-energy subconverge weakly in
W 2,2: The second derivatives are controlled because Wg is coercive with
respect to theW 2,2 seminorm, the first derivatives are uniformly bounded by
the isometry constraint, and by the normalization (or boundary conditions
in the case of AΛ,u0 and ÃΛ,u0) together with Poincaré’s inequality u itself
is controlled as well.
Moreover, Wg is obviously lower semicontinuous with respect to weak W 2,2-
convergence. Finally, notice that the isometry constraint and the subsidiary
conditions are continuous with respect to this convergence. �

4 The general Euler-Lagrange equation

We begin with a definition of infinitesimal bendings which makes sense under
minimal regularity assumptions:

Definition 4.1 A vector field τ ∈ L2(S,R3) is called an infinitesimal bend-
ing of an immersion u ∈W 2,2(S,R3) if it satisfies

∂i(τ · ∂ju) + ∂j(τ · ∂iu) = 2τ · ∂i∂ju in D′(S) for i, j = 1, 2. (17)

An infinitesimal bending is said to be trivial if it is the velocity field of a
rigid motion.

Observe that if τ ∈ W 1,2(S,R3) then by the Leibniz rule (17) is equivalent
to

∂iu · ∂jτ + ∂ju · ∂iτ = 0 almost everywhere on S for i, j = 1, 2. (18)
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In fact, we will mainly encounter infinitesimal bendings of u which belong
to the space W 2,2, so we will mostly use (18) as a definition of infinitesimal
bending.
A bending of a given immersion u is a one parameter-family of immersions
which are isometric to u. In this paper, we use the following definition:

Definition 4.2 A W 2,2-bending of an immersion u ∈W 2,2
g (S) is a strongly

W 2,2-continuous one-parameter family {ut}t∈(−1,1) ⊂ W 2,2
g (S) satisfying

u0 = u and which is such that the weak W 2,2-limit

τ = lim
t→0

1

t
(ut − u0) (19)

exists. The vector field τ is called the infinitesimal bending field induced by
the bending {ut}t∈(−1,1).
Any vector field τ induced as in (19) by a W 2,2-bending of u is called a
continuable infinitesimal W 2,2-bending of u.

Although other terminology has been proposed, the term ‘continuable’ is
used in the review paper [19] and in many papers on this subject, cf. e.g.
[23, 18], so we stick to it. In what follows we will frequently omit the prefix
‘W 2,2-’.

Definition 4.3 An immersion u ∈ W 2,2
g (S) is called a stationary point of

Wg if

d

dt

∣∣∣
t=0

Wg(ut) = 0 for all W 2,2-bendings {ut}t∈(−1,1) of u. (20)

In Theorem 2.2 we used the notion of stationarity under infinitesimal bend-
ings. It is defined as follows.

Definition 4.4 An immersion u ∈W 2,2
g (S) is said to be stationary for Wg

under infinitesimal bendings if∫
S

〈
∇2u,∇2τ

〉
g
dµg = 0 for all infinitesimal bendings τ ∈W 2,2(S,R3) of u.

(21)

Remarks.

1. The existence of the limit in (20) follows from our definition of W 2,2

bendings, see below for details.

2. Without boundary conditions, there always existW 2,2 bendings, namely
rigid motions. The corresponding continuable infinitesimal bending
fields are precisely those whose gradient is of the form Ω ∧ ∇u for
some constant Ω ∈ R3. Immersions u which only permit such trivial
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bendings are called rigid. They are clearly stationary.
One may also impose boundary conditions on u and on the admissible
bendings (and hence on their induced infinitesimal bendings) as in the
definition of the sets AΛ,u0 , ÃΛ,u0 . In that case trivial bendings may
be ruled out, while keeping Definition 4.3 with the obvious change
that the bendings must satisfy the boundary conditions in question.
However, if the boundary conditions are too restrictive then it may
happen that u is the only surface in W 2,2

g (S) satisfying these bound-
ary conditions, or it may be isolated.
Hence, it is a priori not clear whether any non-trivial bendings exist
at all. For the case Kg = 0, in [17] a large class of non-trivial bendings
was constructed, which even preserve natural ‘local’ boundary condi-
tions. In the case Kg > 0 all bendings can be found by continuation
of infinitesimal bendings, cf. [22].

3. Clearly, the limit τ ∈W 2,2(S,R3) in (19) necessarily is an infinitesimal
bending of u, i.e., it solves (2). In other words, every continuable
infinitesimal bending is an infinitesimal bending.
However, it is well-known that the converse is false in general, i.e., the
class of infinitesimal bendings can be strictly larger than the class of
continuable infinitesimal bendings. In fact, if g is the standard flat
metric and u is affine, then all τ : S → R3 of the form τ = V i∂iu+Φn
with V skew-affine and Φ arbitrary are infinitesimal bendings. (This
can be seen at once from (31).) Yet the set of continuable infinitesimal
bendings is the subset of all these infinitesimal bendings which, in
addition, satisfy

det∇2Φ = 0,

cf. Proposition 9 in [12] for a proof under minimal regularity assump-
tions.

Definition 4.4 is motivated by the following simple observations:

Proposition 4.5 If {ut}t∈(−1,1) is a W
2,2 bending of u ∈W 2,2

g (S) inducing
the continuable infinitesimal bending τ ∈W 2,2(S,R3), then

d

dt

∣∣∣
t=0

Wg(ut) =

∫
S

〈
∇2u,∇2τ

〉
g
dµg. (22)

In particular, we have the following:

(i) An immersion u ∈W 2,2
g (S) is a stationary point of Wg precisely if∫

S

〈
∇2u,∇2τ

〉
g
dµg = 0 (23)

for all continuable infinitesimal bendings τ ∈W 2,2(S,R3) of u.
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(ii) Every u ∈ W 2,2
g (S) that is a stationary for Wg under infinitesimal

bendings is a stationary point of Wg.

(iii) Conversely, if u is a stationary point of Wg and if the set of W 2,2

continuable infinitesimal bendings is weakly W 2,2-dense in the set of
infinitesimal bendings, then u is stationary under infinitesimal bend-
ings.

