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A GENERAL SOLUTION OF THE WRIGHT-FISHER MODEL OF
RANDOM GENETIC DRIFT

TAT DAT TRAN, JULIAN HOFRICHTER, JURGEN JOST

ABSTRACT. We introduce a general solution concept for the Fokker-Planck
(Kolmogorov) equation representing the diffusion limit of the Wright-Fisher
model of random genetic drift for an arbitrary number of alleles at a single
locus. This solution will continue beyond the transitions from the loss of
alleles, that is, it will naturally extend to the boundary strata of the probability
simplex on which the diffusion is defined. This also takes care of the degeneracy
of the diffusion operator at the boundary. We shall then show the existence and
uniqueness of a solution. From this solution, we can readily deduce information
about the evolution of a Wright-Fisher population.

1. INTRODUCTION

The random genetic drift model developed implicitly by Fisher in [11] and explic-
itly by Wright in [23], and henceforth called the Wright-Fisher model, is one of the
most popular stochastic models in population genetics ([9, 2]). In its simplest form,
it is concerned with the evolution of the probabilities between non-overlapping gen-
erations in a population of fixed size of two alleles at a single diploid locus that
are obtained from random sampling in the parental generation, without additional
biological mechanisms like mutation, selection, or a spatial population structure.
Generalizations to multiple alleles, several loci, inclusion of mutations and selection
etc. then constituted an important part of mathematical population genetics. It is
our aim to develop a general mathematical perspective on the Wright-Fisher model
and its generalizations. In the present paper, we treat the case of multiple alleles
at a single site. In a companion paper [22], we have discussed the simplest case of
2 alleles in more detail. Generalizations will be addressed in subsequent papers.

Let us first describe the basic mathematical contributions of Wright and Kimura.
In 1945, Wright approximated the discrete process by a diffusion process that is con-
tinuous in space and time (continuous process, for short) and that can be described
by a Fokker-Planck equation. In 1955, by solving this Fokker-Planck equation de-
rived from the Wright-Fisher model, Kimura obtained an exact solution for the
Wright-Fisher model in the case of 2 alleles (see [15]). Kimura ([16]) also developed
an approximation for the solution of the Wright-Fisher model in the multi-allele
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case, and in 1956, he obtained ([17]) an exact solution of this model for 3 alleles and
concluded that this can be generalized to arbitrarily many alleles. This yields more
information about the Wright-Fisher model as well as the corresponding continu-
ous process. Kimura'’s solution, however, is not entirely satisfactory. For one thing,
it depends on very clever algebraic manipulations so that the general mathemati-
cal structure is not very transparent, and this makes generalizations very difficult.
Also, Kimura’s approach is local in the sense that it does not naturally incorporate
the transitions resulting from the (irreversible) loss of one or more alleles in the
population. Therefore, for instance the integral of his probability density function
on its defined domain is not equal to 1.

As mentioned, while the original model of Wright and Fisher works with a fi-
nite population in discrete time, many mathematical insights into its behavior are
derived from its diffusion approximation. After the original work of Wright and
Kimura just described, a more systematic approach was developed within the the-
ory of strongly-continuous semigroups and Markov processes. In this framework,
the diffusion approximation for the multi-allele Wright-Fisher model was derived
by Ethier and Nagylaki [6, 7], and a proof of convergence of the Markov chain to
the diffusion process can be found in [5]. (In this paper, we are not concerned with
deriving the diffusion approximation, but actually, this can be derived in a rather
direct manner without having to appeal to the general theory, as we shall show
elsewhere.) One may then derive existence and uniqueness results for solutions
of the Fokker-Planck equation from the theory of strongly continuous semigroups
[5, 6, 14]. As the diffusion operator of the diffusion approximation becomes de-
generate at the boundary, the analysis at the boundary becomes difficult, and this
issue is not addressed by the aforementioned results. Recent work of Epstein and
Mazzeo [3, 4], however, treats the boundary regularity with general PDE methods.

The full structure of the Wright-Fisher model and its diffusion approximation,
however, is only revealed when one can connect the dynamics before and after
the loss of an allele, or in analytic terms, if one can extend the process from the
interior of the probability simplex to all its boundary strata. In particular, this is
needed to preserve the normalization of the probability distribution. Therefore, in
this paper, we develop the definition of a general solution that naturally includes
the transitions resulting from the disappearance of alleles and derive the formalism
for its solution. Since this formalism is rather explicit, it will allow us to derive
and generalize the known explicit formulas for the quantities associated with the
Wright-Fisher diffusion model like expected waiting times for the loss of one or
several alleles in a systematic manner. The key for our approach are evolution
equations for the moments of the probability density and the duality between the
forward and backward Kolmogorov equations. We show that there exists a unique
global solution of the Fokker-Planck equation. Since, as explained, our concept of a
solution is different from (and, as we believe, better adapted to the structure of the
Wright-Fisher model than) those treated in the literature, insofar as it extends to
the boundary, these results do not follow from the general results of the literature
mentioned above.

In the present paper, we only treat genetic drift in the absence of mutation,
selection, and recombination. Extensions that can be obtained on the basis of the
formalism presented here, in particular to general recombination schemes, will be
presented in subsequent publications.
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2. THE GLOBAL SOLUTION OF THE WRIGHT-FISHER MODEL

In this section, we shall first establish some notation, and then prove some propo-
sitions as well as the main theorem of this paper.

