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Abstract

In this paper we investigate the cubic-to-orthorhombic phase transi-

tion in the framework of linear elasticity. Using convex integration tech-

niques, we prove that this phase transition represents one of the simplest

three-dimensional examples in which already the linearized theory of elas-

ticity displays non-rigidity properties. As a complementary result, we

demonstrate that surface energy constraints rule out such highly oscilla-

tory behaviour. We give a full characterization of all possibly emerging

patterns for generic values of δ.
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1 Introduction

In this note we investigate the so called cubic-to-orthorhombic phase transition.
This is an example of a solid-solid, diffusionless phase transition occurring in
shape memory alloys such as CuAlNi. In the linear theory of elasticity it can be
fully described by its stress-free strains. This constitutes the following six-well
problem:

e(∇u) := ∇u+∇tu

2
∈ {e(1), ..., e(6)},

with

e(1) =





1 δ 0
δ 1 0
0 0 −2



 , e(2) =





1 −δ 0
−δ 1 0
0 0 −2



 , e(3) =





1 0 δ
0 −2 0
δ 0 1



 ,

e(4) =





1 0 −δ
0 −2 0
−δ 0 1



 , e(5) =





−2 0 0
0 1 δ
0 δ 1



 , e(6) =





−2 0 0
0 1 −δ
0 −δ 1



 .

From experiments it is known that this phase transition displays a variety of
microstructures – hence, these materials are very flexible in their martensitic
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phase, c.f. [Bha03]. As such a flexibility is highly desirable for applications, an
improved understanding of the emerging structures is necessary. In the present
article, we approach this task by giving a full classification of all possible, ex-
actly stress-free patterns for generic values of δ.

In the sequel we prove two complementary results:

• First, we show that the differential inclusion problem associated with the
cubic-to-orthorhombic phase transition has a variety of very “wild” convex
integration solutions. As these are of highly oscillatory nature and mix up
scales, these do not correspond to physically expected solutions. Hence,
in investigating and classifying all possible, exactly stress-free patterns
arising in the cubic-to-orthorhombic phase transition, the pure six-well
problem has to be augmented by an additional constraint which rules out
“too wild” behaviour.

• In the second part of the paper, this is achieved via surface energy pe-
nalizations: We require that the patterns consist of “piecewise polygonal”
configurations, i.e. constructions such that the support of the respective
phases consist of a union of finitely many piecewise polygonal domains.
Under these assumptions we give a full classification result of possibly
emerging stress-free patterns for generic values of δ.

1.1 The Non-Rigidity Result

Let us start by discussing the non-rigidity result. Motivated by the cubic-to-
orthorhombic phase transition, we consider a differential inclusion of the form

e(∇u) := ∇u +∇tu

2
∈ K, (1)

where K ⊂ R3×3
sym consists of trace-free matrices.

Questions of this type have been addressed by various authors in the last two
decades, including the full characterization of the two-well problem by Dolzmann
& Müller, [DM95b], and Müller & Sverak, [MŠ99], in the setting of non-linear
elasticity. Similar issues were also studied by Kirchheim, [Kir98], Dolzmann &
Müller, [DM95a], Conti & Dolzmann & Kirchheim, [CDK07], and Capella &
Otto, [CO12], in the three-well case modeling a cubic-to-tetragonal phase tran-
sition in geometrically linear and non-linear theories.

In all these situations the geometrically non-linear setting presents patholog-
ical convex integration solutions, demonstrating that stress-free configurations
without surface energy constraints can be highly irregular, deviating strongly
from the predictions of piecewise affine computations. However, taking ad-
ditional surface energy into account, e.g. by imposing BV conditions on the
phase interfaces, the expected rigidity properties can be regained, c.f. [Kir98],
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[DM95a].
In contrast, in all the previously described models the geometrically linear situa-
tion displays much stronger rigidity properties than the non-linear analogue: In
the case of the geometrically linear two-well problem or the geometrically linear
cubic-to-tetragonal phase transition any stress-free configuration locally con-
sists of simple laminates, independently of any BV condition on the interfaces
separating the respective phases. In particular, the configurations are correctly
predicted by piecewise affine calculations, c.f. [DM95b], [CO12].

In this article we show that as far as rigidity properties are concerned, the
six-well problem, e.g. the cubic-to-orthorhombic phase transition, represents
the simplest example in three-dimensional geometrically linear models display-
ing the pathological convex integration solutions. This is a consequence of the
fact that it is the simplest three-dimensional phase transition with sufficiently
many different stress-free strains. More precisely, the laminar hull of the strains
spans a five dimensional tetrahedron in the space of symmetric, trace-free, three-
by-three matrices, [BK97]. This provides sufficient room in order to work with
convex integration techniques.

1.2 The Main Results for the Non-Rigid Setting

From a technical point of view the linearized theory of martensite differs from a
gradient inclusion problem by an unbounded ingredient: The inclusion problem
(1) can also be interpreted as

∇u ∈ K + skew(3), (2)

where skew(3) denotes the skew symmetric matrices.

Our strategy to tackle the problem consists of keeping the unbounded in-
gredient, else following the arguments of Müller and Sverak in the linearized
setting. Instead of using a W 1,∞ bound, which we lack due to the unbounded-
ness of the problem, we make use of Korn’s inequality to derive slightly weaker
W 1,p, p ∈ (1,∞), bounds. Thus, the unbounded aspects of this argument ac-
count for a loss of regularity in the final solution of the symmetrized gradient
inclusion.
An alternative approach, which would yield slightly stronger non-rigid solutions
– i.e. solutions in W 1,∞ –, could consist of applying the ideas introduced by
Kirchheim, [Kir07]. Instead of working with the bounds obtained via Korn’s
inequality, one could directly “lift” the problem to a bounded differential in-
clusion for the gradient. In order to proceed with such a strategy, it would be
necessary to identify the lamination extreme points of the lamination convex
hull of the resulting set. While the situation can be handled for the analogous
two-dimensional problem (involving three strains) due to the low dimensionality
in matrix space, it seems difficult to do so in the three-dimensional setting. We
do not pursue this idea further, but concentrate on the strategy outlined first.
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In all the cases considered, we observe that despite its linear character the
inclusion problem (1) mirrors the analogous non-linear situation described by
Müller and Sverak, [MŠ99], as well as Conti, [Con08]. In fact, rather surpris-
ingly, the three-dimensional linear situation needs the full strength of the tech-
nique of convex integration. This is in sharp contrast to the two-dimensional
hexagonal-to-rhombic phase transition. The convex integration solutions in the
linear theory of this phase transition can be constructed without the use of the
oscillation control lemma – the core of the convex integration method. This is a
consequence of the fact that the existence of symmetrized rank-one connections
are trivial in two-dimensions.

Central ingredients of our proofs of the existence of “wild” convex integration
solutions are

• a linearization of Conti’s construction, c.f. [Con08],

• an application of the oscillation control lemma of Müller and Sverak, c.f.
[MŠ99].

As we are mainly interested in the rigidity properties of the cubic-to-orthorhombic
phase transition, we only discuss the differential inclusion (1) combined with
(piecewise affine) boundary conditions originating from the lamination convex
hull of K, i.e. e(∇v) ∈ K lc – as in the work of Müller and Sverak, [MŠ99], this
can be extended to the setting of rank-one-convex hulls.

As in the non-linear setting a major difficulty of problem (1) arises from the
constraint, which is stable under taking the lamination convex hull (c.f. Section
2.4 for the definition and properties). Phrasing our results in analogy to Müller
& Sverak, [MŠ99], we define:

V := {E ∈ R3×3
sym; tr(E) = 0}.

Before dealing with the actual six-well problem, we provide an existence
result for differential inclusions with values in (relatively) open sets U ⊂ V .
Denoting the symmetrized lamination convex hull of a set U by U lc we prove
the following proposition:

Proposition 1. Let U ⊂ V be open and bounded, Ω ⊂ R3 bounded, open,
Lipschitz, v : Ω ⊂ R3 → R3 piecewise linear such that

e(∇v) ∈ U lc a.e. in Ω.

Then there exists a Lipschitz map u : Ω → R3 such that

e(∇u) ∈ U a.e. in Ω,

u = v on ∂Ω.
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We remark that the Lipschitz constant of the map u strongly depends on the
boundary data v. In fact, central factors playing a role, are the skew-symmetric
part of ∇v as well as the order of lamination of e(∇v).

In order to deal with non-open sets, we reduce the situation to the previously
described case of open sets by working with the notion of “in-approximations”.
These are sets that can be reached by an application of Proposition 1. Fur-
thermore, they approximate the actual non-open set increasingly well. Thus, a
countable number of iteration steps allows to deduce the desired existence result
for the non-open situation.
Again, we follow the notation of Müller and Sverak, [MŠ99].

Definition 1. Let K ⊂ V . A sequence, {Ui}i∈N, of subsets Ui of V is an
in-approximation of K in V , if Ui is (relatively) open in V and further satisfies

1. Ui is uniformly bounded,

2. Ui ⊂ U lci+1,

3. Ui → K, i.e. if Fi ∈ Ui converges to F this implies F ∈ K.

As opposed to the geometrically non-linear setting the in-approximation will
be applied to the strain. Therefore, an additional tool for deducing compactness
is necessary. This is provided by Korn’s inequality. Using the notion of an in-
approximation, we prove the following proposition:

Proposition 2. Let V be as above, K ⊂ V , {Ui}i an in-approximation of K.
Assume that v : Ω ⊂ R3 → R3 is piecewise linear and satisfies

e(∇v) ∈ U1 in Ω.

Then there exists u : Ω → R3, u ∈ C0,α for all α ∈ [0, 1), such that

e(∇u) ∈ K a.e. in Ω,

u = v on ∂Ω.

The unboundedness of the sets we are dealing with is reflected in weaker
regularity properties of solutions of the differential inclusion (1): Instead of Lip-
schitz solutions as in the case of bounded gradient inclusions our ansatz only
yields C0,α solutions for any α ∈ [0, 1). This regularity property is derived via
the boundedness of the inclusion in the set of symmetric matrices in combina-
tion with Korn’s inequality.
The loss of regularity is – in a weaker form – already contained in the first
proposition. The fact that the Lipschitz constant depends so strongly on the
skew-symmetric part of ∇v makes it difficult to carry out a countable iteration
of Proposition 1 without losing the Lipschitz property.

Finally, Proposition 2 enables us to deal with the six-well problem and to
conclude non-rigidity for the cubic-to-orthorhombic phase-transition.
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Corollary 1. Let e1, ..., e6 ∈ R3×3
sym, tr(ei) = 0, be such that

dim(int conv(e1, ..., e6)) = 5 and that there exist aij ∈ R3 \ {0}, nij ∈ S2 with

ei − ej =
1

2
(aij ⊗ nij + nij ⊗ aij) for i 6= j.

Then for any Lipschitz domain Ω and any M ∈ R3×3 such that 1
2 (M +M t) ∈

int conv(e1, ..., e6) there exists a function u : R3 → R3, u ∈ C0,α for all α ∈
[0, 1), satisfying

∇u =M on R
3×3 \ Ω̄,

1

2
(∇+∇t)u ∈ {e1, ..., e6} in Ω a.e.

This indicates that the pure six-well problem does not present a physically
appropriate model for the cubic-to-orthorhombic phase transition.

1.3 The Rigidity Result under Surface Energy Constraints

Let us now describe the rigidity result. Here we are interested in classifying the
possibly emerging stress-free patterns for generic δ – i.e. δ /∈ {± 3

2 ,±3}. All of
the strains determining the cubic-to-orthorhombic phase transition are pairwise
(symmetrized) rank-one connected via two possible normals, i.e. for each i 6= j
there exist vectors aij ∈ R3 \ {0}, nij ∈ S2 with the properties

ei − ej =
1

2
(aij ⊗ nij + nij ⊗ aij). (3)

Thus, possible non-constant configurations of these strains are, for example,
given by laminates, i.e. twin configurations jumping at the normals determined
by (3). In contrast to other martensitic phase transitions such as the cubic-
to-tetragonal transition laminates do not constitute the only possible configu-
rations. On the contrary, so-called crossing twin structures can form as well
(c.f. Fig. 1). However, in the generic case these are (up to symmetry) the only
possible configurations. In fact we prove the following statement:

Proposition 3. Let δ /∈ {± 3
2 ,±3}. Then any piecewise polygonal strain is

locally either given by a laminate or a crossing twin configuration (c.f. Figures
5, 6, 7).

Rigidity statements of this form have been a topic of very active research
in the last two decades. In particular, after the unexpected discovery of “wild”
convex integration solutions by Müller & Sverak, [MŠ99], a strong interest in
rigidity properties of the underlying models developed. Starting with the work
of Dolzmann & Müller [DM95b], [DM95a] on the two-well problem, such proper-
ties have been studied systematically, c.f. [Kir98], [Con08], [DKMŠ00], [CDK07],
[CO12]. For example Dolzmann and Müller prove the following theorem for the
cubic-to-tetragonal phase transition (which can, mathematically, be interpreted
as a special case of the cubic-to-orthorhombic phase transition) in a geometri-
cally linear framework:
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e(4) e(2) e(4)

e(3) e(1) e(3)

e(4) e(2) e(4)

e(3) e(1) e(3)

[0, 1, 0]

[1,−1, 0]

[1, 1, 0]

(a)

e(1)

e(2)

e(1)

e(2)

(b)

Figure 1: Examples of (a) crossing twin structures, (b) laminate structures

Proposition 4 (Dolzmann & Müller, [DM95a]). Let δ = 0. Then any configu-
ration of strains taking values in {e(1), ..., e(6)} is locally a simple laminate.

A central observation underlying all previously mentioned articles consists
of noting that while the respective non-linear models display convex integration
solutions, models involving surface energy do not. On the contrary, the above
works have shown that under BV conditions strong rigidity properties hold.
As the first part of our discussion exemplifies, the cubic-to-orthorhombic phase
transition displays such non-rigidity already in the geometrically linearized the-
ory of elasticity. Therefore, a better understanding of conditions guaranteeing
rigidity in this case seems desirable. Due to the large number of possible jump
planes such an analysis involves strong combinatorial elements already in the
piecewise affine setting.

The proof of our result consists of two central elements:

• Classification of zero-homogeneous strain configurations (i.e. e(∇u)(λx) =
e(∇u)(x)). This corresponds to characterizing all possible three-dimensional
corners involving strains of the cubic-to-orthorhombic phase transition.
Here, we prove the following central proposition.