Proof. To prove (22) simply note that

|∇2ut|2g − |∇2u|2g =
〈
∇2u+∇2ut,∇2ut −∇2u

〉
g
.

And by definition of W 2,2 bendings, we have that ∇2u + ∇2ut → 2∇2u
strongly in L2 and that 1

t (∇
2ut −∇2u)⇀ ∇2τ weakly in L2. Hence

1

t

∫
S
|∇2ut|2g − |∇2u|2g dµg → 2

∫
S

〈
∇2u,∇2τ

〉
g
dµg

as t → 0. This is (22). Keeping in mind that there always exist trivial
bendings (rigid motions), the remaining assertions follow at once from (22)
and the fact that every continuable infinitesimal bending is an infinitesimal
bending. �

Definition 4.6 For a given infinitesimal bending τ ∈ W 1,2(S,R3) of u ∈
W 2,2

g (S) we define its linearized second fundamental form b by

bij = n · (∂i∂jτ − Γk
ij∂kτ), (24)

and we define the linearized normal by

ṅ =
1
√
g
(∂1τ ∧ ∂2u+ ∂1u ∧ ∂2τ). (25)

Observe that b as defined in (24) is well-defined as a distribution, because
n ∈ W 1,2(S,R3) and ∂i∂jτ ∈ H−1(S,R3). The infinitesimal bendings τ
considered in this paper will mostly belong to W 2,1, in which case (24)
makes sense pointwise almost everywhere, and b ∈ L1(S,R2×2

sym).

4.1 A more general notion of stationarity

The following somewhat more general notion of bendings and of stationar-
ity is more natural for the analysis of the isometry-constrained Willmore
functional:

Definition 4.7 A generalized bending of an immersion u ∈ W 2,2
g (S) is a

one-parameter family {ut}t∈(−1,1) ⊂ W 2,2
g (S) which is such that the weak

L2-limit

b = lim
t→0

1

t
(ht − h) (26)
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exists. Here h denotes the second fundamenal form h of u and ht that of ut.
The matrix field b is called the linearized second fundamental form induced
by the bending {ut}t∈(−1,1).
Any matrix field b ∈ L2(S,R2×2

sym) induced as in (26) by a family {ut}t∈(−1,1) ⊂
W 2,2

g (S) is called a continuable linearized second fundamental form for u.

Definition 4.8 An immersion u ∈W 2,2
g (S) is said to be a stationary point

of Wg under generalized bendings provided that

d

dt

∣∣∣
t=0

Wg(ut) = 0 for all generalized bendings {ut}t∈(−1,1) of u. (27)

The analogue of Proposition 4.5 in this generalized context reads as follows:

Proposition 4.9 If {ut}t∈(−1,1) is a generalized bending of u ∈ W 2,2
g (S)

inducing the linearized second fundamental form b ∈ L2(S,R2×2
sym), then

d

dt

∣∣∣
t=0

Wg(ut) =

∫
S
〈h, b〉g dµg. (28)

In particular, an immersion u ∈W 2,2
g (S) is stationary for Wg under gener-

alized bendings precisely if ∫
S
〈h, b〉g dµg = 0 (29)

for all continuable linearized second fundamental forms b ∈ L2(S,R2×2
sym) for

u.

Proof. By the weak L2-convergence (26) we have

‖ht − h‖L2 ≤ Ct,

so ht → h strongly in L2, hence h + ht → 2h strongly in L2. Hence using
(26), we conclude that, as t→ 0,

1

t

∫
S
|ht|2g − |h|2g dµg =

1

t

∫
S
〈ht + h, ht − h〉g dµg → 2

∫
S
〈h, b〉g dµg.

�

5 Infinitesimal bendings

There are various ways of representing infinitesimal bendings. Here we will
use three of them. These are well-known in the smooth setting, cf. [43,
6, 13]. However, it does not seem easy to find references dispaying links
between these representations. In addition, due to the variational setting,
we are interested in infinitesimal bendings belonging to Sobolev spaces and,
in particular, in results allowing to pass from one representation to the other
without loss of integrability. As elsewhere we assume throughout that S is
simply connected and that u ∈ W 2,2

g (S), and at times we will explicitly
require higher regularity.
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5.1 Representation via the displacement field

Decomposing the vector field τ : S → R3 into its tangential part and its
normal part,

τ = V k∂ku+Φn, (30)

the left-hand side of (18) is given by 2(LV g − ΦA), where

(LV g)ij :=
1

2
(DiV )j +

1

2
(DjV )i

is the Lie derivative of the metric g in the direction V . Hence τ of the form
(30) is an infinitesimal bending of u precisely if

LV g = ΦA. (31)

The operator V 7→ LV g vanishes precisely if V is a Killing field (i.e. a
tangential infinitesimal bending). Written out explicitly, the system (31) is
just (8).
As an immediate consequence of these calculations and of Definition 4.1, we
note the following result:

Lemma 5.1 Let τ ∈ L2(S,R3) and set Vi = τ · ∂iu and Φ = τ · n. Then τ
is an infinitesimal bending of u if and only if V and Φ satisfy (31) in the
distributional sense.

Lemma 5.2 Let V1, V2,Φ ∈ W 1,2(S) and set τ = V i∂iu+ Φn. Assume, in
addition, that

V1, V2,Φ ∈ L∞(S) or u ∈W 2,p for some p > 2.

Then τ ∈W 1,2(S,R3) and for i, j = 1, 2 we have

∂iτ =
(
(DiV )k − Φhki

)
∂ku+

(
V khik + ∂iΦ

)
n (32)

and, in the distributional sense,

n · ∂i∂jτ = ∂j(hikV
k + ∂iΦ) + ((DiV )k − Φhik)h

k
j . (33)

Proof. It is easy to see that the hypotheses ensure τ ∈W 1,2 and that (32)
holds. Hence ∇2τ ∈ H−1, so since n ∈ W 1,2 the left-hand side of (33) is
well-defined as a distribution via

(n · ∂i∂jτ)(ϕ) := (∂i∂jτ)(ϕn) for all ϕ ∈ C∞
0 (S).