2.1. Notations. A, = {(z',22,...,2""") : &' > 0,374 2/ = 1} is the standard

1=

n—simplex in R™*! representing the probabilities or relative frequencies of alleles

Ay, ..., Ay in our population. Often, however, it is advantageous to work in R™

instead of R"™!, and with e := (0,...,0) € R", e, :=(0,..., 1 ,...,0) € R", we
~—

kth
therefore define

n n
Q, :=intco{eg,...,en} := {Z ey, (z,2°) = <x1, ozl — Z$k> € intAn} .
k=0 k=1

Moreover, we shall need the subsimplices corresponding to subsets of alleles, using
the following notations

I -={{ig,...,ix}, 0<ip <...<ir<n}, ke{l,...,n},
Vo := {eo,...,en},
the domain representing a population of one allele,
Vk(i”’“"i"’) =intco{e;, ..., €}, ke{l,...,n},
the domain representing a population of alleles {A;,, ..., A;, },
Vi := {intco {e;y, ..., €;, } for some ig < ... <i,€0,n}, ke{l,...,n},

|_| Vk(io,...,ik)7

(%0,--- ik )EI

the domain representing a population of (k + 1) alleles,

Vi= | VU ke{l....n),

(2050vnsik ) ETR

k
=[]V
=0

the domain representing a population of at most (k + 1) alleles.

We shall also need some function spaces:
H}gio,“.,ik) — > (Vk(io,...,ik)) ’
Hp :=C>®(Vy), ke{l,...,n},
H := {f:V, — [0, 00] measurable such that [f,g], < co0,Vg € H, },

n

where [, gl = / f@)g(@)du(z) =Y / F(@)g(x)dpx(x),
Va

k::OVk

=S x [ @@

k:O(i()v“-vik)EIka(io ,,,,, i)

with ") a probability measure on V"),
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We can now define the differential operators for our Fokker-Planck equation:

i 4 4 . o P 1
L](go’“"lk) :Hézo,..i,zk) 5 HIE 0reees k)7 L;(go’ ﬂk)f(z) = 5

>

t,3€{it, ik}

(LSO’Z’C))* :H]gio,.“,ik) N H]E:’io,‘..,ik)7 (L](C’Lo,,zk))*g(x) —

Ly : Hy — Hy, (Lk)lH;iiO """ ig) — L](jOw-,ik),

LZ :Hk — Hka (LZ)lH(zo iR) — (L;i(J’”"ik))*’

where the coefficients are defined by

aij(ac) = 1’1((5” — .’Ej), Z,j c {1, ceey

Finally, we shall need

wl(cio,...,ik)(x) = H xi, ke {]_7 c..

iel,ii" ..... i)

,n}.

.....

52(6%1' (z)f(x))
Oxt0xJ ’

Proposition 2.1. For each 1 < k < n, m > 0,|a] = al + -+ a* = m, the

polynomial of degree m in k variables x = (z%,... z%) in Vk(io’“"i’“)

(2.1) X,(,’f)a(x) =%+ Z af:’)ﬁxﬂ,
|Bl<m

(k

where the a )B are inductively defined by

(k)

O, =

5 (8 +2)(B: + 1))
= ? ? amﬁ-i-ﬁf,
S (m—1B)(m+B+2k+1)

1s the eigenvector ofL,(f0 """ i)

v|B| < m,

corresponding to the eigenvalue ,\55) = w
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Proof. We have

Lgo,...,ik)X’r(r]Z)a (1.) _

NN

Z (83;)2 [:cl(l — mz)<x°‘ + Z afs)ﬁx )]

i€{i1,.nrin} [Bl<m

# .,
-2 uaw [‘TW G “gf,)af”ﬁ)]

i£je{in,in} |B]<m

1 82 ate; a+2e; (k) _.B4e;

1€{i1,..., ik } |B]<m

[Bl<m

- > 8x?;x7 [ T 3 an B%M}

i#5€{i1 i} 1B]<m

1
=3 Z
1

+ Y dWs g — N a8+ 2)(8 + 1)

(o + 1)tz — (af +2)(a’ + 1)z®

[B]<m |8|<m
ST @+ )0 + D+ Y @B (B +1)(8 +1)2”
1#£] |B]<m
[ , , , ,
— _§Z(al+2)(al+1)—Z(awl)(aul) T
L i i

+ terms of lower degree

= —;(Xi:ai+k)(zi:ai+k+1)

k k+1
= — (m+ )(T; thEY )zo‘ + terms of lower degree.

By equalizing coefficients we obtain

x% + terms of lower degree

2

and

$ )

5 (5 + 26+ Dalds.,

all)y = — = . VI8 < m.
B (m =B (m + B + 2k + 1)

This completes the proof. ([l
Remark 2.2. e When k = 1, anly)m(xl) is the m!"—Gegenbauer polynomial

(up to a constant). Thus, the polynomials Xr(,]f)a(a:) can be understood as
a generalization of the Gegenbauer polynomials to higher dimensions.



6 TAT DAT TRAN, JULIAN HOFRICHTER, JURGEN JOST

e Because of this representation of eigenvectors, we can easily see that Xr(,f, )a (x)
is a basis of C%(V,,).

