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We study the geometric global quantum discord (GGQD) of two-qubit systems. We give an
approach for deriving analytical formulae of GGQD for arbitrary two-qubit states. Detailed examples
are presented.
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I. INTRODUCTION

The correlations between the subsystems A and B of a bipartite system play significant roles in many information
processing tasks [1]. Such correlations can classified according to the probability distributions of the measurement
outcomes from measuring the subsystems A and B. For any quantum entangled states, the probability distributions
of the measurement outcomes from measuring the subsystem A will depend on the probability distributions of the
measurement outcomes from measuring the subsystem B. Nevertheless, it is still possible that the correlations
between the measurement outcomes from measuring the subsystem A and from measuring the subsystem B can be
described by classical probability distributions. A quantum state is said to admit a local hidden variable model if all
the measurement outcomes can be modeled as a classical random distribution over a probability space. The states
admitting LHV models do not violate any Bell inequalities. While the states that do not admit any LHV models
violate at least one Bell inequality.

For any separable states, the probability distributions of the measurement outcomes from measuring the subsystem
A are independent of the probability distributions of the measurement outcomes from measuring the subsystem B.
However, these separable states may be further classified as classically correlated states and quantum correlated ones,
depending on the possibility to learn all the mutual information by measuring one of the subsystems. Such property
is characterized by so called quantum discord [2-5]. It has been shown that the quantum discord is required for some
information processing like assisted optimal state discrimination [7].

In recent years more relevant quantities such as geometric quantum discord (GQD) [6, 8, 9] have been proposed.
However, in the original definitions both the quantum discord and the geometric quantum discord are not symmetric
with respect to the subsystems. From a symmetric extension of the quantum discord the global quantum discord
has been presented [10]. Furthermore, a geometric quantum discord for multipartite states, called geometric global
quantum discord (GGQD), has been proposed [11]. Nevertheless, similar to the original discord, it is extremely
difficult to compute the GGQD for generally given quantum states. In this article, we study the GGQD for arbitrary
two-qubit systems. We derive explicit expressions of GGQD for arbitrary two-qubit states.

The paper is organized as follows. In section II we review the GQD and GGQD. We derive the analytical formula
of GGQD for arbitrary two-qubit states. In section III, as examples we present the GGQD for X-states. Conclusions

and discussions are given in section IV.



II. GEOMETRIC GLOBAL QUANTUM DISCORD OF TWO-QUBIT STATES

For a bipartite state p4p in a composite system AB, the total correlation between A and B is measured by the

quantum mutual information

I(paB) = S(pa) — S(palps),

where p4, pp are the reduced density matrices associated with the subsystems A and B, S(pa|pp) is conditional en-
tropy, S(p) = —Tr(plog, p) is the Von Neuman entropy. One may also introduce the following quantity to characterize

the quantum mutual information,
J(pan) = S(pa) = S(pas{1I}}),

where S(pAB|{H§3}) = >, 0iS(paj), pay; = ﬁj(bj|pAB|bj), H% = |bj)(b;| is a set of projectors, p; denotes the
probability of obtaining the jth measurement outcome.

The quantities I(pap) and J(pap) are equivalent in the classical case. but distinct in the quantum case. The
difference defined by D(pap) = I(pap) — J(pap) is called the discord of the pap. As the measurement is signal mea-
surement of bipartite system, the global quantum discord D(pa, 4,...4, ) for an arbitrary multipartite state pa, a,... 4y

is defined by,

N
‘D(pAlAQ"'AN) = H_l[i]g[s(pz‘hz“zmAN)”(I)(pAlAz“'AN) - Z S(ij ”(I)j(ij))]?
j=1
under all local measurements {HQI®--~®HQNN}, where ®;(pa;) = I pa, Iy, and @(pa,a,.ay) =

Xk:HkpAlAQ...ANHk, with II;, = HQI K- ®HQNN and k denoting the index string (ji - - - jn)-
Following the concept of global quantum discord, the geometric global quantum discord (GGQD) is defined by

