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ISOPERIMETRIC TYPE PROBLEMS AND ALEXANDROV-FENCHEL
TYPE INEQUALITIES IN THE HYPERBOLIC SPACE

GUOFANG WANG AND CHAO XIA

ABSTRACT. In this paper, we solve various isoperimetric problems for the quermassinte-
grals and the curvature integrals in the hyperbolic space H", by using quermassintegral
preserving curvature flows. As a byproduct, we obtain hyperbolic Alexandrov-Fenchel
inequalities.

1. INTRODUCTION

Isoperimetric type problems play an important role in mathematics. The classical
isoperimetric theorem in the Euclidean space says that among all bounded domains in
R™ with given volume, the minimum of the area of the boundary is achieved precisely by
the round balls. This can be formulated as an optimal inequality

n— 1 n—
(1.1) Area(0K) > n"v wr_ Vol(K)"+
for any bounded domain K C R"”, and equality holds if and only if K is a geodesic ball.
Here and throughout this paper, wi denotes the k-th dimensional Hausdorff measure of
the k-dimensional unit sphere S¥, and by a bounded domain we mean a compact set with
non-empty interior. When n = 2, inequality (1.1) is

(1.2) L? > 47 A,

where L is the length of a closed curve « in R? and A is the area of the enclosed domain
by 7. Inequalities (1.1) and (1.2) are the classical isoperimetric inequalities. Their general
forms are the Alexandrov-Fenchel quermassintegral inequalities. A special, but interesting
class of the Alexandrov-Fenchel quermassintegral establishes the relationship between the
quermassintegrals or the curvature integrals:

n—1—k
1

_k—l n—1—

(1.3) Hydp > w7 (/ Hldu) , 0<l<k<n-1,
oK oK

for any convex bounded domain K C R™ with C? boundary, where H}, is the (normal-

ized) k-th mean curvature of 0K as an embedding in R™. These inequalities have been

intensively studied by many mathematicians and have many applications in differential

geometry and integral geometry. See the excellent books of Burago-Zalgaller [7], Santalo
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[37] and Schneider [39]. Recently, the Alexandrov-Fenchel quermassintegral inequalities
in R™ have been extended to certain classes of non-convex domains. See for example
[11, 25, 29].

All these above inequalities solve the problem if one geometric quantity attains its
minimum or maximum at geodesic balls among a class of (smooth) bounded domains
in R™ with another given geometric quantity. We call such problems isoperimetric type
problems.

It is a very natural question to ask if such isoperimetric type problems also hold in the
hyperbolic space H". We remark that in this paper H"” denotes the hyperbolic space with
the sectional curvature —1. One of the main motivations to study this problem comes
naturally from integral geometry in H”. Another main motivation comes from the recent
study of ADM mass, Gauss-Bonnet-Chern mass and quasi-local mass in asymptotically
hyperbolic manifolds, see [21]. The isoperimetric problem between volume and area in
H" was already solved by Schmidt [38] 70 years ago. Due to its complication, a simple
explicit inequality like (1.1) is in general not available. When n = 2, there is an explicit
form, namely the hyperbolic isoperimetric inequality in this case is

(1.4) L? > 47 A + A%

where L is the length of a closed curve v in H? and A is the area of the enclosed domain
by v. Moreover, equality holds if and only if «y is a circle. Comparing to (1.2), inequality
(1.4) has an extra term. This is a well-known phenomenon, which indicates that the
isoperimetric type problems in H™ are more complicated than the ones in R".

Till now, the Alexandrov-Fenchel type inequalities or the isoperimetric type problems in
the hyperbolic space are quite open except some special cases. See for example [5, 16, 17].
In [16], Gallego-Solanes proved the following interesting inequality for convex domain in
Hn

/ Hydp > |3,
b

where ¢ = 1 if £k > 1l and ¢ = (n —2)/(n —1) if &k = 1 and |X| is the area of X.
Their method depends heavily on the integral interpretation of the quermassintegrals.
However, the results obtained there are far away from being optimal. Here we say that
a geometric inequality for bounded domains is optimal, if equality holds if and only if
the domain is a geodesic ball. In other words, only geodesic balls solve the corresponding
isoperimetric problem. More recently, several interesting works have appeared in this
research field, see [4, 14, 19, 20, 33]. In [19, 20, 33], the authors solve some special
cases of the isoperimetric type problems by establishing the following inequalities as the
Alexandrov-Fenchel inequalities (1.3) for the curvature integrals: for 1 < k < ”T_l,

oI\ (o FR
(1.5) Hopdp > wpn—1 <||) + <||> ;
oK Wn—1 Wnp—1

for any horospherical convex domain K C H". Here |0K| is the area of 0K. This is
optimal, in the sense that equality holds if and only if K is a geodesic ball in H". When
k =1, inequality (1.5) was proved in [33] under a weaker condition that 0K is star-shaped
and 2-convex.




ISOPERIMETRIC TYPE PROBLEMS IN HYPERBOLIC SPACE 3

In order to state our results we give more precise definitions about quermassintegrals
and curvature integrals.

Let us first recall two different kinds of convexity in H". A domain K C H" is said
to be (geodesically) convex if for every point p € 0K, K lies on one side of some totally
geodesic sphere through p. A domain K C H" is said to be horospherical convex, or h-
convex, or have h-convexr boundary, if for every point p € K, K lies on the convex side
of some horosphere Sj,(p) through p. Recall that a horosphere in H" is a hypersurface
obtained as the limit of a geodesic sphere of H" when its center goes to the infinity along
a fixed geodesic ray. It is well-known (see e.g. [15]) that a horosphere in H" has all its
principal curvatures being equal to 1 and the h-convexity of K C H" is equivalent to that
all the principal curvatures of its boundary 0K are bounded below by 1. We say a domain
K C H" is strictly h-convex if all the principal curvatures of its boundary 0K are strictly
bigger than 1. The geodesic balls in H" are all strictly h-convex. An h-convex domain
must be convex, but the converse is not true. In some sense, the horospherical convexity is
more natural geometric concept than the convexity in H", see e.g. [15]. The horospherical
convexity plays a crucial role in the proof of (1.5) in [19, 20] for £ > 2. It is also crucial
for this paper.

