Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Maximal Holevo quantity based on weak
measurements

by

Yao-Kun Wang, Shao-Ming Fei, Zhi-Xi Wang, Jun-Peng Cao, and
Heng Fan

Preprint no.: 51 2015







Maximal Holevo quantity based on weak measurements

Yao-Kun Wang'2, Shao-Ming Fei®*, Zhi-Xi Wang?, Jun-Peng Cao"° and Heng Fan'!:>*

'Beijing National Laboratory for Condensed Matter Physics, Institute of Physics, Chinese
Academy of Sciences, Beijing 100190, China

2College of Mathematics, Tonghua Normal University, Tonghua, Jilin 134001, China

3School of Mathematical Sciences, Capital Normal University, Beijing 100048, China

4 Max-Planck-Institute for Mathematics in the Sciences, 04103 Leipzig, Germany

®Collaborative Innovative Center of Quantum Matter, Beijing 100190, China

*e-mail: hfan @iphy.ac.cn.

The Holevo bound is a keystone in many applications of quantum information theory. We
propose “ maximal Holevo quantity for weak measurements’ as the generalization of the
maximal Holevo quantity which is defined as the optimal projective measurements. The
scenarios that weak measurements is necessary are that only the weak measurements can
be performed because for example the system is macroscopic or that one intentionally tries
to do so such that the disturbance on the measured system can be controlled for example in
quantum key distribution protocols. We evaluate systematically the maximal Holevo quantity
for weak measurements for Bell-diagonal states and find a series of results. Furthermore, we

find that weak measurements can be realized by noise and project measurements.

Weak measurements was introduced by Aharonov, Albert, and Vaidman (AAV) ! in 1988.
The standard measurements can be realized as a sequence of weak measurements which result
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in small changes to the quantum state for all outcomes 2. Weak measurements realized by some

experiments is also very useful for high-precision measurements®~.

The quantum correlations of quantum states include entanglement and other kinds of non-
classical correlations. It is well known that the quantum correlations are more general than the
well-studied entanglement %°. Quantum discord, a quantum correlation measure differing from
entanglement, is introduced by Oliver and Zurek!? and independently by Henderson and Vedral'!.
It quantifies the difference between the mutual information and maximum classical mutual infor-
mation, i.e., it is a measure of the difference between total correlation and the classical correlation.
Significant developments have been achieved in studying properties and applications of quantum
discord. In particular, there are some analytical expressions for quantum discord for two-qubit

12-17

states, such as for the X states . Besides, researches on the dynamics of quantum discord

2325 1t is demonstrated

in various noisy environments have revealed many attractive features
that discord is more robust than entanglement for both Markovian and non-Markovian dissipative
processes. As with projection measurements, weak measurements are also applied to study the
quantification of quantum correlation. For example, the super quantum correlation based on weak

measurements has attracted much attention '3-22.

In general, maximum classical mutual information is called classical correlation which rep-
resents the difference in Von Neumann entropy before and after the measurements!'. A similarly

defined quantity is the Holevo bound which measures the capacity of quantum states for classical

26,27

communication™~’. The Holevo bound is an exceedingly useful upper bound on the accessible



information that plays an important role in many applications of quantum information theory®3. It

is a keystone in the proof of many results in quantum information theory>-3+.

The maximal Holevo quantity for projective measurements (MHQPM) has been researched
3. Due to the fundamental role of weak measurements, it is interesting to know how MHQPM
will be if weak measurements are taken into account. Recently, it is shown that weak measure-
ments performed on one of the subsystems can lead to “super quantum discord” which is always
larger than the normal quantum discord captured by projective measurements '®. It is natural to
ask whether weak measurements can also capture more classical correlations. In this article, we
shall give the definition of “super classical correlation” by weak measurements as the generaliza-
tion of classical correlation defined for standard projective measurements. As the generalization of
MHQPM, we propose “ maximal Holevo quantity for weak measurements (MHQWM)”. Interest-
ingly, by tuning continuously from strong measurements to weak measurements, the discrepancy
between MHQWM and MHQPM becomes larger. Such phenomenon also exits between super
classical correlation and classical correlation. In comparison with super quantum discord which is
larger than the standard discord, MHQWM and super classical correlation becomes less when weak
measurements are applied, while they are completely the same for projective measurements. In this
sense, weak measurements do not capture more classical correlations. It depends on the specified
measure of correlations. We calculate MHQPM for Bell-diagonal states, and compare the results
with classical correlation. We give super classical correlation and MHQWM for Bell-diagonal
states and compare the relations among super quantum correlations, quantum correlations, classi-

cal correlation, super classical correlation, and entanglement. The dynamic behavior of MHQWM



under decoherence is also investigated.