Proposition 2.3. If X € C? (Vk(zolk)) is an eigenvector of L,(:O"”’i’“) correspond-

ing to A then w,(:"’”"ik)X is an eigenvector of (Lg”“‘)) corresponding to .
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Proof. If X € C? (Vk(lozk)) is an eigenvector of Lgo’””i’“) corresponding to A, it
follows that

82

“Aw ™) (2)X) :iw,i RO g (0 — ) X)
i,5€{i1,sin}
1 10 yeeeslk 1 1 82X
=M@ Y @0 —e)) g
i:je{ilv“'»ik}
1 g, 0 (xi(é,-‘ —:z:j)) ox
R O T e
i,5€{i1, ik}
X A .
1 (i 4 0 (z*(6;; — 7)) 0X
@) 3 ( o7 )axi
i=1

. P (55, =)
AL D

i,3€{it, ik}

k
1 i ; (10, vik) 02X
2 z‘%:% (@'(0 =) <wk° @ Ox'0xI
1 1040y L 0X
+5 ST wier () (1= (k=1)a?) 5=
JE€{it, ik}
1 0ynesi i 0X
+§ Z w,(co’ ’“)(m) (1—(k—-1)z") 5
ie{il,...,ik}
E(k+1) (o....in
- HEE) o ) x
1 i . (i0seryits) 0’X
=3 | -E{Z . (x (0ij — a;J)) (wk (2) T oL
2,7 V1yeeeslke

1 Z i . 8w,(;°“°)(x) 0X
+ 2 L (:c (0:5 = xj)) or’ o
i,5€{i1,. ik}
1 ; , 8w(i°""’i’“)(:c) 0X
- S opd)y 2k A\
ty 2 @s-d) e

4,7 E{i1,.yin }

1 i , 82w,(€i°”"’i’“)(a:)
vy 2 0w )

5,5 €{i1,0 50k }

1 . L O (w X (@)
- SV | k
2 Z (2(035 — 7)) OxtOxd

4,5€{i1, 00k }
(5 ) o)),

This completes the proof. [
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Proposition 2.4. Let v be the exterior unit normal vector of the domain Vk(io"“’i’“).
Then we have

(22) Z Clijl/j =0 on OV,C(iO"‘”i’“), Vi € {il, e ,ik}.
JE{i1,sin }
Proof. In fact, on the surface (z° = 0), for some s € {i1,...,i;} we have v = —eg,
and hence S ai? = ais = 2°(85; — 2') = 0. On the surface (z%° = 0) we
j€f{ii,..., ix}
have v = %(ez1 ..+ei, ), hence ‘ Z A aj vl = % ‘ Z ai = %xixio =
JE{i1,esin} JE{i1,e stk }
0. This completes the proof. (I

Proposition 2.5. L(lo’ ) and (L, Lo ’lk)) are weighted adjoints in H,Eio""’ik)
i.e.

(LYo X w0 Y) = (X, (LY ) (oY), VXY € Hio )

7

Proof. Weput ¥ (2):= Y W Because of w ")y € CgO(Vg”"“’“)),
J€e{iv, i}
the second Green formula, and Proposition 2.4, we have
(i0seensin) yr , (i0seeesit) 1 (aij (@)X () (igronin)
(L™ X w YY) =2 > / asz 0 w7 ()Y (x)dae

1,5€{i1, ik t— (10 ..... ix)

16{117 ﬂk}v(lg ~~~~~
1 0505
Loy / F® (@)viwy® ™) (2)Y (x)do(x)
i€{i1,..., lk}avk(io ,,,,, k)
(10,-s0k)
1 k), 0w ()Y (z))
"3 Z / B @ o &

i€{iy,.. ’Zk}VEfO k)

1 0(aij(z) X (x A(wl ) ()Y (x
3 / (E%zj())(k 83:1_()())0z

X

VIS SRR g (10 ..... i)

w0 ) ()Y (¢
/ alj Vj ( )8( k aml( )Y( ))dO(I’)

l\D\H

5,J€{i1,..5% i
]{1 k}av(o

/N

+ (X, Lj(wfo ’“”Y))
= (X, L (wY)).
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Proposition 2.6. In V,(;O’ ’zk), {X,gf)a} e is a basis of H,gio""’i’“) which
m>0,|a
is orthogonal with respect to the weights w(lo"” o) i.e.,

(X8 w0 X) =0, 5 #m,Ja =m, |8 = 5

Proof. {Xy(,’f)a} a is a basis of ngio,.i.,ik) because {27}, is a basis of this
m>0,|a|=m

space. To prove the orthogonality we apply the Propositions 2.1, 2.3, 2.7 as follows
)\( ) (Xv(r]:)ou I(Cio,---,ik)X](fcli)) (L(zo, Jk)X( ) (zo, 77fk)X(k))
D0 yeneyl * 10 yeenyt k
( X0 (L) (i X))

k) (x (k) (z, ) x (k)
A (X, w e x )

Because )\7(5) #* )\gk), this finishes the proof. O
Proposition 2.7. (i) The spectrum of the operator L,(Cio""’i’“) is
k k+1
Spec( 1l #k)) _ U {)\7(5) — (m+k)(m+k+ )} —: A,
2
m>0
(i07...,ik)

and the eigenvectors of L, corresponding to /\gf) are of the form

|or|=
i.e., the eigenspace corresponding to )\slrf) are of dimension (k‘,:rf;l) ;
(ii) The spectrum of the operator Ly, is the same.

Proof. (i) Proposition 2.1 implies that Ay C Spec(LEjO"“’i’“)). Conversely, for

A ¢ Ay, we will prove that A is not an eigenvalue of L,(jo“'"i"). In fact,

assume that X € H,gio’””i’“) such that L,(fo’“”i’“)X = —AX in H,g“’““)
Because {X,gf)a} is an orthogonal basis of H(i0 """ i) with respect to the

m,x

weights w( 0r--sstk) (Proposition 2.4), we can represent X by X = Z Z dg,f WX )a

m=0|a|=

It follows that

Z Z d(k) Y m)a:i Z dgf?aLgo”"’ik)Xy(r’f,)a

m= Ola‘ m*O‘al:m

(1(), 7ik)X

=—Ai > XL,

m=0 |a|=m



10 TAT DAT TRAN, JULIAN HOFRICHTER, JURGEN JOST

For any j > 0, |8] = j, multiplying by ka](.kﬂ) and then integrating on V,,

we have
k k 805e0y0 k) k [ T k . .
> dA (X8 wfr X B) = 3 A (X w0 x ) v > 0,18 = .
la|=3 |a|=j
k W0, k k) (k) k 0, k k . .
= (K OxD) @A = (X ’“)Xj(,g))m(d}ik)a,vj20,|B|=.7,

=d® B — d;fco)é)\, V4§ > 0,|8] = j, because det(

2,

( ), (G0sein) 3 (K)
ps ko ka’ﬁ)ﬂ,a#O
:>d§»{2 =0, Vj>0,|al=j, because \ # )\gk).