The hypotheses also ensure that the right-hand side of (33) is well-defined
as a distribution. So (33) makes sense. It is a straightforward consequence
of (32). �
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Lemma 5.3 Suppose that u ∈ W 3,1(S,R3) and let τ = V i∂iu + Φn. Then
we have

τ ∈W 2,1(S,R3) ⇐⇒ V1, V2,Φ ∈W 2,1(S). (34)

If any of these is satisfied and if b is given by (24), then

bij = (DidΦ)j + V k(Djh)ik + (DjV )khki + (DiV )khkj − Φhki hkj

= (DidΦ)j + V k(Dkh)ij + (DjV )khki + (DiV )khkj − Φhki hkj (35)

almost everywhere in S. If u ∈ W 3,2(S,R3) and V1, V2, Φ ∈ W 2,2(S) then
τ ∈W 2,2(S,R3).

Proof. The equivalence (34) follows easily from the Leibniz rule and from
(32). The first equation in (35) follows at once from (33), which under the
present hypotheses holds pointwise almost everywhere. The second equality
follows from the first one together with

(Djh)ik = (Dkh)ij for k = 1, 2,

which is satisfied by the Codazzi-Mainardi equations.
The last sentence of the statement follows from the following fact: if u ∈
W 3,2 and V , Φ ∈ W 2,2 then V i∂iu + Φn ∈ W 2,2. To see this, observe that
the hypotheses ensure that ∇2Φ, h∇Φ, Φ∇h belong to L2 and apply the
Leibniz rule to (32). �

5.2 Representation via the bending field

It is easy to see that the derivatives of any infinitesimal bending τ of the
immersion u necessarily satisfy

∂iτ = Ω ∧ ∂iu for i = 1, 2, (36)

where Ω : S → R3 is a vector field called the bending field corresponding to
τ . It is uniquely determined by τ , and of course τ is a trivial infinitesimal
bending precisely if Ω is constant. In this section we study this representa-
tion in the Sobolev setting.

Lemma 5.4 Let τ ∈ W 1,2(S,R3) be an infinitesimal bending of u. Then
there exists a unique Ω ∈ L2(S,R3) such that

∂iτ = Ω ∧ ∂iu almost everywhere for i = 1, 2. (37)

It is given by
Ω = ωk∂ku+ ψn, (38)
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where ωk, ψ ∈ L2(S) are defined by

ωk =
1
√
g
Jik(n · ∂iτ) (39)

ψ =
1
√
g
∂1τ · ∂2u. (40)

Moreover, Ω satisfies

∂2(Ω ∧ ∂1u) = ∂1(Ω ∧ ∂2u) (41)

in the distributional sense.
Conversely, if Ω ∈ L2(S,R3) satisfies (41) then (37) admits a solution τ ∈
W 1,2(S,R3), and τ is an infinitesimal bending of u.

Proof. The last statement is immediate, because (41) asserts that d(Ω ∧
du) = 0, and because for τ satisfying (37) clearly ∂ju · ∂iτ is antisymmetric
in i and j.
In order to prove the first part of the lemma, observe that uniqueness follows
at once from (37) because ∂1u and ∂2u are linearly independent. In order
to construct Ω, define ψ and ωk by (40), (39), and define Ω by (38). Then
clearly Ω ∈ L2 since so are ψ and ωk, and (37) is easily seen to be satisfied.
Clearly (41) follows from (37). �

Lemma 5.5 Let Ω ∈ W 1,1(S,R3) and set ψ = Ω · n and ω = Ω − ψn and
write ω = ωi∂iu. Then ψ, ωk ∈ W 1,1(S), and the following assertions are
equivalent:

(i) The equation
∂1(Ω ∧ ∂2u) = ∂2(Ω ∧ ∂1u) (42)

is satisfied in the distributional sense.

(ii) The equation
∂1Ω ∧ ∂2u = ∂2Ω ∧ ∂1u (43)

is satisfied almost everywhere.

(iii) We have almost everywhere:

n · ∂iΩ = 0 for i = 1, 2 (44)

∂iΩ · ∂iu = 0. (45)

(iv) The maps ω and ψ satisfy pointwise almost everywhere the system

∂iψ = −hikωk (46)

divg ω = 2Hψ. (47)
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(v) There exists an infinitesimal bending τ ∈ W 2,1(S,R3) of u satisfying
(36).

If any of the above assertions is satisfied, then

∂iΩ =
(
(Diω)

k − ψhki

)
∂ku pointwise almost everywhere in S. (48)

Proof. Observe that by the Leibniz rule and since W 1,1 embeds into L2,
we have ψ ∈W 1,1 and so also ω ∈W 1,1. A short calculation shows that

∂iΩ =
(
(Diω)

k − ψhki

)
∂ku+

(
hikω

k + ∂iψ
)
n. (49)

The Leibniz rule shows that (42) is equivalent to (43). The tangential part
of (43) is equivalent to (44). By (49), this is just (46), and (48) follows as
well. Next we multiply (43) by n to find (45), which is equivalent to (47).
The existence of τ ∈ W 1,2 solving ∂iτ = Ω ∧ ∂iu is ensured by Lemma 5.4,
and it follows from the Leibniz rule that Ω ∈ W 1,1 implies τ ∈ W 2,1, and
any τ satisfying (36) is an infinitesimal bending of u. �
The next two propositions follow from the previous lemma, but one can see
the assertions more directly from the following simple lemma.

Lemma 5.6 If ψ, ωk ∈W 1,1
loc (S), then

∂2
(
−√

gω2n+ ψn ∧ ∂1u
)
− ∂1

(√
gω1n+ ψn ∧ ∂2u

)
=

√
g(2Hψ − divg ω)n+

√
g(∂iψ + hijω

j)∂iu
(50)

in the distributional sense.

