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ABSTRACT. Conformal invariance of two-dimensional variational problems is a condition known
to enable a blow-up analysis of solutions and to deduce the removability of singularities. In this
paper, we identify another condition that is not only sufficient, but also necessary for such a
removability of singularities. This is the validity of the Pohozaev identity. In situations where
such an identity fails to hold, we introduce a new quantity, called the Pohozaev constant, which
on one hand measures the extent to which the Pohozaev identity fails and on the other hand
provides a characterization of the singular behavior of a solution at an isolated singularity.
We apply this to the blow-up analysis for super-Liouville type equations on Riemann surfaces
with conical singularities, because in the presence of such singularities, conformal invariance no
longer holds and a local singularity is in general non-removable unless the Pohozaev constant is
vanishing.
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1. INTRODUCTION

Many variational problems of profound interest in geometry and physics are borderline cases of
the Palais-Smale condition, and standard theory does not apply to deduce the existence and to
control the behavior of solutions. One needs additional ingredients and tools. For two-dimensional
problems, like harmonic maps from Riemann surfaces (or in physics, the nonlinear sigma model),
minimal and prescribed mean curvature surfaces in Riemannian manifolds, pseudoholomorphic
curves, Liouville type problems as occurring for instance in prescribing the Gauss curvature of
a surface, Ginzburg-Landau and Toda type problems, and as inspired by quantum field theory
and super string theory, Dirac-harmonic maps and super-Liouville equations, etc., it turned out
that conformal invariance is a key property that enables a successful analysis. The fundamental
technical aspect of all such problems is the existence of bubbles, that is, the concentration of
solutions at isolated points. Since the fundamental work of Sacks-Uhlenbeck [SU] and Wente [W],
we know that even when such a bubble splits off, the remaining solution is smooth, that is, can
be extended through the point where the bubble singularity had been developing. This is called
blow-up analysis, and it depends on a precise characterization of the bubble type solutions. In
other words, conformal invariance is a sufficient condition for such a blow-up analysis. In technical
terms, conformal invariance produces a holomorphic quadratic differential. For harmonic map
type problems, it is well known that finiteness of the energy functional in question implies that
that differential is in L'. This then yields important estimates. For (super-)Liouville equations,
the energy functional and the holomorphic quadratic differential are defined in a different way.
Finiteness of the energy is not sufficient to get the L' bound of that differential and hence this is
an extra assumption leading to the removability of local singularities (Prop 2.6, [JWZZ1]).

It turns out, however, that some important problems in the class mentioned no longer satisfy
conformal invariance. An example that we shall investigate in this paper are (super-)Liouville
equations on surfaces with conical singularities. Another example, which we shall treat in a subse-
quent paper, is the super-Toda system. Also, some inhomogeneous lower order terms in a problem
can destroy conformal invariance.
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Thus, in order to both understand the scope of the blow-up analysis in general and to handle
some concrete two-dimensional geometric variational problems, we have searched for a condition
that is not only sufficient, but also necessary for the blow-up analysis. The condition that we have
identified is the Pohozaev identity. This condition is already known to play a crucial role in geo-
metric analysis (see for instance [St]), but what is new here is that we can show that this identity by
itself suffices for the blow-up analysis. In fact, there are situations where this identity fails to hold.
In order to handle these more complicated cases, we introduce a new quantity that is associated to
a solution, called the Pohozaev constant. By definition, this quantity measures the extent to which
the Pohozaev identity fails. In other words, that identity holds iff the Pohozaev constant vanishes.
On the other hand, it turns out that this quantity also provides a characterization of the singular
behavior of a solution at an isolated singularity. As already mentioned, we demonstrate the scope
of this strategy at a rather difficult and subtle example, the (super-)Liouville equation on surfaces
with conical singularities. We hope that the general scheme will become clear from our treatment
of this particular example.

Thus, in order to get more concrete, we now introduce that example. The classical Liouville
functional for a real-valued function u on a smooth Riemann surface M with conformal metric g is

E(u):/ {%|Vu|2+Kgu—e2“}dv7
M

where K is the Gaussian curvature of M. The Euler-Lagrange equation for E(u) is the Liouville
equation

—Agu = 2e2% — K,.

Liouville [Liou] studied this equation in the plane, that is, for K; = 0. The Liouville equation
comes up in many problems of complex analysis and differential geometry of Riemann surfaces,
for instance the prescribing curvature problem. The interplay between the geometric and analytic
aspects makes the Liouville equation mathematically very interesting.

It also occurs naturally in string theory as discovered by Polyakov [P], from the gauge anomaly
in quantizing the string action. There then also is a natural supersymmetric version of the Liouville
functional and equation, coupling the bosonic scalar field to a fermionic spinor field. It turns out,
however, that we also obtain a very interesting mathematical structure if we consider ordinary
instead of fermionic (Grassmann valued) spinor fields. Therefore, in [JWZ], we have introduced
the super-Liouville functional, a conformally invariant functional that couples a real-valued
function and a spinor v on a closed smooth Riemannian surface M with conformal metric g and
a spin structure,

B ()= [ (G + Kyt (P + ")), = )b

The Euler-Lagrange system for E(u,) is

—Agu = 267 —e" (1), — K,
Doy = —e'y

The analysis of classical Liouville type equations was developed in [BM, LS, Li, BCLT, JLW], and
the corresponding analysis for super-Liouville equations in [JWZ, JWZZ1, JWZZ2, JZZ, JZ71].
In particular, the complete blow-up theory for sequences of solutions was established, including
the energy identity for the spinor part, the blow-up value at blow-up points and the profile for
a sequence of solutions at the blow-up points. For results by physicists about super-Liouville
equations, we refer to [Pr], [ARS] and [FH].

in M.