For a (geodesically) convex domain K C H", the quermassintegrals are defined by

(n—k)wk—1 - wo

k

NWnp—2 " Wnp—k—1
where Ly, is the space of k-dimensional totally geodesic subspaces Ly in H” and dLj, is the
natural (invariant) measure on Ly, see Section 2 for more details. The function y is given
by x(K) =1 if K # () and x(0) = 0. For simplicity, we also use the convention

Wo(K) = Vol(K), Wy(K) = “’T;‘l.

We remark that the Cauchy-Crofon formula (See [37] or [42] Proposition 2.2.1) tells that
1
Wi(K) = —|0K].
n
When the boundary 0K is C?-differentiable, one can define the curvature integrals by

Vie1-k(K) = Hydp, k=0,--- n—1,
oK
where Hj, are the (normalized) k-th mean curvature of 0K as an embedding in H" and
du is the area element on 0K induced from H".

From the viewpoint of integral geometry, the quermassintegrals seem to be more impor-
tant and play a central role. Nevertheless, the curvature integrals are also very important
geometric quantities not only in integral geometry, but also in the theory of submanifolds.
In R™, the quermassintegrals coincide with the curvature integrals, up to a constant mul-
tiple. However, the quermassintgrals and the curvature integrals in H" do not coincide.
Nevertheless they are closely related (see e.g. [41], Proposition 7):

k
Vn—l—k(K) = N <Wk+1(K) + m

Vio1(K) = nWi(K)=|0K]|.

Wk_l(K)>, k=1,---,n—1,
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In this paper, we will solve a large class of isoperimetric type problems in H" involving
the quermassintegrals and the curvature integrals for h-convex bounded domains with
smooth boundary.

The first main result of this paper is the following Alexandrov-Fenchel type inequalities
for the quermassintegrals.

Theorem 1.1. Let K be the space of h-convex bounded domains in H™ with smooth bound-
ary and K € K. For 0 <l <k <n—1, we have

Wi(K) > fio fi H(WiI(K)).

Equality holds if and only if K is a geodesic ball. Here fi : [0,00) — Ry is a monotone
function defined by fi(r) = Wi(B,), the k-th quermassintegral for the geodesic ball of
radius r, and fl_1 is the inverse function of f;. In other words, the minimum of Wy
among the domains in K with given W is achieved precisely by geodesic balls.

Moreover, from Theorem 1.1 we solve the following isoperimetric type problems.

Theorem 1.2. Let K be the space of h-convex bounded domains in H™ with smooth bound-
ary. Then the following holds:

(i) For 0 <l <k <n—1, V,_1_ attains its minimum at a geodesic ball among the
domains in K with given Wy;

(ii) For 0 < k < n —1, V,_1_ attains its minimum at a geodesic ball among the
domains in K with given volume Wy = Vol;

(iii) For 1 < k < n —1, V,_1_ altains its minimum at a geodesic ball among the
domains in K with given area |0K| = nW1 = V,,_1 of the boundary 0K ;

(iv) For 0 <l <k <n-—1and k—1 = 2m for some m € N, V,,_1_j attains its
minimum at a geodesic ball among the domains in IC with given V,_1_;.

Theorem 1.1 and 1.2 give an affirmative answer to the question posed by Gao-Hug-
Schneider in [17] for H" (in the case of h-convex bounded domains with smooth boundary).

Unlike in R™, most of above results for quermassintegrals and the curvature integrals in
H™ have no explicit (inequality) form. As mentioned above, even the classical isoperimetric
problem between volume and area in H" solved in [38] has in general no explicit from.
Here we are able to formulate Statement (iii) in Theorem 1.2 in an optimal inequality.

Theorem 1.3. Let 1 < k <n — 1. Any h-conver bounded domain K in H"™ with smooth
boundary satisfies

(1.6) Hydp > wn_l{ <|8K|> ' + <|8K|> '
0K Wn—1 Wn—1

Equality holds if and only if K is a geodesic ball.

(n—k—-1) _ &k
n—1 }2

Inequality (1.6) was called as a hyperbolic Alexandrov-Fenchel inequality in [19]. As
mentioned above, (1.6) was proved in [33] for £ = 2 under a weaker condition, in [19]
for k = 4 and in [20] for general even k. For general odd integer k inequality (1.6) was
conjectured in [20] after the authors showed (1.6) for £ = 1 with a help of a result of
Cheng and Xu [12]. For the related works about the result of Cheng and Xu [12], see also
[13], [18] and [22].
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Recently Theorem 1.3 (for k odd) was used in [21] to prove a Penrose type inequality
for a higher order mass on asymptotically hyperbolic manifolds.

The approaches used in [19, 20, 33], and also in [4, 14], are finding a suitable geometric
quantity, which is monotone under a suitable inverse curvature flow studied by Gerhardt
[23], and managing to compute the limit of the geometric quantity. However in this paper
we will not use an inverse curvature flow. Instead we will use a (normalized) generalized
mean curvature flow to prove Theorem 1.1. The crucial points of this paper are: (i)
the choice of the quermassintegrals W}, as this suitable geometric quantity, (ii) the use
of the quermassintegral preserving curvature flows, along which one quermassintegral is
preserved and the other is monotone. The flow we consider is

(1.7) %):(a;,t) = {c(t) — (flj) k=t (HTJ)} v(z,t),

where v(-,t) is the outer normal of the evolved hypersurface and c(t) is defined by

o R
fzt H; ™ H, dpy
Js,, Hidpe

We will show that this flow converges exponentially to a geodesic sphere, provided that
the initial hypersurface is h-convex. The study of this flow is motivated by the work of
[8, 26, 34, 35], especially the work of Makowski [34], who considered the mixed volume (in
our words, the curvature integrals) preserving curvature flows in R™ and H" respectively.
In [34] the isoperimeteric result of Schmidt mentioned above was reproved by a flow
method. The method of using geometric flows to prove geometric inequalities seems to
be powerful. Various flows have been employed to prove geometric inequalities, see for
instance [2, 4, 14, 19, 20, 22, 25, 26, 28, 33, 34, 35, 40].

c(t) :==cpy(t) ==

The rest of this paper is organized as follows. In Section 2, we present basic concepts
and facts about integral geometry in the hyperbolic space. In Section 3, we study the
quermassintegral preserving curvature flows and prove a rigidity result. In Section 4, we
choose a special flow to prove our main theorems.