It follows that X =0 in H,EZO“‘) Therefore

2
m>0

i0yeerin) s i W0y
Moreover, assume that X € H, (io is an eigenvector of L,(CO *) corre-

sponding to )\gk), ie., L(lO """ Z’“)X —A;X. We represent X by

It follows that

Z Z d(k) (k) (k) Z Z d(k) 10’ Stk x (k)a

m=0 |a|= m=0 |a|=
:L](;O”ZR)X
035 dp.
m=0 |a|=m l

For any i # j, | 8| = 4, multiplying by kai(kﬂ) and then integrating on V,,

we have
k 10yeeesl k (k k) k 80yeeeyl k . . .
> dfA® (X8 wier I xB) = 37l (X wiie X8 i 18] = i,
la|=i la|=1
= (XX D) @A = (X XD) (O )a Vi #5118 = i

] i, i,

=dNM = a8\, i £ 18 = i, because det (X (%), w{i ik)X.(’;))B £0
=d*) =0, Vi#jla| =i, because A" # A,
It follows that
_ (k) 3 (k)
X =Y dx".
=

This completes the proof.
(ii) is obvious.
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2.2. Definition of the solution. We shall now formally derive the Fokker-Planck
equation as the diffusion limit of the Wright-Fisher model and introduce our solution
concept for this equation. We consider a diploid population of fixed size N with
n+1 possible alleles Ay, ..., A,41, at a given locus. Suppose that the individuals in
the population are monoecious, that there are no selective differences between these
alleles and no mutations. There are 2N alleles in the population in any generation,
so it is sufficient to focus on the number Y, = (Y,},...,Y,?) of alleles A;,..., A,
at generation time m. Assume that Yy = ig = (ig,...,i}) and according to the
Wright-Fisher model, the alleles in generation m + 1 are derived by sampling with
replacement from the alleles of generation m. Thus, the transition probability is

I 1\ - YA AN
P(Ymi1 = j[Ym = i) = GOIGH!. .. (§™)! kl;[o (2]\7) ’

where
n
i,j €SN = {z =(i',...,i") " €{0,1,... 2N}, ) TiF < QN}
k=1
and
i =2N —|i| = 2N —i' — ... —i" jO=2N —|j|=2N —j' — ... — ™
After rescaling
m Y,
t=——) Xy =
2N TP T 2N
we have a discrete Markov chain X; valued in {0, ﬁ, e 1}" with ¢ = 1 now
corresponding to 2N generations. It is easy to see that
ig
X =D = ——
0=p 2N’
E(5X}) =0,

(2.3)
E(6X{.6X]) =(X]) (6 — X7),
E(6X:)* =(6t) for |a| > 3.

We now denote by m,(t) the at" —moment of the distribution about zero at the #*
generation, i.e.,
me(t) = E(X)"

Then

me(t+1) = E(X; + 6X)“
Expanding the right hand side and noting (2.3) we obtain the following recursion
formula, under the assumption that the population number N is sufficiently large
to neglect terms of order % and higher,

(2.4) ma(t+1) = 1_M m(t)+iwm (t)
. fe% 2 @ a1 2 a—e;
i=
Under this assumption, the moments change very slowly per generation and we can
replace this system of difference equations by a system of differential equations:

n

(25) a(t) = - ML= ) 4 3 W=D,
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With the aim to find a continuous process which is approximates the above
discrete process, we should look for a continuous Markov process {X;},-, valued
in [0,1]" with the same conditions as (2.3) and (2.5). Denoting by u(z,t) the
probability density function of this continuous process, the condition (2.3) implies
(see for example [9], p. 137, or for a more rigorous analysis [6, 7, 8]) that u is a
solution of the Fokker-Planck (Kolmogorov forward) equation

{ut = L,u in V;, x (0,00),

(2.6) u(z,0) = 6y(x) in Vy;

and the condition (2.5) implies

al(lal =1 "oy — 1 a—e v o
e, = [w—' ol =t e > ale =D poer] = fu, L @) v
and hence, since the polynomials are dense in H,, w.r.t. the product [.,.],,
(2.7) [ut, ®ln = [u, L} Pln, Yo € Hy.

This leads us to the following definition of a solution.

Definition 2.8. We call u € H a solution of the Fokker-Planck equation associated
with the Wright-Fisher model if

(2.8) uy = Lpu in V, X (0, 00),
(2.9) u(z,0) = 0p(z) in Vp;
(2.10) [ut, dln = [w, L) Pln, Vo € Hp.

We point out that the last of these equations implicitly contains the boundary
behavior that we wish to impose upon our solution. This will become clear from
our construction in the next section.

2.3. The global solution. In this subsection, we shall construct the solution and
prove the existence as well as the uniqueness of the solution. The process of finding
the solution is as follows: We firstly find the general solution of the Fokker-Planck
equation (3.4) by the separation of variables method. Then we construct a solution
depending on certain parameters. We then use the conditions of (2.9, 2.10) to
determine the parameters. Finally, we check the solution.