Results

Maximal Holevo quantity for projective measurements and weak measurements. The quan-
tum discord for a bipartite quantum state p4p with the projection measurements {I1”} performed
on the subsystem B is the difference between the mutual information I(p4p) *° and classical cor-

relation Jp(pap)'":

D(pag) = I(pag) — JB(pag), (1)
where
I(pap) = S(pa) + S(ps) — S(pap), (2)
Jp(pap) = sup{S(pa) — ZPiS(PAu)}

{Bk} i

(3)
= S(pa) — min ZPiS@A\i)

mry &

with the minimization going over all projection measurements {112}, where S(p) = —tr (plog, p)

is the von Neumann entropy of a quantum state p, p4, pp are the reduced density matrices of p4p

and

1
pi = trap[(Ia @2 )pap(ls @ IIP)], pay; = 2;trB[(fA ® P) pap(la @ I17)). 4

The Holevo quantity of the ensemble {p;; paj; } 33 that is prepared for A by B via its local

measurements is given by

x{pasl{1I7}} = x{pi; pai} = S(ZpiPAﬁ) - ZpiS(PAﬁ)- (5)
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It denotes the upper bound of A’s accessible information about B’s measurement result when B
projects its system by the projection operaters {II7}. The Maximal Holevo quantity for projective
measurements (MHQPM)* of the state p 5 over all local projective measurements on B’s system,

denoted by C'(pag), is defined as

Cipap) = max x{pas[I17}}. 6)

7

The weak measurement operators are given by 2

/( 1—tanhx /( 1+tanhx
(1 +tanhx (1 — tanhz)
e R

where x is the measurement strength parameter, II, and II; are two orthogonal projectors with

(7

Iy + II; = I. The weak measurements operators satisfy: (i) P'(z)P(z) + P'(—x)P(—z) = I,

(ii) lim, o, P(z) = Il and lim, o, P(—x) = II;.

Recently, super quantum discord for bipartite quantum state p4p with weak measurements
on the subsystem B has been proposed '8. Similarly to the definition of quantum discord, we give
the another form of definition of super quantum discord. We define super classical correlation
J¥(pap) for bipartite quantum state p 45 with the weak measurements { P?(+xz)} performed on
the subsystem B as follow. The super quantum discord denoted by D, (pap) is the difference

between the mutual information /(p4p) and super classical correlation J3 (pap), i.e.,

Dy(pag) = I(pas) — Jp(pan), ®)
where

I(pap) = S(pa) + S(pB) — S(pan), 9)



J5(pa) = sup{S(pa) — Sw(A{P"(z)})}
{B} (10)
= S(pa) — {Igmn {p(@)S(pajpB(z)) + 2(=2)S(paipB(—2))},

with the minimization going over all weak measurements,

Suw(A{PP(x)}) = p(@)S(pape()) + P(—2)S(pa1pE(—2)); (11)

p(£x) = tra[(I @ PP(£x))pap(I @ PP(£x))], (12)

trp[(I ® PP(£2))pap(I @ PP(£x))]

PAIPPGED = 4 BT ® PP(%2))pas(l ® PP(£x))]’ "

{PB(z)} is weak measurement operators performed on the subsystem B.

Now, let us define the Holevo quantity of the ensemble {p(&x); pap5(1,)} for weak mea-

surements on the subsystem B,

XApas{P(£2)}} = x{p(£2); paips (s}

<ZP (£x) PA|PB +x ) ZP +z)5 PA\PB(iw)) .

