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A LOCAL ESTIMATE FOR SUPER-LIOUVILLE EQUATIONS ON
CLOSED RIEMANN SURFACES

JURGEN JOST, CHUNQIN ZHOU, MIAOMIAO ZHU

ABSTRACT. Continuing our work on the super-Liouville equations, a varia-
tional problem motivated by the supersymmetric extension of the Liouville
functional in quantum field theory, we study the profile of blow-up solutions
near the blow-up point and establish a local estimate for the bubbling se-
quences.

1. INTRODUCTION

The conformally invariant variational problems arising in geometry and theoret-
ical physics often exhibit a very rich and subtle structure. Uncovering and utilizing
this structure beyond the general phenomenon of limit cases of the Palais-Smale
condition leads to some of the most difficult and most interesting problems of geo-
metric analysis. Usually, however, this structure is very sensitive to the particular
special form of the variational problems, and it disappears under any variations of
it. One of the most studied examples in this context is the Liouville functional with
its associated Euler-Lagrange equation, the Liouville equation. It has deep links
with complex analysis, prescribed curvature problems on Riemann surfaces, and
conformal field theory. Remarkably, in the context of string theory and conformal
field theory, physicists ([Pol, Po2]) have discovered an extension of the Liouville
functional with an even richer structure, the super-Liouville functional. Here, a
scalar field as in the original Liouville problem is coupled with an anticommuting
spinor field. The resulting Euler-Lagrange equations, the super-Liouville system,
then exhibit supersymmetry between the two fields. The anticommuting character
of the spinor field, however, leads outside the aforementioned context of geometric
analysis and the geometry of Riemann surfaces. We have discovered, however, that
there also exists a version of the super-Liouville system involving only ordinary,
commuting fields, and we have started to study it using the tools of nonlinear anal-
ysis (see [JWZ], [JWZZ]). In mathematical terms, this is a variational problem on
a closed Riemann surface (M, g) with a spin structure. The functional we consider
couples the standard Liouville functional with a spinor term and is therefore also
called the super-Liouville functional (see [JWZ]). In particular, it preserves the
conformal invariance of the ordinary Liouville functional on Riemann surfaces.

It is then the challenge for nonlinear analysis to extend the detailed structural
analysis of solutions of the Liouville equation to those of the super-Liouville system.
The essential aspect here is the analysis of the blow-up behavior of sequences of
solutions and the precise characterization of the possible blow-up limits. In the
present paper, we continue our work [JWZ, JWZZ] in this direction, and we show
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that the elements of the blowing up sequence can be controlled by the rescaled blow-
up limit within constants that are independent of the particular sequence. This will
be our main result, Theorem 2.3 below. For the ordinary Liouville equation, this
has been achieved in [BCLT] and [Ly]. In fact, for the scalar field, we can use
the method of [BCLT] for our purposes, but handling the spinor field requires new
estimates, of course.
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2. THE SUPER-LIOUVILLE FUNCTIONAL

In this section, we introduce the super-Liouville functional, describe previous
work about it, and then formulate our main result.

The super-Liouville functional is a conformally invariant functional that couples
a real-valued function v and a spinor ¢ € T'(XM) on a closed Riemann surface M
with conformal metric g and a fixed spin structure,

B ) = [ (Gl + Kyt (P + ")) - ). 1)

Here XM is the spinor bundle on M and K, is the Gaussian curvature in M.
The Dirac operator ) is defined by Py := Zi:l e, " Ve, ¥, where {e1,e2} is an
orthonormal basis for TM, V is the Levi-Civita connection on M with respect to g
and - denotes Clifford multiplication for ¥ M. Finally, (-, -) is the natural Hermitian
metric on XM induced by g. Two useful formulas about Clifford multiplication
between e; and the spinors ¥, p € ¥ M are