Proposition 5. Let δ /∈ {± 3
2 ,±3}. Then any zero-homogeneous strain

is given by a laminate or a crossing twin configuration (c.f. schematic
picture 5, 6, 7).

The classification of all homogeneous solutions can be considered as a
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necessary initial step in attaining a full understanding of configurations
involving finite surface energy, i.e. piecewise polygonal structures and, in
possible future work, also configurations involving BV constraints.

• Combining zero-homogeneous corners. As there are only finitely many
jumps in piecewise polygonal configurations, these may be considered as
combinations of only finitely many homogeneous corners which possibly
yield a new, compatible structure.

Technically, the proof of our rigidity result consists of four key ingredients:

• Regularity. In a first step the strain equations are used in order to charac-
terize homogeneous corners. We show that the “piecewise affine situation”
is the correct one, i.e. strains can indeed only jump at planes determined
by the piecewise affine compatibility conditions.

• Blow-up. Instead of investigating the behaviour of a possible corner close
to the origin, we “blow up” the corner. In three dimensions it is sufficient
to understand the patterns which a corner induces on a sphere surrounding
this corner, as compatibility amounts to a second order condition. Hence,
if a configuration is compatible on the sphere, it is also compatible at the
origin. (This would not be true in two dimensions as configurations which
are compatible on the circle might still induce Dirac masses at the origin.)

• Combinatorics on the sphere. In a third step a Mathematica aided (sym-
bolic) “brute force” computation combined with combinatorial consider-
ations demonstrates that the only possible zero-homogeneous configura-
tions are made up of laminates or crossing twins. An alternative approach,
which is free of Mathematica computations, is presented in the appendix.
Here we make extensive use of combinatorial considerations.
Combinatorial considerations for certain special lines (“invariant lines”)
also play a central role in proof of the piecewise polygonal result, Propo-
sition 3.

• Strain equations. In certain planes combinatorial arguments do not suffice.
As, however, in this situation only four of the six strains have to be taken
into account, we argue via the classical strain equations. In these planes
we deduce rigidity.

The remaining part of the paper is organized as follows: In Section 2 we recall
various properties of our model for the cubic-to-orthorhombic phase transition,
of convex hulls and of strain tensors. The following Sections 3-5 deal with
the non-rigidity result: After presenting a linearized version of a construction
of Conti, [Con08], we recall the controlled convergence lemma of Müller and
Sverak, [MŠ99], and show how to combine these results into the non-rigidity
statement.
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ej1 ej2 normals
e1 e2 [1, 0, 0], [0, 1, 0]
e1 e3 [0, 1,−1], [2δ, 3, 3]
e1 e4 [0, 1, 1], [2δ, 3,−3]
e1 e5 [1, 0,−1], [3, 2δ, 3]
e1 e6 [1, 0, 1], [3, 2δ,−3]
e2 e3 [0, 1, 1], [2δ,−3, 3]
e2 e4 [0, 1,−1], [−2δ, 3, 3]
e2 e5 [1, 0, 1], [−3, 2δ, 3]

ej1 ej2 normals
e2 e6 [1, 0,−1], [3,−2δ, 3]
e3 e4 [1, 0, 0], [0, 0, 1]
e3 e5 [1,−1, 0], [3, 3, 2δ]
e3 e6 [1, 1, 0], [3,−3, 2δ]
e4 e5 [1, 1, 0], [−3, 3, 2δ]
e4 e6 [1,−1, 0], [3, 3,−2δ]
e5 e6 [0, 1, 0], [0, 0, 1]

Table 1: Strains with their respective rank-one-connections.

Sections 6-9 deal with the rigidity result. Here Sections 6 and 7 treat zero-
homogeneous strains: In a first step we derive regularity properties of zero-
homogeneous strains (Section 6) and in a second step we carry out the necessary
combinatorial considerations (Section 7). In Section 8 we address the piecewise
polygonal situation. Last but not least, in the appendix, we give an additional
computer-free, yet combinatorially more involved proof of the main rigidity
result and briefly comment on the situation of δ ∈ {± 3

2 ,±3}.

2 Preliminaries

2.1 The Model

In the sequel we discuss the cubic-to-orthorhombic phase transition. This is
an example of a diffusionless solid-solid phase transition which is, in its low
temperature state, characterized by the following stress-free strains:

e(∇u) := ∇u +∇tu

2
∈ {e1, ..., e6},

with

e(1) = ǫ





1 δ 0
δ 1 0
0 0 −2



 , e(2) = ǫ





1 −δ 0
−δ 1 0
0 0 −2



 , e(3) = ǫ





1 0 δ
0 −2 0
δ 0 1



 ,

e(4) = ǫ





1 0 −δ
0 −2 0
−δ 0 1



 , e(5) = ǫ





−2 0 0
0 1 δ
0 δ 1



 , e(6) = ǫ





−2 0 0
0 1 −δ
0 −δ 1



 .

Here ǫ and δ are dimensionless material parameters, typically of the magnitude
ǫ ∼ 0.01, δ ∼ 0.25. The existence of such a variety of stress-free states reflects
the loss of symmetry of the material lattice in its low temperature state.
As remarked above all the strains are (symmetrized) rank-one-connected. The
respectively possible normals are summarized in Table 1.
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The existence of the rank-one-connections proves that the material can form
non-constant stress-free configurations, so called twins. This means that there
exists a plane described by a normal n (which is determined by the normals
of the symmetrized rank-one-connections) such that e(∇u) = ej1 for x · n <
0 and e(∇u) = ej2 for x · n > 0 with j1 6= j2. Furthermore, calculations
based on piecewise affine strains show that even crossing twin structures can be
obtained, c.f. Figures 5, 6, 7. These are structures as depicted in Figure 1 in
which two twins intersect along a given normal, thus locally forming a four-fold
corner. The affine calculations indicate that such crossing twin structures are
two-dimensional.

2.2 Some Properties of Strains

We recall that a strain can be characterized by a Poincaré-like condition:

Lemma 1. Let U ⊂ R3 be simply connected, e : U → R3×3
sym. Then the following

are equivalent:

• e is a strain corresponding to a deformation u,

• e (distributionally) satisfies the strain equations

∇× (∇× e) = 0, (4)

i.e. the following system of partial differential equations are satisfied dis-
tributionally:

∂233e22 + ∂222e33 = 2∂2∂3e23,

∂233e11 + ∂211e33 = 2∂1∂3e13,

∂222e11 + ∂211e22 = 2∂1∂2e12,

(5)

∂2∂3e11 = ∂1(−∂1e23 + ∂2e13 + ∂3e12),

∂1∂3e22 = ∂2(∂1e23 − ∂2e13 + ∂3e12),

∂1∂2e33 = ∂3(∂1e23 + ∂2e13 − ∂3e12).

(6)

Remark 1. Corresponding to the fact that a strain tensor (six degrees of free-
dom) originates from a displacement field (three degrees of freedom) only three
of the six equations are independent.

Proof of Lemma 1. As the first implication is a simple calculation, we only con-
sider the second one. For that purpose we regard the vectorial formulation

∇× (∇× e) = 0.

Since U is simply connected, Poincaré’s lemma holds true which yields

∇× e = ∇w, (7)
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for a field w : U → R3. Defining ωij := −ǫijkwk, we obtain

(∇× ω)ij = ǫilk∂lωjk

= −ǫilkǫjks∂lws
= −ǫilkǫjks(∇× e)sl

= −(δisδlj − δijδls)(∇× e)sl

= −(∇× e)ij ,

where we exploited symmetry properties of the expressions involved. As a con-
sequence, we have

0 = ∇× e+∇× ω.

Therefore, a second application of Poincaré’s lemma yields the existence of a
field u : U → R3 satisfying

∇u = e+ ω.

The uniqueness of such a decomposition implies the claim.

As we will rely on various changes of coordinates, we briefly recall the trans-
formation behaviour of strains. Being tensors of order two, they obey the fol-
lowing rule:

Lemma 2. Let e : R3 → R3×3
sym be a strain corresponding to a displacement field

u. Assume that C ∈ GL(3) and set

x̂ = C−tx, û = Cu.

Then the transformed strain ê(∇̂û)(x̂) := ∇̂û(x̂)+(∇̂û(x̂))t
2 can be derived from the

original strain e:

ê(∇̂û)(x̂) = Ce(∇u)(C−tx)Ct.

2.3 Polar Coordinates for Zero-Homogeneous Strains

Working with homogeneous strains, equation (4) can be rewritten as an equa-
tion on the sphere. For this purpose we use the following polar coordinates
convention

x =





r cos(ϕ) sin(ψ)
r cos(ϕ) sin(ψ)

r cos(ψ)



 , ψ ∈ [0, π], ϕ ∈ [0, 2π).
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Hence the second derivatives for zero-homogeneous functions turn into

∂2

∂2x1
=

(

sin(ϕ)

sin(ψ)

∂

∂ϕ
− cos(ϕ) cos(ψ)

∂

∂ψ
+ cos(ϕ) sin(ψ)

)

×
(

sin(ϕ)

sin(ψ)

∂

∂ϕ
− cos(ϕ) cos(ψ)

∂

∂ψ

)

,

∂2

∂2x2
=

(

cos(ϕ)

sin(ψ)

∂

∂ϕ
+ sin(ϕ) cos(ψ)

∂

∂ψ
− sin(ψ) sin(ϕ)

)

×
(

cos(ϕ)

sin(ψ)

∂

∂ϕ
+ sin(ϕ) cos(ψ)

∂

∂ψ

)

,

∂2

∂2x3
=

∂

∂ψ
(sin2(ψ)

∂

∂ψ
),

∂2

∂x1∂x2
=

(

− sin(ϕ)

sin(ψ)

∂

∂ϕ
+ cos(ϕ) cos(ψ)

∂

∂ψ
− cos(ϕ) sin(ψ)

)

×
(

cos(ϕ)

sin(ψ)

∂

∂ϕ
+ sin(ϕ) cos(ψ)

∂

∂ψ

)

,

∂2

∂x1∂x3
=

(

− cos(ϕ) cos(ψ)
∂

∂ψ
+

sin(ϕ)

sin(ψ)

∂

∂ϕ
+ cos(ϕ) sin(ψ)

)(

sin(ψ)
∂

∂ψ

)

,

∂2

∂x2∂x3
=

(

− sin(ϕ) cos(ψ)
∂

∂ψ
− cos(ϕ)

sin(ψ)

∂

∂ϕ
+ sin(ϕ) sin(ψ)

)(

sin(ψ)
∂

∂ψ

)

The difficulty of working directly with the strain equations on the sphere
consists of the existence of two independent variables, i.e. in contrast to toy
models on one-dimensional spheres, we are confronted with a PDE instead of
an ODE.

2.4 Lamination Convexity

In dealing with the non-rigidity statement, a crucial notion consists of lami-
nation convexity. Therefore we briefly recall this notion, c.f. [Dac07], [MŠ99],
[Kir07] for further information. We use this notion on the level of the sym-
metrized gradient:

Definition 2. A set U ⊂ Rn×nsym is lamination convex iff for any (symmetrized)
rank-one connected elements a, b ∈ U the whole interval [a, b] is contained in U .
We denote the lamination convex hull of a set U by U lc. It is characterized as
the smallest lamination convex set containing U .

In the sequel we will make use of the following properties of the lamination
convex hull:
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• the lamination convex hull can be characterized as U lc =
∞
⋃

j=1

Lj(U), with

L0(U) = U,

Lj(U) = {c ∈ R
n×n; c = λa+ (1− λ)b, a, b ∈ Lj−1(U), λ ∈ [0, 1],

a, b are (symmetrized) rank-one-connected}, j ≥ 1.

• If U is open, the same holds for Lj(U) for any j ∈ N.

• If c ∈ Ln(U), we define the minimal n with this property as the order of
lamination (of c).

3 Constructions

3.1 Conti’s Construction: 2D and 3D

In this subsection we present “linearized” versions of a construction of Conti
[Con08]. Instead of satisfying the determinant constraint appearing in the non-
linear setting, our construction with zero boundary data satisfies a zero trace
condition. As in the original construction, we prove the statement in two steps:
We first give a two-dimensional construction and then extend it to three dimen-
sions.

In the two-dimensional setting we have:

Lemma 3. Let λ ∈ (0, 1), δ > 0,

M0 =

(

0 0
1− λ 0

)

, M1 =

(

0 0
−λ 0

)

.

Then there exists a piecewise affine Lipschitz map u : R2 → R2 and domains
Ω = Ω0 ∪ Ω1, Ω1,Ω0 disjoint, such that

• ∇u attains at most five different values,

• we have

∇ · u = 0 in Ω,

u = 0 in R
2 \ Ω̄,

• it holds

|M0 −∇u| ≤ δ on Ω0,

|M1 −∇u| ≤ δ on Ω1.

Remark 2. By the construction of the vector field u the parameter λ ∈ (0, 1)
determines the volume fractions on which the gradients are close to M0 or M1.
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µ

−µ

1

−1

−ǫ −ǫλ ǫλ ǫ

M1 +M3

M0 +M3

M1 +M3

M1 +M3

M0 +M3

M1 +M3

M1 +M2 M0 +M2 M1 +M2 P2

P3

P1

Figure 2: Conti’s construction in 2D and 3D. The picture on the left describes
the gradient distribution in the two-dimensional construction and depicts the
triangles where the construction is interpolated. The final domain Ω is given
by the inner diamond. The picture on the right illustrates how to extend the
construction to higher dimensions.

Proof. In analogy to Conti’s construction in the nonlinear case, [Con08], we
construct the desired function in the diamond depicted in the left part of Figure
2. We first focus on the construction in the first quadrant. The gradients of the
functions

vM0(x) :=

(

0
(1− λ)x1

)

, vM1(x) :=

(

0
−λx1 + λǫ

)

,

vM2(x) :=

(

−q(1− µ)x2
0

)

, vM3(x) :=

(

qµx2 − qµ
0

)

,

are given by

M0 =

(

0 0
1− λ 0

)

, M1 =

(

0 0
−λ 0

)

,

M2 =

(

0 −q(1− µ)
0 0

)

, M3 =

(

0 qµ
0 0

)

.

Due to the rank-one connections between M0, M1 and M2, M3, respectively, it
is possible to define a piecewise affine, continuous function ũ with the gradient



3 CONSTRUCTIONS 16

distribution indicated in Figure 2:

ũ(x) =















vM0(x) + vM2(x) in [−ǫλ, ǫλ]× [−µ, µ],
vM0(x) + vM3(x) in [−ǫλ, ǫλ]× [µ, 1],
vM1(x) + vM2(x) in [ǫλ, 1]× [−µ, µ],
vM1(x) + vM3(x) in [ǫλ, 1]× [µ, 1].