+x

(14)

It denotes the upper bound of A’s accessible information about B’s measurements results when
B projects the system with the weak measurements operaters { P(+x)}. We define its maximum
value over all local weak measurements on B’s system to be the maximal Holevo quantity for weak

measurements (MHQWM) denoted by C%(p4p) which is given by

CY(paB) = hax X “{pap{P(£x)}}. (15)

Next, we consider MHQPM and MHQWM for two-qubit Bell-diagonal states,

3
1
PAB = 4_1(]® I+ ZCiUi ® 03), (16)

=1
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where [ is the identity matrix, —1 < ¢; < 1. The marginal states of psp are py = pp = %

MHQPM for Bell-diagonal states is given as

Ci(pap) = maxx{pap/lI]}}.
{11B}

K3

= 1;Clog(1—0)+1+c

log(1+ C), (17)

where C' = max{|c1], |cal, |c3|}. We find that MHQPM C' (p45) equals to the classical correlation

Je(pag),

Cl(pAB) = JB(PAB)- (18)

The MHQWM of two-qubit Bell-diagonal states is given by

CY(pap) = {]g(li;()}Xw{pABHP(ix)}}

1 —Ctanhz 1+ Ctanhz

= ——— log(1 — Ctanhzx) + 5

5 log(1+ Ctanhz). (19)

The super classical correlation of two-qubit Bell-diagonal states is given by

Ti(pap) = sup{S(pa) — Su(A{P"(2)})}

{By}
1 —Ctanhz 14+ Ctanhz

= ————log(l — C'tanhz) + 5

5 log(1+4 Ctanhz). (20)

MHQWM C}’(pap) equals to the super classical correlation J3(pag), i.e.,

CY(pas) = J5(paB). (21)



Next, we compare MHQWM (super classical correlation), MHQPM (classical correlation),
super quantum discord, quantum discord, and entanglement of formation. For simplicity, we

choose Werner states, ¢c; = ¢3 = ¢c3 = —2,

(1-2)

pap = AU Y|+

I,z €0,1], (22)

where [U~) = (|01) — |10))/v/2. Set z = ;2. The Werner states have the form

1

Pw=m(1—ap), (23)

where —1 < « < 1, [ is the identity operator in the 4-dimensional Hilbert space, and P =

Zij:l i) (4] ® |j) (i| is the operator that exchanges A and B. The entanglement of formation

2—a

E} for the Werner states is given as E;(p,) = h (%(1 + \/1 — [max(0, 2“_1)]2)>, by h(z) =

—zlogyr — (1 — ) logy(1 — x).

MHQPM for werner states is given by, see Eq. (48) in section Method,

11— 1
2zlog(1—z)+ —;Z

MHQWM for werner states is given by, see Eq. (57) in section Method,

1 — ztanh 1 tanh
CY(pag) = % log(1 — ztanhz) + w log(1 + ztanh x). (25)
Quantum discord for Werner states is given by '
1—=2 142 1432
D(pap) = log(1—z) — log(1+ z) + log(1 + 3z). (26)



And super quantum discord for Werner states is given by '8

Du(pap) = 3(1—2) log (1 —~ z) N wbg (1 +3z)

4 4 4 4
b1 [(1 — ztanh ) log 1 — ztanhz @7
2 2
(1+ ztanhz) 1+ ztanhz
—i—flog — ]

In Fig.1 we plot MHQWM, MHQPM, super quantum discord, quantum discord, and entan-
glement of formation for the Werner state. We find that super quantum discord , quantum discord,
MHQPM and MHQWM have the relations, D,, > D > Jg(Cy) > JE(C}). For the case of pro-
jection measurements, lim 2 — oo, we have D,, = D, Jp(C}) = Jp(C}’). MHQWM approaches
to zero for smaller values of x. MHQWM approaches to MHQPM and super quantum discord
approaches to quantum discord for larger values of z. MHQWM and MHQPM are larger than the
entanglement of formation for small z and smaller than the entanglement of formation for big z. It
shows that MHQWM and MHQPM can not always capture more correlation than the entanglement

as super quantum discord and quantum discord do.