Step 1: Consider on V,,, assume that u,(x,t) = X (x)T'(t) is a solution of the
Fokker-Planck equation (3.4). Then we have

T, L,X

T X
Clearly M is a constant which is independent on T, X. From the Proposition (2.7)
we obtain the local solution of the equation (3.4) of the form

un(x,t) = Y ST elm X (x)e N,

-2

where
n+m)(n+m+1)

2

)\7(1711) = (
is the eigenvalue of L,, and

X0,(x), o] =m
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are the corresponding eigenvectors of L,,.
For m > 0, |8| = m, we conclude from Proposition (2.3) that

L (w0 X0) = =ADw, X0,
It follows that

[ug, wan:)ﬁ]n = [u, L ( Xf:%)} (the moment condition)

=\ [u,wnX(n) ] :

mB]
Therefore
n n _(n)
[, w0 X1 = [, 0), w5 X0, et
n _\(n)
= wa (p) X (p)e ",
Thus,

n —a(m n
wa (D)X (P)e Mt = [u, w0, X,

= (up, wnXT(:)ﬂ) (because w,, vanishes on boundary)

—_ ()
= D (X wa X e
|a|=m

It follows that

—1
(c%t’)a)a - K( x(m), ’wnxfg},)n> ] <wn(p)x,§j>ﬁ(p)> .
a,f3 B

Step 2: The solution u € H satisfying (3.4) will be found in the following form
(2.11) u(x,t) =Y up(x, t)xv, (2) + D uf(x, ) ().
k=1 i=0

We use the condition (2.10) to obtain gradually values of ug, Kk =n —1,...,0.

In fact, assume that we want to calculate u(o’ T 1)( s a0,
We note that, if we choose
6(0) =t 2" X e, B =k

then ¢(x) vanishes on faces of dimension at most n — 1 except the face VY?LI’n_
Therefore, the expectation of ¢ will be

[, 0l = (tm S)n - (7" ).
The left hand side can be calculated easily by the condition (2.10)
(212) e, Bl = [, L ()]n = =N ft, Fn
It follows that

[, 61 = d(p)e ™.
The first part of the right hand side is known as

(ttns S = D i (/v Xr(r:l,)a(XW(X)dX) et
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Therefore we can expand ufloi'i"”_l)(g;17 -~ a1 0,t) as follows

uﬁlo_,.ii,n—l)(iﬁ7 a0 = Z Cssfl)(x)efAﬁ,I,‘*l)t

m>0

(1) (n) o1y AT
—ZZZ mla (.. " e L

m>01>0 |a|=l

Put this formula into Equation (2.12) we will obtain all the coefficients cfg l_(ll)
It means that we will obtain u(o"i"nfl)(:zcl, oo, 2™ 1 0,t). Similarly we will obtain
Up—1. And finally we will obtain all ug, k=n—1,...,0. It means we obtain the

global solution in form

= Z upXxvi (X) + Z u (x,1)de, (x)
k=1 =0
T Y ) X B 00e N () + 3 o, 664, ()
1=0

k=1m>01>0 |a|=l

(2.13)

It is not difficult to show that wu is a solution of the Fokker-Planck equation associ-
ated with WF model.

Step 3: We can easily see that this solution is unique. In fact, assume that w1, us
are two solutions of the Fokker- Planck equation associated with WF model. Then
u = u1 — ug will satisfy

uy = Lpu in 'V, x (0, 00),
u(r,0) =0 in V,;
[ut, Oln = [u, L @], V¢ € Hn.
It follows that

[, 1] = [u, L, (1)]n = 0,
(e, @] = [u, Ly ()] = 0,
e, w7 X o I = [ Ly (™ X 0.0l
= fu, L (g™ X o
)‘()[ wz(cm lk)X(axvuo ----- i In-
Therefore

[uv HTI = [U(,O), 1}71 =0,
[ua ‘TZ}TI = [u(70)7xz]n =0,
104eeed 104eeni _AW
[, w,(co ’“)X(@XV(W ,,,,, i ln = [u(~,0),w,(€° k)X(];)XV(»o ..... iolne N =
Since {1, {l’l}l y {w,(jo’ Jk)X(k)XVk(qo ik)}1§/€Sn7(io,..A,ik)EIk,j207‘a|:j} is also a ba-

sis of H,, it follows that u =0 € H.
In conclusion, we have established
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Theorem 2.9. The Fokker Planck equation associated with the Wright-Fisher
model with (n + 1)—alleles possesses the unique solution

u(X,t) =Y upxv, (%) + > uh(x, )0, (x).
(2.14) =1 =0

n

S TS S @ X 0e e (0 + 3 )6, ).

kE=1m>0 >0 |a|=l i=0

Ezxample 2.10. To illustrate this process, we consider the case of three alleles.
We will construct the global solution for the problem
%—7; = Lou, in Vs x (0,00),
u(x,0) =dp(x), x€Vy
[ug, ¢l = [u, L3pla, for all ¢ € Hy,

where the global solution of the form
U= UaXV, + u?*lxvlo,l + u(lJ’QXVlo'2 + u(l)voxvlg,o + U(l)Xvol + U%XV(? + ungoo.

and the product is

1 1
[w, @2 :/V ugqb‘vzdx—&—/ u?’l(ﬂcl,OJ)qS(xl,O)dxl—i—/ u(lJ’Q(O,91:2,t)g15(0,9132)d:102

0 0
+ 1 /1 uy? (2t 1 — 2t t)p(at, 1 — 2t)da?
V2 .Jo
+ug(1,0,8)6(1,0) + ug(0,1,£)6(0, 1) + ug(0,0,1)$(0, 0).
Step 1: We find out the local solution us as follows
u2(xa t) = Z Z Cffb)al a2X,'Sf)a1 o2 (X)G_Agz)t'
m>0 al4a2=m

(2)

To define coefficients ¢~/ , 2 We use the initial condition and the orthogonality of

eigenvectors ij)al o2

wa(P) X1 2 (p) = [u(0), w2 XV, L],
= (“2(0)7 w2X7(§)ﬁ1 52)2 because wy vanishes on the boundary
= Z C’I(’fb)al a? (X,fj)al a27U/2X,’S§)ﬂ1 52) for all 51 =+ 52 = 1m.

al+a?=m

Because the matrix

(2) (2)
(Xm,ocl,a% w2me51’ﬁ2) (at,a?),(81,82)

is positive definite then we have unique values of cfj)al a2 It follows that we have
a unique local solution us.