2. CURVATURE INTEGRALS AND (QUERMASSINTEGRALS

In this section, we recall some basic concepts in integral geometry in the hyperbolic
space, we refer to Santalé’s book [37], Part IV, and Solanes’ thesis [42] for more details.
For a (geodesically) convex domain K C H", the quermassintegrals are defined by

(n—k)wg—1--wo

(2.1) Wi(K) = / X(Ly NK)dLg, k=1,---,n—1;
Ly,

NWp—2 ***Wnp—k—1
where Ly, is the space of k-dimensional totally geodesic subspaces Ly in H” and dLj is the
natural (invariant) measure on L. Since dLj is unique up to a constant factor, we use an
easy interpretation given in [16] to illustrate the normalization or the choice of dL;. Each
totally geodesic subspace Ly is determined by its orthogonal subspace L, _(0), which is
through the origin, and the intersection point x = Ly N L,,_x(0). Hence one can consider
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L}, as a bundle over the Grassmannian manifolds G(n—k, n) which consists of all subspaces
L,,—1(0). Then dLj is given by

dLy, = cosh (dgn (z,0))* dzdV,,_p,

where dpr (2, 0) is the distance function between x and the origin, dz is the volume element
on L,_(0) and dV,,_ is the volume element on G(n — k,n).

The function x is given by x(K) =1 if K # () and x()) = 0. For simplicity, we also use
the notation

Wo(K) = Vol(K), Wy(K)=

It is clear from definition (2.1) that the quermassintegrals Wy, k = 0,1,--- ,n — 1, are
strictly increasing under set inclusion, i.e.,

(2.2) if Ky g K5, then Wk(Kl) < Wk(KQ)

This simple fact plays a role in the proof of the convergence of curvature flows considered
below.

Let 0}, be the k-th elementary symmetric function oy, : R*~! — R defined by
or(N) = > Ny di, for A=(A,- A1) €RTL
i1 <o <ip,
As convention, we take oy = 1. The definition of o} can be easily extended to the set of
all symmetric matrices. The Garding cone I‘Z is defined as

I ={AeR"o;(A) >0, Vj<k}.

We denote by FZF the closure of F;.
Let
ok(A)
(x)
be the normalized symmetric functions. We have the following Newton-MacLaurin in-
equalities. For the proof we refer to a survey of Guan [24].

Hy = Hi(A) =

Proposition 2.1. For 1 <l<k<n-—-1and A € ﬁ, the following inequalities hold:
(2.3) Hy «H > HH; ;4.

i
(2.4) H > Hf.
FEqualities hold in (2.3) or (2.4) if and only if \i = X\ for all1 <i,j <n—1.

For a domain K C H", if the boundary 0K is C?-differentiable, the (normalized) k-th
mean curvatures are

Hy(x) = Hy(k(x)) forze€dK, k=0,---,n—1,
where k = (K1, -+ ,kn—1) is the set of the principal curvatures of 0K as an embedding in

H™. The curvature integrals are defined by

Vn—l—k(K): Hk’df"v k=0,---,n—1,
0K
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where dy is the area element on 0K induced from H".

The curvature integrals have a similar meaning of the mixed volume in the Euclidean
space, in view of the Steiner formula (see [37], IV.18.4) which says that for a smooth convex
domain K and some positive number p € R, its parallel set K[p| := {x € H"|dyn (z, K) <
p} has the volume

n—1 p
Vol(K[p]) = Vol(K) + > <Z> Vi(K) / cosh”(s) sinh™ ' =% (s)ds.
k=0 0
Recall that the quermassintegrals and the curvature integrals are related (see e.g. [41],
Proposition 7) by
k
. o = " W =1.-- n—
(25) V-1 k(K) n<Wk+1(K)+n—k+1Wk 1(K)>, k , ,n—1,
Vn_l(K) = TLW1<K) = \BK\

From (2.5) it is easy to express W} as a linear combination of several curvature integrals
(see e.g. [37], IV.17.4 or [41], Corollary 8):

e for 1 <k <n—1andk is even,

INIES
—

1 . (k= Dl(n— k)
Wi(K) = o Z,:O(_l) (k —(1 — 21';!!271 — k)+ 20)11 /M Hi—1—2idp
26) (- B

e for 1 <k <n-—1andk is odd,
k—1
1< A (k — )!(n — k)!!
2. K)=— —-1) Hy_q_o;dp.
2.7 Wilk) = -3 (1) i |, Hi s

n —1-2i)l(n—k+

Here the notation k!! means the product of all odd (even) integers up to odd (even) k. For
k = n, the formulas (2.6) and (2.7) can be viewed as the Gauss-Bonnet-Chern theorem
for domains in the hyperbolic space.

From (2.6) and (2.7), one can see the difference between quermassintegrals Wy and
Wogr1. In fact, Wy is extrinsic and Woyy 1 is intrinsic, namely it depends only on the
induced metric g on 0K. The latter follows from the fact that Hsp can be expressed in
terms of intrinsic geometric quantities, the Gauss-Bonnet curvatures. For the proof see
[20].