As a natural generalization of the classical mutual information, the classical correlation rep-

resents the difference in Von Neumann entropy before and after projection measurements, i.e.,

J5(pap) = S(pa) — min > piS(pag)- (28)

Similarly, the super classical correlation represents the difference in Von Neumann entropy

before and after weak measurements, i.e.,

Jg(pas) = S(pa) — {}gl(lig)}{P(x)S(PA|PB(m)) +p(—=2)S(paps(-2))}- (29)



As weak measurements disturb the subsystem of a composite system weakly, the infor-
mation is less lost and destroyed by weak measurements on the subsystem alone. That is the
physical interpretation that the super classical correlation is smaller than the classical correla-
tion, JE(CY") < Jg(Ch). According this fact, we can infer that weak measurements can cap-
ture more quantum correlation than the projection measurements. In fact, the super quantum
correlation Dy, (pap) = I(pap) — Jp(pap) is lager than the quantum correlation D(pap) =
I(pap) — Jg(pap). And there is a similarity to the Holevo quantity which measures the capacity

of quantum states for classical communication.

Dynamics of MHQWM of Bell-diagonal states under local nondissipative channels. We will
consider the system-environment interaction?® through the evolution of a quantum state p under a
trace-preserving quantum operation £(p),
() =) (Ei® Ej)p(E;® E), (30)
0,
where { E} } is the set of Kraus operators associated to a decohering process of a single qubit, with
Yok E,IE,C = I. We will use the Kraus operators in Table 1 3¢ to describe a variety of channels

considered in this work.

The decoherence processes BE, PF, and BPF in Table 1 preserve the Bell-diagonal form of
the density operator p4p. For the case of GAD, the Bell-diagonal form is kept for arbitrary v and

p = 1/2. In this situation, we can write the quantum operation £(p) as

3
1
e(pap) = Z(I®I+Zc;o—i@ai), G1)

=1
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[hbt]

Kraus operators
BF E(]:\/l—p/2[,E1:\/p/20'1
PF E():\/].—p/zf,Elzx/p/20'3
BPF E():\/l—p/2I,E1:\/p/20'2
1 0 vVi—v 0
GAD E():\/p 7E2:V1_p
0 V1—7 0 1
0 V7 0 0
Elz\/]_9 7E3:V1_p
0 O NaEY

Table 1: Kraus operators for the quantum channels: bit flip (BF), phase flip (PF), bit-phase
flip (BPF), and generalized amplitude damping (GAD), where p and ~ are decoherence

probabilities, 0 <p < 1,0 < v < 1.
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[hbt]

Channel i .

BF 1 ca(1—p)? | e3(1—p)?

PF | ci(1—p)? | ol —p)? c3

BPF | ci(1 —p)? C2 c3(1—p)?

GAD | ¢(1—7)

co(1—=7) | es(l =)

Table 2: Correlation functions for the quantum operations: bit flip (BF), phase flip (PF), bit-

phase flip (BPF), and generalized amplitude damping (GAD). For GAD, we fixed p = 1/2.
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where the values of the ¢}, c), ¢} are given in Table 2 3°.

When |ci| = max{[c1], |ea], [es]}, |es] = max{[e], |ea], [es]}, |eo] = max{[ea], |eal, 3]}
respectively, we have that |c;], |c3], |c2| are the maximal values among ¢}, ¢, ¢4 in each line of
Tabel 2 . As e(p) is also Bell-diagonal states, from Eqgs. (46), (48), (49), (57), (58) we find that
all of the classical correlation, the MHQPM, the super classical correlation, and the MHQWM for
Bell-diagonal states through any channel of bit flip, phase flip, bit-phase flip remain unchanged.
In particular, for Werner states, we find that all the classical correlation, the MHQPM, the super
classical correlation, and the MHQWM for Werner states keep unchanged under all the channel of

bit flip, phase flip, bit-phase flip.

The MHQPM of the Werner states under generalized amplitude damping is given by

NOw(par) = 0 hogft 21— ) o
+W log[1 + z(1 — )]

The MHQWM of the Werner states under generalized amplitude damping is given by

1 — 2(1 — ~)tanh
(1= 7)tanhe log[1 — z(1 — 7) tanh z]
2 (33)

1 1 —~)tanh
+ + 27> an xlog[l—l—z(l—v)tanhx].

NC;”(PAB) =

In Fig.2, as an example, the dynamic behaviors of the MHQWM and MHQPM for the Werner
states under the generalized amplitude damping channel are depicted for x = 0.5 and z = 1.
Against the decoherence, when z increases, MHQWM become greater. MHQWM approaches to
MHQPM for larger = under the generalized amplitude damping channel. MHQWM and MHQPM

13



increase as z increases. Then as v increases, MHQWM and MHQPM decrease.