In this paper, as an application and a test of our general scheme, we shall study super-Liouville
equations on surfaces with conical singularities and establish the geometric and analytic proper-
ties for this system. For this purpose, let us first recall the definition of surfaces with conical
singularities, following [T1]. A conformal metric g on a Riemannian surface M without boundary
has a conical singularity of order a (a real number with o > —1) at a point p € M if in some
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neighborhood of p
g = e*|z — z(p)[**|dz|?

where z is a coordinate of M defined in this neighborhood and w is smooth away from p and
continuous at p. The point p is then said to be a conical singularity of angle 8 = 27(1 + «). For
example, a (somewhat idealized) American football has two singularities of equal angle, while a
teardrop has only one singularity. Both these examples correspond to the case —1 < a < 0; in case
a > 0, the angle is larger than 27, leading to a different geometric picture. Such singularities also
appear in orbifolds and branched coverings. They can also describe the ends of complete Riemann
surfaces with finite total curvature. If (M, g) has conical singularities of order ay,ag, -, ay, at
q1,42," " ;qm, then g is said to represent the divisor A = X7 ;q;. Importantly, the presence
of such conical singularities destroys conformal invariance, because the conical points are different
from the regular ones.

Let (M, A, g) be a compact Riemann surface (without boundary) with conical singularities of
divisor A and with a spin structure. Associated to g, one can define the gradient V and the
Laplacian operator A in the usual way. We consider the super-Liouville functional on M, a
conformally invariant functional that couples a real-valued function u and a spinor v on M

B(ud) = [ (G0l + Kyt (D + ")), = Yo,

The Euler-Lagrange system for E(u,) is

—Agu = 267 —e" (P, ), — K,
Py = -
When 1) vanishes, we obtain the classical Liouville equation, or the prescribing curvature equation

on M with conical singularites (see [T1], [CL1]). [BT, BT1, B, Ta, BCLT, BaMo]| systematically
studied the blow-up theory of the following Liouville type equations with singular data:

)\ﬂ _
J,; Kevdg

in M\{Q17(I2a"' 7qm} (1)

_Agu = 47T(Emzlaj(5qj - f)7

J
where (M, g) is a smooth surface and the singular data appear in equation. In this paper, we aim
to provide an analytic foundation for the system (1).

The local super-Liouville type system (which is deduced in the Section 3) we shall study is the
following:

—Au(z) = 2V3(2)|z]?*e?®) —V(z)|z|*e )| P2
pr = —V(z)lz|*e @ T

Here o > 0, V(z) is a O function satisfying 0 < a < V(z) < b and B, = B,.(0) is a disc in R2.

We also assume that (u, ) satisfy the following energy condition:

in B,(0), (2)

/ 2202 4 [W4dz < +oo. (3)
B.(0

Our first result is the following Brezis-Merle type concentration compactness:

Theorem 1.1. Let (un, ¥,,) be a sequence of solutions satisfying

“Au(e) = 2WA@)afore @ V(e D, 4
PU, = V(e e, B W
with the energy condition
/ |z|2ome?un dy < O, and/ |0, |* dz < C. (5)
s By

for some constant C > 0. Assume that
i) a, € RT, o, = a with a > 0,
i) Ve OV (B,),0<a<V(x) <b< +oo.
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¥, = {x € B,, thereis a sequence y, — x such that u,(y,) — +oo}
Yo = {x € B,, there is a sequence y, — = such that |¥,(y,)| — +oo}.

Then, we have Yo C ¥q1. Moreover, (up,V,) admits a subsequence, still denoted by (un,¥,),
satisfying

a) U, is bounded in LS (B, \X2) .

b) For u,, one of the following alternatives holds:

i) u, is bounded in LyS.(B,).
ii) w, — —oo uniformly on compact subsets of B,..
iii) ¥4 is finite, nonempty and either

Uy, 18 bounded in L7, (Br\%1)

or
Up — —00 uniformly on compact subsets of By\X.

The proof of this concentration result does not yet need the Pohozaev identity. But we shall
then proceed to the subtler aspects of the blow-up analysis, and for that, the Pohozaev identity
will play a crucial role. We shall first show that global singularities can be removed, that is, an
entire solution on the plane can be conformally extended to the sphere. In the subsequent analysis,
we shall show that in the blow-up process, no energy will be lost, neither in the Liouville part w,,
nor in the spinor part ¥,,. The technically longest part of our scheme (see Section 6) consists
in exploring the blow-up behavior of (4) and (5) at each blow-up point, to show that the energy
identity holds for the spinor parts ¥,,.

Theorem 1.2. Notations and assumptions as in Theorem 1.1. Then there are finitely many bub-
bling solutions of (2) and (3) on R? with o > 0 and V = const: (ubF WoF) =12 ... 1k =
1,2,---,L;, all of which can be conformally extended to S%, such that, after selection of a subse-
quence, V,, converges in CZ . to some ¥ on B.(0)\X1 and the following energy identity holds:

loc
! L,
|\If|4dv+ZZ/ | Wik 4 do.
0) 52

lim |0, [*dv = /
n—o00 BT(O) B ( =1 k1

s

The essential step in the proof of Theorem 1.2 is the removability of a local singularity for
solutions of (2) and (3) defined on a punctured disc (see Section 4).

In order to see the scope of our result, we point out that, in general, a local singularity of (u, ¥)
is not removable. For example, when o = 0, if we set

2+ 28)|z|?
ula) = tog RN ©)

then u is a solution of

—Au =2¢*",  in R*\{0}
where 8 > —1. Therefore (u,0) is a solution of (2) with « = 0 and with finite energy in R?\{0}.
It is clear that x = 0 is a local singularity which is not removable when  # 0.

So, one needs to find some sufficient condition to remove the local singularity. In [JWZZ1], the
authors considered the following simpler case of @ =0 and V(z) = 1:

—Au = 2e* —e" (i), ]

In this case, they defined the following quadratic differential
1 1
T(2)dz* = {(0.,u)? — O%u + Z<z/;,d,z -0z + Z<dz 0,0, ) Y22,

and showed that it is holomorphic in B, \{0}. Then one observes that fB,‘(o) |T(2)|dz = 400

for (u,0) in the above example (6). So, in [JWZZ1], the authors proposed the assumption that
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J B..(0) |T'(z)|dz < C and showed that this is a sufficient condition for the removability of a local
singularity. However, in the more general case considered in this paper, namely, when o > 0 or
the coefficient function V(z) is nonconstant, then we do not have such a holomorphic quadratic
differential and the argument in [JWZZ1] does not work. Therefore we need to develop a new
method.