Step 2: We will use the moment condition to define all other coefficients of the
global solution.
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Firstly, we define the coefficients of u}’* as follows

(2.15) ul? (@t 1 — a2t t) = Z cm(xt)e” At
m>0

(2.16) = Y cnaXD(ahe
m,1>0

We note that

L} (xleXlil)(xl)) = —)\,(cl)xlﬁX,il)(xl).
Therefore

[ut,x x2X(1)( )]2 = {u, L} (xlng,gl)(xl))L = —A;l)[u x x2X(1)( Y.

It follows that o

[u, 2 xQX( )( )}2:p1p2X,51)(p1)e_’\k t
Thus we have

W
1p2X]§1)(p1)e APt _ [u, 2 a:QX( )( )}2
_ (uQ,x 22XV (2 )) n (u} 2 21 fxl)X,g”(xl))
2

because z'z? vanish on the other boundaries

= ( Z e ( / rclw?Xff?a(x%x2>X,§”(x1)dx>)e-“?t
V2

m>0 \ |a|=

+ Z C7nk( kl),w X(l)) 7)\<1)t

m>0

1

because of the orthogonality of (-,-); with respect to wq

2@ NG
= E T'm€ Am't 4 E Cm kdie Am't

m>0 m>0

By equating of coefficients of e¢*! we obtain ul . Similarly we obtain u;. Then,
we define the coefficients of u} from the 1—th moment.
Note that when ¢ = x%, L3(¢) = 0, therefore [u;, ¢]2 = 0 or

[u, z']5 = [u(0),z°] = p".

It follows that

pt = [u,ml] = (ug,z")s + (u?’l, D+ (u1 'ty —l—uo(l 0,t).

Thus we obtain u$(1,0,t). Similarly we have all ug. Therefore we obtain the global
solution u.
It is easy to check that w is a global solution. To prove the uniqueness we proceed
as follows: Assume that v is the difference of any two global solutions, i.e. u satisfies
U = Lou, in Va5 x (0,00),
u(x,0) =0, inV,
[ut, dla = [u, Lipla, for all ¢ € Ho.
We will prove that
(217) [U,(Zﬂg =0 V(ZS S HQ.
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In fact,
[u, 12 = [u, L3(1)]2
[ue, 2']2 = [u, L3(2")]
(g, wi () X5 (2")]o = [u, Ly (wi (a') X )
)
(

[u w(ah,22) X2, (2", 2%)]s = [w(0), wa (2", 2%) X2, (2", 2%)]pe M0t =
We need only to prove that Eq. (2.17) holds for all
o(zt, 2?) = (2H™(H"™, Vm,n > 0.
(1) Ifn = 0,m > 0, we see that ¢ can be generated from {1, z*, wl(xl)Xy(,p (z1)},
therefore [u, ¢]2 =0

(2) Ifm = 0,n > 0, we see that ¢ can be generated from {1, z2, wl(xZ)anl) (22)},
therefore [u, ¢]a =0
(3) If n=1,m > 1, we expand (z!)™~! by

1)m71 _ Z Clegl)(fCl)

k>0
Note that

L} (xleX,El)(xl)) = —)\Ecl)xlﬁXlgl)(xl)
Therefore
[ut,xleX,gl)(xl)]g = [u, L} (x1x2X,§1)(x1))]2 = —/\,(Cl)[u, xleX,(cl)(xl)]g.
It follows that
[, ' 2 XD (@) = [u(0), 2" 22XV (21 |ae

Therefore

1
- =0

[w,6)2 = crlu,z'a? XV (@h)]s = 0.

k>0
(4) If n >2,m > 1 we use the inductive method in n. We have
(@) @?)" = e+ a? - )t @) @) o) (@)
= (a2 () ) ) )
In the assumption of induction, we have
[u, (z1)™ (1 = 2")(2*)" ]2 =0
Then, we expand (z1)™~1(22)"=2 by
(@) @)=Y D XD 2.
Therefore

[w, wa (!, 2?) (@) (@) 2o = Y e fu,wa (2t 2?) X, (2 %)) = 0.

It follows that [u, (z1)™(2%)"] = 0.
Thus, u = 0.
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3. APPLICATIONS

In this section, we present some applications of our global solution to the evo-
lution of the process (X¢);>0 such as the expectation and the second moment of
the absorption time, the probability distribution of the absorption time for having
k + 1 alleles, the probability of having exactly k + 1 alleles, the o moments, the
probability of heterogeneity, and the rate of loss of one allele in a population having
k + 1 alleles. Several of our formulas are known from other methods, see [9], [15],
[16], [17], [19], [20], but we emphasize here the general and unifying approach.

3.1. The absorption time for having (k + 1) alleles. The moments of the
sojourn and absorption times were derived by Nagylaki [21] for two alleles, and

by Lessard and Lahaie [18] in the multi-allele case. We denote by Tffill (p) =

inf {t > 0: X; € V| Xo = p} the first time when the population has (at most) k+1

k+1
Tn+1

#(t,p) its probability density function. It is easy to see that V' is invariant under
the process (X;)¢>o, i.e. if Xy € Vi then X; € Vi, for all ¢t > s (once an allele is
lost from the population, it can never again be recovered). We have the equality

alleles. (p) is a continuous random variable valued in [0, c0) and we denote by

P(TY(p) <t) =P(X, € Vi|Xo =p) = /V u(w, p, t)du(z).

