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L?-FLOW OF ELASTIC CURVES WITH KNOT POINTS AND
CLAMPED ENDS

CHUN-CHI LIN AND HARTMUT R. SCHWETLICK

ABSTRACT. In this paper we investigate the L2-flow of elastic non-closed curves
in n-dimensional Euclidean spaces with knot points and two clamped ends.
The L2-flow corresponds to a fourth-order parabolic equation on each piece
of curve between two successive knot points with certain dynamic (interior)
boundary conditions at these interior knot points. For solutions of the L2-
flow, we prove that they are not only piecewise C°°-smooth but also globally
Cl-smooth at each fixed time t if the initial curves are both piecewise C'>°-
smooth and globally C'-smooth. Moreover, the asymptotic limit curves are
piecewise C'>-smooth but globally C'2-smooth. As an application, the L2-flow
of non-closed elastic curves in this article provides a new approach for the
curve fitting problem

1. INTRODUCTION

Although geometric flows of elastic curves have been investigated by many re-
searchers, most articles studying this subject in the literature only focus on the case
of closed curves (e.g., [5], [11], [24], [26]). In fact, the case of non-closed (or open)
elastic curves has been motivated by higher-order geometric variational problems
(e.g., [27]); by mechanical modeling of biological polymers (e.g., [23]); by motion-
planning problems in geometric control theory (see [9], [10], [22]); and nonlinear
(poly-)spline interpolations (see [6]), [7], [8], [12], [17], [25]). However, there are
relatively fewer articles investigating geometric flows of non-closed curves. Various
(interior) boundary conditions for the case of non-closed curves have been proposed
in the corresponding higher-order variational problems. These boundary conditions
naturally have their parabolic versions in the corresponding evolution equations.
One of the simplest boundary conditions for fourth-order parabolic equations is the
so-called clamped boundary condition. For this case, we proposed a parabolic PDE
approach in [18] to obtain the long-time existence of smooth solutions for the L2-
flow of non-closed elastic curves as long as the initial curves are smooth. Note that
the L2-flow of elastic curves in [18] is different from the so-called curve-straightening

flow in [14], [15] by Langer and Singer and [19], [20] by Linnér, where a variational
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approach using minimax method was applied. In this article, we continue the par-
abolic PDE approach in [18] to investigate the L?-flow of non-closed elastic curves
with prescribed “knot points” on the curves and with clamped boundary conditions
at two end points. One may associate certain (interior) boundary conditions at the
prescribed knot points for the L2-flow of elastic curves. We would like to show in
this paper that the result similar to the main theorem in [18] could be obtained
if we impose proper dynamic “boundary conditions” at these interior knot points.
As an application, the L?-flow of non-closed elastic curves in this article provides
a new approach for the curve fitting problem, which vaguely speaking is to find
equilibrium configurations of elastic energy among the class of curves with given
knot points and clamped ends.

Let —1 = g < 21 < -+ < xzy = +1 be a partition of the closed in-
terval T = [-1,+1] C R, and I; = [x;_1,2] for all 4 € {1,..,N}. Let f €

N
U O ((zi—1,2;),R") N C* (-1, 1], R™) represent a piecewise smooth curve in R".
i=1

Denote by ds = |0, f| dz the arclength element, and 95 = |835f|71 0, the arclength
differentiation. Denote by T = 0,f the unit tangent vector of f and x = 92f
the curvature vector of f. For convenience, as we reparametrize a curve f by its
arclength parameter, i.e., ;‘(s) = (f o) (s), we still denote the curve by f = f(s).
So is the same for the geometric functions induced from f, e.g., unit tangent T and

curvature vector x of f. For each piece of curve, we define the bending energy by

1
(1.1) el )= [ Inl? ds
I;
the (relaxed) stretching energy by
1
(1.2) Llf,.] ::/ §|/<;|2 ds,
I;
and the elastic energy by
(1.3) alfin 1 =€, 1+ - LU,

where the constant A is also called tension modulus and is always chosen to be a
positive constant. The bending energy corresponds to the so-called Fuler-Bernoulli

model of elastic rods in the literature. We define the total elastic energy of f by

(1.4) Exlf] ::Zg)\[flzi]‘

The stretching energy plays the role of penalty-term in (1.4) when the total length
of curves tends to infinity (e.g. see [5] or [24]). Note that since the definition of
bending energy in (1.1) contains the constant %, the stretching modulus A used in
this article might be different from some other articles in the literature (e.g., [14],
[15]).
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Denote by Vgn := (5’817)l the normal component of d,n when 7 is a vector
field along f. By applying the first variational formula of £ (the bending energy
functional of curves) and £ (the length integral of curves) in Lemma 2 below, we

could set up a gradient flow equation of the elastic energy functional £, =+ - L

N
for f:10,%1) x U (zi—1,2;) = R™ by letting

i=1
[
(1.5) Oif = =V i2E\f] :7V§5775+)\~/@
with the (interior) boundary conditions
(1.7) T(t,z;) =TW, Vie{0,N},
(1.8) T (t,x;) = [Ag,k] (1), Vie{l,...,N —1},

N .

where |J {f(¥} € R” is the set of prescribed fixed positions, {7, T(N)1 is the set
i=0

of prescribed unit constant vectors, and

(D] (8) = [K(t,2) — m(t,27)]

k(t,zy) = 0= K(t, ).