Proof. It is not difficult to verify (50) when ω and ψ are smooth. The
general case follows by approximation. �

Proposition 5.7 Let ωk, ψ ∈W 1,2(S) and assume, moreover, that

ωk, ψ ∈ L∞(S) or u ∈W 2,p(S,R3) for some p > 2. (51)

Then there exists a solution τ ∈W 2,2(S,R3) of

∂kτ = (ωi∂iu+ ψn) ∧ ∂ku for k = 1, 2 (52)

if and only if ω and ψ satisfy pointwise almost everywhere the system (46),
(47). If this is the case, then τ is an infinitesimal bending of u.

Proof. The right-hand side of (50) is zero if and only if ψ and ω satisfy
(46), (47). Since S is simply connected, the vanishing the the left-hand side
of (50) is equivalent to the existence of a solution τ ∈ W 1,2 of (52). Under
any of the hypotheses (51) the right-hand side of (52) belongs toW 1,2, hence
τ ∈W 2,2. Clearly τ is an infinitesimal bending of u. �
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Proposition 5.8 If K 6= 0 on S then the system (46), (47) is equivalent to
the conjunction of

divg(h
−1∇ψ) + 2Hψ = 0 (53)

with the algebraic equation

ωi = −aik∂kψ (54)

for ω, where we have introduced

aik = (h−1)ik.

In particular, if K 6= 0 on S and u ∈ W 2,p(S,R3) for some p > 2, then for
every ψ ∈W 2,2(S) satisfying (53) there exists τ ∈W 2,2(S,R3) solving

∂1τ =
√
ga2k(∂kψ)n+ ψn ∧ ∂1u (55)

∂2τ = −√
ga1k(∂kψ)n+ ψn ∧ ∂2u, (56)

and τ is an infinitesimal bending of u.

Proof. If the Gauss curvature differs from zero everywhere, then the second
fundamental form h is invertible, so (46) is equivalent to (54). In particular,
(54) shows that aik∂kψ ∈W 1,1, so we can now insert (46) into (47) to obtain
(53).
Now assume that u ∈ W 2,p for some p > 2. Since h−1 = (K det g)−1 cof h,
we have h−1 ∈ W 1,p. In particular, h−1 ∈ L∞. Hence ω = h−1∇ψ belongs
to W 1,2. Thus Lemma 5.6 and simple connectedness of S imply that there
exists τ ∈W 2,2 solving (55), (56). It is clear that such a τ is an infinitesimal
bending of u. �
For the next lemma, we recall Definition 4.6 of the linearized second funda-
mental form b and the linearized normal ṅ.

Lemma 5.9 Let τ ∈ W 1,2(S,R3) be an infinitesimal bending of u and de-
note by Ω ∈ L2(S,R3) its bending field. Then we have

τ ∈W 2,1(S,R3) ⇐⇒ Ω ∈W 1,1(S,R3).

If any of these is satisfied, then the following equalities hold pointwise almost
everywhere:

∂i∂jτ = ∂iΩ ∧ ∂ju+ hijΩ ∧ n+ Γk
ij∂kτ, (57)

∂iΩ ∧ ∂ju = bijn (58)

Ω ∧ n = ṅ (59)

bij = −√
gJjk(∂iΩ · ∂ku) (60)

∂iΩ =
1
√
g
(Jkjbij)∂ku. (61)

18



Writing Ω = ωk∂ku+ ψn, we have ωk, ψ ∈W 1,1(S) and

∂iΩ ∧ ∂ju =
√
g
(
(Diω)

k − ψhki

)
Jjkn. (62)

Proof. Lemma 5.4 implies that there exists a bending field Ω ∈ L2 such
that ∂iτ = Ω∧ ∂iu. If Ω ∈W 1,1 then the Lebniz rule implies that τ ∈W 2,1.
Conversely, if τ ∈ W 2,1, then we define ωk and ψ by (39), (40). Then it
is easy to see that ωk, ψ ∈ W 1,1, because W 1,1 embeds into L2. Hence
Ω = ωk∂ku+ ψn also belongs to W 1,1.
Now suppose that Ω ∈ W 1,1 and τ ∈ W 2,1. Then the Leibniz rule can be
applied to the right-hand side of

∂i∂jτ = ∂i(Ω ∧ ∂ju),

and this leads to (57). Since ∂iΩ is tangential by (44), the fields ∂iΩ ∧ ∂ju
are parallel to n. Scalar multiplying (57) by n thus yields (58). And taking
wedge products with ∂ku in ∂iτ = Ω ∧ ∂iu, we deduce (59).
Observe that (58) implies

bij = (∂iΩ ∧ ∂ju) · n = −∂iΩ · (n ∧ ∂ju),

and this is (60). Hence

∂iΩ · ∂ku =
1
√
g
Jkjbij .

But ∂iΩ = (∂iΩ ·∂ku) ∂ku because ∂iΩ is tangential, so (61) follows. Finally,
note that (62) follows directly from (48). �
Observe that (58) shows that symmetry of b is equivalent to (42), which by
Lemma 5.5 is equivalent to the system (46), (47).

Corollary 5.10 If τ ∈W 2,1(S,R3) is an infinitesimal bending of u then the
following relation holds between its bending field Ω and its linearized second
fundamental form b:

b ∈ L2(S,R2×2) ⇐⇒ Ω ∈W 1,2(S,R3).

In particular, if τ ∈W 2,2(S,R3), then Ω ∈W 1,2(S,R3).

Proof. This follows immediately from (60), (61). And if τ ∈ W 2,2 then
clearly b ∈ L2. �

Corollary 5.11 If τ ∈W 2,1(S,R3) is an infinitesimal bending of u then we
have b = 0 almost everywhere if and only if there exist c0, c1 ∈ R3 such that

τ = c0 + c1 ∧ u. (63)

Proof. If τ satisfies (63), then n · (∂i∂jτ − Γk
ij∂kτ) = n · c1 ∧ (hijn) = 0.