Furthermore, by the choice of the functions vMi , we obtain ũ(P2) = ũ(ǫ, 0) =
0 = ũ(0, 1) = ũ(P1). In order to obtain the desired boundary conditions on the
boundary of the diamond, we interpolate the values of ũ at P1, P2, P3 linearly.
This yields a new piecewise affine, continuous function u. By construction we
have u(P1) = 0 = u(P2), thus, u vanishes on the whole line segment connecting

the points P1 and P2. Moreover, by choosing q = λ(1−λ)
µ(1−µ) ǫ

2, it is ensured that the

resulting (interpolated) vector field remains divergence free (this can be seen by
an application of Gauß’s theorem). Thus, in the interpolated region the gradient

of u can be computed to yield ∇u = p

(

−ǫ −ǫ2
1 ǫ

)

with p = −λ 1
1− µ

1−λ

=

−λ + O( µ
1−λ). On the remaining first quadrant part of the diamond, i.e. on

the polygon defined by the points P1, (0, 0), P2, P3, the gradient distribution of
u coincides with that of ũ. Now the claim on the closeness of the gradients to
the matrices M0,M1 follows by choosing

• µ = ǫ,

• ǫ > 0 sufficiently small in dependence of λ and δ.

Carrying out similar considerations in the fourth quadrant, we obtain that the

gradient in the corresponding interpolation region is given by p

(

ǫ −ǫ2
1 −ǫ

)

. Fi-

nally, using the point symmetry of the overall construction, u(x) = −u(−x), we
obtain the desired construction involving only five gradients.

The two-dimensional Conti construction can be extended to an arbitrary di-
mension by inductively adding new points on which the extended function satis-
fies the correct boundary conditions in each direction orthogonal to the already
presented 2D building block. Between these “new values” and the lower dimen-
sional construction a linear interpolation yields the desired higher-dimensional
construction (c.f. Figure 2, right part).

Lemma 4. Let δ > 0, λ ∈ (0, 1),

M0 =





0 0 0
1− λ 0 0
0 0 0



 , M1 =





0 0 0
−λ 0 0
0 0 0



 .

Then there exists Ω ⊂ R3, Ω = Ω0 ∪ Ω1, and there exists a piecewise affine,
Lipschitz map u : R3 → R3 such that
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• ∇u takes on at most 10 different values,

• we have

∇ · u = 0 in Ω,

u = 0 on R
2 \ Ω̄,

• it holds

|M0 −∇u| ≤ δ on Ω0,

|M1 −∇u| ≤ δ on Ω1.

Proof. We prove this lemma by applying the previous two dimensional construc-
tion and an additional interpolation. In fact, considering the “diamond”- shape
given by the convex hull of the points

(1, 1, 0), (−1, 1, 0), (1,−1, 0), (−1,−1, 0), (0, 0, 1), (0, 0,−1)

we define u(x) =





u1(x)
u2(x)
0



 by the previously constructed two dimensional func-

tion in the {x3 = 0}-plane. We extend it to the three-dimensional tetrahe-
dron by setting u(±e3) = 0 and interpolating in the resulting three-dimensional
tetrahedra. As a consequence we obtain at most 10 different gradients. Since
u3(x) = 0 on all of the vertices on which u is interpolated, we infer u3(x) = 0
by linearity. Furthermore, the definition of u on the plane x3 = 0 implies

∇u =

(

∇(u1, u2) b
0 0

)

.

Finally, this demonstrates that the divergence freeness is preserved under the
described interpolation procedure.

In order to control the volume distribution of the gradients/ symmetrized
gradients appearing in Conti’s construction, we use the following Lemma, which
is again an adaptation of the non-linear situation treated by Conti, [Con08].

Lemma 5. Let λ ∈ (0, 1),

M0 =





0 0 0
1− λ 0 0
0 0 0



 , M0 =





0 0 0
−λ 0 0
0 0 0



 .

For any δ > 0 there exists a domain Ω ⊂ R3, Ω = Ω0 ∪ Ω1, and a piecewise
linear Lipschitz map u : R3 → R3 such that

• ∇u takes on at most 20 different values,
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• we have

∇ · u = 0 in Ω,

u = 0 on R
2 \ Ω̄,

• it holds

|M0 −∇u| ≤ δ on Ω0,

|M1 −∇u| ≤ δ on Ω1,

• the volume fractions satisfy

|{x ∈ Ω;∇u /∈ {M0,M1}}| ≤ δ|Ω|.

Proof. We follow the ideas of Conti. Defining u(1) as the function from Lemma
4, we set

u(k)(x) :=







u(k−1)(x− Lek), xk > L,
u(k−1)(x− xk), |xk| ≤ L,

u(k−1)(x+ Lek), xk < −L,
for k ∈ {2, 3} and L > 0 sufficiently large, to be chosen later. By definition,
this is a Lipschitz function. Its gradient remains unchanged for |xk| ≥ L, while
the structure of M0,M1 implies ∇u ∈ {M0,M1} for |xk| ≤ L. Finally, choosing
L = L(δ) sufficiently large, also yields the claim on the volume fractions.

Remark 3. Such a precise volume control as provided by the previous lemma
is actually only needed when dealing with the case of rank-one convex hulls.
Since it does not impose additional technical difficulties, we decided to include
it here.

3.2 Application of Conti’s Construction to General Rank-

One Connected Matrices

In this section we illustrate that Conti’s construction can be generalized to sat-
isfy arbitrary boundary conditions and to take on prescribed gradient values (up
to a previously determined error) in certain tetrahedra. With this construction,
we obtain a function which satisfies the correct boundary condition and whose
interior gradient configuration is modified along a rank-one-segment.

Lemma 6 (Deformation of Conti’s Construction). Let δ > 0 and assume M ∈
R3×3, tr(M) = 0, such that there exist a ∈ R3 \ {0}, n ∈ S2, M0,M1 ∈ R3×3

with

M = λM0 + (1− λ)M1,

M1 −M0 = a⊗ n, a · n = 0.

Then there exist sets Ω,Ω0,Ω1 ⊂ R3, Ω = Ω0∪Ω1; Ω0,Ω1 each being a union of
finitely many tetrahedra, and there exists a piecewise affine Lipschitz function
u : R3 → R3 satisfying:
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• the gradient of u attains at most 20 different values; it is constant on the
tetrahedra which are the components of Ω0 and Ω1,

• ∇u =M in R3 \ Ω̄,

• ∇ · u = 0,

• |∇u −M0| ≤ δ on Ω0, |∇u−M1| ≤ δ on Ω1,

• |{x ∈ Ω;∇u /∈ {M0,M1}}| ≤ δ|Ω|.

Proof. By a translation in matrix space, a rotation in x-space and a rescaling
in u-space we may assume

M = 0, n =





1
0
0



 , a =





0
1
0



 .

Hence, we obtain

M0 =





0 0 0
1− λ 0 0
0 0 0



 , M1 =





0 0 0
−λ 0 0
0 0 0





Now the claim follows from an application of Conti’s construction, Lemma 5.

3.3 Rank-One-Connections from Symmetrized Rank-One-

Connections in R3

In constructing the in-approximation, it will be necessary to move the involved
strains closer and closer to the strains of the approximated set K. In order to
do so, we intend to apply the deformed Conti construction iteratively. As the
first step consists of finding the “right” rank-one connected matrices (M0 and
M1 in Lemma 6), the following gives a characterization of the property of being
rank-one-connected.

Lemma 7. Let ei ∈ R3×3
sym, tr(ei) = c, i ∈ {0, 1}, e0 6= e1. Then the following

statements are equivalent:

1. There exist matrices M1,M2 and a ∈ R3 \ {0}, n ∈ S2 such that

1

2
(Mi +M t

i ) = ei, i ∈ {1, 2},

M1 −M2 = a⊗ n, a ⊥ n.

2. There exist a ∈ R3 \ {0}, n ∈ S2 such that

e1 − e0 =
1

2
(a⊗ n+ n⊗ a).
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3. It holds det(e1 − e0) = 0.

Proof. The statements 1 ⇒ 2 ⇒ 3 and 2 ⇒ 1 are clear. It remains to prove
that the third statement implies the second. As e1− e0 is symmetric there exist
orthonormal eigenvectors v1, v2, v3 with eigenvalues λ1, λ2, λ3 ∈ R such that

e1 − e2 = λ1v1 ⊗ v1 + λ2v2 ⊗ v2 + λ3v3 ⊗ v3.

As the determinant vanishes, we may assume that λ3 = 0. Furthermore, the
condition on the traces of the strains, ei, implies tr(e1 − e0) = 0, leading to
λ2 = −λ1 =: −λ. Hence,

e1 − e0 = λ(v1 ⊗ v1 − v2 ⊗ v2)

=
λ

2
((v1 + v2)⊗ (v1 − v2) + (v1 − v2)⊗ (v1 + v2))

= a⊗ n+ n⊗ a,

for n := 1√
2
(v1 − v2), a := λ√

2
(v1 + v2) (a reversal of the signs in a, n would

also have been possible).

Remark 4. • In an arbitrary dimension, d, the first two statements remain
equivalent. The third condition becomes a necessary but not sufficient
condition.

• In particular, the proof of the lemma shows that up to a rotation we may
choose

n =
1√
2
(v1 − v2), a =

λ√
2
(v1 + v2).

For the skew symmetric part S = 1
2 (a⊗ n− n⊗ a) of M1 −M0 this leads

to the explicit bound |S| ≤ 2|λ|.

With the previous lemma we have obtained a necessary and sufficient con-
dition for rank-one-connectedness. This will be applied to the strains contained
in the wells. We will move an arbitrary strain in the interior of the lamination
convex hull of the wells closer and closer to the extreme points, i.e. the wells.
The procedure we apply is iterative in the sense that we first show that a given
strain in Li(U) can be moved towards Li−1(U). This is the content of Lemma
8.

Lemma 8. Let M ∈ R3×3, tr(M) = 0, e0, e1 ∈ R3×3
sym, tr(ei) = 0, e0 6= e1,

symmetrized rank-one-connected such that for ẽ := e(M) there exists λ ∈ (0, 1)
with

ẽ = λe0 + (1− λ)e1.
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Then there exist M0,M1 ∈ R3×3, a ∈ R3 \ {0}, n ∈ S2 such that

e(M0) = e0,

e(M1) = e1,

M1 −M0 = a⊗ n, a · n = 0,

M = λM0 + (1− λ)M1.

Proof. By an application of Lemma 7 we obtain a skew symmetric matrix S̄, a
matrix N and vectors a ∈ R

3 \ {0}, n ∈ S
2 such that

N = e1 − e0 + S̄ = a⊗ n.

Setting S(M) := 1
2 (M −M t), we have

M = λ(e0 + S(M)) + (1− λ)(e1 + S(M))

= λ(e0 + S(M) + (1− λ)S̃) + (1− λ)(e1 + S(M)− λS̃),

for an arbitrary skew symmetric matrix S̃. Defining S̃ := S̄ and setting

M0 := e0 + S(M) + (1− λ)S̃,

M1 := e1 + S(M)− λS̃,

yields the desired rank-one-connected matrices.

4 Controlled Convergence Lemma

The key to the overall construction is provided by the “oscillation control
lemma” of Müller and Sverak. This states that a very strong L∞ control allows
to improve weak W 1,p, p > 1, convergence to strong W 1,1 convergence. The
central idea is a “separation of scales”: While the gradient may vary on scales
of order one, the L∞ bound implies that these oscillations take place on an
extremely small spatial scale. Simultaneously, a convolution bound secures that
this scale is not arbitrarily small, which avoids the danger of causing only weak
– and not strong – convergence.

Lemma 9 (Müller-Sverak). Let Ω ⊂⊂ Rn be a bounded set, ρ ∈ C∞
0 (Ω),

ρǫ(x) := 1
ǫn
ρ(x

ǫ
),

∫

Ω

ρdx = 1, ρ ≥ 0. Assume that uj : Ω → Rn is a sequence
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satisfying

‖uj‖W 1,p(Ω) ≤ C <∞, for some p > 1,

uj = v on ∂Ω,
∥

∥∇uj ∗ ρǫj −∇uj
∥

∥

L1(Ω)
≤ 2−j ,

δj+1 = ǫjδj ,

‖uj+1 − uj‖L∞(Ω) ≤ δj+1,

‖uj+2 − uj+1‖L∞(Ω) ≤
‖uj+1 − uj‖L∞(Ω)

2
,

δj ≤ 2−j , ǫj ≤ 2−(j+1).

Then

uj → u∞ in L∞(Ω) ∩W 1,1(Ω) as j → ∞.

Proof. We follow the proof of Müller & Sverak, [MŠ99]. Denoting uj+1 − uj =:
φj and considering the geometric bounds on δj we have the estimate

‖uj − uj′‖L∞
≤

∞
∑

min{j,j′}
‖φj‖L∞

≤ 2
∥

∥φmin{j,j′}
∥

∥

L∞
.

Thus, there exists u∞ such that uj → u∞ in L∞. Due to the boundedness of
the W 1,p norm, we may further assume uj ⇀ u∞ in W 1,p (for a not relabeled
subsequence). We prove strong convergence in W 1,1:

‖∇(uj − u∞)‖
L1(Ω) ≤

∥

∥∇uj −∇uj ∗ ρǫj
∥

∥

L1(Ω)
+
∥

∥∇u∞ ∗ ρǫj −∇u∞
∥

∥

L1(Ω)

+
∥

∥∇uj ∗ ρǫj −∇u∞ ∗ ρǫj
∥

∥

L1(Ω)
.

Here the first term converges to zero by the assumptions, while the second one
converges by properties of convolution. For the third term we make use of the
strong L∞ control. Denoting by Ωj := {x : dist(x, ∂Ω) > 2ǫj}, we have

∥

∥∇uj ∗ ρǫj −∇u∞ ∗ ρǫj
∥

∥

L1(Ω)
=

∥

∥∇uj ∗ ρǫj −∇u∞ ∗ ρǫj
∥

∥

L1(Ωj)

+
∥

∥∇uj ∗ ρǫj −∇u∞ ∗ ρǫj
∥

∥

L1(Ω\Ωj)
.