3. QUERMASSINTEGRAL PRESERVING CURVATURE FLOWS

Let Ko € K be an h-convex bounded domain in H" with smooth boundary ¥y = 0Kj.
We consider the following curvature evolution equation

(3.1) O 1) = (elt) ~ POV, )l ),

where X (-,t) : M"~! — H" are parametrizations of a family of hypersurfaces ¥; C H"
which encloses Ky, v(-,t) is the unit outward normal to ¥;, F is a smooth curvature
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function evaluated at the matrix of the Weingarten map W of 3;. The time dependent
term c¢(t) will be explained later.
The function F' should have the following properties (P):
o F(A) = f(A(A)), where \(A) = (A1, -+, Ap—1) are the eigenvalues of the matrix
A and f is a smooth, symmetric function defined on the positive cone

I"={MeR" Y\ >0Vi=1,--- ,n—1}
e f is positively homogeneous of degree 1: f(t\) = tf(A) for any t > 0;
e f is strictly increasing in each argument: % > 0;
e f is normalized by setting f(1,---,1) = 1;

e f is concave and inverse concave, i.e., f*(\) := — ()\1_1, e ,)\;il) is concave.
: (i Of  fFij _ _Of ij _ OF ij,rs 0*F
We use the notation f* = T Y= ON, FY = A, and F = 94,04 Also
we use “V” or “” to denote the covariant derivative on hypersurfaces. Unless stated

otherwise, the summation convention is used throughout this paper. For our purpose, F
is viewed as a function on h! = ¢g/*hy, i.e., F = F(h]) = F(¢"*hix) = f(k), where g;; and
hi; the first and second fundamental form respectively and k = (K1, -+, Kn—1) is the set
of the principal curvatures.

We have the evolution equations for the quermassintegrals and the curvature integrals
associated with K; under flow (3.1).

Proposition 3.1. Along flow (3.1), we have

(3:2) Vo) = [ (e(t) = F) dy
(3.3) %124 - /E (n— 1)H; (c(t) — F) dyu;

d
(3.4) dt/ Hydpy = {(n—1—k)Hgy1 +kHi_1} (c(t) — F)duy, k=1,--- ,n—1;
Ez Et

d n—=k
3.5 —Wi(K:) =
(3.5) g7 K (K) w s,

Hk(c<t)_F)d,uta k=0,---,n—1.

Proof. (3.2)—(3.4) are now well-known and were proved in [36]. We now prove (3.5) by
induction. In view of (3.2) and (3.3), it is true for £k = 0,1. Assume it is true for k — 1,
we can compute by using (2.5), (3.4) and the inductive assumption that

d 1d k d

Wi (K) = —— | Hydpy — ————— = Wi_1 (K.
dt k1 (Kt) ndt s, kGt n—k+ldt k-1 (Kt)
1
= n/ (n=1—=Fk)Hg1 + kHg-1) (c(t) — F) d
P
k n—k+1
— Hy_ t)—F)d
n—k+1 n 2, k-1 (elt) ) dp
n—k—1

= PP H(et) — F)du.
n po
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g

The choice of ¢(t) depends on which geometric quantity we want to preserve. In this
paper, we will take

B fzt Hle,U,t

(3.6) c(t) =qlt) : T Hidpg

so that the flow preserves W;.

Lemma 3.1. With the choice of c(t) by (3.6) flow (3.1) preserves the quermassintegral
W,

Proof. By (3.5) we have

d n—1
— Wi (K;) = —— H t) — F)dus = 0.
pr 1(KY) n s, 1(c(t) — Fduy

0

Under the assumptions (P) on F and the assumption that the initial domain is h-convex,
the long time existence and convergence of the flow (3.1) can be proved.

Theorem 3.1. Let Ky € K be an h-convexr domain in H" with smooth boundary Y.
Let F be a function satisfying the properties (P) and c(t) be defined in (3.6) for some
1 €{0,---,n—1}. Then flow (3.1) has a smooth solution X (t) for t € [0,00). More-
over, X (t) converges exponentially to a geodesic sphere of radius ro, which has the same
quermassintegral Wi as Ky, i.e., there exists some 6 > 0 such that X (t) can be written as
graphs over S*~1 and the graph function u(t) satisfies

(3.7) lu(t) —ro| < e7%,

Before the proof, let us spend a few words to compare Theorem 3.1 with the main one
in [34]. On one hand, flow (3.1) is slightly different from that in [34] in the sense that
the curvature integral preserving property is replaced by quermassintegral preserving one.
Hence we need to check that the same strategy works for our flow. On the other hand, we
impose a weaker condition that we start with an h-convex domain, rather than a strictly
h-convex domain. In fact, our first step illustrates that the domain becomes immediately
strictly h-convex during the flow.

Proof of Theorem 3.1. The proof will be divided into two steps.

Step I. The flow (3.1) exists at least in a short time interval [0, 7%) for some 7% > 0 and
the evolving hypersurface ¥ is strictly h-convex for all ¢ € (0,77).

The short time existence is now well-known, since the third condition in (P) ensures that
the flow is strictly parabolic. To prove the strict h-convexity, we shall use the following
constant rank theorem.

Theorem 3.2. Let ¥; be a smooth solution to the flow (3.1) in [0,T] for some T > 0
which is h-convex, i.e., the matriz (S;j) = (hij — gij) > 0 fort € [0,T]. Then (S;i;) is of
constant rank 1(t) for each t € (0,T] and l(s) <I(t) for all0 <s <t <T.
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Proof of Theorem 3.2. The proof follows similar arguments as that of the proof of Propo-
sition 5.1 in [3]. For the convenience of the readers, we sketch the proof.

The h-convexity of ¥y means that (S;;) > 0 at ¢ = 0. For € > 0, define a symmetric
matrix W = (S;; +€gi;). Let [(t) be the minimal rank of (S;;(x,t)). For a fixed to € (0,77,
let xg € ¥, such that (S;;(x,to)) attains its minimal rank at zo. Set [ := [(¢p) and

o
$a,t) = o1 (W@, 1) + =W (@,1))
It is proved in Section 2 in [3] that ¢ is in C*!. We will show that there are constants

C1, Cy and 6, depending on [|X||¢s.1(arx[0,7+)) but independent of € and ¢, such that in
some neighborhood O of xy and for ¢ € (ty — 0, tg],

. 9
(3.8) FY¢.; — a@b < C19 + Co|V 9.
First, one verifies the evolution equation for S;; (see e.g. (4.23) in [23] or (3.21) in [34]):
gts,-j = FMhijp + F* 5 higihys; + FF g hihig — c(t)hEhjy