The prescribed fixed points, f(9, ..., f™¥) in condition (1.6) are called knot points
(this terminology has been used in the spline theory) for the flow (1.5) of curve f.
Moreover, from conditions (1.7) and (1.8), f(*) and fN) are called the clamped ends
or clamped boundary condition for the flow (1.5) of curve f. Note that one could
write 9, T(t,z;) = V,T(t, ;) in (1.8) because T'(¢t,z; ) = T(t,x]) = T(t, x;) implies
that both (¢, z;") and (¢, 2] ) are perpendicular to the unit tangent vector T'(¢, z;)
for all ¢ € {0,..., N}. The above (interior) boundary conditions have also appeared
in [8], where a variational approach was applied to interpolating prescribed knot
points by nonlinear splines on R2.

Following the philosophy in [5], [18], [24], [26], we derive an argument for the
long-time existence of solutions with certain smoothness in the L?-flow (1.5) with
boundary conditions (1.6), (1.7), (1.8) in this paper. Namely, differentiating both
sides of (1.5) provides an “algebraic” structure in writing up differential inequalities
for higher-order Sobolev semi-norms of curvature. These differential inequalities
are the type of Gronwall’s differential inequalities, which would imply the global
bounds of higher-order Sobolev semi-norms of curvature. To derive these differential
inequalities, one needs to apply integration by parts to derive the right form of
integrals and to apply Gagliardo-Nirenberg type interpolation inequalities to take
care of the terms of lesser-order. However, as one works on the case of non-closed
elastic curves, the boundary terms generated from integration by parts create the
difficulty in deriving Gronwall’s differential inequalities. In [18], we found that the
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difficulty in estimating the boundary terms could be avoided by working with the
L?-norm of covariant derivatives of curvature with respective to time-variable, e.g.,
IV fllL2, instead of derivatives respective to arclength-variables, e.g., | V7k|| 2.
In other words, the boundary terms generated from integration by parts vanish in
the estimates of ||V} f|| 12 in [18]. Thus, we derive the type of Gronwall’s differential
inequalities for ||V} f||z2, Vm € Z,. On the other hand, by Lemma 7 below
and the Gagliardo-Nirenberg type interpolation inequalities, e.g. see Lemma 5
below, one could show that |[V2™~2k||%, is bounded from above by the quantity
of the form, (14 €2) - ||V f||2. + C (||s]|2.). Therefore, in [18], the main task
is to estimate the term [|[V{" f||3,. However, in this article, the interior (dynamic)
boundary condition (1.8) generates non-zero terms, which however could not be
treated as terms of lesser-order. Thus, one could not simply apply the estimates in
[18] to carry out the proof of long-time existence. To overcome this difficulty, we
observe that one could utilize the “algebraic” structure in the differential identity
of

=

(1.9) Vult) = 3 [ 104 dst 3 [VPT(t, )2

i =0

to derive the type of Gronwall’s differential inequalities for Y, (t), cf. the higher-
order energy identity in Lemma 9. The Gronwall’s differential inequality gives the
uniform bounds of V,,(¢) for each m € Z,. In fact, the “algebraic” structure also
depends on how interior (dynamic) boundary conditions are given. Note that the
(interior) boundary conditions (1.6), (1.7) and (1.8) often appear in the so-called
path-planning problem or motion-planning problem. Based on the uniform bounds
of Yiu(t), Vm € Z,, Theorem 1 gives the long-time existence and asymptotic
behavior for the piecewise smooth solutions of L2-flow (1.5). Notice that the knot
points {f(© ..., f™)} are not necessarily distinct in Theorem 1, i.e., the condition
(1.6) allows f(1) = £(2) for some iy # is.

Theorem 1. Let A € (0,00) be a positive constant and —1 = x¢ < x1 < -+ < xy =
N

+1. Suppose fo € U C° ((zi-1,7;),R") N C* ([-1,1],R") is an initial curve with
i=1

non-zero finite lenggh, e, 0< 'fli |0x foldx < 00, Vi € {1,..., N}, to the evolution
equation (1.5) with the (interior) boundary conditions (1.6), (1.7) and (1.8).
Then, there exists a global solution of the L*-flow of Ex[f] in (1.5) with the regu-

larity, f(t,-) € LAJ C*® ((zi-1,z:),R") NC* ([-1,1],R"), ¥V t € (0,00). Ast— o0,
the family of cu;:els {ft} subconverges to foo, an equilibrium of the energy functional
Ex (up to reparametrization by arclength). Moreover, fo € G C*® ((zi-1,2;), R™)
N € ((~1,1),R"). -
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It is worth mentioning here that the so-called minimal-energy splines in [8], which
correspond to our asymptotic curves in Theorem 1, are also piecewise C'*°-smooth
and globally C2-smooth. However, their formulation in [8] is a variational setting,
which induces a second-order elliptic equation for the angle of tangent indicatrix of
planar curves (thus the result is restricted to the case of planar curves).

For numerical implement of L?-gradient flow of open (i.e., non-closed) elastic
curves with various boundary conditions, the reader is referred to the recent articles
by Barrett, Garcke and Niirnberg in [3], [4].

The rest of this article is arranged as the following. In Section 2, we collect some
notation, terminologies, identities, estimates and previous results from [1], [5], [16]
and [18] to keep this paper short and self-contained. The proof of Theorem 1 is

contained in Section 3.