Weak measurements can be realized by noise and project measurements Now we study the
realization of weak measurements by means of depolarizing noise and project measurements. The
depolarizing noise is an important type of quantum noise that transforms a single qubit state into a
completely mixed state //2 with probability p and leaves a qubit state untouched with probability

1 — p. The operators for single qubit depolarizing noise are given by 3’

1 0 D 01
D= /1-p , Dy = 3 ,
01 1 0
(34)
0 —2 1 0
Dy= /3 Di= /% ,
0 0 -1

where p = 1 — e "', Then the Bell-diagonal states under the depolarizing noise acting on the first

qubit of quantum state p4p are given by?’

e(pap) = ! (35)

4

3
4

As £(pap) is also a Bell-diagonal state, after projective measurements on B, see Eq. (41) in

section Method, the state £(p4p) becomes the following ensemble with py = p; = % and

(36)

Comparing Eq. (36) with the ensemble after weak measurements Eq. (52) in section Method,

14



when 1— % = tanh x, we obtain that weak measurements can be realized by means of depolarizing

noise and projective measurements.

Discussion

We have evaluated analytically the MHQPM for Bell-diagonal states and find that it equals to
the classical correlation. We have given the definition of “super classical correlation” by weak
measurements as the generalization of classical correlation defined by standard projective mea-
surements. We have evaluated super classical correlation for Bell-diagonal states and find that
it is smaller than the classical correlation and approaches the classical correlation by tuning the
weak measurements continuously to the projective measurements. We have shown the physical
implications that weak measurements can capture more quantum correlation than projective mea-

surements.

As the generalization of the MHQPM defined by projective measurements, we have also
proposed MHQWM by weak measurements. We have evaluated the MHQWM for Bell-diagonal
states and find that it is smaller than MHQPM in general. Moreover, it has been shown that

MHQWM equals to super classical correlation.

As applications, the dynamic behavior of the MHQWM under decoherence has been inves-
tigated. For some special Bell-diagonal states, we found that MHQWM remain unchanged under

all the channels of bit flip, phase flip and bit-phase flip.
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The dynamical behaviors of the MHQWM for the Werner states under the generalized ampli-
tude damping channel have been investigated. Under the generalized amplitude damping channel,
MHQWM becomes greater when x increases and approaches to MHQPM for larger . MHQWM
increases as z increases. MHQWM decreases as v increases. Above all, it has been shown that

weak measurements can be realized by means of depolarizing noise and projective measurements.

The Holevo bound is a keystone in quantum information theory and plays important roles in
many quantum information processing. While MHQPM provides us different perspectives about
classical correlations. The behaviors of the MHQWM vary a lot with the strength of the weak
measurements. Those measures can be applied to various protocols in quantum information pro-

cessing, and identify the importance of the classical correlations in those protocols.

Methods

Calculation of the MHQPM for Bell-diagonal states. We compute the MHQPM C'(pap) of
Bell-diagonal states. Let {II; = |k)(k|,k = 0,1} be the local measurements on the system B
along the computational base |k). Any von Neumann measurement on the system B can be written

as

{B, =VILV': k=0,1} (37)

for some unitary V' € U(2). Any unitary V' can be written as

V =t + e (38)
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witht € R, ¥ = (y1,%2,y3) € R?, and t* + y} + y3 + y3 = 1. After the measurements By, the state

pap Will be changed to the ensemble {4k, pi. } With

1
PAjk = p—k(f ® By)p(I @ By), (39)
pr = trg(I @ By)p(I @ By,). (40)

After some algebraic calculations'?, we obtain py = p; = 3 and

1
pap = = I + (12101 + 22209 + c32303)]
2 @1)

1
PAL = B [ — (12101 + c22009 + c32303)] ,
where
21 =2(—tys + 1y3), 20 =2(tyr +pys), z =t +y; —yi — v (42)
Therefore,
SO pipap) = Sy =1 (43)
' bipaii) = 9 = L

Denote 8 = \/|0121|2 + |CQZQ|2 + |0323|2. Then

S(pap) = S(pap) = — 5 log 5 5 log 5 (44)
and
1 1
> piSlpap) = 55 (pap) + 55(pan)
1—4 1—-0 1486 1+46
= - log 5 T 3 log 5 (45)
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It can be directly verified that 27 + 23 + 22 = 1. Let