It follows that

o(t,p) = u(z, p, t)du()

0
v, 0t

Therefore the expectation for the absorption time of having k4 1 alleles is (see [9],
p. 194)

(T (p)) = / " to(t,p)dt

/V k / ulz, p, dtdp(z)

_Z Z Z Z c(J) /(m....,ij) X,(,,z’)a(x) (/OOO t% 2§ tdt) d (lo,...,ij)(x)

J=1 (ig,...,i;)€l; m>0 |a|=

S S ([ ),

1=0 k=1m2>0 |a|=

k . .
TSN g, o (g )

7=1 (ig,..., i;)€1; m>0 |a|=

LY S dhaltl(~5m):

Al
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and the second moment of this absorption time is (see [1], [20])

E(T} ()7 = /  2o(t,p)dt

:/Vk /OO tQQu(x,p,t)dtdu(x)

G, X&) TR0 a9y gylionin
_Z Z Z Z (10 ,,,,, ) m,a(x) 0 ae Hj (x)

j= l(io ..... ’LJ)GI m2>0 |a|=

i=0 k=1m>0 |a|=m

k
DD P I / o K@) ( 2 >d()

J=1 (igyiy)€l; m>0|al=m  “Vi AL
. 2
§ § (k) _
+4 Z Cmot maz( A(k) 2).
i=0 k=1m>0 |a|= ( m )

In order to see what this means, we consider the case of 3 alleles.

u(zh, 225 t) =ua (2!, 2% t) 1, +u?’1(x170;t)xvlo,1 + ud?(0, 2 )Xy 0,2 + a0zt 1 — 2t )Xy 0,0
+ug(t)6e, + ud(t)dey + ud(t)de, -
with the product is
[, @)z =(us, )2 + (ug"', &, 0))1 + (uy ™, &(0,-))1 + (ui", $(- 1 =)
+ug(1,0;)¢(1,0) 4+ ud (0, 1;£)p(0, 1) 4+ ud(0,0;)$(0,0)

1 1

= / ug(zh, 225 1) p (2t 2?)dat da? —|—/ udt(xh, 0;)p(at, 0)dat +/ ud?(0, 2% 1) p(0, %) dx?
Vo 0 0
1 1

+ 7 /0 uy?(zt, 1 — 2t t)p(at, 1 — 2t)da?

+ug(1,0;)¢(1,0) + ud (0, 1;£)¢(0, 1) + ud(0,0;)¢(0,0).

By expansion of eigenvectors, we have

2@
mlcpi) = 3 3 X, 0

m>0 |al=

where ¢ ) «(P) is uniquely defined. Representing ul(X' t) by

(3.1) (@, 0:8) = > all(@h)e
m>0

(3.2) 20,0%1) = Y a2 (a?)e 'Y
m>0

(3.3) uy a1 —alt) = Z a},f(xl)e_/\g'lb)t,
m2>0

where the coefficients a;; (x!) are defined as follows.
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Put
Un(2t) =21 (1 — 2 X ().
we note that ,,(0) = 1,,(1) =0 and

L;’l/}n(xl) = _)‘S)wn(‘r1>'

it follows
e, vn(@h)] = [w L3 (n(a"))]
— W [u wn(xl)L
Therefore

Yap))e " = [u(0), dnlah)| e = [u,vn(e")]
= (2, @)+ (w1, 0n(@") + (0, n(a"))o
3D el (X)) e+ 3 (amal) vnlah)

m>0 |a|=m m2>0
where a,, (z') := a%!(2') + al,?(2') and note that 1,,(0) = 1, (1) = 0

:(ao(xl)’%(xl))f”g’mwZ{(am(xlwn(xl))ﬁ > cﬁs?a(Xﬁf,g,wn(xl))z}e—m

m>1 |a]=m—1

2

(because of (V) = )\53)_1)

We obtain by equating the coefficients in terms of e~
(3.4)
(a0(@)swn@")) | = do.nton (@)
(am(xl)ﬂ/}n(xl)) = 5m7nwn(p1) - Z £r2z) 1 a(X(Q) Lar¥n(z ))Q,if m 21

1
|a]=m—1

Remark 3.1. the coefficients of us occur in the representation of the coefficients of
u1 because of the probability flux.

Similarly because of

‘We have
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Thus,
1 1 2 2 1) -3
UO(pat) =p - Z Z an,)a(p) (XT(n,)aa'T )26 mt

m2>0|a|=m

- Z (agﬁl,x1>1€—A§;>t

m>0
1,2 1),
- E (am , X )e m
m>0
_ 1 1y 1) =AUt N 1 2) x®@ 1 Ay
=p —(ao(z),z © — am(z), Lt Cm-t.a(Xm-1,002" ) €77
m>1 |a|=m—1

The expectation for the absorption time of having only 1 alleles is

E(T}(p)) = / " to(t, p)dt

S
:/0 t5 (Ué(p;t) +uj(pit) +ug(p;t))dt-

We first calculate the first term; the other terms will be obtained similarly. To do
this, we expand 2! by 1, (x!)

at =" dnthn(at).
n>0

We construct a sequence of entropy functions on [0, 1] as follows

) Eo(l‘) = —T
e E,.(x) is the unique solution of the boundary value problem

{L’I(Er(x)) = —rE,_1(z)
E,(0) =E,(1)=0

By some simple calculations, we obtain some first entropy functions
(1) Eo(x) = -
(2) Ei(z) = —2(1 - ) log(1 - )
(3) Ea(x) = —8zxz(x) +8(1 — x)log(1l — x)