To describe our new method, as it applies to the super-Liouville system, let (u, ¥) be a solution
of (2) and (3) defined on a punctured disc. We define a quantity C'(u, ¥) € R, called the Pohozaev
constant associated to (u, V) (see Definition 4.1). We shall show that there is a constant v <
27(1 + «) such that

u(zx) = 7%10g|:r| + h, near 0,

where h is bounded near 0. Moreover, we show that C(u, ¥) and ~ satisfy the following relation:

~2
C(u,¥) = e
In particular, we can prove that the local singularity for (u, V) is removable if and only if the
associated Pohozaev constant C(u, ¥) = 0, which is equivalent to the fact that the Pohozaev type
identity for (u, ¥) holds (see Theorem 4.2).
Looking back to the example (6) illustrated above, it is easy to see that the Pohozaev constant

C(u,0) = 7% # 0 when 8 # 0.

Moreover, applying our new method to the removability of a local singularity, we shall see in
Section 7 that the energy identity for the spinor will enable us to derive

Theorem 1.3. Notations and assumptions as in Theorem 1.1. Assume that the blow-up set
¥y # 0. Then
U, — —00  uniformly on compact subsets of B,.(0) \ 1.

Furthermore,
2V (x)|x 2o e?vn — V(x)|z| e | T, |2 — Z Bid;
T €31
in the sense of distributions, and B; > 4w for x; € 31 N B.(0) \ {0} and 5; > 4n(1 + «) for
xz; € X1 N{0}.

To investigate further the blow-up behavior of a sequence of solutions of (4) and (5), let us
define the blow-up value at a blow-up point p € 3 as follows:
(253 eun

1 : 2 2000 22Uy
m(p) = it [Vl V@)

U, |?)dz. (7)

In Section 8, we shall then obtain

Theorem 1.4. Notations and assumptions as in Theorem 1.1. Assume that the blow-up set
Y1 #0. Let p € 1 and assume that p is the only blow-up point in B, (p) for some small py > 0.

If

max U, — min u, < C, 8
OBpy(p) " OBuy(p) ®)

then the blow-up value m(p) = 4 when p # 0 and m(p) = 4w (1 + ) when p = 0.

For the global super-Liouville equations, if we let (M, A, ¢g) be a compact Riemann surface with
conical singularities represented by the divisor A = X7, ajq;, a; > 0 and with a spin structure.

Writing g = €% go, where gg is a smooth metric on M, in Section 9, we can deduce from the results
for the local super-Liouville equations:

Theorem 1.5. Let (un,¥y) be a sequence of solutions of (1) with energy conditions:

/ e*ndg < C, / [thnlydg < C.
M M
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Define
¥ ={xz € M, there is a sequence y, — x such that u,(y,) — +00}.

Then there exists G € WH1(M, go) N CE (M\X1) with [,, Gdgo =0 for 1 < q <2 such that

loc

1
Up + P — M/M(Un + ¢)dgo — G
in C?

2 (M\X1) and weakly in W1(M, go). Moreover, in X1 = {p1,pa2,--- ,pi}, then for R > 0
small such that Br(pr) N X1 N{q1, .., gm}t = {pr}, k=1,2,--- |1, we have

Glz) = { —gem(pe)logd(z,pp) + g(2),  if Pr# @1 O (9)
for x € Br(pk)\{pr} with g € C*(Bgr(pr)), where d(x,p;) denotes the Riemannian distance be-

tween x and py with respect to go and

— 1 i 2(un+ nt®) 5. (2
m(pk) - }1%11?0 nh—{go BR(Pk-)(2€ ( K B eu ¢|62w”|go - KQO)dgo’

It is clear from the above theorem that

max u, — min u, <C,
83;’0 (p) aBpo (p)

if p € ¥1 and p is the only blow-up point in B,, (p) for some small pg > 0. Then we get the blow-up
value m(p) = 47 when p is not a conical singularity of M and m(p) = 47(1+4 «) when p is a conical
singularity of M with order a.

On the other hand, on the surface (M, A, g) with the divisor A = 7", a;q;, a; > 0, by the
Gauss-Bonnet formula,

1

— Ky,dg=X(M,A).

om /M g9 (M, A)
Here X (M, A) is the Euler characteristic of (M,.A) defined by

X (M, A) = X(M) + |A],

where X' (M) = 2 — 2g)y is the topological Euler characteristic of M itself, gps is the genus of M
and |A| = X7, a; is the degree of A. Then we deduce that

/ 9¢2Un _ eu"|¢n‘§dg _ / 22(untd) _ eun+¢|e%¢n iodgo =4n(1 —gm) + 27725-”:104]-.
M M

Since the possible values of lim,, o fM 2e2(unte) _ e“"+¢|6%wn|godg0 are
47Tk0 + 2;-7121471'(1 + Oéj)kj
for some nonnegative integers ko and k;,j = 1,...,m. Therefore we have the following:

Theorem 1.6. Let (M, A, g) be a surface with divisor A= X7 a;q;,a; > 0. Then

(i) if 4m(1 — gnr) + 27572 o = 47, then the blow-up set X1 contains at most one point. In
particular, %1 contains at most one point if gy = 0 and A = 0.
(ii) if 4m(1 — gar) + 27X j o < 4, then the blow-up set 3y = ().

Remark 1.7. Our method can also be applied to deal with a sequence of solutions (u,¥,,) of
the following local super-Liouville type equations with two coefficient functions

—Au,(z) = 2V2(x)|x[2one2un®) — W, (z)|z|* et @)W, >
7 1
{ DY, = —W,(zx)|z|*e®w, in By, (10)
and satisfying the energy condition
/ |z|2*me?rdx < O, and / \\I'n|4 dr < C. (11)

for some constant C' > 0, where
i) ap>—-1land ap - a> -1,
i) Vi, W, € C°(B,),0 < a < Vy(x), Wp(x) < b < +o0, HVVnHLw(B—T) + ||VWn||Loo(BT) <C.
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By slightly modifying the proofs of some analytical properties in Section 3, Section 4, Section 5
as well as Theorem 1.1, Theorem 1.2, Theorem 1.3, Theorem 1.4, Theorem 1.5, the corresponding
blow-up results hold (see more details in Section 10). For similar results for Liouville type equations
with singular data and with —1 < o < 0, we refer to [BaMo].
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2. INVARIANCE OF THE GLOBAL SYSTEM AND SPECIAL SOLUTIONS

In this section, we start with the invariance of the global super-Liouville equations under confor-
mal diffeomorphisms that preserve the conical points. Then, we shall provide two special solutions.