e;i-ej-Ptej-e - =—2;1,
and
<¢,<,0> = <€i 2L ¢>
For the geometric background of the theory of spinors and its calculus, we refer to
[LM] and [Jo].
The Euler-Lagrange system for E(u,) is
—A - 9 2u _ Lu - K
i ol =Ky 2)
Dby = —e"y
where A is the Laplacian with respect to g. These equations are called the super-
Liouville equations. Similarly to the classical Liouville equations ([Liou] [BM]
[LSh]), the analytic foundations for solutions to (2) are established in [JWZ] and
[JWZZ]. More precisely, we developed a blow-up theory for sequences of solutions
to (2) via establishing the energy identity for blow-up solutions and calculating the
blow-up values at the blow-up points. To summarize, we have
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Theorem 2.1. (Theorem 5.1, [JWZ] and Theorem 1.3, [JWZZ]) Let (M, g) be a
closed Riemann surface with a fized spin structure and let (un,,) be a sequence
of smooth solutions of

—Au, = 2% — e (hy, 1) — K, 3)
p¢n = —e" Yy,
in M with the energy condition
/ e?ndy < C and / |t dv < C (4)
M M
for some positive constant C > 0.
Define the blow up set of (un,y) by:
¥ = {x € M, there is a sequence y, — x such that u,(y,) — +oo},
Yo = {x € M, there is a sequence y, — © such that |, (yn)| — +o0}.

Then Yo C X1 and (un, ) admits a subsequence, still denoted by (un, vy ), satis-
fying one of the following:
i) wy, is bounded in L (M).
i) u, — —oo uniformly on M.
iii) ¥4 is finite, nonempty,

Up, = —00  uniformly on compact subsets of M\Xq,

and

2€2u" — €u”‘wn|2 — Z ai(swia

;€31

in the distribution sense and with o; > 4.

The proof of Theorem 2.1 relies on understanding the behavior of the spinor
part v, in the neighborhood of the blow up point. This exhibits some similarities
with the analysis for other conformally invariant variational problems, in particular
two-dimensional harmonic maps. In fact, we have the following the energy identity
for spinors, which tells us that the neck energy of 1, converges to zero:

Theorem 2.2. (Thm 1.2, [JWZZ]) With the same notations and assumptions as
in Theorem 2.1, suppose that ¥4 = {1,229, -+ ,x1}. Then there are finitely many
solutions of (2) on S?: (ubF "*) i =1,2,--- I;k=1,2,---, L;, such that, after
selection of a subsequence, 1, converges in C7X. to 1) on M\X:1 and the following
energy identity holds:

l L;
Jm [ uftae= [ ita+ 3050 [ . (5)

i=1 k=1

Further exploring the behavior of the bubbling solution (uy, ), we calculated
the blow-up values at blow-up points in ¥;. Define the blow-up value m(p) at
p € Xy by

I : 2Up _ LUn 2
m(p) = }13(1) nh_)rrgo BT(p)(Qe e“ |y |%)dv.
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It is shown (see Lemma 5.1, [JWZZ]) that there exists G € WH4(M)NCE (M\1)
with [,, G =0 for 1 < ¢ < 2 such that
Up — L up, = G (6)
oML Sy

in C2 .(M\X;) and weakly in W14(M). Moreover, in 1 = {p1,p2, -+ ,p}, for

oc

R > 0 small such that Br(pr) N 21 = {px}, k =1,2,---,1, there holds

G=3wmmbq——7+mm

2 T — Pk
for # € Br(pr)\{pr} with ¢ € C?(Br(px)). Then, by using a Pohozaev type
identity for solutions (uy,,t,) (see Proposition 2.7, [JWZZ]), we have shown (see
Theorem 1.5, [JWZZ])

m(p) = lim lim (2e2Un — eUn|ah,,|?)dv = 4. (7)

r—0n—oo B, (p)

Consequently, in iii) of Theorem 2.1, we have «; = 4.

The purpose of the present paper is to study the profile of blow-up solutions near
their blow-up points for the super-Liouville equation. This will extend the blow-up
theory for the Liouville equation (see [BCLT], [Ly] and [JLW]).