The second term on the right hand side can be bounded by means of Young’s
inequality combined with the smallness of |Ω \ Ωj| and the uniform W 1,p as-
sumption on the uj. For the first term we apply the following estimate:

∥

∥∇uj ∗ ρǫj −∇u∞ ∗ ρǫj
∥

∥

L1(Ωj)
=

∥

∥(uj − u∞) ∗ ∇ρǫj
∥

∥

L1(Ωj)

≤ 1

ǫj
‖uj − u∞‖

L∞(Ω) .

Since by assumption

‖uj − u∞‖
L∞(Ω) ≤ 2 ‖uj − uj+1‖L∞(Ω) ≤ 2ǫjδj ,

also the last term can be made arbitrarily small for sufficiently large j.
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In constructing a Müller-Sverak sequence, i.e. a sequence satisfying the
conditions of the controlled convergence lemma, it will be relatively easy to
obtain improved volume fractions closer and closer to the desired strains via
Conti’s construction. However, the necessary difference in the displacements
will not automatically be small. As a consequence the following construction
will repeatedly play an essential role allowing to change the L∞ norm of a
function and preserving the gradient distribution at the same time.

Remark 5 (Vitali-Construction). Let f : Ω → Rm, f ∈ W 1,∞
0 (Ω). Partitioning

Ω into rescaled copies of Ω of side length ǫi, Ω =
∞
⋃

i

Ωi :=
∞
⋃

i

(xi+ǫiΩ), and setting

u(x) := ǫif(
x−xi

ǫi
) yields a function which has the same gradient distribution in

Ω as f and which satisfies the L∞-estimate

‖u‖L∞(Ωi)
≤ ǫi ‖f‖L∞(Ωi)

.

This construction makes it possible to preserve a gradient distribution while
improving the L∞-control.

5 Proofs of Propositions 1 & 2, Corollary 1

Finally, we combine the previous considerations and construct a Müller - Sverak
sequence with the in-approximation properties.

5.1 Proof of Proposition 1

Proof of Proposition 1. Let Ω ⊂⊂ R3 be a bounded set, U ⊂ R3×3
sym open, trace-

free, v : Ω → R3 piecewise affine such that

e(∇v) ∈ U lc.

Without loss of generality, we may assume that v is affine (else we restrict to
the affine parts), v =Mx.
We construct a solution of the inclusion problem via iteration. Setting u1 :=
Mx, we modify this function by applications of Conti’s construction.

By Whitney’s decomposition theorem we obtain a disjoint covering of Ω :=
∞
⋃

j=1

(ǫjΩǫ + bj) =
∞
⋃

j=1

Ωj into translated and rescaled versions of the domains,

Ωǫ, used in Lemma 6 for any ǫ > 0.
Since e(M) ∈ U lc there exists n = n(M) < ∞ such that e(M) ∈ Ln(U). As
a consequence, it is possible to find e0, e1 ∈ Ln−1(U), symmetrized rank-one-
connected, such that

e(M) = λe0 + (1− λ)e1.
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For each k ∈ N, we apply Lemma 8 combined with Lemma 6 on Ωk. This yields
a Lipschitz function uk2 : Ωk → R3 as well as a partition of Ωk into Ωk0 and Ωk1 ,
each being a finite union of tetrahedra satisfying

uk2 =Mx+ φk1 on Ωk,

with φk1 ∈ W 1,∞
0 (Ωk). Combining the functions uk2 , u2 =

∑

k∈N

uk2 , we have

∇u2 =M on R
3 \ Ω̄,

∇ · u2 = 0 on R
3,

u2 =Mx+ φ1 on Ω,

where φ1 ∈ W 1,∞
0 is piecewise affine taking on at most 20 different values for

its gradient. Moreover, e(∇u2) is close to Ln−1(U):

e(∇u2) = ej + ejδ1 , j ∈ {0, 1}

with |ejδ1 | ≤ δ. Choosing ǫ = ǫ(δ,M,U) sufficiently small, we deduce e(∇u2) ∈
Ln−1(U), as the openness of U implies the openness of Ln−1(U) (c.f. Section 2).

On the rescaled tetrahedra on which the gradient is constant, we iterate the
construction described above. Since now e(∇u2) ∈ Ln−1(U), we deduce that
n− 2 further steps yield Lipschitz functions φn−1 ∈ W 1,∞

0 (Ω), un−1 : R3 → R
3

such that

∇un−1 =M on R
3 \ Ω̄ǫ,

un−1 =Mx+ φn−1 on Ω,

e(∇un−1) ∈ U in Ω.

This implies the desired conclusion.

Remark 6. By an application of Vitali’s theorem the construction described
above shows that for any δ > 0 it is possible to obtain an L∞ bound of the form

‖u− v‖L∞ ≤ δ

for the solution u of the differential inclusion with boundary data v.

5.2 Proof of Proposition 2

Proof of Proposition 2. Without loss of generality, we may again assume that
u = Mx on ∂Ω. We iterate the construction described in the previous proof.
In fact, by the first two properties of in-approximations and an application of
Proposition 1, it is possible to choose ui : R

3 → R
3 such that

e(∇ui) ∈ Ui in Ω,

ui = ui−1 on ∂Ω,

‖ui − ui−1‖L∞(Ω) ≤ δi,
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for an arbitrary δi > 0. In order to apply the Müller-Sverak Lemma which
would allow to iterate Proposition 1 and still obtain a convergent subsequence,
we have to deduce Lp bounds on the resulting gradients. Although Proposition
1 yields Lipschitz solutions, the Lipschitz constants are not uniform. On the
contrary, they strongly depend on the order of lamination of the boundary
data and on the skew-symmetric part of the boundary data. Hence, instead of
deriving L∞ bounds for the gradient, we refer to Korn’s inequality: As for each
i ∈ N, e(∇ui) ∈ U lc and U lc is bounded, we infer, via Korn’s inequality, that

{∇ui −M}i is bounded in Lp(R3), for all p ∈ (1,∞).

As a result, for any p ∈ (1,∞) we can rely on uniform bounds for ‖ui‖W 1,p .
Furthermore, in each iteration step, ǫi > 0 can be chosen such that

‖∇ui ∗ ρǫi −∇ui‖L1(Ω) ≤ 2−i.

Thus, the sequence ui can be constructed satisfying the assumptions of the
Müller-Sverak Lemma, i.e.

‖ui‖W 1,p(Ω) ≤ C(p) <∞, p > 1,

ui =Mx on ∂Ω,

‖∇ui ∗ ρǫi −∇ui‖L1(Ω) ≤ 2−i,

δi+1 = ǫiδi

‖ui+1 − ui‖L∞(Ω) ≤ δi+1,

δi ≤ 2−i, ǫi ≤ 2−(i+1)

∫

Ω

dist(e(∇ui),K)dx ≤ C

2i−2
.

Combining the statement of the Müller-Sverak Lemma and the third property
of the in-approximation, this implies that for all p ∈ (1,∞) there exists u ∈
W 1,p
loc (R

3), such that (up to a subsequence)

ui → u in W 1,1
loc (R

3),

u =Mx on ∂Ω,

e(∇ui) → K in L1.

Hence, e(∇u) ∈ K, which proves the proposition.
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5.3 Proof of Corollary 1

Proof of Corollary 1. By Proposition 2 it suffices to construct an appropriate
in-approximation to the problem. This is provided by

U1 := int conv{e1, ..., e6},
U jk := {x; dist(x, ej) < ǫk} ∩ int conv(e1, ..., e6),

Uk :=

6
⋃

j=1

U jk ,

for ǫk > 0 such that ǫk → 0 as k → ∞. The first and third properties of an
in-approximation are satisfied by definition. The second one follows from the
symmetrized rank-one-connectedness of the strains, ej .

6 A Regularity Result

We now turn to proving the rigidity statement. As a first step, we give a
justification of the “piecewise affine” picture for zero-homogeneous strains. For
that purpose we deduce “one-dimensional conditions” from the strain equations.

More precisely, this step is achieved by considering the strain equations re-
stricted to certain great circles on the sphere. On these, the equations turn
into equations of a single variable from which it is possible to deduce additional
regularity of the strains along these great circles. Carrying out a change of
coordinates allows to conclude that similar equations hold on (almost) all great
circles. Thus, via the regularity gain we can characterize all great circles on
which jumps in the strains may occur. As a consequence, we derive the “piece-
wise affine” picture.

In order to carry out such an argument we need the following consequence
of the coarea formula. This becomes necessary in order to show that there are
sufficiently many “well-behaved” great circles.

Lemma 10. Let e ∈ L∞(S2;R3×3
sym) and let ηǫ be a mollifier. Then for almost

every great circle C(ϕ, ψ) we have convergence of the convolution eǫ := e ∗ ηǫ
restricted to this one-dimensional set:

eǫ(x) → e(x) as ǫ→ 0,

for H1 almost every x ∈ C(ϕ, ψ).

With this statement we can derive one-dimensional compatibility conditions
from the strain equations:

Lemma 11. Assume that e ∈ L∞(C(ϕ, ψ);R3×3
sym) and eǫ|C(ϕ,ψ) → e|C(ϕ,ψ)

as ǫ → 0 for the respectively following great circles. Then on the great circles
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C(·, π2 ), C(0, ·), C(π, ·), C(π2 , ·), C(3π2 , ·) the strain equations turn into the
conditions

cos2(ϕ)e11 + sin2(ϕ)e22 + 2 sin(ϕ) cos(ϕ)e12 ∈ W 1,∞
ϕ ,

sin2(ψ)e11 + 2 cos(ψ) sin(ψ)e13 + cos(ψ)e33 ∈W 1,∞
ψ ,

sin2(ψ)e11 − 2 cos(ψ) sin(ψ)e13 + cos(ψ)e33 ∈W 1,∞
ψ ,

cos2(ψ)e33 + sin2(ψ)e22 + 2 cos(ψ) sin(ψ)e23 ∈ W 1,∞
ψ ,

cos2(ψ)e33 + sin2(ψ)e22 − 2 cos(ψ) sin(ψ)e23 ∈ W 1,∞
ψ ,

(8)

where W 1,∞
ψ := {u ∈ L∞(S2);u(ϕ, ·) ∈ W 1,∞} and an analogous definition is

used for the second space.

Remark 7. The different signs in the second and third as well as the fourth and
fifth equation correspond to a rotation of π2 with respect to the x3-axis.

Proof. We consider the first equation, i.e. the equation for the angle

ψ =
π

2
.

The heuristic idea of the proof consists of considering the strain equation on
the given great circle. Under the assumption of a sufficiently regular strain, we
may restrict the strain equation onto this great circle:

sin2(ϕ)
∂

∂ϕ
e22 + cos2(ϕ)

∂

∂ϕ
e11 + 2 sin(ϕ) cos(ϕ)

∂

∂ϕ
e12 = 0.

Commuting the derivatives with the functions of ϕ, yields

∂

∂ϕ
(sin2(ϕ)e22 + cos2(ϕ)e11 + 2 sin(ϕ) cos(ϕ)e12) ∈ L∞,

which implies that as a function of ϕ

sin2(ϕ)e22 + cos2(ϕ)e11 + 2 sin(ϕ) cos(ϕ)e12 ∈W 1,∞
ϕ .

In order to make this argument rigorous we use convolution and the assumed
convergence properties of the convolved strains. In fact we have

∂

∂ϕ
(sin2(ϕ)eǫ22 + cos2(ϕ)eǫ11 + 2 sin(ϕ) cos(ϕ)eǫ12) = P (sin(ϕ), cos(ϕ), eǫ) ∈ L∞,

where P is a linear expression in the strain.
We formulate this as a distributional equality

−
∫

C(ϕ,ψ)

(sin2(ϕ)eǫ22 + cos2(ϕ)eǫ11 + 2 sin(ϕ) cos(ϕ)eǫ12)
∂

∂ϕ
ζdϕ

=

∫

C(ϕ,ψ)

ζP (sin(ϕ), cos(ϕ), eǫ)dϕ.
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Passing to the limit ǫ→ 0 leads to

−
∫

C(ϕ,ψ)

(sin2(ϕ)e22 + cos2(ϕ)e11 + 2 sin(ϕ) cos(ϕ)e12)
∂

∂ϕ
ζdϕ

=

∫

C(ϕ,ψ)

ζP (sin(ϕ), cos(ϕ), e)dϕ.

Hence, we conclude

sin2(ϕ)e22 + cos2(ϕ)e11 + 2 sin(ϕ) cos(ϕ)e12 ∈W 1,∞
ϕ (C(ϕ, ψ))

for ψ = π
2 . The remaining equations can be derived analogously.

Remark 8. Due to Lemma 10 the assumptions on the convergence of the strains
on the specified great circles can always be achieved via an appropriate change
of coordinates.

In the sequel we extend the one-dimensional equations obtained above to
equations on the whole sphere. For this purpose we carry out a change of
coordinates which transforms a given great circle into one of the special great
circles of Lemma 11.

We only consider the first equation in (8) for the moment. Changing coor-

dinates with a constant rotation matrix P (ψ) =





cos(ψ) 0 − sin(ψ)
0 1 0

sin(ψ) 0 cos(ψ)



 the

equation remains valid:

Lemma 12. Let ψ ∈ [0, π] be arbitrary but fixed. Defining

C(ϕ, ψ) :=







x
∣

∣

∣x = P (ψ)





cos(ϕ)
sin(ϕ)

0



 for some ϕ ∈ [0, 2π), ψ ∈ [0, π]







,

(8) holds true for H1 a.e. choice of ψ ∈ [0, π]:

f(ϕ, ê(ϕ, ψ)) := sin2(ϕ)ê22 + cos2(ϕ)ê11 + 2 sin(ϕ) cos(ϕ)ê12 ∈W 1,∞
ϕ ,

where ê(x̂) = P (ψ)te (C(ϕ, ψ))P (ψ). Setting v(ϕ, ψ) = P (ψ)





cos(ϕ)
sin(ϕ)

0



, this

can be rephrased as





cos(ϕ)
sin(ϕ)

0



P (ψ)t · e(C(ϕ, ψ))P (ψ)





cos(ϕ)
sin(ϕ)

0



 = v(ϕ, ψ) · e(C(ϕ, ψ)) v(ϕ, ψ).

(9)
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Remark 9. Heuristically speaking, Lemma 12 illustrates that we may assume
(8) to be valid on the whole sphere. In particular, it demonstrates the usefulness
of frame indifference.