—(2F — c(t))gij + FMgrihij — 2(F — c(t))hi S
= FMSijp + FF75S40,:S,s,
+F* by Sii — c(t)SFSik — 2¢(t)Sij + F¥ g Sij — 2(F — c(t))hFS;x
(3.9) +FM gy + (F* gy — 2F) gij.
The last line of (3.9) can be further computed as
FR by, hgi; + (F¥ gy — 2F) gi;
= <Fklsl'r3}; +2FM Sy + FM gy + FF gy — 2Fklhkl) Gij

(3.10) = 8,849 > 0,
since F* is positive definite and F*hy; = F due to the 1-homogeneity of F'.
Asin [3], in O x (to — 4, 2o}, the index set {1,- — 1} can be divided into two subsets

B and G, where for i € B, the eigenvalues \; of W is bmall and for j € G, )\ is uniformly
positive away from 0. By choosing suitable coordinates, we may assume at each point of
computation, Wjj;(z,t) is diagonal. Let O(¢) denote a quantity which can be controlled
by C¢ for a universal constant C' depending on || X||¢s.1(arx[o,r+)) but independent of e
and ¢. Notice that € = O(¢) near (zo,to) (see (3.8) in [3]). With help of this, we can
compute by using (3.9) and (3.10) that

9 kl ij,rs

aWu) + F ¢ ’ Wij;T'Wk:l;s

< (Z)“( - FklmSWkl;iWrs;i - Fklhlrhzvvii

Fe(OWEW, 4 2¢(t) Wy — F¥ giaWii + 2(F — c(t))hE W)

7

9 )
FF g1 — acf) = ¢(F" Wi —

(3.11) +FM I Wk Wikais + O(8).
Here we use the notation ¢¥ = 86% and ¢k = %

Asin (3], in O x (o — 4, %o}, the index set {1,--- ,n—1} can be divided into two subsets
B and G, where for i € B, the eigenvalues \; of W is small and for j € G, )\ is uniformly
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positive away from 0. By choosing suitable coordinates, we may assume at each point of
computation, W;; is diagonal. Since ¢/7 = O(¢) for j € G ((3.14) in [3]) and W;; = O(¢)
for i € B, inequality (3.11) can be reduced to the following one:

9 ) 5
(3.12)  FMouy — &cb < — @ M W i Wss + FR OIS Wi Wi + O(¢)

One can find that the right hand side of (3.12) are exactly the same as that of (3.13)
in [3] (Notice here W;; satisfies Codazzi property and the situation is somehow simpler
since F' only depends on second order term W;;, but no lower order term). By a routine
computation of ¢* and ¢¥" as Theorem 3.2 in [3], one can obtain

_¢iiFkl’Tkul;iWrs;i + Fkl¢ij,rs ij;kazl;s
1 kl
= 0(¢+ Y |[VW|) - MZ > MW Wi

i,j€B kl i,jEB,i#]

a? B) DD P\ Wiror(B) = Wii 3 Wi | | Wisaor(B) = Wis ) Wija

k,l i€B jE€B jeB
{ |>—02<B|z'>],
P o1(B)
(313) . Z Fkl TSWkl ;i VVrsi + 2 Z Fkl Z sz kW'Lj 5
klrseG kleG jeG J

Here oy (B) denotes the elementary symmetric functions oy on the eigenvalues \iforie B
and o(Bli) denotes o, on \; for j € B, j # i.

The analysis in Theorem 3.2 in [3] shows that the right hand side of above equation can
be controlled by ¢ + [V¢| — C 3, .c 5 [VWij|. This analysis is quite subtle and depends
heavily on the concavity and the inverse concavity of I’ with respect to W;;. We refer to
[3] to the details.

Hence by combining (3.12) and (3.13), we arrive at (3.8). Now letting ¢ — 0 and by
the standard strong maximum principle for parabolic equations, we conclude that

Ty t0)+2(Sij (7,1))
(B-14)  augaoy1(Si5 (@, 8)) + Ty (t0)+1 (S (z, 1))
Since [(tp) is the minimum rank of S;;(x,ty) among 3, and 3, is connected, we conclude
from (3.14) that the matrices (S;j(x,t0)) is of constant rank I(tp) in ¥4, and I(t) < (o)
for t € (to — 9, tp]. Since ty € (0,7 is arbitrary, we complete the proof. O

=0 for (z,t) € O x (to — 6, to).

Remark 3.1. The constant rank theorem was initiated by Caffarelli-Friedman [10] and
Korevaar-Lewis [32] for semilinear elliptic equations and developed by Guan-Ma [27],
Caffarelli-Guan-Ma [9] and Bian-Guan [3] for fully nonlinear elliptic equations. The choice

of a suitable auxiliary function ¢ is the key point to prove different kinds of constant rank
theorems.

We return to the proof of Theorem 3.1, Step I. We follow closely the argument in [3].
We may approximate Y by a family of strictly h-convex hypersurfaces 5. By continu-
ity, there is § > 0 (independent of ¢), such that there is a solution ¥ to (3.1) for ¢ € [0, d].
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Then ¥§ must be strictly h-convex for ¢ € [0,6] by Theorem 3.2. Taking ¢ — 0, we have
that ¥; is h-convex for ¢ € [0,0]. This implies that the set {t € [0, T]|%; is h-convex} is
open. It is obviously closed and non-empty. Therefore, ¥; is h-convex for ¢ € [0,7]. On
the other hand, a standard argument shows that for every closed hypersurface in H”, there
exists at least one point which is strictly h-convex. Therefore by Theorem 3.2 again, 3
is strictly h-convex for all ¢ € (0,7]. We finish the proof of Step I.

Step II: Let ¥, to € (0,7%) be a strictly h-convex hypersurface evolving by (3.1), then
the long time existence and convergence can be proved.

Starting with a strictly h-convex hypersurface, the flow (3.1) is quite similar to that
considered by Makowski [34]. The difference is that the flows he considered preserve
the curvature integrals and ours preserve the quermassintegrals. However, this difference
makes a very big difference in applications to the Alexandrov-Fenchel type inequalities,
though the analytic part of both flows is quite similar. For the convenience of the readers,
we sketch the proof and refer to [34] for the formal proof.