To prove the converse implication, suppose b = 0. Then (58) implies that
∂iΩ ∧ ∂1u = ∂iΩ ∧ ∂2u = 0 for i = 1, 2. By (44) this implies that Ω is
constant. �
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5.3 The linearized Gauss-Codazzi-Mainardi system

We denote by Ṁ the infinitesimal change of a quantity M under a given
displacement τ . It is easy to see that the velocity field τ of any bending of
u satisfies the linearized Gauss and Weingarten formulae

∂i∂jτ = Γk
ij∂kτ + hijṅ+ bijn (64)

∂iṅ = −gkj
(
hik∂jτ + bik∂ju

)
, (65)

and that the first variation bij = ḣij of the second fundamental form satisfies
the linearized Gauss-Codazzi-Mainardi system (5), i.e.,

b11h22 + h11b22 − 2h12b12 = 0 (66)

(D2b)11 − (D1b)12 = 0 (67)

(D2b)12 − (D1b)22 = 0. (68)

The next proposition shows that the same is true if τ is an arbitrary in-
finitesimal bending.

Proposition 5.12 Let u ∈W 2,2
g (S) and let τ ∈W 2,1(S,R3) be an infinites-

imal bending of u. Then ṅ ∈ W 1,1(S,R3), b ∈ L1(S,R2×2
sym), and (64), (65)

is satisfied pointwise almost everywhere. If, moreover, b ∈ L2(S,R2×2), then
b is a distributional solution of the system (66), (67), (68).

Proof. We denote by Ω the bending field of τ . By Lemma 5.9 we have
Ω ∈ W 1,1. Equation (64) is satisfied by (57), (58), (59). Equation (59)
shows that

∂iṅ = ∂iΩ ∧ n− hkiΩ ∧ ∂ku = −n · (∂iΩ ∧ ∂ju)∂ju− hki ∂kτ.

By (58) this implies (65).
In order to prove the second part of the lemma, observe that, by approxi-
mation, the following equality holds in the distributional sense for any field
W ∈W 1,2

loc (S,R
3):

∂2 ((∂1W ∧ ∂1u) · n)− ∂1 ((∂2W ∧ ∂1u) · n) = Γi
12∂1W ∧ ∂iu− Γi

11∂2W ∧ ∂iu
+ (∂1W ∧ ∂1u) · ∂2n− (∂2W ∧ ∂1u) · ∂1n.

(69)

If b ∈ L2, then Corollary 5.10 implies that Ω ∈ W 1,2. Hence, recalling that
∂2Ω ∧ ∂1u = ∂1Ω ∧ ∂2u, we can apply (69) to find that

∂2 ((∂1Ω ∧ ∂1u) · n)−∂1 ((∂1Ω ∧ ∂2u) · n) = Γi
12∂1Ω∧∂iu−Γi

11∂2Ω∧∂iu (70)

is satisfied in the distributional sense. Here we have used that ∂iΩ is tan-
gential (cf. (44)), so ∂iΩ∧ ∂ju is normal. But in view of (58), equation (70)
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is nothing but (67). Equation (68) is proven similarly.
In order to prove (66), observe that by (58) we have, in the distributional
sense,

0 = ∂k∂j(Ω ∧ ∂iu)− ∂j∂k(Ω ∧ ∂iu)
= ∂k(∂jΩ ∧ ∂iu)− ∂j(∂kΩ ∧ ∂iu) + ∂k(Ω ∧ ∂i∂ju)− ∂j(Ω ∧ ∂i∂ku)
= ∂k(bijn)− ∂j(bikn) + ∂kΩ ∧ ∂i∂ju− ∂jΩ ∧ ∂i∂ku. (71)

But by (67), (68) we have curl b ∈ L2, so

∂2(bi1n)− ∂1(bi2n) = (curl b)in+ bi1∂2n+ bi2∂1n in D′.

(This equality is evidently true for any smooth functions bij , and by approx-
imation it remains true for arbitrary b ∈ L2 with curl b ∈ L2.)
Continuing from (71) with j = 1 and k = 2 we thus have

0 =
(
(curl b)i + Γl

i1b2l − Γl
i2b1l

)
n+ (hl1bi2 − hl2bi1)∂lu+ hi1∂2Ω ∧ n− hi2∂1Ω ∧ n.

Scalar multiplying this with ∂ju gives

h1jbi2 − h2jbi1 − hi1∂2Ω ∧ ∂ju · n+ hi2∂1Ω ∧ ∂ju · n = 0.

Using (58) and taking j = 2 and i = 1, we deduce (66). �
We will now proceed to prove the converse of Proposition 5.12, i.e., to find
a solution τ of (24) for given b solving the system (5). A natural approach
(analogous to the one sketched in [22] for the Hölder setting) would be to
mimick the proof of the fundamental theorem of surface theory using the
results from [28] about Pfaff systems with low regularity. That attempt,
however, requires b ∈ Lp and u ∈ W 2,p for some p > 2. But none of these
growth hypotheses is natural in the present situation: the natural hypotheses
are the critical growth conditions u ∈ W 2,2

g (S) and b ∈ L2. We will indeed
obtain a solution τ of (24) under these minimal conditions. However, τ
could in general just fail to belong to W 2,2, cf. Proposition 5.15.

Lemma 5.13 If b ∈ L2(S,R2×2
sym) is a distributional solution of (5), then we

have

∂2

(
(
1
√
g
Jkjb1j)∂ku

)
= ∂1

(
(
1
√
g
Jkjb2j)∂ku

)
in the sense of distributions.

Proof. First let b : S → R2×2
sym be an arbitrary smooth map. Then we have

∂2

(
(
1
√
g
Jkjb1j)∂ku

)
− ∂1

(
(
1
√
g
Jkjb2j)∂ku

)
= (∂2

1
√
g
)Jkjbj1∂ku− (∂1

1
√
g
)Jkjbj2∂ku

+
1
√
g
Jkj(curl b)j∂ku+

1
√
g
Jkj(bj1∂2∂ku− bj2∂1∂ku).
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By approximation, this equality remains true for all b ∈ L2(S,R2×2
sym) with

curl b ∈ L2. But the normal part of the right-hand side is easily seen to
agree with b : cof h. The vanishing of its tangential part is equivalent to the
last two equations in (5). �

Proposition 5.14 Let u ∈W 2,2
g (S). Then, for every distributional solution

b ∈ L2(S,R2×2
sym) of the system (5), there exists a solution τ ∈W 2,1(S,R3) of

(24), and it is unique up to addition of a trivial infinitesimal bending.