D pasazay) = min  ATr[paa, 4y = 0aia; - an)|D(04, 45 a5) = 0},
142 4N

which is equivalent to [11],

DGG(pAlAQ'“AN) = Z CilozgmaN - ml_?'x Z ( Z AalilAaziz "'AaNiNCalaT--aN)?, (1)

1,%2,7 0N G182 N 01,0, N
where Cq,a,--ay and Ag, i, are determined as follows. For any k, 1 < k < N, let L(Hj) be the real Hilbert space
consisting of all Hermitian operators on Hy, with the inner product (X|X7) = Tr(XXT) for X, XT € L(Hy), for

2
all k, and for given orthonormal basis { X4, },*_; of L(H) and orthonormal basis {|ix)}7"_; of Hy. Ca,as. and

ip=1 QN

Aq,i,, are given by the following equations,

pacasan = > CojasanXa, Q) Xa, Q)+ (X Xy

1,002, N

and

Aoékik = <ik7|X0¢k, |lk>



Consider now the GGQD of two-qubit states. For bipartite qubit states pap, Eq. (1) can be simplified,

DGG<pAB) = Z Cgcloq - mI%XZ( Z AalilAa2i20a1a2)2'

aq,0n i1l Q1,002

A B
Moreover, {X,, = 07”2}, {Y, = fﬁ} are the orthonormal bases, with o2, oP

m? n?

m,n = 0,1,2,3, the Pauli matrices

associated with the subsystems A and B respectively. Therefore,
DY (pap) = Tr(CCT) — max tr(ACBT BOT AT),

with A = (Aim), B = (Bjn), Aim = Tr(|1)(i|Xm), Bjn = Tr(|j)(j|Yn), where {|i)} and {|j)} are any orthonormal
bases. C = (Cy) is given by Cp = trpapXm QY,. From a similar approach in [8], the matrices C, A and B can

be written in the following forms,

c=Cm =3 (1Y ) ©)

1 1
A:\ﬁ <1 _aa), CL:(al,az,as)=\/§(A117A12,A13)a

1 1 b
B:E (1 —b)’ b= (b1,b2,b3) = V2(B11, B2, B13)

and

Tr(ACBTBCTAT) = —[1 + y"v" by + a(zz” + T0"bTT)a™]. (3)

] =

Note that under local unitary transformations, any two-qubit state can write as

Poo Po1 P02 PO3
Po1 P11 P12 P13

PAB =\ pby pia p22 pos
P03 PI3 P33 P33
Therefore
poo + p11 + p22 + p33 2(po1 + pa3) 0 Poo — P11 + pa2 — P33
o1 2(po2 + p13) 2(p12 + pos) 0 2(po2 — p13)
2 0 0 2(p12 — po3) 0
poo + pi1 — p22 — P33 2(po1 — pa3) 0 P00 — P11 — P22 + P33

coo co1 0 co3

1| ciocin 0 cis

B 5 0 0 C22 0 ’ (4)
c30 c31 0 c33

Then from Eq.(2) we have

2(po2 + p13)
r= 0 : (5)
pPoo + P11 — P22 — P33

y" = (2(po1 + p23) 0 poo — P11+ paz — pss ), (6)



2(p12 + pos) 0 2(po2 — p13)
T= 0 2(p12 — po3) 0 : (7)
2(po1 — p23) 0 P00 — P11 — P22 + P33