2. PRELIMINARIES AND NOTATION

Lemma 1 ([5, Lemma 2.1]). Suppose ¢ is any normal field along f and f : [0,€) x
I — R™ is a time dependent curve satisfying Oy f =V + T, where V is the normal
velocity and ¢ = (T, 0y f). Then the following formulae hold.

2.1) Vs¢p =050+ (¢, k) T,

) O (ds) = (9sp — (k, V) ds,

) 905 — 050, = ((r, V) — O5) O,

) T = VsV + gk,
5) ho=Vio —(VsV + ¢ r,¢) T,

) Vik = V2V 4+ (5, V) k + pVr,

) (ViVs = Vi) ¢ = ({5, V) = 059) Vs + (k,9) V.V = (V,V, §) k.

Notice that the formula of integration by parts for the covariant differentiation
Vs is still applicable. This is because that, as 11,15 are normal vector fields along

a smooth curve, one has
(2.8) 0s (V1,¥2) = (Vaih1,9ha) + (Y1, Vi) .

Lemma 2. Suppose f : I = [a,b] — R™ is a smooth curve in R™. Then for any
perturbation of f, f-(x) = f(x) +eW (z), where W € C* (I,R™), one has the
following formulae:

4oL [f] = =[ (W) ds +[(T, W),

%Ls:og [fs] :{ <V3/€+ %H,W> ds

[@wy - B e v D) - (Vs w)]

a
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Proof of Lemma 2. The proof is based on a direct computation by applying (2.2),
(2.6), (2.8) and integration by parts. The reader can also find the details of this
computation in the literature (e.g., [16]). O

For normal vector fields ¢, ..., ¢ along f, we denote by ¢ * - - - % ¢ a term of

the type

by k- %y = { (Dirs ia) * + * (Dir_ys Pi) , for k even,

(Pirs Pin) =+ Pir_ss Pir_1) * Diy, for k odd,
where i1, ..., i, is any permutation of 1, ..., k. Slightly more generally, we allow some
of the ¢; to be functions, in which case the x-product reduces to multiplication.
For a normal vector field ¢ along f, we denote by P¥ (¢) any linear combination of
terms of the type Vigx---x Vi ¢ with coefficients bounded by a universal constant,
where p = i1 + - - - 41, is the total number of derivatives. Notice that the following

formulae hold:
Vs (B (9) * Py (9)) = Vs By () x Py (6) + Py (¢) x Vs P (¢) ,
Py (¢) = P§(9) = Py (6), VsPi(¢) = P ().
The following lemma from [1] is a one-dimensional version of standard interpo-

lations on order of smoothness.

Lemma 3 ([1, Theorem 5.2]). Let Q be an interval in R and u € W™P(Q) for
some p € [1,00), m € Z.. Then for each €y > 0 there exists finite constants K and

K', each depending on m,p, €y, such that

(2.9) Jullwe < K (€ 1D™ e + €7/ Jlul )
(2.10) [uflwsr < K’ (e [l wm.p + €3/ m=9) |\u||Lp) ;
(2.11) lullwse < 2K ullifm, [lul 59",

for any j € {0,1,...,m — 1} and € € (0,€). Here, ||ulrr = ([ |u|p)1/p is the

1/p
LP-norm, and ||u||wm.» := (ZO<\a|<m HDO‘uHIiP) is the standard Sobolev norm.

Below are interpolation inequalities for non-closed curves, which are modified
from [5]. Note that in this article we still follow the notation in [5] to use the scale

invariant Sobolev norms:

k .
15llp =D | Vis]
1=0

p7

‘Vifin = L[] (/ (Vik|” ds)t/P.
I

Note that using scale invariant Sobolev norms is convenient as working with in-

equalities in geometric flows since domain of functions also depends on time.
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Lemma 4 (modified from [5, Lemma 2.4]). Let I C R be an open interval and
f I — R™ be a smooth curve. Then for any k € Z, U{0}, p > 2 and 0 < i < k,

we have
(2.12) Vil < ellsll,™ 5052

where v = (i + & — %)/k and ¢ = ¢(n, k,p).

Proof of Lemma 4. The proof is standard. Assume L[f] =1 and use the inequality
|0s]6]] < |Vso| as ¢ is a normal vector field along f. The inequality can be easily

derived by applying (2.8). Then the standard proof for the case of scalar functions
as in Chapter 5 of [1] applies. O

Lemma 5 (modified from [5, Proposition 2.5]). For any term P! (k) with v > 2

which contains only derivatives of k of order at most k — 1, we have

(2.13) [ IRE ds < el Il el
I

where v = (u—i— %V — 1) /k, ¢ = c¢(n,k,v). Moreover, if u+ %V < 2k + 1, then
v < 2 and we have for any € >0
y=2 V)2
(2.14) /|P5(I€)|d8 < 5-/\V§f€|2ds+cl- /\K|2ds +eo- /‘K‘,|2 ds ,
i§ I i§