Proof. Uniqueness of τ follows from Corollary 5.11. In fact, if τ̃ is another
W 2,1 infinitesimal bending, then τ − τ̃ is an infinitesimal bending with van-
ishing linearized second fundamental form b.
To prove existence, let b ∈ L2 as in the hypothesis. Lemma 5.13 shows that
the right-hand side of (61) is curl-free. Since it belongs to L2, we deduce
that there is Ω ∈ W 1,2 solving (61). It is clearly unique up to addition of a
constant. Taking the wedge product of (61) with ∂lu implies (58).
Hence, since b is symmetric, Lemma 5.5 implies that there exists a unique
(up to addition of a constant) solution τ ∈ W 2,1 of (36). Since Ω satisfies
(61), it is easy to see that (24) is satisfied almost everywhere. �
The previous proposition is complemented by the following one:

Proposition 5.15 Let τ ∈ W 2,1(S,R3) be an infinitesimal bending of u
whose linearized second fundamental form b belongs to L2(S,R2×2

sym). Then
∇2τ ∈W 1,2 · L2. In particular, τ ∈W 2,r(S,R3) for all r < 2.
If, moreover, p ≥ 2, q > 2 or p > 2, q ≥ 2 are such that u ∈ W 2,q(S,R3)
and b ∈ Lp(S,R2×2

sym), then τ ∈W 2,2(S,R3).

Proof. Lemma 5.9 implies that the bending field Ω ∈ W 1,1 satisfies (61).
Since b ∈ L2, this implies that Ω ∈ W 1,2. Hence it follows from (36) that
∇τ ∈W 1,2 ·W 1,2, hence ∇2τ ∈W 1,2 · L2 by the Leibniz rule.
If b ∈ Lp for some p > 2 then (61) implies that Ω ∈ W 1,p, hence Ω ∈ L∞.
And then (36) implies that ∇τ ∈ W 1,2, because ∇u ∈ L∞ by the isometry
constraint. If u ∈ W 2,p for some p > 2 (but only b ∈ L2) then again
Ω ∧ ∇2u ∈ L2 because Ω ∈ W 1,2. Hence in both cases we have ∇2τ ∈ L2,
because by (57) we have

∇2τ = Ω ∧∇2u+ b⊗ n. (72)

Finally, we note in passing that if u ∈ W 2,2 and b is only in the Lorentz
space L2,1 then τ ∈W 2,2 as well. In fact, if b ∈ L2,1 then ∇Ω ∈ L2,1 by (61).
Hence Ω ∈ L∞ by the general fact that functions whose gradient belongs to
L2,1 are essentially bounded. Hence, ∇2τ ∈ L2 by (72). �
Remarks.
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1. Equation (53) is sometimes called the characteristic equation of the
bending field Ω = ω + ψn, and it is usually attributed to Weingarten.

2. Another classical representation of infinitesimal bendings is via Vekua’s
bending tensor Q, cf. [43, 6]. It is defined via ∂iΩ = Qj

i∂ju, where Ω is
the bending field. Such a tensor Q exists by virtue of (44). The rela-
tion between Q and the linearized second fundamental form b is easily
seen to be bij =

√
gJjkQ

k
i . This shows that Q is essentially equivalent

to the tensor b.

6 First variation of the Willmore functional under
infinitesimal bendings

In this section we compute explicitly the first variation ofWg under infinites-
imal bendings. We refer to [45, 44] for some computations in this direction.
In this section we will also prove Theorem 2.2.

6.1 First variation in terms of the linearized second funda-
mental form

Lemma 6.1 If M , N ∈ L2(S,R2×2
sym) then

〈M,N〉g =M i
i N

j
j − 1

|g|
(cofM) : N.

Proof. The following equality is easily seen to be valid for all D, B ∈ R2×2:

(TrD)(TrB) = Tr(DB) + (cofD) : B.

Applying this with D = g−1M and with B = g−1N we find

M i
iN

j
j = Tr(g−1Mg−1N) + (cof(g−1M)) : g−1N

This is readily seen to agree with the claimed equality. �

Lemma 6.2 Assume that τ ∈ W 2,1(S,R3) is an infinitesimal bending of u
with linearized second fundamental form b ∈ L2(S,R2×2

sym). Then〈
∇2u,∇2τ

〉
g
= 〈h, b〉g = 2Hbii almost everywhere in S. (73)

Proof. Proposition 5.12 implies that (64) is satisfied. Hence the left-hand
side of (73) equals

gikgjl∂i∂ju · ∂k∂lτ = hijbij + hijΓk
ij(n · ∂kτ + ṅ · ∂ku) + Γl

ijΓ
m
kng

ikgjn∂lu · ∂mτ.
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The last term is zero because ∂lu · ∂mτ is antisymmetric in (m, l), and the
second term is zero by (25).
The second equality in (73) follows by applying Lemma 6.1 withM = h and
N = b, and recalling that (cof h) : b = 0 almost everywhere. �

Proposition 6.3 Let g ∈ C∞(S,R2×2) be a Riemannian metric on S and
let u ∈ W 2,2

g (S). If u is stationary for Wg under W 2,1-infinitesimal bend-
ings with square integrable linearized second fundamental form, then (4) is
satisfied whenever b ∈ L2(S,R2×2

sym) solves (5) in the distributional sense.

Proof. Proposition 5.14 provides the unique (up to infinitesimal rigid dis-
placements) infinitesimal bending τ ∈W 2,1(S,R3) satisfying (24) for a given
solution b ∈ L2 of (5). Hence the claim follows from Lemma 6.2 and the
assumed stationarity. �
Proof of Theorem 2.2. Under the hypotheses of Theorem 2.2, Proposi-
tion 5.15 implies that every infinitesimal bending τ ∈ W 2,1 with linearized
second fundamental form b ∈ Lp actually belongs to W 2,2. Therefore, The-
orem 2.2 follows from (the proof of) Proposition 6.3.