To this end, we note that, by Theorem 1.1, v, is uniformly bounded on compact
subsets of M\X; and due to (6), u, has uniformly bounded oscillations on compact
subsets of M\X;. Furthermore, to describe our result, by conformal invariance
of the super-Liouville equations (2), it suffices to work with the Euclidean metric
g = dx? + dx3 around the point 0 on By = {x € R? : |z|? < 2} | where 0 is the
only blow up point of (u,,y,) in Bs. So. we consider the system of equations and
inequalities

—Auy, = 2% — €4 (4, 4hy,) in By
Dipry = =€y, in Bo
max u, — minu, < C, on O0Bs ®)
max [¢,]| < C, on 9JBs

[y, €+ [l < C,
2e%un — eun|yh, |2 — 4mh, in the sense of distribusions  in Bs.

Here ¢ is the Dirac measure at the origin 0.
Assume that p, = u,(z,) = maxp, u,(x) and A, = e"#». Then, x,, — 0 and
An — 0. Define the rescaled fields by

Up(x) = un( Az +x,)+InA,
{ () (A + @) + o

o) = Afwn(ne +20)
for any x € B 1 (0). Then (ﬂn(x),ﬂ)vn(x)) satisfies

AT(E) = 20T O, @)
pd)n(x) _eﬁn(z)ﬂ}n(x)
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in B (0) with the energy condition

An

/ 21 4 |5 ()] dv < C.
B% (0)

We know that %, (0) = 0 and u,(z) < 0. If we only consider the case that the
bubble is a solution to the Super-Liouville equations, we may further assume that
0 € 1 N5 (otherwise, if 0 € 37\ Xg, then the bubble is a solution to the Liouville
equation). Then, as is discussed in [JWZZ], we obtain that (i,,,) admits a

subsequence converging in C’llo’ca(]RQ) to (@, 1)), which is an entire solution on R? to

the Super-Liouville equation (2), i.e.

AU = 22577§~7~7
{ ! ea~e<¢) v z € R? (10)
Ew = —€ /(/)7
with the energy condition
I(, ) = / " 4 ¢ dz < oo. (11)
R2
By Proposition 6.3 in [JWZ], we know that
/ 2¢%" — %[ 2dx = 4, (12)
R2
and (@, V) satisfies the following asymptotic behavior at infinity:
t(z) = —2In|z| + C 4+ O(jz| ™) for |z| near oo, (13)
P(z) = 1o & +ollz|™h) for |z| mnear oo (14)
T on |z Y ’

where - is the Clifford multiplication, C' € R is some constant and &, = fR2 eﬂdex
is a constant spinor. Combining (7), (12) and Theorem 2.2, we conclude that the
neck energy of u, converges to 0. More presicely,

( e2un 4 elin

lim gy oolimyy—olimy, s o / ibvn|2 + |Jn|4) dz=0. (15)

R<|z|<roA;t
This completes the qualitative behavior for a sequence of bubbling solution to the
super-Liouville equation derived in [JWZZ].

In this paper, we shall prove:

Theorem 2.3. Suppose that (u,,vy) satisfies (8). Then there exist two constants
0 <rg <2 and C >0 which both are independent of n, such that

ltn (2) — pin — TN, (@ — @) < O, fora € By, (16)
N3t (2) — DA (@ — 2,)) < C, forz € By, (17)

When v,, = 0, the problem we consider reduces to the usual Liouville equation
problem, in which case the corresponding estimate as in (16) was established in
[BCLT] and in [Ly] by using different methods. For our problem, we shall follow
the approach developed in [BCLT]. The key point is to deal with the perturbation
term, that is, to analyze the asymptotic behavior of 1, at the blow up point.
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3. PROOF OF THEOREM 2.3

To prove Theorem 2.3, we can follow the method of [BCLT] to deal with the
function u. Therefore, we shall essentially have to deal with the spinor part v, for
which we shall have to establish a decay estimate in a neighborhood of the blow-up
point. So let us first state two useful lemmas, which will play an important role in
the proof of our main result Theorem 2.3.