C = max{|c1], |e2], |e3]}s (46)

then we have 0 < \/|C|2(]21]2 + |22]2 + |23]>) = C. Hence we get supf = C and 0 € [0,C].
{v}

It can be verified that ), p;S(paj;) is a monotonically decreasing function of ¢ in the interval of

[0, C]. The minimal value of ) . p;.S(paj;) can be attained at point C,

. 1-Cc., 1-C 1+C. 1+C
min ;pﬁ(ﬂm) =5 log—— —— —log——. 47)
By Egs. (43) and (47), we obtain
Ci(pap) = maxx{pap[ll7}}.
{mpP}
= 1— mi zS i
min ;p (paj)
1 1
= Clog(l—C)—i— —;Clog(1+0). (48)
As pa = L, the classical correlation Jp(pap) is given by
Tolpan) = sup{S(pa) - > piS(pan)}
2 i
= S(pa) — mi iS(payi
(p2) ~ mmin ;p (payi)
1-C 1+C
= log(1 —C) + i log(1+ C). (49)
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Calculation of the MHQWM for Bell-diagonal states. Let {II, = |k)(k|,k = 0,1} be the
local measurements for the part B along the computational base |k). Then any weak measurement

operators on the system 5 can be written as

(1 F tanhx)
2

(1 £ tanhx)

I ® P(+x) = I @ VIV + I VILVT (50)

for some unitary V' € U(2) of the form Eq. (38).

After weak measurements the resulting ensemble is given by {p(£x), pajps(+s)}. We need

to evaluate p, ps (4, and p(dx). By using the relations '2,
VieWW = (8 4+ 4 — ys — y3)o1 + 2(tys + y1ye) o2 + 2(—tys + y193) 03,
ViooV = 2(—tys + yr1y2)on + (8 + y3 — 47 — 43)02 + 2(tys + yays)os, D

ViesV = 2(ty, + Y1y3)o1 + 2(—tys + yays)oe + (B + 3 — yi — y3)03,

and Ilyoslly = Iy, [T 05311 = —I1;, II;04I1; = O for j = 0,1, k = 1, 2, from Egs. (12) and (13),

we obtain p(+z) = £ and

1
pA|PB(+$) = 5 [I — tanh 17(01210'1 + C92909 + 03230'3)] s

(52)
1
IOA\PB(fx) = 5 [I + tanh x(clzlal + C92909 + CngO’g)] ,
where 21 = 2(—tys + y193), 22 = 2(ty1 + y2y3) and z3 = t2 + y2 — 32 — 2.
Therefore, we see that
SO p(Ex)paps(en) = sy=1. (53)
2

+x

19



Denote 8 = \/|0121|2 + |CQZQ|2 + |C323|2. Then

1 —6ftanhzx 1—0tanhx 1+ 60tanhz 14+ Otanhzx

S(papr (1)) = S(Paipr(—2)) = — 5 log 5 5 log 5 ,(54)

and

Sw(AHPP@)) = 38(oapn) + 5S(oapsn)

1 —0tanhz 1—60tanhx 1-+60tanhz 14+ Otanhzx
= — 5 log 5 — 5 log 5 .(55)

Let C' = max{|c1], |cal,|c3|}, then & < \/|c[2(|z1]2 + 22| + |23]2) = C. Hence we get

supf = C'and fis 0 € [0, C]. It can be verified that S,,(A|{ PZ(z)}) is a monotonically decreasing
{3}

function of 6 in the interval of [0, C]. The minimal value of S,,(A|{PZ(x)} can be attained at point

C,
1 - Ctanhz 1—Ctanhax 14+ Ctanhz 1+ Ctanhz
. B _ .
min Sw(A{P"(2)}) = 5 log 5 5 log 5 :
(56)
By Egs. (53) and (56), we obtain
cy = max Y P(+x
Y (paB) (ax X {pas{P(£x)}}
= 1— min S,(A{P?(x
min Sy (AP ()
1 —-Ctanhz 1+ Ctanhz

= —— log(1l — Ctanhzx) +

5 log(1+4 Ctanhx). (57)