�
Proofof Corollary 2.3. The system (5) can be written as(cof h)11 2(cof h)12 (cof h)22

−Γ1
12 Γ1

11 − Γ2
12 Γ2

11

−Γ1
22 Γ1

12 − Γ2
22 Γ2

12

b11b12
b22

+

0 0 0
0 −1 0
0 0 −1

 ∂1

b11b12
b22


+

0 0 0
1 0 0
0 1 0

 ∂2

b11b12
b22

 = 0.

Hence we can apply Lemma 7.1 withX = Lp(S,R3) and with F ∈
(
Lp(S,R3)

)∗
defined by

F (ψ0, ψ1, ψ2) =

∫
S

 h11

2h12

h22

 ·

ψ0

ψ1

ψ2

 dµg.

The lemma yields the existence of ϕ
(n)
0 , ϕ

(n)
1 , ϕ

(n)
2 ∈ C∞

0 (S) such that (cof h)11
2(cof h)12
(cof h)22

 ϕ
(n)
0 +

 −Γ1
i2

Γ1
i1 − Γ2

i2

Γ2
i1

 ϕ
(n)
i +

 −∂2ϕ(n)
1

∂1ϕ
(n)
1 − ∂2ϕ

(n)
2

∂1ϕ
(n)
2

 ∗
⇀

√
g

 h11

2h12

h22


weakly-∗ in (Lp)∗. This is the claim because Lp is reflexive with dual
Lp/(p−1). �
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6.2 First variation in terms of the displacement and bending
fields

Theorem 2.4 (i) follows at once from the next proposition.

Proposition 6.4 Under the hypotheses of Theorem 2.4 the vector field τ =
V k∂ku + Φn is a W 2,2 infinitesimal bending of u whenever V1, V2, Φ ∈
W 2,2(S) satisfy (8). Moreover, we have〈

∇2u,∇2τ
〉
g
= 2H

(
∆gΦ+ |A|2gΦ+ 2V i∂iH

)
. (74)

In particular,

1

2

∫
S

〈
∇2u,∇2τ

〉
g
dµg =

∫
S
H
(
∆gΦ+ 2(H2 −Kg)Φ

)
dµg+

∫
∂S
H2 〈ν, V 〉g dµg∂ .

(75)

Proof. Let V , Φ ∈W 2,2 satisfy (8). Lemma 5.3 implies that τ ∈W 2,2, and
since the system (8) is just (31), Lemma 5.1 shows that τ is an infinitesimal
bending of u.
We deduce from (35):

bii = ∆gΦ− hkjh
j
kΦ+ 2hjk(DjV )k + V k(Dkh)

i
i.

As
(DjV )kh

jk = (LV g)jkh
jk = |A|2gΦ

by (31), and since (Dkh)
i
i = 2∂kH, we conclude that

bii = ∆gΦ+ |A|2gΦ+ 2V k∂kH. (76)

Now (74) follows from (73). Writing 2H∂iH = ∂i(H
2) and integrating (74)

we obtain

1

2

∫
S

〈
∇2u,∇2τ

〉
g
dµg =

∫
S
H
(
∆gΦ+ |A|2gΦ

)
+
〈
V,∇(H2)

〉
g
dµg

=

∫
S
H
(
∆gΦ+ |A|2gΦ

)
− (DiV )i H2 dµg +

∫
∂S
H2 〈ν, V 〉g dµg∂

after integration by parts. Since (DiV )i = 2HΦ by (31) and since |A|2g =
4H2 − 2Kg, equation (75) follows. �
Theorem 2.4 (ii) and (iii) follow immediately from the next Proposition 6.5.

Proposition 6.5 Under the hypotheses of Theorem 2.4, for every ωi, ψ ∈
W 1,2(S) solving (9), (10), there exists an infinitesimal bending τ ∈W 2,2(S,R3)
of u (clearly unique up to translations) such that

∂kτ = (ωi∂iu+ ψn) ∧ ∂ku,
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and we have: 〈
∇2u,∇2τ

〉
g
= 2

√
gJ ikH(Diω)k. (77)

In particular,∫
S

〈
∇2u,∇2τ

〉
g
dµg = −2

∫
S

√
gJ ikωk(∂iH) dµg + 2

∫
∂S

√
gJ ikωkνiH dµg∂ .

(78)

Under the hypotheses of Theorem 2.4 (iii), for every ψ ∈W 2,2(S) satisfying
(12) there exists an infinitesimal bending τ ∈ W 2,2(S,R3) satisfying (55),
(56), and we have∫

S

〈
∇2u,∇2τ

〉
g
dµg = −2

∫
S

√
gJ ikψDl(a

l
k∂iH) dµg

+ 2

∫
∂S

√
gJ ikalk (νl(∂iH)ψ − νiH(∂lψ)) dµg∂ .

Proof. Set Ω = ωi∂iu + ψn. Existence and regularity of τ are ensured by
Proposition 5.7. Combining the second equality in (73) with (58), (62) in
Lemma 5.9, and noting that hkjJjk = 0 by symmetry of h and antisymmetry
of J , we obtain (77). Equation (78) follows from (77) by integration by parts
and using Di(

√
gJ) = 0.

If Kg 6= 0 and if ψ ∈W 2,2(S) satisfies (12) then Proposition 5.8 implies that
τ as defined by (55), (56) is aW 2,2 infinitesimal bending of u. As Kg 6= 0 on
S, we know that deth does not change sign and we can insert ωk = −akl∂lψ
and integrate by parts to see that

−2

∫
S

√
gJ ikωk(∂iH) dµg = −2

∫
S

√
gJ ikDl

(
alk(∂iH)

)
ψ dµg

+ 2

∫
∂S

√
gJ ikalkνlψ(∂

iH) dµg∂ .