Substituting Eq.(5)-(7) into Eq.(3), we obtain

Tr(ACBTBCT AT) :i[(cgo +co1 + c33) + (clg + c11 + ci3)at + (c3p + ca1 + 33)a3 + 2(ciocs0 + 11631 + cizcaz)aias
+ 2¢01€03b1b3 + 2c91¢12a2b1bo + 2¢03C92a2b2b3 + c§2a§b§
+ 2¢11¢13a7b1b3 + 2¢31¢33a3b1bs + 2(c13¢33 + c13¢31)arazbybs).
The key point to compute GGQD is to obtain the maximal value of Tr(ACBT BCT AT). Let
f=(cgo + cor +ci3) + (clo + c11 + ci)ai + (c30 + a1 + 33)a3 + 2(crocz0 + cricar + cizess)aras
+ 2¢01¢03b1b3 + 2c01¢12a2b1by + 2¢03C20a0bobs + 5ya3b3 (8)
+ 2¢11¢13a7b1b3 + 2c31¢33a3b1bs + 2(c13¢33 + c13¢31)arazbybs.
Set My = (cg0 + co1 + 033) + (3 + c11 + ¢35)a? + (cg0 + c31 + c§3)a§ + 2(c10e30 + c11€31 + c13¢33)aras, Mis =
2c01¢03 + 2c11¢1307 + 2¢31¢3303 + 2(C11633 + Cr3cs1)aras, Mig = 20162202, Mag = 2032202 and Moy = ¢922a3. Then
f = Mg+ Mi3b1b3 + Miob1by + Mazbabs + Maob3. To obtain the maximal value of Tr(ACBT BCT AT) is just to obtain

the maximal value of i f.

By taking a coordinate transformation b; = cos 6y sin 5, by = sin 67 sin#> and bz = cos 0>, we have

0

an = — M3 sin 05 cos 05 sin 01 + Mos sin 05 cos 05 cos 01 — Mo sin 05 cos 0 sin 01 + Moo sin? s sin 0 cos O = 0,
1

ﬁ _ 2 _ c 2 . 2 . . )

20, = M3 cos 01 cos” 0 — M3 cos 01 sin” 05 + Mos sin 61 cos” 05 — Mos sin 67 sin” 64
2

+ My cos 01 cos? 03 — Mis cos 0 sin? 6y + 2Mos sin® 0; sin 05 cos 0y = 0.

The solutions of the above two equations can be classified by the following twelve cases:

B 29 _ M3, 2, (Mia+Ms)® |
1. 92 = 0, COS 01 = (Mia+Mi3)>+ M2, sSin 91 — (Miz+M3)2+MZ°
B 29 M3, .2, (Mip+Ms3)? |
2. 02 = 1_[7 COS 01 = (Mia+Mi3)>+ M2, S 91 = (Mi2+Mi3)2+MZ°

3.6, =0,0, =0, My3+ M3 =0;
4.0, =0, 0 =11, My3 + Mip = 0;
5.01=0,05 =1 My =0;
6. 61 =0, 6 = 2, My = 0;
7.0, =11, 6 = 0, My3 + My = 0;
8. 01 =11, 05 = I, M3 + M = 0;
9.0, =11, 6, = &, Myy = 0;

10. 91 :H7 92: %, M23:0;



11. cos? 0y = (My3 — Moz + Mi2)?,
Moo sin? 0, + \/(M13 cos 0y + Moz sin 6y + My cos 0)2 + M3, sin® 6

cos? 0y =

)

2\/(M13 cos 01 + Mas sin 07 + Mia cos 91)2 + M222 sin? 01

12. 4M222(M13 - M23 + M12) COS 91 - 4M222(M13 - M23 + M12) COS3 91 — 4M222(M13 + M23) COS3 91 + (Mlg — M23 +
M12)2(M13 + M12) COSs 91 — 4M222M23 COS2 91 sin (91 + (M13 - M23 + M12)2M23 sin 91 =0.

Substituting the above solutions of 8870](1 = g—ej; = 0 into Eq. (8), one gets that f becomes a function of the parameters
a1, az and az. Set further a; = cosf3sinfy, as = sinfzsinfy, ag = cosfy in gn%x f. One can repeat the above
1,V2

procedure to find max Tr(ACBT BCT AT) = max f = imax max f. Here the value of max f depends on M;;
A,B

1
4 01,02,03,04 03,04 01,02 01,02
which is a function of 83 and 6.