Let H® = R x S"~! with the hyperbolic metric

G = dr? + sinh® rggn—1
where ggn—1 is the standard round metric on the (n — 1)-dimensional unit sphere. Denote

by {-,-) the metric g, and by V the covariant derivative on H".

1. We see from Step 1 that as long as the flow exists, the strict h-convexity is preserved.
Moreover by using Andrews’ pinching estimates [1], one can prove the pinching of the
principal curvatures is also preserved (Lemma 4.4 in [34]), i.e.,

o if hyj — gij > e(Hy — 1)gij at t = to for some € € (0, -2 ), then it holds as well as
hij — gij > €(F' — 1)g;j holds as long as the flow exists.

More precisely, one verifies the evolution equation for S“Z-j = hij — gij —e(Hy — 1)g45:

d ~ ~ €
%Si. - Fklsij;kl + Fkl’rshkl;phm;q (6%? o ﬁgpqgij)

P g+ FPgi0) (S + (1= €)gig) + e(t) (Shkhf gy — Wby )
—(2F — e(t))(1 = €)gij — 2(F — e(t))hf'Sk;
= FSijm + F* " higphesg (5§’ o — %gpqgij) + Nyj.
For a vector v = (v',---,v""!) such that S;jv/ = 0, using (3.10) and the fact that
hLht > nH?, we check
Nijvivj = (Fklhlrhz + FRl g — 2F)gijvivj
+e(t) (%hﬁchfgij — RFhy; 4+ (1 - 5)gi]~) vl

Y

(1) (%hghf —(l—edeH)?+(1- 5)) gigvi?
c(t) (e(1 —e)H} —2¢(1 —e)Hy — (1 —)? + (1 + ¢€)) gijv'e?
(1 —e)(Hy —1)*gijv'e’ > 0.

Vv
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Therefore Andrews’ pinching theorem (Theorem 4.1 and Theorem 3.2 in [1]) applies to
show S;; > 0 is preserved along the flow. Now the preservation of pinching follows from
Hy > F for concave function F.

2. In this substep, we will show that as long as the flow exists, the speed function F' is
bounded by a constant depending only on the initial hypersurface ¥;,. Consequently, the
time-dependent term c(t) is bounded, and |88—)t(| is bounded. By the pinching estimate in
Step II.1, one can easily deduce the upper boundedness of the principal curvatures. In

fact, it follows from
1

1
)\mam S g()\m’m - 1) + 1 S E(F - 1) + L.
Here A4 and Ay, denotes the maximum and minimum among all the principal curva-
tures respectively.
The proof of the boundedness of F' is more technique. Hence we give more details for
this step.

2.1. Aslong as the flow exists, the inner radius and the outer radius of K; can be uniformly
bounded by some positive constants rg and Ry, dependent only on the initial hypersurface
34, respectively.

In fact, this is the only place where the property of preserving the quermassintegrals is
used. We verify this here. Let r(t) and R(¢) be the inner radius and outer radius of ¥
respectively. Let ry, be the number so that Wi(Ky,) = Wi(By, ). By virtue of (2.2), we
have that

Wi(Bg)) 2 Wi(K) = Wi(Kyy) = Wi(Br,, ).
Thus R(t) > ry,. According to Step I, the h-convexity is preserved. A remarkable feature
of the h-convexity is that the inner radius and the outer radius are comparable (see [34],
Theorem 5.2 or [6], Theorem 3.1). Namely, there is a constant C' > 1 such that
r(t) < R(t) < Cr(t).
Hence
r(t) > CTIR(t) > O try, := .
Similarly, from the monotonicity of the quermassintegral (2.2), we have
VVZ(Br(t)) < Wi(Ky) = I/Vl(Kto) = WI(BTtO)v
which implies r(¢) < r,,. Hence, we have
R(t) < Cr(t) < Cry, == Ro.

2.2. Fix a time t; € [to,T™). Since the inner radius of K; is uniformly bounded, we can
assume By, (p;) C Ky, is an enclosed ball with the center p;, and the radius r4, > ro,
then we can show that B L, (pt,) C K in some short time interval ¢ € [t1,t2) for t2 chosen
later.

In fact, let r(x,t) be the distance function of ¥; from p;,. Set p(x,t) := coshr(x,t).
Let u := (Vp,v) be the “support function”. Define

= el (1),



14 GUOFANG WANG AND CHAO XIA

where cg is the constant in (3.17). Using the fact that p.;; = pgi; — uhi; and F = Fijhij,
one can easily check that

d 5 -~
&Q& — FZJQO;,L‘J' =@ ((n — ].)CO — F”gz]) + C(t)e(nil)c()(titl)u Z 0.

By parabolic maximum principle,

inf p(x,t) > e~ Dol inf p(z 41) > e~ HD0lE1) coghpy
TEX; J?EEtl

cosh ry;

Therefore, in the time interval [¢1, t2), where to = min{¢; + (n—ll)co In

T(.%',t) > %Ttu namGIY7 B%Ttl (pt1) C Kt-

T*}, we have
cosh %”1 ’ }’ a

Moreover, in view of a crucial property of h-convexity, which says (0,,v) > tanhr (see
e.g. [8], Theorem 4), we infer that the “support function” u = sinh7(d,,v) is bounded
below by a positive constant

1 1
u > ug := sinh §rt1 tanh 57}1

in the time interval [¢t1,t2). On the other hand, h-convexity ensures that r(z,t) < r(t) +
In2 < Ry +1n2 (see e.g. [8], Theorem 4), which implies that u is also bounded above.

2.3. In the time interval [t1,t2), we consider an auxiliary function

F

1

¢ = —.
U—§U0

One verifies the evolution equation for F' and w:

d -~ -~ -~
T F = FYFyj + (F = c(t) FUhihij — (F = c(t) F¥ gijs

d g g
U= Fu; +uF7h¥hy; — (2F — ¢(t)) coshr.