Proposition 2.1. The functional E(u,) is invariant under conformal diffeomorphisms ¢ : M —
M preserving the divisor, that is, p* A = A and p*(ds®) = N\2ds?, where X > 0 is the conformal
factor of the conformal map ¢,. Set

u = uop—InA

b= Aoy
Then E(u, ) = E(u, ). In particular, if (u,) is a solution of (1), so is (i, ).

The proof of proposition 2.1 is the same as that of the case of A = 0 considered in [JWZ].

As we will see later (Section 6), however, the local super-Liouville type system (2) we shall
study is not conformally invariant near the conical singularity. During the blow-up process, after
suitable rescaling and translation in the domain, we can obtain bubbling solutions of (2) and (3)
on R? with a > 0 and V = const, at which point we can apply the above invariance of the global
system and the singularity removability results in Section 4 and Section 5 to conclude that these
bubbling solutions can be conformally extended to S2.

Now we present some examples of solutions of the super-Liouville equations (1). Let (M, ds?)
be the mathematical version of an American football, i.e., M is a sphere with two antipodal
singularities of equal angle. From [T2], (M, ds?) is conformally equivalent to C U oo with constant
curvature K = 1 and conical singularities at z = 0 and z = oo with the same angle o, and with
the conformal metric

(2 + 2a)?|2|**d2?
(1+ |2]2T22)2

for a being not an integer. Therefore, if we define a conformal map ¢ : (M, ds?) — C U co such
that

_ 2+ 20)?|z|?*dz?
1y* d 2y (
(QO ) ( S ) (1 ¥ |Z|2+2a)2 ’

then u = $log 1 + £ logdet |dy| are solutions of
—Au+1-2" =0 on M\{p (0), o *(c0)}.
In particular, this yields solutions of the form (u,0) of (1).
There is another example of a solution of (1). Let us recall that a Killing spinor is a spinor
satisfying

Vxi=MAX -4, for any vector field X
7



for some constant A. On the standard sphere, there are Killing spinors with the Killing constant
A= %, see for instance [BFGK]. Such a Killing spinor is an eigenspinor, i.e.

p"/’ = 71/}7
with constant |¢|2. Choosing a Killing spinor ¢ with [1)|? = 1, (0,) is a solution of (1). If we let
7 be the stereographic projection from S?\{northpole} to the Euclidean plane R? such that the
metric of R? is

4
= |dxl?
(IEAEOC
then any Killing spinor has the form
V+T-v

VIt

up to a translation or a dilation (see [BFGK]). We put ¢ = —2Z2__ Then (0, 1) = (0, (log det |dip|) 2 ¢)o

Vit

©) is a solution of (1).

3. THE LOCAL SUPER-LIOUVILLE SYSTEM

In this section, we shall first derive the local version of the super-Liouville equations. Then we
shall analyze the regularity of solutions under the small energy condition. Consequently, we can
prove Theorem 1.1.

It is well known that (see e.g. [T1]), in a small neighborhood U(p) of a given point p € M, we
can define an isothermal coordimate system x = (21, z2) centered at p, such that p corresponds to
r =0 and ds? = €2?|z|?*(dz? + dx2) in Ba,.(0) = {(2? + 23) < 21}, where ¢ is smooth away from
p and continuous at p. We can choose such a neighborhood small enough so that if p is a conical
singular point of ds?, then U(p) N A = {p} and a > 0, while, if p is a smooth point of ds?, then
U(p)NA =0 and a = 0. Consequently, with respect to the isothermal coordinates, (u, ) satisfies

{ —Au(z) = 200|222 _ cu®)|yh|2(z) — K,)
/A

o B in B,(0). 12
2 (2|5 Y) = —et@)|g|oen® (o5 [2]34) in B:(0) (12)

Here A =02+ 92

T1T1 22

is the usual Laplacian. The Dirac operator 0 is the usual one, which can
be seen as the (doubled) Cauchy-Riemann operator. That is, let e; = 8%1 and ey = 8%2 be the
standard orthonormal frame on R2. A spinor field is simply a map ¥ : RZ — Ay = C2, and ey, e

acting on spinor fields can be identified with multiplication with matrices

(0 1 (0 i
“=\-1 0)0 27\i o)

If o= (g) : R? — C? is a spinor field, then the Dirac operator is

9f 9f 9y

_ (0 1\[ oz 0 i\ |0z | _ 9z
M‘(—l o) Jg *(i o) 9 =2 G|

oy Oxo 0z

where
o _1/90 .0 o_1(0 .90
9z 2\ 0z 0z ) 0z 2\0x, 0z

For more details on Dirac operator and spin geometry, we refer to [LM].
We note that the last term in the first equation of (12) is €2?|z|?**K,, which satisfies

~A¢ = *?|z|**K,.

Since ¢ is continuous, elliptic regularity implies that ¢ € Wli’f for all p < 400 if @ > 0 and if the
curvature K, of M is regular enough. Therefore, by Sobolev embedding, ¢ € CY9if a > 0. If we
denote V(x) = e and W (z) = €2?|2|>**K,, then 0 < a < V(z) < b and W (z) is in LP(B,.(0)) for
all p > 1 if the curvature K, of M is regular enough.
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Therefore, the equations (12) can be rewritten as:
—Au(z) = 2V2(z)|z[**e?®) —V(2)|z|*e™ @ T2 — W(x)
pU = —V(z)|z|*e @)W

Here o > 0, V(z) and W (z) satisfy the following conditions:

) 0<a<V(z) <

i) W(z) € LP(B,(0)), for all p > 1.

Furthermore, let w(x) satisfy
—Aw(z) = —-W(x) in B,(0),
w(x) = 0 on 0B,(0).

It is easy to see that w(z) is C*# in B,.(0) for some 0 < B < 1. Setting v(x) = u(z) — w(x), then
(v, ) satisfies

in B,(0).