(4) Es(xz) =48(1 — z)u(x) + 96[zz(x) — (1 — z) log(1 — )]

o) = [y ww) = [y

Lemma 3.2. The entropy functions satisfy

o
W = (B, xD)
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and more generally,

Proof. We have

AD (El(xl),X(l))l —(Er(ah), D x %>)1

(1)))
m 1

>7XT(,P) , because of E1(0) = E1(1) =0
) X))

I
&=
CY
|
&
~— N
S

1

[

Similarly we have

(/\grlb)>2(E2(x1),Xf,})>l _ %) E2(1,1) AL x (D) )

s AmAm,a
? 1

=\ (2E1 (zb), Xﬁnﬂ) 1

2(2561, Xﬁ)) , because of the above calculation.
1

The proof for all r is similar. O

From the Lemma, we have the expansion of E;(z!)

Bi(at) = Y2 Ty (0,

n>0 )‘”



WRIGHT-FISHER MODEL 23

Therefore we have

00 1 .
[T,
0 ot

— ( ! ! - (1),
= (ao(z"),x )1 tAg ‘e "o tdt
0

+Z{<Gm(x1)7xl)1+ S, (X2, 1)2}/ DNy
0

m>1 la]=m—1
— (ao( 1),x1> + Z ( xl),x1>1+zla‘ =m-—1 gn) 1“(X£311’“’x1)2
B 7
S (a0(ah). vn(ah)), 'y (am @) n (@), + Sjacnes o (XL s nla))
- n>0 )\01) m>1 /\’%)
= Zd {60 nz/J(Tll) P) + Z W}, because of (3.4)
n>0 m>1 m
- Ag;g Yn(p))
= Ei(p').

Thus, we have
E(T3(p)) = E1(p") + E1(p°) + E1(p”).

Remark 3.3. We can obtain the r-th moments of this absorption time by the same
method, i.e.

E(T3(p))" = E.(p") + E-(p*) + E-(p?).

3.2. The probability distribution of the absorption time for having k +1
alleles. We note that XTk+1(p) is a random variable valued in V. We consider
n+1

(105-++50k)

the probability that this random variable takes its value in V. , i.e., the
probability of the population at the first time having at most &£+ 1 alleles to consist
precisely of the k + 1 alleles {4,,,...,A;,}. Let gx be a function of k variables
defined inductively by

gi1(p") =p";
1.2 Pl 2 p2 1
9207, 07) =721 (P7) + T3 91(P);
k+1 pl
1 k+1 1 i—1 i+l k+1
gk+1(p7"'7p ) Zl_zp‘] ( D,...sP P IERREY 4 )
=1 i

Then we shall have

Theorem 3.4.
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Proof. Method 1: By proving that

p*
1—ph —. . —pi’

P (XTL?I%@) A |XT€+ oy € VT )) _

and elementary combinatorial arguments, we immediately obtain the result (see
19))

Method 2: By proving that it is the unique solution of the classical Dirichlet
problem

(Ll(jg,..-,ik))*v(p) =0in V,

fim v(p) — Lge o),

p—q ‘ .

lim v(p) = 0,q € AVi\V P\
p—q

O

3.3. The probability of having exactly k+1 alleles. The probability of having
only the particular allele A; is (see [12])

B(X, € VX0 = p) = / o) (x, 1) du?) (x)
)
= u (e, )
n 7)\(79)

_ i ) iy (k) ot
i E : E : m(B) 1) o (k) (m s X109 ) L m®)

k=1 m() >0 1(5) >0 |a(k) | =1(k)
The probability of having exactly the (k + 1) allele {Ay, ..., Ax} (the coexistence
probability of alleles { Ay, ..., Ax}) is (see [16], [20])

P(X; € V™) Xy = p) = / ul® ) (x, ) dpy o (x)

=22 > cgr]:,)l,a / X,(,’f,)a(x)duff“““””“)(x) e AWt

3.4. The o moments. The a'"-moments are (see [15, 16, 17])

me(t) =[u,x],

— [« utx O

Vn.

_Z 3 / w9 (x 4)dp o) (x).

k=0 (ig,... lk)EIkV(m )
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3.5. The probability of heterogeneity. The probability of heterogeneity is (see
[16])

=(n+ D! [u, wy]n

=(n+ D! (up,wn)n (because w, vanishes on the boundary)

ENCO)
TL + 1 ! Z n?)aX'r(r?L Am’at’ w"X(g:nO)>n
m=>0

=(n+1)! ( (")Xéno), nXéTg) e~ Aot (because of the orthogonality of the eigenvectors X))
e (nt1)(n+2)

3.6. The rate of loss of one allele in a population having k£ + 1 alleles. We
have the solution of the form

u= Z ug (X, t)xv;, (%)
k=0

The rate of loss of one allele in a population with (k+1) alleles equals the rate of

decrease of " i "
=333 A X @) (e

m>01>0 |a|=l

which is )\gk) = @ This means that the rate of loss of alleles in the population

decreases as k gets smaller in the course of the process (see [10], [13], [16]).

CONCLUSION

We have developed a new global solution concept for the Fokker-Planck equation
associated with the Wright-Fisher model, and we have proved the existence and
uniqueness of this solution (Theorem 2.9). From this solution, we can easily read
off the properties of the considered process, like the absorption time of having
k + 1 alleles, the probability of having exactly k + 1 alleles, the o*” moments, the
probability of heterogeneity, and the rate of loss of one allele in a population having
k + 1 alleles.
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