Here r = r(z,t) still denotes the distance function of ¥; from p;,. Therefore the evolution
equation for ® is

d Y 2Fiju.i<1>.- c(t) ke .
7(p — F’L](I)_.. + ) o FUh' h L FZ] .
dt i8J " — %Uo w— %Uo( i 1k gzj)
1
5U s 2F — c(t F -
(3.15) SR — 10 ZFUhfhkjF + 710( ) coshr® — ———F"g;;.
(u— §U0) U — 5Up U — 5UQ

By the h-convexity of ¥, we know % hfhkj — Fg;; > 0. Also, by pinching estimate
and 1-homogeneity of F', we have
Fihkng; > F(e(F —1) + 1) > eF?
Hence at the maximum point of ® in M X [t1,t2), we deduce from (3.15) that
d 1 1
(3.16) 0< £<I> < —§u0(u — §UO)€CI)3 + 2 cosh r®2.

Since u — %uo > %uo and 7 < Ry + In2, it follows from (3.16) that for t € [t1,ta), P is
bounded above by a constant C' depending only on 3;,. Consequently, as u has also upper
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bound, we get that the speed F' is bounded above by C for ¢t € [t1,t3). Since ¢; can be
chosen arbitrary in [tg, T™), we conclude that F' has a uniform bound for ¢ € [ty, T™).

3. The flow exists for ¢ € [0, 00) and the flow converges exponentially to a geodesic sphere.

Since F'¥ is homogeneous of degree zero and the principal curvatures of the evolving
hypersurfaces ¥; satisfy A > 1, we see that flow (3.1) is always uniformly parabolic, i.e.,
there exists some constant cg, depending only on X, such that

(3.17) ¢y g7 < FY((h)(x,1)) < cog?, to<t<T"

On the other hand, in Step I1.2, we have shown that the principal curvatures of 3;,t €
[to, T*) have a uniform upper bound independent of 7. Also the principal curvatures have
a uniform lower bound 1. Therefore the principal curvatures for the evolving hypersurfaces
lie in a compact set of I'".

Exactly as in [35], Section 8, using the above facts, we can derive the higher order
estimates for the graph function of the evolving hypersurfaces ¥;,t € [tg,T*), still inde-
pendent of T™. These estimates enable us to extend the flow beyond T, which gives the
long time existence.

To show the exponential convergence to a geodesic sphere, one first applies again An-
drews’ pinching theorem as in Step II.1 to the evolution equation of

Sij = hij — gij — (1 — e ) (Hy — 1)) g3

in order to prove that the pinching of the principal curvatures A is improving at an expo-
nential rate, i.e.,

(3.18) Ni—1>(1—e®)(H, —1)
for some § > 0. Combing with the uniform upper bound for A, (3.18) implies
VL|2 — nH12 < Ce 0t

for some dy > 0. Then the exponential convergence follows in a standard way. For details
see Theorem 3.5 in [40]. O

A direct consequence of Theorem 3.1 is the following Alexandrov type theorem for
hypersurfaces in H".

Corollary 3.1. Let 0 <[l < k<n-—1. Let K € K be an h-convex bounded domain in H"
with smooth boundary satisfying that Hy = cH; for some constant ¢ € R. Then K must
be a geodesic ball.

This result was proved under a weaker condition that 0K is k-convex, by Korevaar [31]
and later Koh [30] by using respectively the method of Alexandrov’s reflection based on
the maximum principle and the integral method based on Minkowski type formulae. In
this paper, the form in Corollary 3.1 is enough for our application.

1
Proof of Corollary 3.1. We just let K evolve by (3.1) with F' = (g—’:) "' Then the flow

is actually stationary. The convergence of Theorem 3.1 implies that K must be a geodesic
ball. O
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4. PROOF OF THEOREM 1.1-1.3

Before proving the main theorems, we define some auxiliary functions which will be
used below.
First recall that, for 0 < k <n —1,

fe:[0,00) = Ry, fir(r) = Wi(B,).

It is easy to see that f is smooth and it follows from (2.2) that fj is strictly monotone

increasing. Hence its inverse function f;~ 1 exists and is also strictly monotone increasing.

For 2 <k <n —1, define
_1 n(k —1)
g+ [0,00) = Ry, gr(s) :nfkofk_2(3)+m3-

Thanks to the monotonicity of fi, g is also strictly monotone increasing and its inverse
function gk_1 exists and is strictly monotone increasing. One can easily check from the
strict monotonicity of f and g that

1 k-1
. g > 0.
(4.1) e n—k+2gk (s) >0
For 3 <k <n—1, define
1 k—2
: SR - . A .
hy. : [0, 00) +5 hi(s) = gr+1 <n8 p— k+3gk_1(8)>

We claim that hy is also strictly monotone increasing. Indeed, it is direct to compute that

1 k—2 1 k—2 1
1 (a2 (1
1.(s) 9k+1<n8 n_k_i_ggk*l(s) n n—k+3g, (g.(s)

Since g;,; > 0 and

k—2 S kE—2
n—k+3 nn—k—i—?)’

we have that h) > 0, namely hy, is strictly monotone increasing.
From the definition of g; and hg, one can easily see that

gk(Wk72(Br)) - ank(BT)a hk(vnkarl (Br)> - ank71<B7‘)-

1 =n(fe—10 fu—3) +n

Now we start to prove the main theorems. We first prove Theorem 1.1 by using special
forms of flow (3.1).

Proof of Theorem 1.1. Let K = Ky € K.

To prove Theorem 1.1, we consider flow (3.1) starting from ¥y = 0K( with

1 S PR
H = kalH k'fld
F:(k> , C(t):Cl(t)_fEt k l Mt.
H fzt Hld;ut
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Let ¥4, t € [0, 00) be the solution obtained in Theorem 3.1, which encloses K;. One verifies
from (3.5) that

(4.2)
n—k

Swiry = " | Hilelt) = F)

-k 1 B g 141 _ 1
R NI
n fEtHl )3 )3 DI 3t

It follows from the Hélder inequality that

1
(4.3) H, < ( H1+’“11H_’Cll> o </ Hl> o
s, s, F : N ’

1 k=l
(4.4) HﬁHl—ﬁ < < H1+kllH_kll> E—I+1 (/ Hl> F—I+1 '
pM k ! - o k l 5,
Inserting (4.3) and (4.4) into (4.2), we have
d
(4:5) %WIAKt) <0.