Proof. We know that (8) holds on ψ = π
2 . Thus we carry out the change of

coordinates (determined by P t(ψ))

P (ψ)





cos(ϕ)
sin(ϕ)

0



 7→





cos(ϕ)
sin(ϕ)

0



 .

Applying the transformation formula for strains yields the desired result.

Finally, the “piecewise affine” picture can be justified by combining the
previously derived information.

Lemma 13. Let e1, ..., e6 ∈ R
3×3
sym such that there exist aij ∈ R

3 \ {0}, nij ∈ S
2

with ei − ej =
1
2 (aij ⊗ nij + nij ⊗ aij). Then zero-homogeneous solutions of the

strain equations are piecewise affine and jumps in the strains can only occur at
planes with normals given by aij or nij.

Proof. Let ψ ∈ [0, π] be arbitrary but fixed. Using the notation introduced in
the previous lemma, we are interested in finding possible values of ϕ for which
e(∇u) may jump from one strain, ei, to another one, ej , on the great circle
C(ϕ, ψ). As f(ϕ, ê(ϕ, ψ)) is a W 1,∞ function of ϕ, a jump from strain ei to
strain ej can only occur at an angle ϕ0 if

f(ϕ0, êi(ϕ0, ψ)) = f(ϕ0, êj(ϕ0, ψ)). (10)

Thus, in order to find the points on a given great circle on which the strains can
jump, it suffices to use (10) to calculate ϕ as a function of ψ and of arbitrary
strain configurations.
Recalling (9) and dim(ei − ej) ≤ 2, equation (10) reads

0 = v(ϕ, ψ) · (ei − ej)v(ϕ, ψ) =
1

2
v(ϕ, ψ)(aij ⊗ nij + nij ⊗ aij)v(ϕ, ψ)

= (aij · v)(nij · v).

We recall that the great circle C(ϕ, ψ) is parametrized by the vectors v(ϕ, ψ)
with ϕ ∈ [0, 2π). This implies that jumps can only occur at ϕ0 with

aij · v(ϕ0, ψ) = 0 or nij · v(ϕ0, ψ) = 0.

Combining this with the other equations in (8), yields the claim (it is in fact
necessary to use the other equations as well, since the previous Lemma only
guarantees the validity of the equations on almost every great circle C(ϕ, ψ)).
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7 Combinatorics on the Sphere

In this section we present the second key ingredient of the rigidity proof for zero-
homogeneous configurations. This includes Mathematica computations and a
combinatorial argument showing that the configurations cannot be more com-
plex than the crossing twin structures. (A Mathematica free proof involves
slightly more combinatorics and is postponed to the appendix.)

This step consists of two central elements.

• Local combinatorics. Firstly, we calculate – with a symbolic calculation
in Mathematica, [Rül13], – all possible intersections of the jump planes/
jump great circles on the sphere, saving the respective points, normals
and strain variants involved. This yields a two dimensional situation in
which it becomes possible to check all compatible configurations via simple
compatibility conditions. Thus, Mathematica calculations characterize all
spherical points at which two-dimensional corners can occur.

• Global combinatorics. In the second step it remains to combine the local
information into global structures on the sphere. This is carried out “by
hand” by checking all possible patterns on a graph on the sphere.

Before discussing the situation on the sphere we recall the following compat-
ibility condition.

Lemma 14. Let e1, ..., en ∈ R3×3
sym, assume there exist vectors aij ∈ R3 \

{0}, nij ∈ S2 such that

ei − ej =
1

2
(aij ⊗ nij + nij ⊗ aij) for i 6= j.

Assume there exists a point at which m of these strains form a corner. Then
turning once around the corner, it holds

m
∑

k=1

aikjk ⊗ nikjk = 0.

Remark 10. In the formulation of the lemma we keep track of the orientation,
i.e. while the normal and shear corresponding to a jump from ei to ej is given
by nij , aij the normal and shear for a jump from ej to ei is given by nji =
−nij , aji = aij .

Proof. This follows from the fact that in order to have a compatible corner not
only the symmetric parts of the strain, but also its antisymmetric parts have to
“fit”, i.e. turning once around the corner, one has to arrive at the initial skew
symmetric matrix.
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We begin by characterizing all possible intersection points of different phases
on the sphere. At this stage we make use of symbolic Mathematica computa-
tions in order to obtain the intersection points, and to subsequently derive all
admissible corners.

When speaking about intersection points, it will be convenient to use the
notion of degree. Therefore, we introduce the following definition.

Definition 3. A point x ∈ S2 is a corner of degree n or an n-fold corner if in
an arbitrarily small neighbourhood of x there are n strain variants separated by
great circle segments such that neighbouring strains are pairwise different.

Excluding the cases δ ∈ {± 3
2 ,±3} (which are briefly discussed in the ap-

pendix), we have:

Lemma 15. Let e ∈ {e1, ..., e6}, assume δ /∈ {± 3
2 ,±3}. Then there are only

corners of degree two (which locally correspond to twin configurations) or of
degree four on the sphere. The corners of degree four can only occur at the
points

(1, 0, 0), (0, 1, 0), (0, 0, 1), (
1√
2
, 0,

1√
2
), (

1√
2
, 0,− 1√

2
), (

1√
2
,
1√
2
, 0), (

1√
2
,− 1√

2
, 0),

(0,
1√
2
,
1√
2
), (0,

1√
2
,− 1√

2
),

as well as their antipodal points. A schematic overview of all possible corners
is given in Figures 5, 6, 7.

Proof of Lemma 15. The lemma follows from a mathematica computation: In
a first step we compute all possible points of intersection of the various jump
planes. Secondly, we compute the possible configurations at these points. As at
most four planes intersect at a given point, this yields an upper bound on the
degree of the corner – the degree is at most 8. Then the admissible corners are
found by checking the (oriented) compatibility condition

m
∑

i=1

nij ⊗ aij = 0.

The characterization of the possible corners allows to combine the local infor-
mation, i.e. the possibility of forming corners, with the global structures on the
sphere. This is achieved via a “brute force” argument successively considering
all possible combinations of jumps. Fortunately, this reduces to understand-
ing the behaviour of the strains at the four-fold corners; thus the necessary
combinatorial effort is limited.

Proof of Proposition 5. It suffices to prove the statement at the points (1, 0, 0)
and ( 1√

2
, 1√

2
, 0), as the other points can then be obtained by a rotation of
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the coordinates (which coincides with symmetries of the strains). For these two
points we argue combinatorially, i.e. we start with a four-fold corner at the given
point and show that any configuration resulting from this has to be a crossing
twin structure. In the sequel we will make extensive use of the following claim.

Claim 1. Starting from a four-fold corner the configuration can only change at
the next corner where a possible four-fold corner can occur. More precisely, for
each edge of the currently considered configuration there is a neighbourhood such
that the configuration remains constant until the next possible corner is reached.

Proof of Claim 1. We show that if this were not the case, another four-fold
corner would exist prior to the next corner. This follows from the fact, that,
on the one hand, there are only a finite number of total corners. On the other
hand, any change of configuration not occurring at one of the admissible corners
of degree four would create a corner of degree at least three on one of the edges,
which is impossible before reaching the next admissible corner.

The argument excluding structures different from crossing twins consists of
successively considering all possible configurations starting from a given one
and proving that apart from the initially chosen four-fold corner the only fur-
ther corner of degree four consists of the antipodal point of the initial corner.
In the sequel we carry out the argument for δ 6= ± 3

2 ,±3.

Step 1: Configurations at (1, 0, 0).
We begin with the configuration K3 at (1, 0, 0) (in Figure 5 this corresponds
to the third configuration). The schematic notation of Figure 5 actually corre-
sponds to four different configurations (c.f. Figure 3), K3a - K3d.

K3a

e(3) e(2)

e(4) e(1)

[0,0,1] [0,1,0]

[0,1,1]

K3b

e(4) e(1)

e(3) e(2)

[0,0,1] [0,1,0]

[0,1,1]

K3c

e(1) e(4)

e(2) e(3)
[0,1,0] [0,0,1]

[0,1,1]
K3d

e(2) e(3)

e(1) e(4)
[0,1,0] [0,0,1]

[0,1,1]

Figure 3: Possible configurations K3a-K3d.
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By symmetry it suffices to consider the first two configurations, K3a, K3b.
The phase arrangement of K3c and K3d can be obtained from this by a rotation
by 180◦. Due to the observation contained in Claim 1, it suffices to exclude a
change in the configuration at the next four-fold corner. Thus, step by step, we
check compatibility at the vertices of the graph which is made up of the points
at which possible corners of degree four are located.

e
(1)

e
(2)

e
(3)

e
(4)

Figure 4: The configuration K3a on the sphere.

Before going through the individual vertices on the spherical graph, we point
out the following observation:

Observation 1. For both configurations K3a, K3b, the great circle passing
through the points (1, 0, 0), (0,− 1√

2
, 1√

2
) always remains a phase interface, i.e.

it always separates two non-equal phases.

Proof of Observation 1. In order to understand this, we consider the possible
changes of the initial configuration at the points (0,− 1√

2
, 1√

2
) and (0, 1√

2
,− 1√

2
).

As the configuration at (0,− 1√
2
, 1√

2
) has to contain a direct interface between

the strains e(1) and e(4) in case of K3a and a direct interface between e(2) and
e(3) in case of K3b, this implies that at this point either no change occurs or
the configuration changes to K2. In both cases the great circle with normal
[0, 1, 1] remains an interface. At (0, 1√

2
− 1√

2
) an analogous argument shows

that the configuration either remains unchanged or changes but preserves the
phase interface determined by the normal [0, 1, 1]. Hence, the claim follows.
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With this observation, we investigate the situation on the spherical graph.
It is possible to deal with the case K3a and K3b simultaneously:

• ( 1√
2
,− 1√

2
, 0): Here possible configurations are provided by K13 and K14.

K13 can be excluded immediately as in this configuration e(3) and e(4)

are not neighbouring strains. K14 cannot be realized as this would cause
a non-admissible corner on the great circle passing through (1, 0, 0) and
(0,− 1√

2
, 1√

2
) if δ 6= ± 3

2 ,±3.

• ( 1√
2
, 0, 1√

2
): At this point the possible configurations are K11 and K12.

As above K11 can be excluded due to the arrangement of neighbouring
strains. In order to be compatible, we would need a corner in which e(1)

and e(2) constitute neighbouring strains. Due to δ 6= ± 3
2 ,±3, configuration

K12 cannot occur as this would involve a non-admissible corner on the
great circle connecting (1, 0, 0) and (0,− 1√

2
, 1√

2
).

• (0,−1, 0), (0, 0, 1): At these points the configuration remains unchanged
as the configurations K9, K10 at (0, 1, 0) do not involve e(4) and K15, K16,
as the possible configurations at (0, 0, 1), do not involve e(1).

• (− 1√
2
,− 1√

2
, 0): On the one hand, configuration K17 can be excluded as

there is no interface connecting e(3) and e(4). On the other hand, K18
would produce a non-admissible corner on the great circle passing through
(−1, 0, 0) and (0, 1√

2
,− 1√

2
).

• (− 1√
2
, 0, 1√

2
): Here, configuration K7 can be excluded immediately as it

does not contain a direct interface between e(1) and e(2). As in the previous
considerations, configuration K8 would entail a non-admissible corner on
the great circle passing through (−1, 0, 0) and (0, 1√

2
,− 1√

2
).

As a consequence, we deduce that at (−1, 0, 0) the configuration has to coin-
cide with K3, i.e. there are no changes in the configuration at (0,− 1√

2
, 1√

2
).

Furthermore, this implies that the configuration also remains unchanged at
(0, 1√

2
,− 1√

2
). Also, no changes in the configuration are possible at ( 1√

2
, 1√

2
, 0) or

at (− 1√
2
, 1√

2
, 0) since the configurations at these points neither involve the strain

e(1) nor e(2). Therefore, the configuration is stable at (0, 1, 0) and (0, 1√
2
, 1√

2
) as

well. An analogous argument shows that there are no changes at ( 1√
2
, 0,− 1√

2
),

(− 1√
2
, 0,− 1√

2
), (0,− 1√

2
,− 1√

2
) and at (0, 0,−1). Hence, the configuration is

given by the expected, simple four-fold corner.

Step 2: Second possible four-fold corner starting at (1, 0, 0).
We consider the initial strain distribution given by K4. As in Step 1, we note
that the “diagonal” great circle remains an interface independent of possible
changes in the configuration. As above, we follow the possible four-fold corners
for the configurations K4a, K4b:
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• ( 1√
2
, 1√

2
, 0): K17 can be excluded as there is no direct interface between

e(3) and e(4). The second configuration, K18, causes a non-admissible cor-
ner on the great circle connecting (1, 0, 0) and (0, 1√

2
, 1√

2
) for δ 6= ± 3

2 ,±3.

• ( 1√
2
, 0, 1√

2
): On the one hand, K11 is incompatible as there is no neigh-

bouring connection between e(1) and e(2). On the other hand, K12 would
imply a non-admissible corner on the great circle joining (1, 0, 0) and
(0, 1√

2
, 1√

2
) if δ 6= ± 3

2 ,±3.

• (0, 1, 0), (0, 0, 1): These configurations are both incompatible as K9 and
K10 do not include e(3) and e(4) and as K15 and K16 do not involve e(1)

and e(2).

• (0, 1√
2
, 1√

2
): The configuration K6 is not admissible since it does not con-

tain a direct interface between e(1) and e(3). The second possibility, K5,
can be excluded since it would cause a non-admissible corner on the great
circle joining (1, 0, 0) and (0, 1√

2
, 1√

2
).

• (− 1√
2
, 1√

2
, 0): Again configuration K13 cannot occur as this configura-

tion does not involve a direct interface between e(3) and e(4). K14 would
cause a non-admissible corner either on the great circle passing through
(0, 1√

2
, 1√

2
) and (−1, 0, 0).

As in step 1 this suffices to deduce that at (−1, 0, 0) the only compatible con-
figuration coincides with the initially chosen four-fold corner K4. Furthermore,
the same arguments as above imply that there cannot be any changes of this
configuration.

Step 3: Four-fold configurations at ( 1√
2
, 1√

2
, 0).