2
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As pa = é, the super classical correlation Jp (pap) is given by

Tg(pas) = sup{S(pa) — Su(A{P"(2)})}

{By}
= S(pa) — {g{lﬁi:g)}{p(x)S(pmpB(m)) + p(=2)S(paps(—2))}
1 — Ctanhz 1+ Ctanhz

= —————log(1 — Ctanhzx) +

5 log(1 + C'tanhz). (58)

2

. Aharonov, Y., Albert, D. Z. & Vaidman, L. How the result of a measurement of a component

of the spin of a spin-1/2 particle can turn out to be 100. Phys. Rev. Lett. 60, 1351 (1988).

. Oreshkov, O. & Brun, T. A. Weak Measurements Are Universal. Phys. Rev. Lett. 95, 110409

(2005).

. Hosten, O. & Kwiat, P. Observation of the Spin Hall Effect of Light via Weak Measurements.

Science 319, 787 (2008).

. Resch, K. J. Amplifying a Tiny Optical Effect. Science 319, 733 (2008).

. Dixon, P. B., Starling, D. J., Jordan, A. N. & Howell, J. C. Ultrasensitive Beam Deflection
Measurement via Interferometric Weak Value Amplification. Phys. Rev. Lett. 102, 173601

(2009).

. Howell, J. C., Starling, D. J., Dixon, P. B., Vudyasetu, P. K. & Jordan, A. N. Interferometric

weak value deflections: Quantum and classical treatments. Phys. Rev. A 81, 033813 (2010).

. Gillett, G. G., Dalton, R. B., Lanyon, B. P., Almeida, M. P., Barbieri, M., Pryde, G. J., O’Brien,
J. L., Resch, K. J., Bartlett, S. D. & White, A. G. Experimental Feedback Control of Quantum
Systems Using Weak Measurements. Phys. Rev. Lett. 104, 080503 (2010).

21



10.

11.

12.

13.

14.

15.

16.

17.

. Bennett, C. H., DiVincenzo, D. P,, Fuchs, C. A., Mor, T., Rains, E., Shor, P. W., Smolin, J. A.

& Wootters, W. K. Quantum nonlocality without entanglement. Phys. Rev. A §9, 1070 (1999).

Zurek, W. H. Einselection and Decoherence from an Information Theory Perspective. Ann.

Phys.(Leipzip)9, 5(2000).

Ollivier, H. & Zurek, W. H. Quantum Discord: A Measure of the Quantumness of Correlations.

Phys. Rev. Lett. 88, 017901(2001).

Henderson, L. & Vedral, V. Classical, quantum and total correlations. J. Phys. A 34, 6899

(2001).

Luo, S. Quantum discord for two-qubit systems. Phys. Rev. A 77, 042303 (2008).

Ali, M., Rau, A. R. P. & Alber, G. Quantum discord for two-qubit X states. Phys. Rev. A 81,

042105 (2010).

Li, B., Wang, Z. X. & Fei, S. M. Quantum discord and geometry for a class of two-qubit states.

Phys. Rev. A 83, 022321 (2011).

Chen, Q., Zhang, C., Yu, S., Yi, X. X. & Oh, C. H. Quantum discord of two-qubit X states.

Phys. Rev. A 84, 042313 (2011).

Shi, M., Sun, C., Jiang,F., Yan, X. & Du, J. Optimal measurement for quantum discord of

two-qubit states. Phys. Rev. A 85, 064104 (2012).

Vinjanampathy, S. & Rau, A. R. P. Quantum discord for qubit-qudit systems. J. Phys. A 45,
095303 (2012).

22



18.

19.

20.

21.

22.

23.

24.

25.

Singh, U. & Pati, A. K. Quantum discord with weak measurements. Ann. Phys. 343, 141

(2014).

Wang, Y. K., Ma, T., Fan, H., Fei, S. M. & Wang, Z. X. Super-quantum correlation and
geometry for Bell-diagonal states with weak measurements. Quantum. Inf. Process 13, 283

(2014).

Li, B., Chen, L. & Fan, H. Non-zero total correlation means non-zero quantum correlation.

Phys. Lett. A. 378 1249 (2014).

Singh, U., Mishra, U. & Dhar, H. S. Enhancing robustness of multiparty quantum correlations

using weak measurement. Ann. Phys. 350, 50 (2014).