Note that the flow preserves W;. Theorem 3.1 says that the flow converges to some geodesic
ball B, with Wi(B,) = W;(Ky) = W;(K;). Thus we have

(4.6) Wi(K) > Wi(By), with W;(K) = W;(B,) for some r > 0,

which is equivalent to

(4.7) Wi(K) > fro fi (Wi(K)).

Equality in (4.7) holds iff equalities in (4.3) and (4.4) hold, iff Hy = cH; for some ¢ € R,
which means by Corollary 3.1 that K is a geodesic ball in H". O

Proof of Theorem 1.2. Once we have Theorem 1.1 and especially have (4.7), it is easy to
see from (2.5) that

Vn_l_k(K) = n <Wk+1(K) + n—lk;-i-lwk_l(K))
> (nfk+1 o fill + n_nkk_i_lfd> (Wi—1(K))
(4.8) > <nfk+1 ofit+ n_n}f_'_lsz—l o f,l) (Wi(K)),

where Id : R — R is the identity function. This leads to Statement (i) in Theorem 1.2.

Statements (ii) and (iii) in Theorem 1.2 are almost included in Statement (i) except that
(a) the area V,,_; attains its minimum at a geodesic ball among the domains with given
volume Wy, and (b) |, o Hidp attains its minimum at a geodesic ball among the domains
with given area of the boundary |0K|. However, (a) is just the classical isoperimetric
inequality in H" and (b) was proved in [20] by using results of Cheng-Zhou [12] and
Li-Wei-Xiong [33], which was mentioned in the introduction.



18 GUOFANG WANG AND CHAO XIA

We now prove Statement (iv) of Theorem 1.2. First we consider the simple case k—[ = 2.
For [ = 0,k = 2, the statement is included in Statement (iii). Hence we assume k > 3.
First of all, we see from (2.5) and (4.7) that

n(k —2)

- Hy_odp = nW_(K)+ ka—:a(K)
> (nfk 10 fr 3+(kk+)31d> (Wi—3(K))
(4.9) = gr-1(Wi—3(K)).
Tt follows from (4.9) that
(4.10) Wi—s(K) < g;, </8K Hk—zdu> :

Next, we use (2.5) and (4.7) again on [, Hrdp to obtain that

Hipdp > gry1(Wi—1(K))

oK
(4.11) = k41 <:L /aK Hy_adp — %Wk—i&(f{)) :
We deduce from (4.10) that
% - Hy _odp — %Wk—:a(f()
(4.12) > % 8KHk_2d,u k+3gk 1 (/ H_ gd,u>

In view of (4.1), both sides of (4.12) are nonnegative. Back to (4.11), using the mono-
tonicity of gri1, we obtain that

1 k—2  _
Hydp > grgr [ Hyodp — ———g;* < szi“)]
n oK

oK oK —k+ 3%

0K

For k — 1 = 2m for m € N, due to the monotonicity of hj, we can inductively utilize
(4.13) to deduce that

(414) de/,t > hk o hk,Q O:-+0 hl+2 </ Hld,u,) .
0K oK

Notice that the inequalities we have used previously are all optimal in the sense that
equalities hold iff K is a geodesic ball. Hence we conclude Statement (iv) in Theorem 1.2.
We complete the proof of Theorem 1.2. O

Proof of Theorem 1.3: it is sufficient to explicitly write out formula (4.8) for [ = 1 and
1<k <n-—1. A direct calculation yields that

filr) = |aB | = 1wn 1 sinh™™ 1( ).



ISOPERIMETRIC TYPE PROBLEMS IN HYPERBOLIC SPACE 19

F7Y(s) = sinh ™ [(w:‘:)ll] .

Since Hy(B,) = coth®(r), it follows from (2.6) and (2.7) that if k is odd,

Thus

k=1
1< i (k— 1) (n — k)N 1%\ e
i) = 5 2 D G e =k g g o) s ),
while if k£ is even,
k1
1 ; k—1)(n— k) 12N e e
fe(r) = - Z%(—l) G _(1 — 2i)!!§n — k)—i— 2i)!!w"71 coth®* =172 (7) sinh™ 1 (r)
E—1N(n -k (7
—i—(—l)%( ) S'n ) / Wn1 sinh™ "L (¢)dt.
n-- 0
Hence, for k odd,
k—1 k-1

25—t
n—1
1+< ns >
Wn—1

_ 1< ; (k— D! (n — k)N ns
fro fils) = Z(_l) (k—1—20)(n —k+ 20" oy

and for k even,

g,l o k712722
_ 1 (k— D! (n — k)N ns ns \ 1t
1 i
— 2% (—1 o 1
Jio i (s) n i:O( ) (k—1—2i)!!(n—k+2i)!!w Yot + Wn—1
1
k— 1)ll(n — k) Sinhl{ oy "‘I}
+(—1)§( )ng'" ) / =) Wn_1 sinh™ 1 (£)dt.
.o O

Recall that the case k = 1 was already proved in [20]. From the previous two formulas
we can easily compute that for k > 2,

_ nk _ ns ns \n-1
i o ) e e ) = e [H(w ) ]

2 2 —k—

ns \* ns \k n-1
(4.15) = wnt < ) +( )
Wn—1 Wn—1

Letting s = W1 (K) = 2|0K]| in (4.15), we obtain from (4.8) inequality (1.6). O

From the proof, one can see again the difference between the even case and the odd
case. However, an interesting cancellation gives the uniform inequality (1.6).

Acknowledgment. We learned from Pengfei Guan that he and Junfang Li obtained the same
type results with the same functionals and a different flow, a modified inverse curvature
flow, under weaker conditions that K is a k-convex star-shaped domain and satisfies a
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technical condition that |V logcoshr| < C(n), where C(n) > 4 is a dimensional constant.
This technical condition is believed removable. We would like to thank Yuxin Ge, Pengfei
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