I

where ¢; = ¢1(n, k, p, v) e7 5 and co = ca(n, k,p,v) - L[f]FHV/2,

Proof of Lemma 5. By Hélder’s inequality and Lemma 4 with p = v, we obtain
i % — U=V - [ —u—v - 17aj O(]'
/1 (Vi Vends < L) TV s], < ecln= T Isl ™ sl
=1 j=1

where i1 +---+i, =, o = (ijJr%f %)/k, c¢=c(n,k,v). Thus, a1+ -+, =7,
and (2.13) is proved. Now a standard interpolation inequality in Lemma 3 implies

the interpolation inequality of scale invariant version

2 2 2
Il o < etk (IV5R]5 + I5113) -
Therefore, as 7 < 2, we obtain

R.ILS. of (2.13) < e(n, k, p, v) L[f]1—#" (HV’;/{H; Isll5 ™ + ||,@Hg)
< c(m, b 1,v) ([ V5RI1 7 Il + £LT# 72 sl )

v—

2 = 25— —v v
< e || VEk[l + eln, ko v) €75 NIkl 57+ eln by pyw) L4 | s
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Lemma 6 ([5, Lemma 2.6]). We have the identities

Vek — 05k = |k|* T,

7] [#54]

Vi — 0"k =Y Q5 () + Y QT (k)T
=1 i=1

This is similar to the previous notation using P! (k) as Q¥ (k) denotes the linear

combination of terms Ok * - - - % Ok with iy + -+ + 14, = .

In order to simplify the terminology of summation in the lemma below, we

introduce the notation,

A 2A+B-2a
215 S A=Y Y A,
[a,b]<[A,B] a=0  b=1
where [u,v] := 2u + v. For our convenience, let’s call [u, ] the order of P! (k).

Thus, (2.15) stands for the sum of P2(k) with order no greater than that of P2 (k).

Lemma 7 ([18, Lemma 8]). Suppose f : [0,t1) x I — R™ is a smooth solution of
(1.5), and denote by ¢, := Vik. Then, for any £ € Z, U {0} and k,m € Z., we

have the following formulae.

(2.16)
Vi f = (—1)mVim =25 = P (k) 4 -4 PP(R) = > Py (k)
[a,b] <[4m—4,3]
(2.17)
VPT — (—1)™Vim e = Py (k) 4+ PP (k) = > Py (k)
[a,b] <[4m—3,3]
(2.18) Vi — (=1)"Vimk = Py 2 (k) 4+ - - + PP (k) = 3 P2 (k)
[a,b]<[4m—2,3]
(2.19) VPl (k) = Pyt (k) + - + PP (k) = > Py (k)
[a,b]<[4m+p,v]
(220) VPO f =V VP f = P{" 3 (k) + -+ PP(r) = > Py (k)
[a,b] <[4m—3,3]
(2.21)
ViV, — VAV g = Py 2 (0) - PP (k) = > PE(r)

[a,b] <[4m+k+£—2,3]
(2.22) O (ds) = (Py™ % (k) + -+ PP(k)) ds = ( > Pg(@) ds
[a,b] <[4m—2,2]

Proof. The proof from (2.16) to (2.21) has been shown in [18]. Thus, we only prove

(2.22) here, which is an induction argument.
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As m = 1, one proves (2.22) by applying (2.2) and (1.5). Suppose (2.22) holds
for m = k, where k is any positive integer. Then,
OFtY (ds) = 8, (Of (ds)) = 0y (PS*2(k) + - - -+ P2(r)) ds)

=0, (P24k_2(/£) 4+ 4+ PP(k))ds + (P24k_2(/f) + 4 Plo(/i)) 9y (ds)

= (Py**2 (k) + - - + PP(k)) ds,
where the last equality comes from applying (2.19) and (2.2).

3. PROOF OF THE MAIN RESULT

3.1. The short-time existence. In this section we treat the short-time existence

of piecewise smooth solutions of the L2-flow (1.5), i.e.,

(3'1) f<t7 ) € U c= ((aji,hxi),R") ﬂ Cl ((_1’ 1)’Rn) )

with the interior boundary conditions (1.6), (1.7), (1.8). Short time solutions exist
due to standard theory for evolution equations once we can reformulate the flow as
a fourth-order parabolic equation.

There are two basic ingredients in the short-time existence argument:

(1) one uses tangential diffeomorphisms to replace the covariant derivative V2x,
which is orthogonal to the tangential of the curve, by the standard 4th-order
spatial derivative y~*92%f of the position vector. Note, that as v = |0, f|
the highest order term is quasilinear. If we assume that the flow is started
with an arclength parametrized initial curve it is possible to conclude the

L will not get singular for a short time.

prefactor v~
(2) the linear version of the 4th order parabolic equation has a unique, global
solution with estimates.

(1): We observe that it is enough to solve the flow equation up to tangential
directions as a solution f(t,z) of d;f =V + ¢ -0, f on each subinterval (z_,x,) C
I, where V is the normal velocity, i.e. (V,9,f) = 0. As we let ¢ solve the z-
parametrized o.d.e.’s 9;§ = ¢(t,&), £(0,2) = x, we find that f(t,x) = f(t,&(t, x))
solves the normal flow problem 0 f = V as long as we can ensure that boundary
points x4 are stationary for the o.d.e., i.e. ¢(t,x+) =0.

Recalling 05 = %81, Lemma 1 implies
Vik=~"'03f — (v 0.1, T)T - R,
where R is lower order compared with the 4th-order term. Therefore, it is sufficient
to solve problem

2
(32) Ouf =W =—y105f - %H‘F Ak +R=—y"29%f 4 terms of lesser-order
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with boundary conditions (1.6), (1.7), (1.8) at the knot points.