The first Lemma is a Pohozaev type identity for smooth solutions of (2).

Lemma 3.1. (Proposition 2.7, [JWZZ]) Let (u,) be a smooth solution to (2).
Then for every geodesic ball B C M, we have

u

uy 1 2
R/&iBRlaV| —§|Vu| do

= / 2e%% — e“|op|2dv — R/ e?“do + Kyx - Vudv

1 o 1 oY
+§ /aBR<8V7x-qp>dv—‘r 2/63R<x~1/;7ay>dv

where v is the outward normal vector to 0Bg.

The second lemma is about the decay of the spinor part. Notice that equa-
tion (10) is invariant under conformal transformations. Let (v,¢) be the Kelvin

transformation of (, 7:/;), ie.
v(z) = a(ﬁ) —2In|z|

o) = o] ()
Then (v, ¢) satisfies
—Av = 2% —¢” <¢5 ¢> ) T e R2\{0}7
Dy = —e'¢, x € R?\{0}.

And, by a change of variables, we have

/ e?Vdr = / e*dx,
1
jal<ro jal > L

/ |¢|4da::/ | da.
|z|<ro MZ%

Therefore, there is an r9 > 0 small enough such that (v, ¢) is a smooth solution
to (18) on B,,\{0} with energy fl e?vdr < g9 < m for any sufficiently small
number €9 > 0 and f\zlgro |¢p|*dx < C. Since (18) are conformally invariant, in
the sequel we may assume B,, to be the unit disk B;. When the energy of v is
sufficiently small, we have the following decay estimate of ¢ at the singularity {0}:

(18)

z|<ro

Lemma 3.2. (Lemma 6.2, [JWZ]) There exists 0 < g9 < m, such that if (v, ) is a
smooth solution to (18) on B1\{0} with energy flm’\<1 e?Vdr < g9 andf‘ |p[tdx <
C, then for any x € B% we have -

z|<1

6@)lla]? + [Vo(a)l|zlt < O / 61du)

By
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Furthermore, if we assume that e?¥ = O(lwl%_s), then, for any x € B%, we have

p(@)||z|? + [V (z)||z|* < Cla|Te( / |pdx) 7,

B

for some positive constant C. Here € is any sufficiently small positive number.

Proof of Theorem 1.3 We divide the proof into five steps.

Step 1. From the rescaled functions (9), it is easy to see that (16) and (17) are
valid in By, g(zy) for any fixed large number R > 0 and for some constant C' > 0
independent of n. Thus, we only need to prove that (16) and (17) are valid when
x € By, \ Ba,r(zy,) for some 19 > 0. In the sequel, C' will denote a universal
positive constant independent of n, which may vary from line to line.

Step 2. It follows from the boundary condition in (8) that

0<u, —minu, <C on 0B,.
OBQ

Define w,, as the unique solution of the following Dirichlet problem
—Awn = 07 in BQ
W, = Up—mingg, Uy, on 0B

By the maximum principle, w, is uniformly bounded in Bs. Furthermore, the
function v,, = u, — mingp, u, — w, satisfies the Dirichlet problem

— Ay, = 224 — eUn i), |2, in By
Un = 0, on 832
fB2 2eun — etn o, |2dx < C.

By Green’s representation formula, we have

1 1
o) = 5= [ 0w 26 ) — e D () Py + B a)
2

where R, (x) is a uniformly bounded function in By. Therefore we have

up(z) — min uy,

1
= 5, log] —(2e W) — Wy (y)[*)dy + O(1)

2 Bo

1 / 1 9
= — log 2e2un(y) _ gun(y) Un (y)[?)dy + O(1). 19
o M Un(e)P)dy +0(1).  (19)

Here and in the sequel, O(1) denotes a uniformly bounded term.