_ — 2 2w(x) | ..2a ,2v(z) _ w(z)| )| pv(T) 2
Av(z) 2V2(x)e |x]*>e V(x)e®\®)|x|«e?®) || in B,(0).
P = —V(z)e?®|z|*e®) T
Now we come to the local version of the singular super-Liouville-type equations
—Au(x) = 2V3(2)|z]?*e?®) —V(z)|z|*e @ |02 |
e o (0) (19)

Here V(z) is a C% function and satisfies 0 < a < V(x) < b. We also assume that (u, ¥) satisfy
the energy condition:

/ |z|2%e®™ + | Ut dr < 4-o00. (14)
B (0)

Next we consider the regularity of solutions under the energy condition. We put B, := B,.(0).
First, we define weak solutions of (13) and (14). We say that (u, ¥) is a weak solution of (13)
and (14), if u € WL2(B,) and ¥ € W13 (I'(SB,)) satisfy

/ VuVedr = /(2V2(:r)|:r\2“62“fV(x)|x|ae“\\IJ|2)¢d:c,
B,

"

/(W,Ef)d:ﬂ = 7/ V(x)|z|*e“ (¥, &)de,
B, B,

4
for any ¢ € C§°(B,) and any spinor £ € C® N Wol’3 (T(XB;)). A weak solution is a classical
solution by the following:

Proposition 3.1. Let (u, V) be a weak solution of (13) and (14). Then (u,¥) € C*(B,) x
C2(I(SB,)).

Note that when o = 0 this proposition is proved in [JWZ] (see Proposition 4.1). When o > 0,
it is clear that we can no longer use the inequality 2 [ut < [€* < oo to get the L' integral of
u™. So, we need a trick, which was introduced in [BT], to prove this proposition.

Proof of Proposition 3.1: By the standard elliptic method, to prove this propositon, it is
sufficient to show that u™ € L>(Bz), [¥] € L>(Bx).
In fact, for the regularity of u, let us set

fr = 2V2 () e @) —V ()] 0.

Then we have

—Au= fl'
We consider the following Dirichlet problem
7A"U,1 = fla in B,
{ up = 0, on 0B,. (15)
It is clear that f; € L'(B,). In view of Theorem 1 in [BM] we have
eFlul e LY(B,) (16)
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for some k > 1 and in particular u; € LP(B,) for some p > 1.
Let uo = u—wuq so that Aus = 0 on B,.. The mean value theorem for harmonic functions implies
that

(5 ) S COuz

||L°<>(B% ||L1(B,.) :

On the other hand, it is clear that for some ¢ > 0,

1
B,.(0) |z|

Hence we can choose s = H_Ll € (0,1) when o > 0 and s = 1 when a = 0 such that

23/ utdz S/ e*Udr < (/ |x\2a62“dx)s(/ |z| 2 dz) ™ < .
B B B B

s s s

Then by using u3 < u® + |u;| we obtain that uj € L'(B,) and consequently

Hu;_HLOO(Bl) < 0o. (17)
2

Next we rewrite f1 as
fl — 2V2(x)|$|2ae2u2(z)€2u1(m) _ V(x)|x|aeuz(z)eu1(z) ‘\I/|2

From (16) and (17) we have f, € L'*°(By) for some ¢ > 0. Hence the standard elliptic estimates
imply that

Hu—i_HLOO(Bg) <C H“JrHLl(BT) +C Hf1||L1+s(B%) < 0.

Since ut € L>(B:), then the right hand of equation P¥ = —V (z)|x[|*e*¥ is in L*(T(XB:)).
Hence ¥ € C°(T'(XB:)) and especially |¥| € L>(B:). O

r
4

Next we discuss the blow-up behavior of a sequence of solutions (u,, ¥,,) satisfying (4) and (5).
First, we study the small energy regularity, i.e. when the energy [, ||2%n e2%n d is small enough,
uy, will be uniformly bounded from above. Our Lemma is:

Lemma 3.2. Let 0 < g9 < 7 be a constant. For any sequence of solutions (un, V) to (4) with

/ 2|2 e?rdx < g, / |‘I’n|4 de < C

r r

for some fized constant C' > 0, we have that ||uI||LOO(BT) is uniformly bounded.
1

Proof. We are in the same situation as in Proposition 3.1. When «,, > 0, we can no longer use
the inequality 2 [u;7 < [€?"" to get the uniform bound of the L'-integral of u,”. But notice that
there exists a uniform constant ¢ > 0 such that for all n

1
J,, e <

since o, — « and « > 0. Consequently we obtain s = H% € (0,1)

28/ uldx §/ e*ndy < (/ \m|2“"'62“"dx)s(/ |z| 2 dr)t ™ < O,
B B, B B

s r r

Then by a similar argument as in the proof of Lemma 4.4 in [JWZ] we can prove this Lemma. O

When the energy [ B, |z|?%n e?undy is large, the blow-up phenomenon may occur as in the case
of a smooth domain.

Proof of Theorem 1.1: By using Lemma 3.2 and applying a similar argument as in the proof of
Theorem 5.1 in [JWZ], we can easily prove this theorem. O

10



Remark 3.3. Let v, = u, + o, log |z|, then (v,, ¥,,) satisfies

—Avy(z) = 2V%(2)e? @) —V(z)e"®|¥,,|? — 2ma, 80
pY, = —V(z)er@®y,

with the energy condition

in B,

/ e*'ndy < C, and / |, |*dz < C.
B, B,

Then the two blow-up sets of u,, and v, are the same, by using similar arguments as in [BT].

4. THE POHOZAEV IDENTITY AND REMOVABILITY OF LOCAL SINGULARITIES

This section is the heart of our paper. We shall show that a local singularity is removable if
and only if the Pohozaev identity is satisfied. To express this result in compact form, we start by
defining a constant that is associated to the equations (13) with the constraint (14).