Observe that if a smooth solution f is found, then the definition of W in (3.2)
and the Dirichlet boundary condition of f implies that W vanishes at the knot
points, i.e., W(t,z4+) = 0. Thus the afore-mentioned tangential diffeomorphisms &
leave x4 invariant as needed.

(2): The quasilinear boundary value problem for each subinterval can be solved
(x_,z4) C I by applying standard higher-order parabolic theory, namely, one solves
the linear problem and obtains a short-time solution to the nonlinear problem via
successive approximations as the quasilinear structure allows to render the non-
linearity as a compact perturbation for small times. The reader is referred to the
excellent exposition [2], which treats the higher order quasi-linear case in Section 7.
Special care has to be taken to set up the approximation procedure as the problem
to be solved has a prescribed time derivative with boundary data from neighboring
intervals.

What we have to further generalize in this approach is to allow the boundary
conditions to interact between the neighboring intervals. This can be done by a
further application of successive approximations, which treats the curvature data
from the curve outside each individual interval as they are temporarily frozen.
Namely, we fix a time £ > 0, define fy := f(0,-) and solve for n > 0 on each

subinterval (x_,zy) C I the quasilinear problem
Orfn = =, 202 f,, + terms involving f,, of lesser-order

on the time interval (0,e). The boundary conditions formed from the previous

frozen f,,_1 read

fn(va) = fO(x)7
funtize) = fr(zs),
0y Tn(t,zx) = (Id — T, TY) - [/@n_l(t,xi) — /fn_l(t,x;)] ,
Oz fn(t,xt)

Tn(t,x L)
{+, —}. Here, the index n refers to geometric terms coming from the curve f,,, and

where T, (t,zy) = , t € (0,e) and fy is a given vector for any + €
accordingly the terms indexed by n — 1. In particular, we let &, _;(¢,y%) denote
the left/right-sided limits of the curvature vectors at the knot point y according
to the curve f,,_1. Observe that only the curvature terms of the boundary data
is entirely prescribed by the previous step. We used the projection (Id — T,,T})
in the equation of 9;T;, because the previous step curvature does not need to be
orthogonal to T,,. However, as n increases, convergence of T;, and ,, would render
these modification obsolete in the limit n — +oo.

As the two ordinary differential equations for T, (¢, 1), resp., can be solved

separately from the PDE we can use their solution on some positive time interval
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t € (0,¢) to set up a boundary condition for the PDE via prescribing

Oz fn
|0z £l

Thus, the boundary value problem to be solved for f,, can be written in such a form

(t,xq) =Tn(t,x1) for all t € (0,¢).

that boundary values for 9, f,, but not their time derivatives are prescribed. This
reformulation makes the initial value problem accessible to the methods in Amann
[2]. Note that while the PDE is fourth-order elliptic, the nonlinear operator to
define the boundary data for T}, is acting only on spatial derivatives of f,_1 up to
order k < 3.

Letting n — 400 and allowing € to be chosen arbitrarily small, we establish
convergence to the unique short-time solution satisfying the full set of boundary

conditions (1.6), (1.7), (1.8) using the quantitative estimates provided in [2].

3.2. The long-time existence. To prove the long-time existence, we need to
estimate the higher-order Sobolev semi-norms of curvature. We use an argument
similar to the one used in [18]. Namely, we consider the evolution equation for V" f

and derive the equation
V. Vi f = —ViV f + tensors of lesser-order

for all m € Z,. The difference here is that we need to manage a way to split the
boundary terms, coming from applying integration by parts in the L? estimates of
Vi f (these boundary terms vanish in the case of clamped boundary conditions),

so that we derive the following differential equality,

N N N
(3.3) & {Z JIVEfI?ds+ 30 IV%"T(wxi)IQ} +2- 3 [ [VIVIk[? ds
=11 i=0

i=11;
= terms of lesser-order,

where T'(-,z;) = Osf (-, x;) is the unit tangent vector of f at x;. It is sufficient to
keep track only of the scaling of the terms of lesser-order, instead of computing
these terms explicitly, in (3.3). In other words, we only have to know the order
of the derivatives involved such that the Gagliardo-Nirenberg type interpolation
inequalities still apply to (3.3) to derive a differential inequality.

The energy identity in the following lemma is derived by a straightforward com-

putation.

Lemma 8 (Energy Identity). Suppose f : (0,¢1) x [-1,1] — R™ is the solution
of the L*-flow (1.5) with the (interior) boundary conditions (1.6), (1.7), (1.8) and
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N
with the regularity f(t,-) € |J C™ ((w;—1,x;),R")C* ((—1,1),R"). Then,
i=1

N N
(3'4) %h 0 ;[ f|2 ds — Z |atT|2(t7xi>
= - Z S IVef? ds — Z VT2 (L, ;).

i=11;

Proof. From Lemma 2 and the evolution equation of f in (1.5), one derives on each
interval I; the equality,
(3.5)

%u:olf (316 +A) ds

i

= [ (V2h+ 5k Xk, f) ds o+ [(5, VVef) + (A + 3K2T — Vor, 0:f)] or

= _f |8t.f|2 dS + <H‘7vtT>|aIi = _f |8tf|2 dS + <H78tT>\aIia
where the second equality comes from applying the boundary condition (1.6), the
property O:f = V.f, (2.3) and the last equality comes from using the property
VT = 9,T (since (0,T,T) = £9|T|> = 0). Therefore, from (3.5) and the (interior)
boundary conditions in (1.6), (1.7), (1.8), one derives the energy identity,