At this point the various versions of configuration K17 and K18 represent pos-
sible four-fold corners:

• All initial configurations include the normals [3,−3,−2δ], [3,−3, 2δ]. If
δ 6= ± 3

2 ,±3 then the great circles corresponding to these normals do not
contain any admissible corners except the starting point, ( 1√

2
, 1√

2
, 0), and

its antipodal point, (− 1√
2
,− 1√

2
, 0). Hence, the configuration along both

great circles is not changed until the antipodal point is reached. As this
holds for both great circles, the configuration at the antipodal point has to
coincide with the one at the starting point. In effect, the whole great circle
segments which are determined by the normals [3,−3,−2δ], [3,−3, 2δ]
must be phase interfaces.

• Due to the considerations carried out at the point (1, 0, 0), there cannot
be a change of the configuration at any of the points ±(1, 0, 0), ±(0, 1, 0),
±(0, 0, 1) as else this would have appeared in the analysis of the configu-
rations at (1, 0, 0).
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• At the remaining points ±( 1√
2
, 0, 1√

2
), ±(− 1√

2
, 0, 1√

2
), ±(0, 1√

2
, 1√

2
),

±(0,− 1√
2
, 1√

2
), ±(− 1√

2
, 1√

2
, 0), no changes can occur, as any of the ad-

missible configurations at these points contains normals which are of the
form [±3,±3,±2δ] (and permutations thereof). Since theses great circles
do not intersect any other admissible corner except the one antipodal to
the starting configuration, this necessarily leads to a non-admissible inter-
section point with the great circles determined by the normals [3,−3,−2δ],
[3,−3, 2δ]. This proves the claim.

8 Piecewise Affine Strains

Due to the previous results on zero-homogeneous configurations, it is possible to
tackle the piecewise polygonal situation without any homogeneity assumption
for the full six-well problem. Here, we deal with structures involving only a finite
number of jumps. Alternatively, these can be characterized as piecewise affine
configurations according to Liouville’s theorem. Arguing via the classification of
the homogeneous strains, further combinatorial considerations and the classical
strain equations, we deduce that – like in the homogeneous case – the most
involved configurations locally consist of crossing twin structures in piecewise
affine arrangements of strains:

Proposition 3. Let δ /∈ {± 3
2 ,±3}. Then any piecewise polygonal strain is

locally either given by a laminate or a crossing twin configuration (c.f. Figures
5, 6, 7).

Such a result can only be proven locally since boundary effects cannot, in
general, be neglected. This means that in bounded domains there might be
configurations that do not correspond to simple laminates or crossing twins as
the incompatible corners are avoided by first hitting the boundary. In order to
deal with such problems we use the following convention:

Definition 4. A piecewise polygonal configuration of strains is an arrangement
of a finite number of strains such that

• the boundaries of domains with constant strains are polygons,

• for each strain variant there are only a finite number of different connected
components.

• the arrangement of strains remains compatible as one extends the phase
interfaces across the boundary of the domain into the whole R3.

Remark 11. The last condition excludes boundary effects. In general, piecewise
affine configurations in bounded domains consist of superpositions of piecewise
polygonal configurations.
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(0,− 1√
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2
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Figure 5: Compatible corners involving the strains e1, e2, e3, e4.



8 PIECEWISE AFFINE STRAINS 38

(− 1√
2
, 0, 1√

2
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Figure 6: Compatible corners involving the strains e1, e2, e5, e6.
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2
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Figure 7: Compatible strains involving e3, e4, e5, e6.
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We first consider certain planar configurations of strains. In the proof of
Proposition 3 these cannot be dealt with in a purely combinatorial manner.
Instead, the particular planar dependence of the strains allows for an analytic
approach. The configurations under consideration correspond to “parallel in-
variant lines” (c.f. Observation 2).
In a second step we establish rigidity for “transversal invariant lines”. For these
we argue combinatorially.

8.1 Planar Configurations

In the sequel we demonstrate that in specific planes any configuration of marten-
site variants consists of at most crossing twins. The key ingredients are based on
characterizing strain tensors which only depend on the respective planar vari-
ables, exploiting the discrete structure of the components of the strains, and on
employing the right change of coordinates.

As will become clear from the proof of Proposition 3, we only need to consider
configurations of four strains depending on two variables which are in a plane
orthogonal to one of the following vectors:

[1, 0, 0], [0, 1, 1], [0,−1, 1] and the strains e1, e2, e3, e4;

[0, 1, 0], [1, 0, 1], [1, 0,−1] and the strains e1, e2, e5, e6;

[0, 0, 1], [1, 1, 0], [1,−1, 0] and the strains e3, e4, e5, e6.

However, we prove a slightly stronger statement involving six strains in the
planes described above.

In this planar setting it proves to be advantageous to carry out a change
of coordinates and to renormalize the strains. As all the strains are symmetry
related, it suffices to consider the first case, i.e. the respective planes are nor-
mal to one of the vectors [1, 0, 0], [0, 1, 1], [0,−1, 1]. This suggests to use the
following change of coordinates which consists of a rotation combined with a
renormalization step: We define y = Cx, with

C =
√
3δ





0 1 1√
2 0 0
0 1 −1











1√
3

0 0

0
√
3√
2δ

0

0 0 1√
3






.

Correspondingly, the strains transform according to Lemma 2. As a result,
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we are left with the following strain matrices

ẽ(1) =
1

2d





d1 1 1
1 d2 1
1 1 d3



 , ẽ(2) =
1

2d





d1 −1 1
−1 d2 −1
1 −1 d3



 ,

ẽ(3) =
1

2d





d1 1 −1
1 d2 −1
−1 −1 d3



 , ẽ(4) =
1

2d





d1 −1 −1
−1 d2 1
−1 1 d3



 ,

ẽ(5) =
1

2d





2+2δ
3 0 0
0 − 6

δ2
0

0 0 2−2δ
3



 , ẽ(6) =
1

2d





2−2δ
3 0 0
0 − 6

δ2
0

0 0 2+2δ
3



 ,

where d−1 = 6δ2, d1 = − 1
3 , d2 = 3

2δ2 , d3 = − 1
3 . In the sequel we will suppress

the tildes in the notation.
Again, due to symmetry considerations, it suffices to consider strains e =

e(y1, y2). For these we prove the following:

Proposition 6. Let U ⊂ R3 be open, convex, δ /∈ {± 3
2 ,±3}. Assume e(∇u) :

U → R3×3
sym, e = e(y1, y2) =

∇u+(∇u)t
2 , u ∈ W 1,∞(U,R3) such that

e(∇u) ∈
{

e(1), e(2), e(3), e(4), e(5), e(6)
}

in U .

1. Either e(∇u) ∈ {e1, ..., e4} or e(∇u) ∈ {e5, e6}, in particular the second
case implies that locally only simple laminates occur.

2. If e(∇u) ∈ {e1, ..., e4}, then the following dichotomy holds:

e12 = e12(y1) or e12 = e12(y2).

3. In case e12 = e12(y1) there exists a function g(t) such that:

(e13 ◦ Φ)(s, t) = e12(s)g(t) and (e23 ◦ Φ)(s, t) = g(t),

where Φ(s, t) = (s,−E12(s) + t) and E′
12(y1) = e12(y1), E12(0) = 0. Due

to symmetry e = e(y1, y2) can also be replaced by e(y1, y3) and e(y2, y3)
respectively which yields analogous results.

Proposition 6 corresponds to a rigidity result: Two-dimensional martensitic
structures consist at most of crossing twins in the respective planes.

Remark 12. The statement of the theorem remains true if δ = ± 3
2 ,±3 and if

one only allows (up to permutations)

e(∇u) ∈ {e(1), e(2), e(3), e(4)}.
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As a crucial ingredient of the proof of the rigidity result, we observe that
the strain equations (5), (6) simplify for the two-dimensional strains under con-
sideration. Due to the planar dependence of the strains, the system of strain
compatibility equations decouples into two equations for e33, an equation cou-
pling e11, e22, e12 and three equations which impose a condition on the curl of
the strain:

∂11e33 = 0,

∂22e33 = 0,

∂11e22 + ∂22e11 = 2∂1∂2e12,

0 = ∂1(−∂1e23 + ∂2e13 + ∂3e12),

0 = ∂2(∂1e23 − ∂2e13 + ∂3e12),

0 = ∂3(∂1e23 + ∂2e13 − ∂3e12).

In particular, this implies e33 = const., due to the y3-independence of the strain
and the discreteness of values attained by e33. However, if δ 6= ± 3

2 ,±3, this

can only be the case if e(∇u) ∈ {e(1), e(2), e(3), e(4)} or e(∇u) = e(5) or
e(∇u) = e(6) (or e(∇u) ∈ {e(5), e(6)} if δ = 0). Thus, if δ 6= ± 3

2 ,±3 the first
three strain equations can be read as

∂2∂3e23 = 0,

∂1∂3e13 = 0,

∂1∂2e12 = 0.

Remark 13. If δ = ± 3
2 the previous argument is no longer true. In this case

it is possible that five matrices satisfy the condition e33 = const. in the given
planes. Hence, in the case δ = ± 3

2 , configurations involving five strains are not
excluded by the previous argument (c.f. the appendix).

In the sequel the structure of solutions of the 4-well problem is examined.
For that purpose it has to be remarked that the two-dimensionality of the strain
e = e(y1, y2) does not imply the two-dimensionality of the displacement fields
involved. Yet, the following statement holds:

Lemma 16. Let U ⊂ R3 be open, convex. Let e ∈ Sym(3,R), e = e(y1, y2)
be a strain tensor corresponding to a displacement field u : U → R3, u ∈
W 1,∞(U,R3) with e ∈ {e(1), e(2), e(3), e(4)} in U . Then there exists v ∈
H1
loc(U), such that locally the following dichotomy holds:

1.

e(u) =





d1 e12(y1) ∂1v(y1, y2) + Cy2
e12(y1) d2 ∂2v(y1, y2)− Cy1

∂1v(y1, y2) + Cy2 ∂2v(y1, y2)− Cy1 d3





or
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2.

e(u) =





d1 e12(y2) ∂1v(y1, y2) + Cy2
e12(y2) d2 ∂2v(y1, y2)− Cy1

∂1v(y1, y2) + Cy2 ∂2v(y1, y2)− Cy1 d3



 .

Proof of Lemma 16. Making use of convolution, we can assume to deal with
smooth functions. Due to the characterization of strain tensors in Lemma 11
and the two-dimensionality of the strains, we obtain the following system of
equations

∂1∂2e12 = 0, (11)

∇
(

∇×
(

e13
e23

))

= 0. (12)

For the argument we proceed in two steps:
Step 1: Discrete wave argument.
Recalling the convexity of the domain and the two-dimensionality of the strains,
the structure of the solution of the wave equation (11) can be determined ex-
plicitly:

e12(y1, y2) = f12(y1) + g12(y2).

Further the two-valuedness of e12 implies that locally only a single wave can be
non-constant:

e12(y1, y2) = f12(y1) or e12(y1, y2) = g12(y2).

Step 2: Curl argument.
Considering (12), we immediately obtain

∇×
(

e13
e23

)

= C

for C ∈ R. Consequently the identity

∇×
(

e13 − Cy2
e23 + Cy1

)

= 0

combined with Poincaré’s lemma yields
(

e13
e23

)

= ∇v +
(

−Cy2
Cy1

)

,

with v ∈ H1
loc(U).

With the previous lemma the “outer structure” of the martensite configura-
tion is determined. It remains to argue that the “inner structure” is given by the
claimed “zig-zag-bands”. For that purpose we reason that the affine rotation
field must vanish. In the periodic or whole space case this would be no issue, in
the case of a domain with finite diameter we make use of an appropriate change
of coordinates. In these the zig-zag-structures are straightened out.
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Lemma 17. 1. Let C ∈ R, let U ⊂ R3 be an open, convex domain. Let
e12, e13, e23 : U → {−1, 1} with

e13 − e12e23 = 0, (13)

e12 = e12(y1) (14)

be given. Let u : U → R, u ∈ W 1,∞(U,R) satisfy

∇u =

(

e13
e23

)

+

(

−Cy2
Cy1

)

. (15)

Then we have C = 0.

2. In particular this implies that in the situation of Lemma 16 we have C = 0.

Remark 14. Condition (13) is essential for the statement to be true: Using
convex integration techniques one can show that a similar statement lacking
this additional information is false.

Proof of Lemma 17. We give the argument for the second statement first:
As pointed out in Lemma 16 we have

(

e13
e23

)

= ∇v +
(

−Cy2
Cy1

)

.

Without loss of generality we can restrict to case (1) of Lemma 16 and thus,
e12 = e12(y1). As the structure of the strains implies that (13) is satisfied, the
first statement of the present lemma can be applied.
In order to verify the first statement of the lemma, we multiply (15) with the

vector

(

1
−e12(y1)

)

as to obtain

∂1u(y1, y2)− e12(y1)∂2u(y1, y2) = Cy2 − Ce12(y1)y1. (16)

Taking into account (14) and defining E12(y1) via

E′
12(y1) = e12(y1), E12(0) = 0,

(16) can be reformulated as

d

dy1
(u(y1, y2 − E12(y1))) = Cy2 + h(y1)

for a generic function h. Integrating this, results in

u(y1, y2 − E12(y1)) = Cy1y2 +H(y1) + k(y2),

where k is a generic function of y2. Taking the y2-derivative yields

∂2u(y1, y2 − E12(y1)) = Cy1 + k′(y2). (17)
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By combining (15) and (17), we find

{−1, 1} ∋ e23(y1, y2 − E12(y1)) = Cy1 + k′(y2).

Varying y1 for fixed y2 yields the desired result, C = 0, as otherwise the left hand
side of the equation were discrete, while the right hand side were depending on
y1 continuously.

Lemma 18. Let u : R2 → R, u ∈ W 1,∞(R2,R). Let Φ(s, t) : R2 → R2 be
bilipschitz, γt(s) := Φ(s, t).
Then for L1 a.e. t we have that for L1 a.e. s, the function (u ◦ γt)(s) is
classically differentiable and the classical chain rule holds:

d

ds
(u ◦ γt)(s) = ∂1u(γt(s))γ

′
t1(s) + ∂2(γt(s))γ

′
t2(s). (18)

Proof of Lemma 18. In order to prove the statement of the lemma we have to
show that Rademacher’s theorem holds for u ◦Φ. For this purpose it suffices to
prove that a Lipschitz function maps sets of measure zero to sets of measure zero.
Thus, let N ⊂ R

2 be a null set and ǫ > 0 be arbitrary. Then N can be covered

by countably many cubes Qk with
∞
∑

k=1

L2(Qk) < ǫ. The Lipschitz property of

Φ implies that Φ(Qk ∩N) can be covered by cubes of the size Lip(Φ)2L2(Qk),
which yields a bound of ǫLip(Φ)2 for the image set Φ(N). Letting ǫ ↓ 0 proves
the claim.