For the spinor v, we apply similar arguments. Since maxgp, [¥n]| < C, we
define ¢,, by

p¢n = 07 in BZ
¢n = Pn, ondBy

Recall that on R? the Dirac operator 2 is essentially the (doubled) Cauchy-Riemann

operator (see [JWZ], P. 1108). By the maximum principle for holomorphic or anti-

holomorphic functions, |¢,| is uniformly bounded in By. We define ¢,, = 1, — ¢,.
7



Then ¢,, satisfies
E‘Pn = —e"" 1y, in By
n =0, on 0By
fB2 e, dr < C.

By the Green function for the Dirac operator ) (see e.g. Section 2, [AHM]), we
have
1 T —y

on(T) = : eu"(y)d’n (y)dy + pn(z)

where p,(x) is a harmonic spinor which is uniformly bounded in By and - is the
Clifford multiplication. Therefore we have
1 r—y

a@) = —g | et Ven)dy +0W)

1 LY uny)
= —— e W, (y)dy + O(1), 20)
27 I, (o) T = 3P ) ) (

Next we state the Green representation for the rescaled function (i, (z), ¥ (z)).
Setting x = xo in (19), we get

: 1/ 1 2 (y) () 2
fp — Minu, = — log 2e~4nW) — eUn W (y)|*)dy + O(1),
min 2 Jo o) |xn__y|( ¢n (y)I7) (1)

and hence
Un(x) = Upn(AnZ+Tpn) — pin
1 \y| 21 a i 2
= — log — 22— (2% — @, (y)|?)dy + O(1). (21
o T Tul) Py + 1), (21)
An

Similarly, it follows from (20) that
Un(@) = AUn(Anz +2y)
1 — o
N / T W, (y)dy + O(1). (22)

21 Jp . |2 —yl?
An

Define the local mass by

Mé = / 2e2Un _ gln
Brg(zn)

Claim: For any § > 0 small, there exist R = Rs > 1 and N = Ngs € N such that
when |z| > 2R and n > N, there holds

Yn|?dz, and M? = / ( )e“wpndx.
Bro Tn

Ml
un(z) + 2—” log |z] < dlog|z| + O(1). (23)
™

In fact, notice that lim,, ,. M} = 47. Therefore for any small § > 0, we can
choose R > 1 large enough such that, for n large, there holds

1 @ @ ~ M 4
220 W) _ otn W) oy (y)[Pdy > =2 — —
37 )2 = NPy 2 T2 -3

8



Take |z| > 2R, n sufficiently large and set Q, = B, y-1 \ (B U B(z, %‘)),
n 2

rewrite u,, as

- 1 _ _ -
un(w) — log ﬂ(ge%n(y) _ e“”(y)|z/}n(y)|2)dy

2w Jiy<r |z =yl
1 _ S
- tog L (2625 _ 50|, (4)2)dy
2m Jrepyi<lel =yl

lyl 20 ( 01 "
il 262U W) _ W4 (y)[?)dy
ol R sl [ () ?)

1 / |y| 2T a g 2
+— log ————(2e un(y) _ gtin(y) Un(y)|7)dy + O(1
3 ) B [Fnly)P)dy +0(1)

= L+L+1I3+1,+0(1).

Since [, (o) 25 (@) 4|4, (x)]*dv < C and |$‘g|y‘ <1+ |$|f|y‘ <3 fory € B, we
An
have
L < -+ log —YL_ )|, () 2dy + O(1
2 < o e (y)["dy + O(1)
27 Jrejyi<lzl o =yl
1 =Y & ~
= o[ e U g pay + o)
21 Jr<py <l [l
1 _ ~
< Tog(1 + fa)e™ 7, () Pdy + O(1)

2 R<|yl< gl
1)
< §10g|x|+0(1).

Here we have used (15).

For 14, noticing that § < Qﬁ‘y‘ < 3 for y € ,,, we have

I, <O().