The proof is completed by inserting (54) into the boundary term in (78).
�

Corollary 6.6 (i) Under the hypotheses of Theorem 2.4 (i) there exist

ϕ
(n)
1 , ϕ

(n)
2 , ϕ

(n)
3 ∈ C∞

0 (S) such that, as n→ ∞,∫
S

{
h11ϕ

(n)
1 + h12ϕ

(n)
2 + h22ϕ

(n)
3

}
Φ dx

−→
∫
S

(
∆gH + 2H(H2 −Kg)

)
Φ dµg +

∫
∂S
H 〈ν,∇Φ〉g − Φ 〈ν,∇H〉g dµg∂

for all Φ ∈W 2,2(S) and∫
S

{
Γi
11ϕ

(n)
1 + Γi

12ϕ
(n)
2 + Γi

22ϕ
(n)
3

}
Vi +

∫
S
(∂1ϕ

(n)
1 +

1

2
∂2ϕ

(n)
2 )V1 +

∫
S
(
1

2
∂1ϕ

(n)
2 + ∂2ϕ

(n)
3 )V2

−→
∫
∂S
H2 〈ν, V 〉g dµg∂
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for all V1, V2 ∈W 2,2(S).

(ii) Under the hypotheses of Theorem 2.4 (iii) there exist ϕn ∈ C∞
0 (S)

such that
M∗ϕn

∗
⇀ F weakly-* in W−2,2(S),

where M∗ denotes the formal adjoint of the differential operator M
given by

Mψ =
√
gdivg(h

−1∇ψ) + 2H
√
gψ, (79)

and F ∈W−2,2(S) is the functional given by

F (ψ) = −2

∫
S

√
gJ ikψDl(a

l
k∂iH) dµg (80)

+ 2

∫
∂S

√
gJ ikalk (νl(∂iH)ψ − νiH(∂lψ)) dµg∂

for all ψ ∈W 2,2(S).

Proof. In order to prove Corollary 6.6 (i), we define the differential expres-
sion L by

L(V1, V2,Φ) =

−Γ1
11 −Γ2

11 −h11
−Γ1

12 −Γ2
12 −h12

−Γ1
22 −Γ2

22 −h22

V1V2
Φ

+

1 0 0
0 1

2 0
0 0 0

 ∂1

V1V2
Φ

+

0 0 0
1
2 0 0
0 1 0

 ∂2

V1V2
Φ


and X =W 2,2(S)×W 2,2(S)×W 2,2(S) and F : X → R by

F (V1, V2,Φ) =

∫
S

(
∆gH + 2H(H2 −Kg)

)
Φ dµg +

∫
∂S
H2 〈ν, V 〉g

+H 〈ν,∇Φ〉g − 〈ν,∇H〉g Φ dµg∂ .

Then we have F ∈ X∗. By Theorem 2.4 (i) we have F (V1, V2,Φ) = 0
whenever (V1, V2,Φ) ∈ X satisfy

L(V1, V2,Φ) = 0 in D′(S).

Hence we can apply Lemma 7.1 to deduce the existence of ϕ
(n)
1 , ϕ

(n)
2 , ϕ

(n)
3 ∈

C∞
0 (S) such that

L∗(ϕ
(n)
1 , ϕ

(n)
2 , ϕ

(n)
3 )

∗
⇀ F weakly-* in X∗. (81)

Here L∗ is the formal adjoint of L. The expression L∗(ϕ1, ϕ2, ϕ3) is thus
given by−Γ1

11 −Γ1
12 −Γ1

22

−Γ2
11 −Γ2

12 −Γ2
22

−h11 −h12 −h22

ϕ1

ϕ2

ϕ3

+

−1 0 0
0 −1

2 0
0 0 0

 ∂1

ϕ1

ϕ2

ϕ3

+

0 −1
2 0

0 0 −1
0 0 0

 ∂2

ϕ1

ϕ2

ϕ3

 .

Finally we pass from ϕ
(n)
i to −ϕ(n)

i to deduce the claim.
In order to prove Corollary 6.6 (ii), notice that Theorem 2.4 (iii) asserts that
Fψ = 0 whenever ψ ∈ W 2,2(S) is a (distributional) solution of (12). Hence
the claim follows from Lemma 7.1. �
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7 Appendix

Lemma 7.1 Let M ∈ N, let ν ∈ N0 and let X be a Banach space satisfying
C∞
0 (S,RM ) ⊂ X ⊂ L2(S,RM ) and denote its topological dual by X∗. Let

F ∈ X∗ and let L be the differential expression

L(x, ∂) :=
∑

0≤α1+α2≤ν

A(α1,α2)(x)∂
α1
1 ∂α2

2

(the sum is taken over all α1, α2 ∈ N0 such that 0 ≤ α1 + α2 ≤ ν) with

A(α1,α2) ∈Wα1+α2,2(S,RM×M ).

Denote by L∗ the formal adjoint of L, i.e.,

L∗(x, ∂) =
∑

0≤α1+α2≤ν

(−1)α1+α2∂α1
1 ∂α2

2 AT
(α1,α2)

(x).

Then the following are equivalent:

(i) F (ψ) = 0 for all ψ ∈ X satisfying Lψ = 0 in the sense of distributions
on S.

(ii) There exist ϕn ∈ C∞
0 (S,RM ) such that

L∗ϕn
∗
⇀ F weakly-∗ in X∗. (82)

Proof. Asserting that ψ ∈ X solves Lψ = 0 in the sense of distributions is
equivalent to

〈L∗ϕ,ψ〉X∗,X = 0 for all ϕ ∈ C∞
0 (S,RM ).

Indeed this makes sense because the hypotheses on the coefficients of L
ensure that L∗ϕ ∈ L2 for all ϕ ∈ C∞

0 , and because we have L2 ⊂ X∗ by the
hypotheses on X.
Hence ψ ∈ X is a distributional solution of Lψ = 0 precisely if ψ belongs to
the annihilator ⊥V ⊂ X of the linear subspace

V = {L∗ϕ : ϕ ∈ C∞
0 (S,RM )}

of X∗. Hence assertion (i) is equivalent to the assertion that F belongs to
the annihilator (⊥V )⊥ ⊂ X∗ of ⊥V . But by standard functional analysis
we know that (⊥V )⊥ is agrees with the weak-∗ closure of V in X∗. In other
words, F belongs to the weak-∗ closure of V . This is equivalent to assertion
(ii). �
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