(3.6) %‘tzogx [f] = %h:o iv:l {f (31612 +X) ds}

I;

Mz

N
0 f|? ds — > [0:T|?(t, 24).
i=0

Il
—

7 I;

O

A classical theorem by John Milnor states that the total curvature of a closed
curve f in R™ can be approximated by the limit of the total curvatures of inscribed
polygons inscribed of f. Thus, the total curvature of a smooth closed curve in R™
is at least 27 (cf. [21] or the proof in [13, Theorem 2.34]). We adapt part of the

proof of Milnor’s theorem into the situation in Proposition 1 below.

Proposition 1. Let f: I = [a,b] = R™ be a continuous curve with the regularity
f € C?((a,b),R™). Denote by ds = O,f dx the arclength element of f. Assume
f(a) = f(b), then the total curvature of f is at least w, i.e.,

b
(3.7) / k| ds > 7.

=a

Proof. Since we assume f(a) = f(b), we have [, T(s) ds = f(b) — f(a) = 0. This

implies that the tangent indicatrix 7" can’t be contalned in any hemisphere, Sﬁ_l.
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Therefore, the spherical diameter of the spherical curve T is greater than one-half
of the length of a great circle on the unit sphere S*~1(1), i.e.,

(38) diStSn—l(l) (T(xl),T(xQ)) >,
for some x1,x2 € I. From (3.8), we obtain (3.7).

O

The formula in the following lemma could be thought as a “higher-order energy
identity”.
Lemma 9. Suppose f : (0, tl) [—1,1] — R™ is the solution of the L*-flow (1.5)
with the reqularity f(t,-) € U C* ((wi—1,2:), RN C ((—=1,1),R"™) and with the

(interior) boundary condztwns in (1.6), (1.7), (1.8). Then, the quantity Y (t)
defined in (1.9) satisfies the identity,
(3.9)

HMZ

N N
[ VPR ds+ > [ Va2 ds= . S [ Pe(r) ds.
171;

i=117; i=1 [a,b]<[8m—2,4] I;
Proof. From (2.8), (2.2), (1.5), we have

(3.10) %%{ VP fI?ds = [ (VP VT ds — [ 5IVP I (k0 f) ds

dt

= [V f, VI (=V2k ”' K4+ A-K)) ds— [ LV (K, 0, f) ds
I; I,

i

—[ V[, Vi*Vik) ds
I;

= (V74 VR = A+ VPSP s, 00f) ) ds
By applying (2.16) and (2.18), we have
Ga) [ (VR VTP ) ds

= Y [PAw)ds.

la,b]<[8m—2,4] I,
By applying (2.21) and integration by parts, we have
(3.12)
[ (VP £,V V2) ds

I;

—[ VsV VIV k) ds + (V] VIV sk) |, + > [ Pi(k) ds
I; [a.b]<[8m—2,4] I;

ff (VT , V'V k) ds + (V] f, VTVSI&}L% + > f P (k) ds,
I; [a,b]<[8m—2,4] I;
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where the last equality comes from applying (2.20) and (2.21). Again, by applying
(2.21) and integration by parts, we have
(3.13)

[ VT, V"V k) ds

I;

= —[(VsVPT,Vi'k) ds + (VT V'K, + > | Pi(k) ds
I [a.b] <[8m—2,4] T,

[ (V7'8,Vi'R) ds + (VT V'K)),, + > | Pi(k) ds,
I [a,b]<[8m—2,4] T
where the last equality comes from applying (2.17) and (2.18), i.e
(3.14) Vik =V Vs f + > P2 (k).
[a,b] <[4m—2,3]
Thus, from (3.10), (3.11), (3.12) and (3.13), we have

(3.15) 1L [|Vrf2ds+ [ |Vk[? ds
I; I;

(VP VPR + (VT VPR, + Y [ Pak) ds.
[a,b]<[8m—2,4] I;

From applying (2.18) to (3.15), we have
(3.16)
%If iy ds+2-If [Vimk|? ds

= =2V [,V'Vsk),, +2- (VT VIK) |, + > | Pg(k) ds
[a.b]<[8m—2,4] T,
By taking the sum Z in (3.16) and applying the (interior) boundary conditions in
(1.6), (1.7), (1.8), we obtam

N
(3.17) 4 z [IVEf2ds+2- Y [ |Vimk? ds
=11 i=11;

= =2 X AVP"T (i), VI [Dg R]) + > | B (k) ds

[a,b]<[8m—2,4] I,

L

N

i=0
Note that, from (1.8), we have
VI (L 2) = VIT [Ag, k] -

Therefore, from (3.17), we obtain

=17 i=117;

i

gt{zf |V f|? ds + Z VT (-, 2;) | }+2 ﬁ |Vimk|? ds

=y S [EWd

1[a,b]<[8m—24] T;
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(]

Proof of the long-time existence and asymptotics in Theorem 1. The short-time ex-
istence of piecewise smooth solutions of (1.5) with the (interior) boundary condi-
tions (1.6), (1.7), (1.8) allows us to assume that f with the regularity in (3.1) is a
solution of (1.5) up to t; € (0,+00). Below, we show that the long-time existence
could be derived by an argument of contradiction.