Definition 4.1. Let (u, ¥) € C?(B,\{0}) x C*(I'(3(B,\{0}))) be a solution of (13) and (14). For
0 < R < r, we define the Pohozaev constant with respect to the equations (13) with the constraint
(14)

1
Cu,¥) = R 242 - Lgurde
(9BR(0) aV 2

- 1+ a)/B . 2V (@) |z [**e™ — V (@)|2]"e"|¥[*)dz

1 ov ov
+R/ V2xz2“62“d077/ —. - U+ (z- U, —)do
S (z)]| 3 SBR(O)<8V )+ ay>

—/ (|Jz[**e*“x - V(VZ(2)) — |z|%e“|¥|?z - VV (z))dx
Br(0)

where v is the outward normal vector of 9Br(0)

It is clear that C(u, ¥) is independent of R for 0 < R < r.
Thus, the vanishing of the Pohozaev constant C(u, ¥) is equivalent to the Pohozaev identity

1
R/ |%|2 — ~|Vul|?do
8BR(0) 6u 2

= (1+ a)/ V2 (x)]x[**e* — V (z)|z|*e"|]*)dx
Br(0)

R vttty [ (G w) e, o
9BR(0) 2 Joroy OV Ov

Jr/ (|x|2a62“x . V(Vz(z)) — |x|ae“|\IJ|2:17 -VV(z))dx (18)
Br(0)

for a solution (u, ¥) € C*(B,) x C*(I'(XB,)) of (13) and (14).
We can now formulate the main result of this section. This result says that a local singularity
is removable iff the Pohozaev identity (18) holds, that is, iff the Pohozaev constant vanishes.

Theorem 4.2. (Removability of a local singularity) Let (u, ¥) € C?(B,\{0}) x C*(T'(X(B,\{0})))
be a solution of (13) and (14). Then there is a constant v < 2w(1 + ) such that

u(x) = —%logm +h, near 0,

where h is bounded near 0. The Pohozaev constant C(u, V) and v satisfy:

,YQ

= E.
In particular, (u,¥) € C?(B,) x C*(I'(XB,)), i.e. the local singularity of (u, V) is removable, iff
C(u,¥) =0.

C(u, )
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In the remainder of this section, we shall prove the two directions of Theorem 4.2. We shall first
show that for smooth solutions, the Pohozaev identity (18) holds.

Proposition 4.3. Let (u,¥) € C?(B,) x C*(I'(XB,)) be a solution of (13) and (14). Then, for
any 0 < R < r, the Pohozaev type identity (18) holds.

The case where a = 0 and V = 1 has already been treated in [JWZZ1].

Proof. For x € R?, we put © = x1e1 + 29e5. We multiply all terms in (13) by 2 - Vu and integrate
over Br(0). We obtain

/ Auz - Vudr = R | |2 |Vu|2d0,
Br(0) oBr(0) OV
and
/ 2V2(z)|z|**e* 2 - Vudr = R VE(x)|z[**e* do — (2 + Qa)/ V2 (x)|x[**e* da
Br(0) 0BRr(0) Br(0)
—/ z-V(V3(x))|z**e* d,
Br(0)
and
/ V(@) | U - Vude = R V()[z|"e" |0 2do —/ 2|t - V(V (2)|0[2)dz
Br(0) 0Br(0) Br(0)

—(2+a)/ V(a)[z|" e | 2dz.
Br(0)

Therefore we get

R / | U2 \Vu|2da
9B (0)

_ (2+2a)/ Vz(ac)|x\2°‘62”dx—(2+a)/ V(a)|2| e W 2d
Br(0)

Br(0)
-R V2(x)|z[**e 2“d0+R/ (z)|z|*e"| ¥ 2 do
0BRr(0) R(O)
—|—/ |z x - V(VE(x)) — |2 s - V(V (z)|T]?)d. (19)
Br(0)

On the other hand, by the Schrédinger—Lichnerowicz formula QQ = —A on R?, we have
AT = Z Ve, (V(2)|z]|%e)eq - U — V2 (z)|z]|**e" 0. (20)

Here - is the Clifford multiplication and {ej,es} is the local orthonormal basis on R2. Using the
Clifford multiplication relation

ei-€j+e5-e = —20;, for 1 <4,5 <2
and
(W, 0) = (ei - ¥, € - )
for any spinors ¥, p € I'(X M), we know that
(U e; - U) + (e;- ¥, Ty =0 (21)
for any ¢ = 1,2. Then we multiply (20) by = - ¥ and integrate over Br(0) to obtain

2
= / Z (Ve, (V(z)|z]|*e“)eq - ¥, e5 - W)ag — VE(2)|z**e* (¥, 2 - ¥)d,
Br(0) a,B=1
12



and

/ (x - U, AU)dz
Br(0)

2
= / Z (eg - U,V (V(z)|z|*€")eq - W)zs — V(2)|z|** e (z - ¥, ¥)dx.
Br(0) o g=1

By integration by parts, we get
ov
/ (AT, 3 V) dy — / (Y Wydo - / V(a)[2|" et [0 2z — / (VU7 - V) da,
B1(0) oBr(0) OV Br(0) Br(0)
and similarly we have
ov
/ (x- ¥, AU)dx = / (x U, —)do — / V(x)|x|"e" | V|2 dr — / (x- VU, VU)dz.
Br(0) 9B (0) v Br(0) Br(0)

Furthermore we also have

= 72/ V(x)|x|ae“a:~V(|\I/|2)dx74/ V(x)|x|*e|¥|*dx
Br(0) Br(0)

+2R V(z)|z|*e" | ¥ |2 d.
9BRr(0)

Therefore we obtain

R/ V(z)|z|*e"|¥|*do — / V(z)|z|*e z - V(|¥|?)dz (22)
dBRr(0) Br(0)
1 ov 1 ov
= f/ (—,x U)do + f/ (x -V, —\)do +/ V(x)|x|e"| ¥ |*dx.
2 Jon(0) OV 2 Jon(0) ov Br(0)
Combining (19) and (22), we obtain our Pohozaev identity (18). O

Proposition 4.3 also shows that C(u,¥) = 0 if (u,®) is classical solution of (13) with the
condition (14) in B,.. For the converse, let us start with a lemma.