For I3, let us recall that u, < 0, and set D; = B(x, %) N{lz —y| < |z|~'} and

Dy = B(z, 2y n {|z — y| > |z[~'} . Noticing that 2l < |y| < 3|2| in B(z, 12]), we
can also obtain

1 1 o 1 1 o
I3 = — / log X Wy 4 — log e2in W)y
2 Jp, 7z =yl 2 Jp, |z =yl

1 _ 1 oyl o~
— log [yle** W dy + — tog 2 =Yl )|, ()Pl
27 Jp(a, 2l 27 Jp(a, 12y |

C log dy + C'log || ‘ 2 W dy 4+ 0(1)

1
o—yl<lel- |2 =yl B(x, 12l

IN

)
Zlog|x| +0(1).

IN



For I, noticing that § < o=yl < 3 for |y| < R, @, and |thn| are uniformly bounded

||
on |y| < R, we can estlmate

. 1 tog 1YL ly| 267 (0) gy 1 / log —41_ Kl e Wi, (y)|2dy
o0 WI<R |1._ | 27T ly|I<R |£L'— |
1. 2R ()|,
< log — 2@2“"(y)dy+ log || e W |y (y) [Py
21zl Jiy<r 2m ly|<R
1 2| @ ! W,
L log ——— &™) |4, (y)|2dy — */ log [yle™™ ) |4y () dy
o s e Oy~ o [ og ™16 0)
) - o
< ——log|z| (265 — et W, (y)]?)dy + O(1)
2 ly|[<R
M} 5
< (T—f)log|a:|+0( )-
s

Putting these estimates together, we get (23) and complete the proof of the claim.

By (23), we take some 0 < dp < 1 such that
etin(@) < C’|x| +50

for |z] > 2R. Recall that M} = 471 + o(1) and (ﬂn,{/;n) — (@,7) in CLY(R?).
Applying the Kelvin transformation and Lemma 3.2, we see that there is some
0 < 61 < 1 such that for n large enough, the following asymptotic estimates for the

spinor zzn hold:

[Pn(@)] < Cla|#7%, [Viu(@)| < Cla 27 (24)
for |z| > 2R. Then, choosing ¢ < 20; and using (23) again, we have
. 1
() < Clg|~ T+, (25)
for |x| > 2R. By using (24), (25) and some computations, we obtain
[ oglyl2e™™® - 15, () Pjay < €. (26)
Brg
e
and
/ lyll(2e*™ @) — e W ahy, (y)]*)|dy < C. (27)
B 0
by

Now we can follow similar arguments as in [BCLT] to obtain

_ M}
i () + 5.2 logal| < C (28)
~ M} z C

n Y 2

for log s+ < |#| < $2. For the reader’s convenience, we provide the proof of (28),
(29).

In fact, by setting

M) = [ @m0 S, )y
ly|<no|

10



for any small 79 > 0 (which can be fixed later) and taking § > 0 in (25) small
enough, we have

|M,)(x) — My (26> W) — P Wi, ()[*)dy]

/139\{y§nozl}

< / (QeQHn(y)+eﬂn(y)|qzn(y)|2)dy
ly|>n0 log 5=
My _(Mh_5y_q_
< C I o Y I Y
ly|>no log 5L
1. a5
— O(1)(log )~ (30)

for log 3 < |z| < §>. On the other hand, by using Green’s representation formula
for w,, and estimate (26), we have

~ 1 Y i a o

i) = o tog U (26270 _ 115, (4) )y
B o \flsmolety 12—yl

1

2T

1 _ _ ~
/ log (2”5 W) — T Wy, (y)[*)dy + O(1).
lyl<molal 1% =]
While, using (24) and (25) (taking 6 > 0 in (25) small enough), we can estimate

Y a a -
[ et O )
Yyl=znol|x

1 _ o
= / log ———(2e>"W) 4 €™ Wjah, (y)]?)dy
lyl>molal le—yl<1 1T =Yl
+/ log [ — y|(2e*™¥) 4 ™ W4, (y)[?)dy
ly|>nolz|,|lz—y|>1
+/ log [y](2¢*™®) + ™) |y, (y)[?)dy
ly|>nolz]
< C log [y](2¢*™®) + ™) |y, (y)[?)dy
ly|>no log 5L