Let § € (0,1/2) and re-write (3.9) as
(3.18)

4y () + 0 Vnlt

HMz

[ IVimR]2 ds
11;

WWP%+&§WM%wW+§ S [ PR ds

17, i=0 i=1[a,b]<[8m—2,4] I,

I
Mz

3

From this equation, we would like to derive a differential inequality for ), by
estimating the terms of lesser-order.
Step 1° From the energy identity in (3.4), £y [f] is non-increasing as ¢ increases

and

EMfI+A-L[fl=Ex[f] < Exlfol-
Thus, as t € [0,11),

N
2 .
(3.19) ; /1 |k|? ds < 2- &\ [fo]

and

alfl _ alfol
AT A
Note that &) [fo] < +o0 from the assumption of the initial curve fo.

Below, we claim that there is a positive constant £ = £_ (6')\ [fol, f©, ..., f(N))

such that the total length satisfies

(3.20) L[fl<

= £+.

(3.21) LfI(t) = L 20,
forallt € [0,¢1). Note that from the assumption on the regularity of f, the tangent
indicatrix satisfies T' € U C®((wi—1,7;),S" 1) N CO((-1,1),S"1).

i=1

Let i € {1,..., N}. Assume f() # (=1 then it is obvious that
(3.22) LI, 10 = 1f© = r D] z 0.

On the other hand, if we assume f(*) = f(=1 then we apply Proposition 1 to

obtain

(3.23) /|f£\ ds > .
I;
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From (3.19), (3.23) and by applying Holder’s inequality, we obtain

2

J |kl ds
3.24 _ ( i
(3.24) L1 =11, ds 2 “pppae > seimy 2 0

I;

From (3.22) and (3.24), there is a constant £9 = E@(S)\[fo], fE=1 . @) such that

(3.25) Llfi, 1> Y zo.
Thus, we conclude from (3.25) that
N
(3.26) LU =37 L)z > £ =Lz,
i=1 i=1

where £_ = L_ (Ex[fo], f©, ..., fIV).
Step 2° Since T'(t,x; ) = T(t,x;) for all i € {1,..., N — 1}, we may write
T(t, ;) —TO = _Zijl (T(t,x;) —T(t,zj—1)) = _Zijl fIf Kk ds
i= j=1
for any x € (—1,1). Then, by taking the differentiation V}* on both side, we have
VTt ;) = g Ji V(s ds) = g L, X Om e are(ds),

mi+mae=m

where O = —™_ From (2.18) and (2.22), we have

mil-ma!”

(—1)mVimg + Pf(k) | ds, as m1 = m,
[a,b] <[4m—2,3]

Vi 9T (ds) =

> Pi(k) | ds,asmy € {m—1,...,0}.
[a,b] <[4m—2,3]
Thus,

> Cm -Vitk - 0" (ds) = (=1)"Vimk ds + > P2 (k) ds,
mitme=m [a,b]<[4m—2,3]

where each constant C)7 has been absorbed by the notation Py'(k) as m; < m.
Therefore,
VTt )|

J

N 4 2 2
< C(N,m)- (f,A |V ds) TS (fjj |Po(k)| ds)
j=1 [a,b] <[4m—2,3]

< C(N,m)-L[f]- % [ [vime|? ds

—1 J

.
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N
where C(N, m) is a constant depending only on N and m. Now, the term Y. [V T'(t, z;)|

i=0
on the R.H.S. of (3.18) can be estimated by
N . 5 N dm |2
;) VT (t,2:)|” < Co(N,m) - L[f] - ; Jr Ve ds
(3.27)
N
+Co(N7m)'/3[f]~E > Jr. 1P (R)] ds.
i=1 [a,b]<[8m—4,6]
Note, from (2.16), we have
N ) N
(3.28) Y LIVEfPds =30 > [ Pg(k) ds.
=17, i=1 [a,b]<[8m—4,2] T:
Therefore, from (3.18), (3.27), (3.28), we obtain
N
(3.29) LY () + 6 Yin(t) + (2= - Co(N,m) )3 [ VEimK|? ds
i=11;
N
<6-Co(N,m) - LIf]- X2 > Jr. [P ()] ds
=1 [a,b]<[8m—4,6]
N
+0- Y > f P2 (k) ds + Z > [ Pg(k) ds.
i=1 [a,b] <[8m—4,2] T i=1 [a,b]<[8m—2,4] I;

Step 3° From the upper bound of the total length £ in (3.20), we may choose
a sufficiently small § > 0 so that

(3.30) §5-Co(N,m)- Ly <1
and then (3.29) gives
(3.31)
N
V() 8-V (t) + X [ [Ve"k[* ds

=117,

N
<@ L)Y T[R9 ds+Y Y[R ds
i=1 [a,b]<[8m—4,2] T, i=1 [a,b]<[8m—2,4] T;
From the interpolation inequality (2.14), the lower bound of total length in (3.21)
and the upper bound of bending energy in (3.19), we have
R.H.S. of (3.31)

N
<co-e- Y [|IVImKI2 ds+co - C(E,\[fo]7)\,f(o),...,f(N),T(O),T(N),N,m7n,5),
=11,

where ¢ := max{1, (Co(N,m)-£L4) '} is a constant depending only on N, m,
Ex[fo], A\. Thus, by choosing a sufficiently small e > 0 so that ¢j - € < 1, we obtain
from (3.31) that