Proposition 7. Let U ⊂ R3 be open, convex. Let e ∈ Sym(3,R), e = e(y1, y2)
be a strain tensor associated with a displacement field u : U → R3, u ∈
W 1,∞(U,R3), with e(u) ∈ {e(1), e(2), e(3), e(4)} in U .
Then in situation (1) of Lemma 16 the configuration of the phases locally cor-
responds to a crossing twin structure: More precisely, there exists g ∈ L∞(R3)
such that locally

e12 = e12(y1), (e13 ◦ Φ)(s, t) = e12(s)g(t), (e23 ◦ Φ)(s, t) = g(t),

where Φ(s, t) = (s, t− E12(s)) and E′(s) = e12(s), E12(0) = 0.
Due to symmetry reasons similar results also hold for case (2) of Lemma 16.

Proof of Proposition 7. In situation (1) of Lemma 16 the discreteness of the
strains gives rise to the following algebraic relation which can – in the notation
of Lemma 17 – be reformulated in terms of the function v:

e13(y1, y2)− e12(y1)e23(y1, y2) = 0

⇒ ∂1v(y1, y2)− e12(y1)∂2v(y1, y2) = 0. (19)
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Defining γt(s) := (s, t−E12(s)) and noticing that Φ(s, t) := (s, t−E12(s)) is by
definition a bilipschitz mapping with inverse Ψ(s, t) := (s, t + E12(s)), Lemma
18 can be applied. Consequently the chain rule yields

d

ds
(v(Φ(s, t))) = ∂1v(s, t− E12(s))− e12(s)∂2v(s, t− E12)

(19)
= 0.

Finally, using the change of coordinates given, we obtain the desired result:
(

e13 ◦ Φ
e23 ◦ Φ

)

=

(

(∂1v) ◦ Φ
(∂2v) ◦ Φ

)

=

(

1 e12(s)
0 1

)(

∂s(v ◦ Φ)(s, t)
∂t(v ◦ Φ)(s, t)

)

=

(

1 e12(s)
0 1

)(

0
∂tv(t)

)

=

(

e12(s)∂tv(t)
∂tv(t)

)

.

8.2 Proof of Proposition 3

Due to the piecewise polygonal structure of the configuration under consider-
ation, we can rely on the classification result of the homogeneous case: Via a
“blow-up procedure” at the respective corners we may deduce that any corner
or any edge corresponds to one of the homogeneous constructions.

Lemma 19. Consider a piecewise polygonal configuration determined by its
deformation u. Any corner involved in this arrangement of strains corresponds
to one of the homogeneous constructions. Any edge corresponds to one of the
compatible edges provided by the affine calculations.

Proof. We consider a “blow-up” of the deformation u at a given corner. Without
loss of generality, we may assume that the corner is located at x = 0 and the
deformation vanishes at that point, u(0) = 0. Furthermore, due to the polygonal
structure of the strain configuration, we may suppose that the configuration
does not change in B2(0) (else we choose a smaller radius). For 0 < λ ≪ 1 we
consider the following rescaled version of u:

vλ(x) :=
u(λx)

λ
.

As u ∈W 1,∞ and u is piecewise affine we obtain a weak-∗ limit in W 1,∞:

v(x) := lim
λ→0

vλ(x) = lim
λ→0

1

λ

1
∫

0

∇u(tλx)dt · λx

=

1
∫

0

∇u
(

x

|x|

)

dt · x = ∇u
(

x

|x|

)

· x,
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if x is not located at a jump plane of the gradient ∇u. In particular, the
limit does not depend on the choice of the sequence λ → 0. Therefore, v is a
one-homogeneous, piecewise affine function which implies that e(∇v) is zero-
homogeneous. As a consequence, v has a corner at the point x = 0. This corner
coincides with the corner of u at x = 0 and it corresponds to one of the classified
homogeneous ones. This implies the desired result.

Remark 15. • Instead of using a “blow-up procedure”, it would have been
possible to argue via Liouville’s theorem.

• The blow-up lemma links the homogeneous case with the piecewise polyg-
onal situation. It can be interpreted as a local classification result. As
a consequence, the following analysis has to use the local information in
order to obtain a global rigidity result.

Before proving the proposition, we point out the following central observa-
tion which is true for δ /∈ {± 3

2 ,±3}.

Observation 2. • Any corner occurring in polygonal structures has to cor-
respond to one of the homogeneous corners determined above. This follows
from the uniqueness of the blow-up at the respective corner.

• All the crossing twin structures are planar. The planes, separating the
different phases involved in a corner, intersect in a line. We call this line
the invariant line of the associated corner. Along this line there cannot be
a further jump, as locally the invariant line is surrounded by four different
phases. Therefore, if another plane with different phases intersected the
invariant line, we would obtain a corner of degree larger than four. This
would contradict the characterization of homogeneous corners, as we could
carry out a blow up at this point.

With this we can come to the proof of the desired result.

Proof of Proposition 3. Step 1: Elimination of boundary effects.
Due to the third assumption in Definition 4, we may assume that the configu-
ration is compatible as a configuration in R3.

Step 2. Combinatorics.
We argue via contradiction. If there were a configuration which is neither lam-
inar nor a crossing twin, then there would exist at least one four-fold corner
corresponding to one of the above classified homogeneous ones. As we assume
that the configuration is not globally given by a crossing twin configuration,
there is a plane intersecting the configuration determined by our corner which
is not compatible with a crossing twin configuration. As we have excluded
boundary effects, this plane has to cross at least two phases of the original
four-fold corner (here, we have two possibilities: either the intersection is in a
straight line or it is a result of two lines intersecting the two original phases, c.f.
Fig. 8).
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Figure 8: Possible intersections. The dashed lines depict the possible intersec-
tion implying a change of the original four-fold corner.

Figure 9: Common intersection plane of four-fold corners. The dashed lines
depict the new four-fold corner. It shares a jump plane with the original four-
fold corner.

Since this results in the existence of an at least three-fold corner, the clas-
sification of homogeneous corners implies that at this point there is a second
four-fold corner. Moreover, compatibility conditions imply that the original and
the new four-fold corner have a common jump plane (c.f. Fig. 9).

Therefore, the respective invariant lines of the two corners are located in this
plane. This yields two possible scenarios: Either the invariant lines are parallel
or they are not. As the invariant lines are located in the same plane the second
case implies that the lines have an intersection point. By our observations on
invariant lines this leads to a contradiction. Thus, the remaining alternative
consists of the invariant lines being parallel.

In this case we are left with globally planar configurations (if the config-
uration were not globally planar we could repeat the argument from above).
Reviewing all homogeneous constructions (c.f. Fig. 5, 6, 7) and taking into
account that the respective corners have to share two strain variants along a
common normal we note that all possible planar situations are given by the
following normal vectors and strains:

[1, 0, 0], [0, 1, 1], [0, 1,−1] together with the strains e1, e2, e3, e4,

[0, 1, 0], [1, 0, 1], [1, 0,−1] together with the strains e1, e2, e5, e6,

[0, 0, 1], [1, 1, 0], [1,−1, 0] together with the strains e3, e4, e5, e6.
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e(j1) e(j3)

e(j4)e(j2)

e(j5)

e(j6)

n1

n2

n3

n4

n5

n6

n7

Figure 10: Arrangement of planar phases. The schematic picture illustrates
that the neighbouring corners share at least a common jump plane and have
two strain variants in common.

Hence, it suffices to consider strain configurations which globally only depend
on the variables normal to one of these vectors. Due to the results of the
section on planar strains, these configurations are either given by laminates or
by crossing twin structures. This proves the proposition.

9 Appendix

9.1 A Combinatorial Proof of Lemma 15 and Proposition

5 in the Case δ /∈ {±3
2
,±3}

As an alternative to a Mathematica aided proof, the arguments leading to
Lemma 15 and Proposition 5 can also be carried out “by hand”: In order to do
so, we follow the same strategy as in the computer aided situation.

• As an initial step, we identify points on the sphere at the intersection of
the possible jump planes. We first focus on those involving three or more
possible jump planes, in other words, on those of possible maximal degree
six or eight.

• Secondly, we argue that at these points of higher order the local configu-
rations can at most consist of crossing twins. Furthermore, we show that
these can only occur at very specific higher order points. In particular, at
many higher order intersection points only laminates can form.

• Finally, we prove that at the remaining intersection points, i.e. at those of
maximal degree four, which were not treated as parts of the higher order
cases, only laminates can be observed.
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We recall that the normals of the possible jump planes associated with the
cubic-to-orthorhombic phase transition are given by

{[1, 0, 0], [0, 1, 1], [0, 1,−1], [0, 1, 0], [1, 0, 1], [1, 0,−1], [0, 0, 1], [1, 1, 0], [1,−1, 0],

[3, 3, 2δ], [3, 2δ, 3], [2δ, 3, 3], [3, 3,−2δ], [3,−2δ, 3], [−2δ, 3, 3], [−2δ,−3, 3],

[−2δ, 3,−3], [−3,−2δ, 3], [3,−2δ,−3], [−3, 3,−2δ], [3,−3,−2δ]}.

In particular, we note that the sign of the normals is irrelevant. From these we
compute all points of intersection on the sphere in which three or more planes
meet. As a first observation, we note that for any δ 6= ±3 at most four different
planes intersect in one point (this can be seen by checking how many different
planes have normals lying in a common given plane). Starting from this, we list
all the intersection points involving three or four planes.

If δ /∈ {± 3
2 ,±3} then there are nine possible eight fold corners (i.e. corners

involving four planes) at the points (1, 0,−1), (1, 0, 1), (0, 1, 0) (as well as the
corresponding permutations of the entries). Up to the corresponding (three)
permutations each, these are given by the planes with the following normals:

[1, 0, 1] [−1, 0, 1] [1, 0, 1]

[0, 1, 0] [0, 1, 0] [−1, 0, 1]

[3, 2δ, 3] [−3, 2δ, 3] [1, 0, 0]

[3,−2δ, 3] [−3,−2δ, 3] [0, 0, 1].

(In the first and second configurations, one can think of the respective permuta-
tions as being determined by moving the δ entries to the first, second and third
position – and shifting the entries of the other normals correspondingly. In the
third configuration the position of the zero in the [1, 0, 1] and [−1, 0, 1] normal
yield the different possibilities.)
As these configurations are, by definition, two-dimensional and as their respec-
tive normals are given by (a permutation of) one of the vectors [1, 0,−1], [1, 0, 1],
[0, 1, 0], the result on planar configurations with these normals, Proposition 6,
implies that at any such corner there can at most be crossing twins.

Apart from the corners involving four normals, there are also corners involv-
ing three normals. For a generic δ, i.e. δ /∈ {± 3

2 ,±3}, there are the following
possibilities:

(a1) (a2)

[1, 0, 0] [1, 0, 0]

[3, 2δ,±3] [3,±3, 2δ]

[−3, 2δ,±3] [−3,±3, 2δ],

with corresponding intersection points (0,∓3, 2δ) and (0, 2δ,∓3). Cases (a1)
and (a2) are symmetry related via a rotation of 90◦ in the x2, x3 plane. Con-
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sidering all possible permutations, these correspond to a total of 12 possibilities.

Further cases are given by

(b1) (b2) (b3) (b4)

[1,−1, 0] [1,−1, 0] [1, 1, 0] [1, 1, 0]

[2δ, 3,±3] [−2δ, 3,±3] [3,−2δ,±3] [2δ, 3,±3]

[3, 2δ,±3] [3,−2δ,±3] [−2δ, 3,∓3] [3, 2δ,∓3],

with corresponding intersection points given by (1, 1,∓(1+ 2δ
3 )), (1, 1,∓(1− 2δ

3 )),

(1,−1,∓(1+ 2δ
3 )), (−1, 1,∓(1− 2δ

3 )). We remark that (b3), (b4) are rotations by
90◦ of (b1), (b2). Considering all possible permutations, cases (b1)− (b4) corre-
spond to a total of 24 possibilities.

Finally, the only remaining corners involving three normals are given by

[0, 1,−1] [0, 1, 1] [0, 1, 1] [0, 1,−1]

(c) [1, 0,−1] [1, 0, 1] [−1, 0, 1] [1, 0, 1]

[1,−1, 0] [−1, 1, 0] [1, 1, 0] [1, 1, 0],

with the intersection points (1, 1, 1), (1, 1,−1), (1,−1, 1), (−1, 1, 1). (That there
are no further corners at which three planes intersect, can, for example, be seen
by computing the determinants of all the remaining three tuples of normals. In
the cases δ /∈ {± 3

2 ,±3} these are nontrivial.)

Combining the previous considerations, we obtain that in the generic case
there are

#(number of possible four-fold corners)

−#(number of possible six-fold corners)

((

3

2

)

− 1

)

−#(number of possible eight-fold corners)

((

4

2

)

− 1

)

= 210− 40× 2− 9× 5 = 85

intersection points at which the possible configurations have to be investigated.
As we will see from Observation 3 the configurations with up to three normals,
i.e. cases (a1)− (c), only correspond to three different situations.

In order to understand that only crossing twins and laminates can appear, we
have to exclude other possible configurations emerging either from the corners
with three or four intersecting planes. By symmetry considerations it will be
possible to reduce the situation to the following two auxiliary results:
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Proposition 8. Let e = e(∇u) = 1
2 (∇u + (∇u)t), with u : Ω → R3 Lipschitz.

Assume that e ∈ {ei1 , ei2 , ei3} with

ei1 ∈ {e(1), e(2)}, ei2 ∈ {e(3), e(4)}, ei3 ∈ {e(5), e(6)}. (20)

Suppose that δ /∈ {± 3
2 ,±3}. Then, locally, e is a simple laminate.