1 81
= 0(1)(log )~

for log s~ < |z| < £2. Therefore, noticing that (1 — no)|z| < |z —y| < (1 +no)|z|
when |y| < no|z|, we get

~ 1 ~
() = — 5 M} log 2| + O(1)

provided 79 is small enough. Consequently, by (30) we get (28).
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For the proof of (29), we use Green’s representation formula for u,(x) again to
obtain

~ M} x
1 T r—y a a ~
= o [ B Y — Oy + O
y—An

1 x rT—y i n(Y) |4,

3 [ (5~ ) — G, () )y
1

1 z r—Y

{7_

2 Ja, |zl e —yl?
= Hi+H;+0(1)

+

}(2e2% W) — B W)y () ) dy + O(1)

where Gy = {Jy| < $2} N {le —y| > 5} and G5 = {ly] < 2} N {le -yl < 5.
Notice that, by the mean value theorem for any |x| > 1, there holds

x x—y

2> |z —y[?

<4 e,

[z’

and
T T —

Y
| - | < ’
[z* |z -yl T |z -yl
Hence from (27) we have

in Gg.

C
H < —.
L a2

On the other hand, by the decay estimates (24) and (25), we can take 6 > 0 small
enough and n large enough to get

~ N _ 5
265 0) — B 0|5, ()] < Cly| > F, for |y > 2R

Then, for |z| > 4R and n large enough, we have

H < c|a;|+%1/

2-4
dy < Clz|™*7 2.
G |$_y‘

Here we have used the fact that |i2\ <yl < @ for y € Go. Thus we get (29).

Scaling back from (28) and (29), we obtain

M, 1 . 1
(@) = 2 log — 4 (1= =) log — + O(1), 31
un(@) = - 0g|x7%|+( zﬂ)OgAn+ (1) (31)
M! z—=x A
v —_n n 0] n 32
Un(ZE) o |l’—1‘n|2 (lx_xn|2)7 ( )
for z € By \ By 1og a=1 (Zn)-
For ¢, (z), scaling back from (24), we also have
CX\o: CA\%

n(2)] < —— V(@) < — 55 33
|thn ()] < |z — 2|30 (Vb (2)] P (33)

for z € By \ By g a-1 (Tn).
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Step 3. We want to show that

M} =47 + O(1)(log %)—1. (34)

n

To this purpose, we apply the Pohozaev type identity (see Lemma 3.1) in the region

By i= By 10g (%) to obtain
Oy, 1
[ 5 = 5 V)
9B, 14 2
— / 2e2Un e“”|z/Jn|2dv —/ re?tndo
Bn 0Bn

1 Oy, 1 0y,
+§ /SB,L<8V,:E “tp)do + 5 /013n<x “Pn, WWU,

with r = |z|. Substituting (31) , (32) and (33) into both sides of the above identity,
we have

Oup 5 1 9
L, 5 = 5V

1, M, 1 An
= [ rG(ERr g 0

and

/ 2e24n — e |oh,,|?dv

n

= M} —/ 2e2Un — eUn|ah,,|*dv
By \Bn

M} +0(1)(log 5-)~ (36)
and
_ 2un 1/ n . l/ L, D
/BBn re da—|—2 BBn< ok wn>d0+2 aBn(x Ui, % Ydo

1
]\/1" 1

O(1)(og 3) " + of (A log 1))

1
= 0(1)(log )" (37)
Putting (35),(36) and (37) together, we get (34).

Step 4. Now let us prove the local estimate (16). From step 1, it is sufficient to
show
un (z) —u(z)| < C (38)
for R < |z| < {2, where R > 0 is sufficiently large.
Notice that
[un(2) — u(z)| < |tn(z) + 2log|z|| + |u(z) + 2log z||
13



and from the asymptotic behavior of entire solutions @ (see (13)), we have
[u(z) 4+ 2log |z|| < C

for |x| > R and for R large enough. So, to prove (38), it is sufficient to prove
|, (x) + 2log |z|]| < C

for R <|z| < 2.
For this purpose, by (28) and (34), we firstly have

M} M}
[an(z) + 2loga|| < [tn(2) + 5 loglal| + |5 = log |z] — 2loga]| < C

for log \,;! < 2] < §2.