Lemma 4.4. There exists 0 < €g < m such that if (v, ) is a solution of

—Av = 20%(x)|z[*Ye* — h(z)|z|*e” (¢, @),
{ Do = —h(x)z|* e, z € By \{0},

where h(z) is a OV function satisfying 0 < a < h(z) < b in By, and it satisfies

/ |z|?“e?Ydx < €, / |p|*dz < C,

0 B""O

then for any x € B%} we have

6(@)lle]? + [Vo(@)lal? < O / 611t
B2|m|
13



Furthermore, if we assume that e*¥ = O(W)’ then, for any x € B%o, we have

$(@llal? +[o(a)ol* < Clal ([ [oftdn)},

for some positive constant C. Here € is any sufficiently small positive number.
Proof. Set w(x) = v(x) + aln|z|. Then (w, ¢) satisfies
{ —Aw 2h2($)€2w - h(m)ew <¢)a ¢> )
Do

—h((E)qub,
with the energy conditions

/ e*dx < e, / |p|*(x)dx < C.
B B

0 0

S BT’O\{O}7

Since h(x) is a C1# function satisfying 0 < a < h(z) < b in B,,, we can obtain the conclusion of
this lemma by applying similar arguments as in the proof of Lemma 6.2 in [JWZ]. 0

We shall now show the removability of a local singularity when the Pohozaev constant vanishes,
thereby completing the proof of Theorem 4.2.

Proposition 4.5. (Removability of a local singularity) Let (u,¥) € C%(B, \ {0}) x C*(T'(2(B, \
{0}))) be a solution of (13) and (14). Then there is a constant v < 2w (1 + «) such that

u(z) = —%logm +h, near 0,

where h is bounded near 0. Moreover, the Pohozaev constant C(u, V) and v are related by
2
Clu,¥) = —.
(wv)="1
In particular, if C(u,¥) = 0, then (u, V) € C*(B,) x C*(I'(£B,)), i.e. the local singularity of
(u, ¥) is removable.
Proof. Since [ |z[**e*“dx = [, |z|**¢**dx under the following scaling transformation
u(z) =u(rz) — (1 +a)lnr,
U(z) =r 2 U(rz),
we assume for convenience that [, |z|**e*dx < e¢, where g is as in Lemma 4.4. By standard
potential analysis, it follows that there is a constant 7 such that
. U 2
lim —— = —.
lz|»0 —log x| 2w
By [5 |z**e* + |¥|*dz < C we obtain that v < 27(1 4 «). Furthermore, by using Lemma 4.4
and by a similar argument as in the proof of Proposition 2.6 of [JWZZ1], we can improve this to
the strict inequality v < 27(1 4 «).
Define v(x) by

1
oe) = =5 [ Togle = sVl — Ve W)y

and set w = u — v. It is clear that —Av = 2V?(z)|z|**e* — V (x)|z|*€*|¥|? in B, and Aw = 0 in
B,\{0}. One can check that
v(x)

im ——-— =
lz|»0 — log ||
which implies that
w(z) . u—v gl
im ——— = lim ———— = —.
lz|-0 —log |x|  |z|—0 —log|z| 27w
Since w is harmonic in B;\{0} we have

w= —llog\m| + wo
27
14



with a smooth harmonic function wg in B,.. Therefore we have
u= —llog|x| +v+wy nearO.
27

Next we will compute the Pohozaev constant for (u, ¥). For this purpose, we want to estimate the
decay of (v, ¥) near the zero. Since
—Av = 2V3(2)|z[**e* — V(x)|z|e"|P|?,

and the right hand term f,(x) := 2V?(z)|z|?*e®*®) and fo(x) := —V(z)|z|*e*®)|¥|?(z) are L'
integrable, we can obtain el*®| € LP(B,) for any p > 1. Since

Fala) = ] FH2 (202 ()2 +2:)
and

falw) = —fa| 2= HTHV (2)e DO 2] U P (),

we set 51 = 1 — 2 and sp = 5= — a + 1. Then max{s;,s2} < 2. Since [¥| < Clz|~2 near 0
and wo(z) is smooth in B,., we have by Holder’s inequality that f, € L*(B,) for any ¢ € (1, %) if
51 >0, and f; € L*(B,) for any t > 1if s; < 0. For fy, we also have f, € L*(B,) for any t € (1, %)
if s9 > 0, and fo € LY(B,) for any ¢ > 1 if s5 < 0. Altogether, there exists some ¢ > 1 such that
f € LY(B,). In turn, we get that v(z) is in L>°(B,). On the other hand, since v(z) is in L>(B,),
it follows from Lemma 4.4 that there exists a small g > 0 such that

|P| < C’|:17|‘s“*%7 near 0,
and
3
|VU| < Clz|"2, near 0.
Next we estimate Vou(z). If s; < 0 and sg < 0, then v(z) is in C*(B,.). If 51 > 0 or s > 0, Vo(x)

will have a decay when |z| — 0. Without loss of generality, we assume that s; > 0 and s; > 0.
Denote

1
ni@) = —3= [ (ogle =y VA WlyRe )y,

and )
vala) = 5 [ (logle — yD(VIlule" ¥ () dy.
T JB,
Note that
Vo@l < 5 [ oA
1 s 5 BT|$_ZU| 1\y)|ay
1 1 1 1
= — | fi(y)ldy + — T 1f1(y)|dy
27 J{ja—y|> 21308, |2 — Yl 21 J{ja—yi<lzlynB, |2 — Yl
= L1+ 1.