Hu, M. L., Fan, H. & Tian, D. P. Dual role of weak measurements for quantum correlation.

Int. J. Theor. Phys. (published online).

Werlang, T., Souza, S., Fanchini, F. F. & Villas Boas, C. J. Robustness of quantum discord to

sudden death. Phys. Rev. A 80, 024103 (2009).

Wang, B., Xu, Z. Y., Chen, Z. Q. & Feng, M. Non-Markovian effect on the quantum discord.

Phys. Rev. A 81, 014101 (2010).

Auccaise, R., Céleri, L. C., Soares-Pinto, D. O., deAzevedo, E. R., Maziero, J., Souza, A. M.,
Bonagamba, T. J., Sarthour, R. S., Oliveira, I. S. & Serra R. M. Environment-Induced Sudden

Transition in Quantum Discord Dynamics. Phys. Rev. Lett. 107, 140403(2011).

23



26.

27.

28.

29.

30.

31.

32.

33.

34.

Holevo, A. S. Bounds for the Quantity of Information Transmitted by a Quantum Communi-

cation Channel. Probl. Inf. Transm. 9, 177 (1973).

Benatti, F. Entropy of a subalgebra and quantum estimation. J. Math. Phys. (N.Y.) 37, 5244

(1996).

Nielsen, M. A. & Chuang, 1. L., Quantum Computation and Quantum Information (Cambridge

University Press, Cambridge, UK, 2000).

Lupo, C. & Lloyd, S. Quantum-Locked Key Distribution at Nearly the Classical Capacity

Rate. Phys. Rev. Lett. 113, 160502 (2014).

Zhang, Z., Mower, J., Englund, D., Wong, F. N. C. & Shapiro, J. H. Unconditional Security
of Time-Energy Entanglement Quantum Key Distribution Using Dual-Basis Interferometry.

Phys. Rev. Lett. 112, 120506 (2014).

Lloyd, S., Giovannetti, V. & Maccone, L. Sequential Projective Measurements for Channel

Decoding. Phys. Rev. Lett. 106, 250501 (2011).

Roga, W., Fannes, M. & Zyczkowski, K. Universal Bounds for the Holevo Quantity, Coherent

Information, and the Jensen-Shannon Divergence. Phys. Rev. Lett. 105, 040505 (2010).

Wu, S., Ma, Z., Chen, Z. & Yu, S. Reveal quantum correlation in complementary bases. Sci.

Rep. 4, 4036 (2014).

Guo, Y. & Wu, S. Quantum correlation exists in any non-product state. Sci. Rep. 4, 7179

(2014).

24



35. Partovi, M. H. Irreversibility, reduction, and entropy increase in quantum measurements. Phys.

Lett. A 137, 445 (1989).

36. Montealegre, J. D., Paula, F. M., Saguia, A. & Sarandy, M. S. One-norm geometric quantum

discord under decoherence. Phys. Rev. A 87, 042115 (2013).

37. Jia, L. X., Li, B., Yue, R. H. & Fan, H. Sudden Change of Quantum Discord under Single

Qubit Noise. Int. J. Quantum. Inform. 11, 1350048 (2013).

Acknowledgement This work was supported by the National Natural Science Foundation of China under

grant No 11175248.

Author Contributions Y.-K. W.,S.-M. F,,Z.-X. W, J.-P. C. and H. F. calculated and analyzed the results.

Y.-K. W. and H. F. co-wrote the paper. All authors reviewed the manuscript and agreed with the submission.

Competing Interests The authors declare that they have no competing financial interests.

Correspondence Correspondence and requests for materials should be addressed to H.F. or Y.-K. W.

25



Figure 1 MHQWM (super classical correlation) (dashed green line), MHQPM (classi-
cal correlation) (solid blue line), quantum discord(solid cyan line), super quantum discord
(dashed black line), and entanglement of formation(solid red line) for the Werner states as a

function of z: x = 0.25 and x = 2.5.

Figure 2 The MHQWM (super classical correlation){x = 0.5(blue surface), x+ = 1(gray

surface)} and the MHQPM (classical correlation)(orange surface) for the Werner states un-

der generalized amplitude damping channel as a function of z and ~.
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