III. GEOMETRIC GLOBAL QUANTUM DISCORD FOR A CLASS OF TWO-QUBIT STATES

We apply now our approach to compute some two-qubit states. Let us first consider the X-state, which, under local

unitary transformations, has a form

poo  Po1  Po2  Po3

_ Po1 P11 —P03 P13 9
pAB Po2 —Po3s P22 P23 | (9)
Po3s  Piz P33 P33
We have
f=1(cho+ ct1) + (o + cTs)al + (39 + c33)a3 + 2(c1ocs0 + c13¢33)a1as + 2c1C22a2b1by + 35a5b31bs.  (10)

Denote f; to be f under the ith solution of the twelve solutions of ngl = 88—(3; = 0 in the last section. Under the third

solution 91 = 07 92 = 0, M13 + M12 = 0, i.e., b1 = 07 bg = 0, b3 = 1, we get
fs = (cdo + cb1) + (o + clz)al + (3 + c33)a3 + 2(crocs0 + c13¢33)a1a3.

From the forth solution 6, = 0, 6, = II, M3 + My =0, i.e., by =0, bo = 0, b3 = —1, we obtain f3 = f4. Similarly,

from the fifth to tenth solutions, we have
f5 = (o + cgy) + (cio + cls)ai + (3o + ¢33)a3 + 2(crocso + crzess)aras = fs,

fo = f3, fr = f3, fs = f3, fo = f3, fio = f3 respectively. Hence we can conclude that maxy, 9, f = f3, maxap f =

maxe, 0,,05,04 f = maXxp; 6, f3. Therefore

max f = gl%x[(cgo +cg1) + (cfo + clz)at + (3o + ¢33)a3 + 2(crocs0 + craczz)aras]
3,V4

(11)

= MH}I%J(Cgo + 1) + (cfy + cl3)at + (3o + 33)a3 + 2(ciocz0 + crzess)arag).

Accounting to that a? + a3 + a2 = 1 and a does not appear in f3, we set az = 0 and a; = cosf3, a; = sinf3. Then

2 2 2 2 2 2 2 2\ 2 .
f3=(cgo + cg1 + cip + i) + (c50 + ¢33 — ¢1g — ¢13) sin” O3 + 2(c1oc30 + c13¢33) sin O3 cos O3



and
Ofs _ 2 2 2 9. _
0. = (c50 + ¢35 — ¢ip — C€i3) sin 203 + 2(c10¢30 + c13¢33) cos 203 = 0,
3
which give rise to that either 03 = %, % if 3y + 33—y — 33 =0, or
1 2(c10c30 + c13€
B3 = ~ arctan — (c10 230 213 33)2
2 C30 T €33 — Clp — Ci3

if ¢, + ¢35 — 3y — ¢33 # 0. Substituting the results to (11), we have the GGQD for the state (9).

As an detailed example, let us consider

14+ Cs 0 0 1
1 0 1-C; -1 0
p:Z(I®I—0y®0y+C’302®az): 0 11—y 0 ,
1 0 0 1+0Cs

which is a state of the form (9). From (4) we have for this state,

10 0 0
1{oo 0 o
0:5 00 -1 0
00 0 Cs

We have f =1+ C2a% +a3b3. f =2+ (C3 —1)a3 if C3 —1 >0, and max f = C3 + 1. Hence
maxz Tr(ACBT BCT AT) = i(C’g +1), Tr(CccT) = i(C?? +2).
We have
DY (p) =Tr(CCT) - max Tr(ACBTBCT AT) = %.

If C2 — 1 < 0, then max f = 2,

1

max Tr(ACBT BCT AT) = 3 Tr(CCT) = i(cg +2).

We have
1
D% (p) =Tr(CCT) - max Tr(ACBTBCT AT) = Zog.

In conclusion we have

2 _ 2
D% (p) =Tr(CCT) - max Tr(ACBTBCT AT) = LG rzax{l, 03},

This result coincides with the one for N =2, C; =0 and C; = —1 in [11].

IV. CONCLUSIONS AND DISCUSSIONS

We have computed the geometric global quantum discord for arbitrarily two-qubit states. ...
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