Since (U, Jn) converges to (u, 1;) uniformly for |z| < R for any large R > 0, and
u(x) satisfies |u(x) 4+ 2log |z|| < C for |z| > R, we have

[tn () + 2log |z]| < [un(x) — u(z)| + [u(z) + 2log |z]| < 2C
for || = R and n large enough. Now we define w4 by
we(z) = —2log |z| £ (Cy — Cy|z|72),
Then it is clear that
Aws(z) = q:iclm—%

for |z| > R. Therefore, by using the decay estimates (24), (25), and suitably
choosing C; > 0, we have

—Aw_(z) < =Nty (z) < —Awy(z), for R < |z <log 5,
~ U (39)
w—(z) < (x) < wi(2), on [z| = R, || = log 5~
Hence, by the maximum principle, we conclude that
w— () <n(r) < wi(z)
for R < |z| <log % Thus we complete the local estimate (16) of w,,.
Step 5 Now we establish the local estimate (17) of t,,.
From step 1, it is sufficient to show
[ (@) — ()| < C (40)

for R < |z| < £, where R is sufficiently large.

At this point, by (14), we notice that

~ 1
9) = g p G ol

14



for |z| > R, and

1 1 ~ ~
M2 —\2&| = |/ e“”wndaz+/ e“"'wndx—)\ﬁ/ e dz|
Brg\Bx,, r(Tn) B, r(zn) R?2
< |/ e“"wndx|+|)\7%/ ea"iljndx—)\é/ Ve dx|
Bro\Bnr(@n) Br R?
1 o~ 1 =~ 1 ~
< M o dudal + W[ Gado A [ gl
B ro \Br(zn) Br R?
1
= o(A\3).

Here we have used the decay estimates (24), (25) for (Tin, tn)-
Recall that
z-x-p = —[z*y,
for any o = z1e1+x2e2 € R? and any spinor ¢ on R?, where {e1, ea} is the standard
orthonormal basis for R? and - is the Clifford multiplication. Then, using Green’s
representation formula (22) for Jn(x), we calculate

~ 1 T
277/\ | |
x
= g (@ (@) = — M)
] 27r)\2
y) Tn(y) T 4
< . n Y
= Qﬂ\x|/ y|2 +1) e (y)dy| + O(1)] x|
= Y@=y aawy .
- 27r\x| Te—yP Un(y)dy| + O(1)|z|
Iyl )| »
= ol e W) |, (y)|dy + O(1)|x
27r\a;|/ eyl [Un (y)dy + O(1)|z|

for R <|z| < 2.
By the decay estimates (24), (25) for (iy, ¥y), there exists 0 < d, < 1 such that
¢y ()| < cla] 7%

for |z| > R and for n large enough. Then, similarly to the derivation of the gradient
estimates in [CK], we can estimate

|yl n ()17
L pln n d
27T|x|/ il [¥n(y)ldy

Y . i
- U )| )y

27r|x| i< 17— 9]

Yy U e
o Yl )| )y
|z Jigl <pyi<opel |2 =yl

1 vl
27|z | 2lz|< |y < 52 |z — y

Cla|™

- Wah, (y)|dy

IN
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for R < |z| < §

=}

. Hence, there holds

An
~ 1 T
Ypn(z) + —— 5 - M| < Cla|
22 ||
for R < |z| < 2.
Put these estimates together, we have
[ () = ()|
~ T 1 T
< |¢n($)+? T 2 o 3 M} — 2§0|+|¢( )+*72§0\
T2 |z|? T2 |z|? | | ||
< Ozt
< C
for R <|z| < 2.
Thus we complete the proof of Theorem 2.3. O
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