%ym(t) +4- ym(t) < C (EA[fO},)\,f(O), "'7f(N)7T(O)7T(N)>Nam,n) )
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where § = §(N, m, A, Ex[fo]) > 0 is due to the choice of § in (3.30) and the upper
bound of the total length £, in (3.20). From this Gronwall’s type differential

inequality, we derive the uniform upper bound of Y, (t),
(332) ym(t) < ym(o) + C (g)\ [fo}v >\u f(0)7 ERE) f(N)7 T(O)7 T(N)7 N7 m, n) y

for all t € [0,¢;). Therefore,

(3.33)
N

S IVE Fary (1) < € (Ym0, Exlfol, A £Os o OO, 7O, T N i)
i=1

for all t € [0,1).

Step 4° Observe that, by using the evolution equation (1.5) on the calculation
of VI"T'(-, z;), the assumption on C'°°-smoothness of initial curve f; in Theorem 1
implies that {),,(0)}mez, is a sequence of finite non-negative numbers. For each
fixed i € {1,..., N}, we could estimate ||[Vy" ?k|/72,,) by applying the formula

of V{*f in (2.16), the interpolation inequality in (2.14), the upper bound of total
N

bending energy > ”H”%%L) in (3.19) and the upper bound of ||V§”f”izai) in
i=1

(3.33) to obtain
IV =267 27, (t)

(3.34)
< ¢ (ym(O),g)\[fo], Aaf(o)v "'7f(N)7T(O)7T(N)7N7man) )

for any t € [0,t1) and m € Z,. Note that, for any ¢ € Z,, we may choose
m = my := [“42]+1, where the notation [A] represents the greatest integer part of
real number A, so that ¢ < 4my — 2. Thus, by applying Lemma 6, the interpolation
inequality (2.14), the upper bound of total bending energy ]ZV: ”"‘H%%m in (3.19)
and (3.34), we obtain =

||V£“|‘2Lz(1i) (t) + ||3f’i”2L2(11-) ()
(3.35)

< C (Vm, (0), Ex[fo), A, fO, oy fN) 1O TN N my,m),
for any t € [0,¢1), i€ {1,..., N} and £ € Z.

For any differentiable function g : I; = (z;—1,z;) C R — R", it is easy to see

that

(3.36) g(s) == g(s) — ( fz. d0'> ( flvg(g) da)

satisfies [ g(s) ds = 0 and
I;

(3.37) 911z 1y < e(n) - 109 22 ry-
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By letting g = xy_;1 := 071k in (3.37) and (3.36), where £ € Z, , we derive

-1
(3.38) ||’<5271HL00(1¢) <¢(n)- Has"‘“@fluLl(zi) + </I ds) ’ ||H@*1HL1(11') )
By applying Holder’s inequality to the R.H.S. of (3.38), we obtain
(3.39)
—-1/2

1/2 /
ot ey = ) ([ as) 0l ([ as) 08 s

7

From applying the uniform upper bound of total length in (3.20), the uniform lower
bound of the length of each component in (3.25) and the estimates in (3.35), we
obtain from (3.39),

(38:40) [0 8] o g,y < € (P (0. Exlals A, Oy FO0, 7O TN N g )

HHLOO( ;

which gives a uniform upper bound of H@ﬁ_l for each ¢ € Z,. However,

HHLW(I,;)
this is a contradiction if we assume that the solution of (1.5) remains smooth on
N
each f|, only up to a finite time ¢;. Therefore, f € |J C*((zi—1,2;),R").
‘ i=1
Step 5° For the asymptotic behavior of the flow, we choose a subsequence of
curves f (t,-), which converges smoothly to a curve f, on each open interval after

reparametrization of arclength. Let

and

By applying (3.33), we derive the inequality,
(341) ’%u (t)| < C (yl(O), y2(0)7 g)\[fO]v >‘7 f(O)’ ey f(N)v T(O)v T(N)v Na n) )

for all ¢t € [0,00). Moreover, by applying the interpolation inequality in (2.14) and
the upper bound of the total length in (3.20) to (3.27), we derive the inequality,

(342) |%U (t)| < c (yZ(O)ay?)(O)?S)\[fOL)‘a f(o)a "'af(N)aT(O)aT(N)aNa n) )

for all t € [0, 00). Thus, w(t) := u(t) + v(t) satisfies
(3.43)

[dw ()] < C (31(0), 92(0), 3(0), Ex[fo], A, £, oo, fO, 7O, T, N, m)
for all t € [0, 00).

On the other hand, the energy identity in (3.4) implies that w (t) € L ([0, 0)).
Therefore, w (t) — 0 as ¢ — oo. Since both u(¢) and v(t) are non-negative, from
the definition of w(t), u (t) — 0 as ¢ — oo, which implies that fo is independent
of t. Thus, from the equation of L?-flow (1.5), f is an equilibrium of £, on each

I; with the uniform bound of any higher-order derivatives in (3.40), i.e., foo €
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N
U C*((xi—1,z;),R™). Besides, from the interior boundary condition in (1.8),
i=1

aéfoo(x;) = 0?foo(x]) for all i € {1,..., N — 1}. Therefore, fo, € C%((—1,1),R").
U
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