Proof. The proposition follows from the fact that if a three valued strain satisfies
(20), then it can be mapped to the corresponding Dolzmann-Müller situation,
Proposition 4. In order to prove this, we notice that the rank one connections
between the strains ei1 , ei2 , ei3 each involve a normal with and a normal without
δ entries. Denoting the normals with δ entries by nδi a mapping to the Dolzmann-
Müller case is given by

(M δ)−1 : (nδ1, n
δ
2, n

δ
3) 7→ (n0

1, n
0
2, n

0
3),

which sends the normals involving δ entries to the ones with δ = 0. In order to
check that this indeed fulfils the desired mapping properties, it suffices to carry
out the computations for the three-tuples satisfying

(ei1 , ei2 , ei3) ∈ {(e(1), e(3), e(5)), (e(1), e(4), e(5)), (e(1), e(4), e(6)),
(e(1), e(3), e(6))},

since the remaining cases follow by reflecting δ: δ 7→ −δ. As an example, we
carry out one of these computations: In case of (e(1), e(3), e(5)) such a mapping
would for example be given by





0
1
−1



 7→





2δ
3
−3



 ,





1
−1
0



 7→





3
−3
−2δ



 ,





1
0
1



 7→





3
2δ
3



 ,

or

M :=M δ =





6 + 2δ 2δ −2δ
2δ 6 + 2δ 2δ
−2δ 2δ 6 + 2δ



 .

Then the strains, êi =M−1eiM
−t, in the new coordinates turn into

ê1 =







9−7δ2

4(−3+δ)2(3+2δ)2
δ(3+δ(2+δ))

4(−3+δ)2(3+2δ)2 − δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

9−7δ2

4(−3+δ)2(3+2δ)2
δ(3+δ(2+δ))

4(−3+δ)2(3+2δ)2

− δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

−9+δ2−δ3
2(−3+δ)2(3+2δ)2






,

ê2 =







9−7δ2

4(−3+δ)2(3+2δ)2
δ(3+δ(2+δ))

4(−3+δ)2(3+2δ)2 − δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

−9+δ2−δ3
2(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

− δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

9−7δ2

4(−3+δ)2(3+2δ)2






,

ê3 =







−9+δ2−δ3
2(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2 − δ(3+δ(2+δ))

4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

9−7δ2

4(−3+δ)2(3+2δ)2
δ(3+δ(2+δ))

4(−3+δ)2(3+2δ)2

− δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

δ(3+δ(2+δ))
4(−3+δ)2(3+2δ)2

9−7δ2

4(−3+δ)2(3+2δ)2






.
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Subtracting a constant matrix given by the off-diagonal entries and renormaliz-
ing, this yields the Dolzmann-Müller situation.

We remark that these transformation matrices degenerate in the cases δ ∈
{± 3

2 ,±3}.

Lemma 20. Let e ∈ {e1, e2, e5} be independent of the variable 3x2 − 2δx3.
Then the only possible homogeneous corners consist of two strain variants, i.e
there is a single flat interface and not more than two strains are involved. An
analogous statement holds for the case e ∈ {e1, e2, e6}.
Proof. We only consider the first case. In this very specific situation we have
four linear conditions:

tr(e) = 0, e22 = 1, e13 = 0, e23 = − δ
3
e11 +

δ

3
.

Furthermore, e = e(x1, 2δx2 + 3x3). Then the first three strain equations, (5),
yield

(−∂11 + ∂33)e11 = 0,

which, due to the two valuedness of the e11 component, leads to

e11 = f(3x1 + 2δx2 + 3x3) or e11 = g(3x1 − 2δx2 − 3x3).

Considering only the first case, e11 = f(3x1 + 2δx2 + 3x3), (the argument for
the second one is analogous), the remaining three (curl type) strain equations,
(6), yield

∂3(−2δ∂1 + 3∂2)e12 = 0,

∂3(∂1 − ∂3)e12 = 0,

∂3(−2δ∂1 − 3∂2)e12 = 0,

if the expression for e11 and the linear dependence of e11 and e22 is inserted.
Due to the assumed structure of e, the transversality of the vectors [3, 2δ, 3] and
[1, 0, 0] and e12 = e12(e11), this leads to

e12 = e12(3x1 + 2δx2 + 3x3) or e12 = e12(x1).

Last but not least, we have to show that any corner involving three normals
satisfies the conditions of Proposition 8 or of Lemma 20. Furthermore, we
have to identify those intersection points at which crossing twin structures can
appear. For that purpose, we prove the following claim.

Claim 2. All corners at which three or four planes intersect and which are
not located at (up to permutations) one of the points (1, 0, 0), (0, 1, 1), (0, 1,−1)
involve configurations with at most three strains ei1 , ei2 , ei3 . Up to symmetries
these satisfy the conditions of Proposition 8 or of Lemma 20.
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This claim then proves Lemma 15, since in the case of three involved strains,
Proposition 8 or Lemma 20 assert that the configuration only consists of simple
laminates. If only two strains are involved in a possible corner and do not satisfy
condition (20), these strains commute. The strains being simultaneously diago-
nalizable, implies that these can also be transformed into the Dolzmann-Müller
situation. Hence, in that case only simple laminates can occur.

For abbreviation, we use the following convention:

Definition 5. We use the notation (2, 3) to denote a possible jump between e(2)

and e(3).

Proof of the claim. In order to reduce the situation to as few examples as pos-
sible, we make use of the symmetries of the phase transition. We observe

Observation 3. Any rotation of 90◦ which leaves one of the coordinate axes
fixed transforms compatible corners into compatible corners.
Under the reflection which leaves the x1, x2-plane invariant, the phases trans-
form according to

e(1) 7→ e(1), e(3) 7→ e(4), e(5) 7→ e(5),

e(2) 7→ e(2), e(4) 7→ e(3), e(6) 7→ e(6).

Similar results hold for reflections with respect to the other coordinate axes. In
particular, reflections with respect to the coordinate axes preserve the assump-
tions of Proposition 8.

In proving the claim, we first rule out more complicated behaviour for the
corners involving three normals. We have to consider the cases (a1), (b1) and
(c), as the other ones follow from symmetry. Note that normals involving δ
entries uniquely (up to symmetry) describe a single jump, e.g. at the normal
[2δ, 3, 3] there can only be the jump (1, 3), while the ones without δ entries
allow for two possible jumps (up to symmetry), e.g. the normal [1, 0, 0] allows
for the jumps (1, 2) and (3, 4). In the sequel, we discuss the cases (a1), (b1), (c)
separately:

(a1) We first consider the case of the plus signs. At each of the normals we
have the following jump possibilities

[1, 0, 0] (1, 2), (3, 4),

[3, 2δ, 3] (1, 5),

[−3, 2δ, 3] (2, 5).

Thus, at this intersection point only the combination of phases
{e(1), e(2), e(5)} or of {e(3), e(4)} is possible. While the second case directly
implies that only laminates can appear, we have to invoke Lemma 20 for
the first one. By carrying out a reflection with respect to the x1, x2-plane,
it is possible to transform the case with the plus signs into that with the
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minus signs. By Observation 3 this reduces the case of the minus signs to
the second case treated in Lemma 20.

(b1) We begin with the case with the plus signs. The possibly present phases
are given by

[1,−1, 0] (3, 5), (4, 6),

[2δ, 3, 3] (1, 3),

[3, 2δ, 3] (1, 5)

This corresponds to a three fold combination {e(1), e(3), e(5)} and a two
fold combination {e(4), e(6)}. In particular, the configuration satisfies the
assumptions of Proposition 8. As the case with the minus signs is obtained
by a reflection along the x1, x2-plane, Observation 3 asserts that again the
conditions of Proposition 8 are fulfilled.

(c) Due to 180◦ rotation symmetries, it suffices to consider the first case. In
this we note

[0, 1,−1] (1, 3), (2, 4),

[1, 0,−1] (1, 5), (2, 6),

[1,−1, 0] (3, 5), (4, 6).

Thus, the admissible configurations involve either only the strains
{e(1), e(3), e(5)} or {e(2), e(4), e(6)} (which satisfy the requirements of Propo-
sition 8).

Hence, it remains to discuss the corners at which only two planes intersect. Here
we have to distinguish three cases:

• Both normals are elements of {[1, 0, 0], [0, 1, 1], [0, 1,−1]} and permutations
thereof. In this case the configurations already appeared in the discussion
of corners at which three or four planes intersect.

• Both normals involve δ entries. Then, at each of the two normals there
is a unique jump possibility: (a1, b1) and (a2, b2). We claim that in this
case only two different strains can be involved in a possible corner. In-
deed, the possibilities of configurations are depicted in Figure 11. As only
two different normals are involved, configurations A1 and A2 schemati-
cally illustrate the only possible higher order corners. Since the jumps are
uniquely determined by the normals, this implies that the sets {a1, a2}
and {b1, b2} have to coincide in configuration A1. Due to the same rea-
son, the jumps (a2, b1) and (a1, a2) have to agree (up to permutations) in
configuration A2. This entails that only two phases are involved in the
respective configuration. Hence, only simple laminates can occur.

• Only one of the normals involves δ entries. This implies that at most
three phases are part of the respective corner as the jumps at the nor-
mal involving δ entries are unique. Arguing in the setting of figure 11
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A1

a1

b1

a2

b2

n1

n2n1

n2

A2

a2

a1

b1

n1 n1

n2

Figure 11: Excluding configurations with possible maximal degree four.

one even notices that configuration A1 can only consist of two different
strains due to the uniqueness of the jump given by the normal involving δ
entries. Hence, it remains to investigate the situation of configuration A2.
If the normal n1 corresponds to the normal without δ entries, it would, in
principle, be possible that three phases are involved in configuration A2.
However, recalling the rank-one connections of the cubic-to-orthorhombic
phase transition, we note that the non-uniqueness emerging in jumps in-
volving normals with non-δ-entries is “strictly disjoint”: In other words,
if (a1, b1) and (a2, b2) denote the possible jumps at normals with a non-
unique jump, these sets are strictly disjoint – their union involves a total
of four different strains. In effect, the situation of configuration A2 can
also be excluded. As above only corners involving two strains emerge.
These configurations, however, correspond to simple laminates.

9.2 The Cases δ = ±3
2

In this section we briefly deal with the situation of δ = 3
2 . By symmetry, the

case δ = − 3
2 can be treated analogously.

The exceptional role of this case is already indicated by the fact that for δ = 3
2

various of the normals involving δ entries “collapse”. If δ = 3
2 the local situa-

tion on the sphere is already highly non-trivial. Apart from the crossing twin
structures, there are corners involving three, five, six and seven (not necessarily
different) phases. For completeness we briefly list the possible configurations
at the points (1, 0, 0), (− 1√

2
, 0, 1√

2
), ( 1√

3
, 1√

3
, 1√

3
). All the other non-trivial

intersection points are symmetry related to these. As a consequence, the con-
figurations at the other points can be computed from the ones listed below.
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(1,0,0) C1

e(1)

e(4)

e(3)

e(2)

[0,1,1]

[0,0,1][0, 1, 1]

[0,1,0]

C2

e(1)

e(3)

e(4)

e(2)

[0, 1,−1]

[0,0,1][0, 1,−1]

[0,1,0]

Figure 12: Compatible corners at the point (1, 0, 0).

(− 1√
2
, 0, 1√

2
) C3

e(1)

e(6)

e(2)

e(5)

[3, 2δ, 3]

[1,0,1] [3,−2δ, 3]

[1,0,1]

C4

e(1)

e(2)

e(6)

e(5)

[3, 2δ, 3]

[0,1,0] [3,−2δ, 3]

[0,1,0]

Figure 13: Compatible crossing twin configurations at the point (− 1√
2
, 0, 1√

2
).
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(− 1√
2
, 0, 1√

2
) C5

e(6)

e(5)

e(2)

e(3)

e(1)

[1, 0, 1]

[0,1,0]

[1, 0, 1] [−1, 1,−1]

[1, 1, 1]

C6

e(3)

e(5)

e(2)

e(1)

e(6)

[−1, 1,−1]

[1,1,1]

[1, 0, 1] [0, 1, 0]

[1, 0, 1]

Figure 14: Compatible crossing configurations involving five strains at the point
(− 1√

2
, 0, 1√

2
).

(− 1√
2
, 0, 1√

2
) C6

e(6)

e(5)

e(2)

e(3)

e(5)

e(2)

[1, 0, 1][-1,1,-1]

[0, 1, 0]

[1, 0, 1] [−1, 1,−1]

[1, 1, 1]

C7

e(3)

e(5)

e(2)

e(1)

e(5)

e(2)

[1, 0, 1][-1,1,-1]

[1, 1, 1]

[1, 0, 1] [0, 1, 0]

[1, 1, 1]

Figure 15: Compatible corners involving six strains at the point (− 1√
2
, 0, 1√

2
).
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(− 1√
2
, 0, 1√

2
) C8

e(2)

e(1)

e(6)

e(3)

e(1)

e(6)

[1, 0, 1][−1, 1,−1]

[0, 1, 0]

[1, 0, 1] [−1, 1,−1]

[1, 1, 1]

C9

e(3)

e(1)

e(6)

e(5)

e(1)

e(6)

[1, 0, 1][−1, 1,−1]

[1, 1, 1]

[1, 0, 1] [0, 1, 0]

[1, 1, 1]

Figure 16: Compatible corners involving six strains at the point (− 1√
2
, 0, 1√

2
).

(− 1√
2
, 0, 1√

2
) C10

e(3)

e(5)

e(2)

e(6)

e(5)

e(1)e(6)

[1, 1, 1]

[1, 0, 1] [−1, 1,−1]

[0, 1, 0]

[1, 1, 1]

[1, 0, 1]

[−1, 1,−1]

C11

e(1)

e(5)

e(2)

e(3)

e(1)

e(6)e(2)

[1, 1, 1]

[1, 0, 1] [−1, 1,−1]

[1, 1, 1]

[1, 0, 1]

[−1, 1,−1]

[0, 1, 0]

Figure 17: Compatible corners involving seven strains at the point (− 1√
2
, 0, 1√

2
).
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(− 1√
3
, 1√

3
, 1√

3
) C12

e(4)

e(5)

e(2)

[1, 1, 0] [1, 0, 1]

[0, 1,−1]

C13

e(2)

e(4)

e(5)

e(2)

e(4)

e(5)

[0, 1,−1]

[1, 1, 0] [1, 0, 1]

[0, 1,−1]

[1, 1, 0][1, 0, 1]

Figure 18: Compatible corners involving three and six strains at the point
(− 1√

3
, 1√

3
, 1√

3
).

9.3 The Cases δ = ±3

We only discuss this situation very briefly. The situation for δ = ±3 differs
from the generic one by allowing for intersection points involving up to six
normals at permutations of the points (± 1√

3
,± 1√

3
,± 1√

3
). As a Mathematica

based computation illustrates, these intersection points of higher order in fact
produce new planar configurations: Even twelve-fold corners can be realized.
Due to the large number of possible planar configurations, it is not clear whether
they can be combined to yield non-planar global configurations. This would be
an interesting topic for future research.
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