Fix t € (1, %) and choose 0 < 77 < 1 such that ;_% < 2. Hence, we have 0 < 71 < 2 —s1. Then
by Holder’s inequality we obtain
1 t—1 1 1
(/ ——dy) " ( w”ﬂtdy)t
{lo—y|> 5B, |z — y|7TT {lz—y|>'Z}nB. |z —yl
C

lel—n :

I

IN

For I, since y € {y||z — y| < %‘} implies that |y| > %‘, we can get that

I, < C/ ;dy
{le—yi<'zynB, [T —yllyl*
< Cla*
Hence we have
[Voi(2)] < O + Jz|t)

|$|1_Tl
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for suitable 71 € (0,2 — s1). Similarly, we also can get that

1
[Va(2)] < Oy + 2l *2)

B
for suitable 7 € (0,2 — s2). In conclusion, we have

1 .
[Vo(z)| < C(WTT + [x|" %)
for suitable 7 = min{m, 72} and s = max{si, s2}.
Now, we can compute the Pohozaev constant C'(u, ¥). Since Vu = — 3= iz + V(wo +v(x)), we

have forany 0 < R <r

1
R/ 242 _ L g0
OBr 81/ 2

_ N v le 1Py 2
= B[ GVt o) - L - S 2 Vo) + Vi + )i

1 5, 7 / T R 9 T

- L 2p .V(wow)dm/ BT (wo +0)2 = R(E
47 21 Jom, |2)? oBr 2 ||
1

2
S 1).
el +or(1)

where og(1) — 0 as R — 0. We also have

- V(wg + v))?do

(1+a) / 2V2(x)|x|2a62“ - V(:r)|x|”‘e“|\ll|2dx =og(1),
Br

and
R V2(z)|z|**e*“do = op(1),
OBRr
and
/ <‘$|2062ux . V<V2($)) — \m|0‘e“|\IJ|2x -VV(z))dx = or(1),
Br
and

ov ov
,x - V¥hd —l—/ x - VU, —)do = og(1).
L, Gavudo s [ wo9w, Fhdo = on)

Putting all together and letting R — 0, we get

2
C(u,¥) = lim C(u, ¥, R) =
R—0

4’
Since C(u, ¥) = 0 for (u, ¥), therefore we get v = 0. Then from the proof of Proposition 3.1 we
have (u, ¥) € C%(B,) x C?(I'(XB,)), i.e. the local singularity of (u, ¥) is removable. O

5. BUBBLE ENERGY

In this section, we shall analyze some properties of a “bubble”, i.e., an entire solution of (13)
with finite energy and with constant coefficient function, which can be obtained after a suitable
rescaling at a blow-up point. We shall obtain the asymptotic behavior of an entire solution with
finite energy and show the global singularity removability. The latter means that an entire solution
on R? can be conformally extended to S2.

Without loss of generality, we assume that V(z) = 1 and hence the considered equations are

—Au = 2z — |z|%e| ¥ )
n R?. (23)
Py = —faoeny,
with a > 0. The energy condition is
I(u, ) :/ (P2 + [0 |")dz < oo, (24)
R2
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First, let (u, ¥) € Hllo’f (R?) x VV;’C% (T'(XR?)) be a weak solution of (23) and (24), then applying
similar arguments as in the proof of Proposition 3.1, we get u* € L°(R?) and hence (u,¥) €
C?(R?) x C*(T'(XR?)).

Next, we denote by (v, ®) the Kelvin transformation of (u, ¥), i.e.

o(e) = ulf ) = (2+20) Infe],
— |1 r
O(z) = || ‘I’(W)

Then (v, ®) satisfies

—Av = 2frPeer — [ajer|of, )
{ oo 2 Moo v € R\{0}. (25)
Now we define the energy of the entire solution, i.e. the bubble energy, by
d= / 2|z|?e? — |z|*e" | V| du,
RZ

and define a constant spinor £y = fW |x|*e*Wdx. It will turn out that the constant spinor & is
well defined. Then we have

Proposition 5.1. Let (u, U) be a solution of (23) and (24). Then u satisfies

we) =~ fel+C+ Ol for lo| newr o0, (26
1 =z —1
W) = g Gorolel ™) for Jal mear oo, @7)

where - is the Clifford multiplication, C € R is some constant, and d = 47 (1 + ).

Proof. The proof of this proposition is standard, see [JWZ], [CL2], [JWZ1] and the references
therein. The essential facts used in this case are the Pohozaev identity (Proposition 4.3) and the
decay estimate for the spinor of (25) (see Lemma 4.4). For readers’ convenience, we sketch the
proof here.

First, let us define

w(z) = —5— / (In |z — y| — I (jy] + 1)) 2ly[**e* — [y|*e"[¥|*)dy.
Y8 R2
Since

/ (20262 — | *e¥|W[?)de < C,
RQ

it follows from the standard potential argument that
u(z) d

Injz| =~ 2«

as |z| = +o0.

Since [p. |#|**e*"dx < 400, the above result implies
d>2r(l+ «).

Furthermore, similarly as in the case of the usual Liouville or super-Liouville equation [JWZ], we
can show that d > 27 (1 + «).

Secondly, from d > 27(1 + ), we can improve the estimate for e** to

e < Cla| 72720 for |z| near oo. (28)

Therefore, from Lemma 4.4 and the Kelvin transformation, we obtain the following asymptotic
estimates of the spinor ¥(z):

|\I!(:c)|§C|:c|*%*5° for |z| near oo, (29)
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and
|V\Il(x)|§C|x|_%_5° for |z| near oo, (30)

for some positive number dg.
Then, from (28), (29) and (30) and by some standard potential analysis in [CL2] and [CK], we
can obtain firstly

d d
——Injz|-C<ulz) <——n|z|+C

2m 2
and furthermore we can get

d

u(zr) = o In|z|+C+O(|z|™") for |z| near oo,

™

for some constant C' > 0. Thus we get the proof of (26).

Next, we want to show that d = 47(1 + «). For sufficiently large R > 0, the Pohozaev identity
for the solution (u, ¥) gives

) 1
R/ 12812~ 2| Vuf2do
8BR(0) 81/ 2

= (o) [ (@~ e w) o
Br(0)

1 ov ov
—R/ o[22 der 1 f/ w1+ v, a0 (31)
0Br(0) 2 Jopg(o) OV v
where v is the outward normal vector to dBg(0). By (26), (29) and (30) we have
0 1 1
lim R 1242 2\ V)Pdo = —d2,
R—+too Jopp(o) OV 2 a7
and
lim R |lz|?**e?“do = 0,
R—+o00 9BR(0)
and
ov
lim | =—||z - ¥|do = 0.
R—+4o0 8BR 31/
Let R — oo in (31), we get that
1
—d? = (1+a)d.

4
It follows that d = 47(1 + «).

Finally, we show (27). Noting that d = 47 (1 4 «), we have
et < Cla| () for |z| near oo. (32)

This implies that the constant spinor & is well defined. By using the Green function of the Dirac
operator in R?,

1 22—y
G = — .
see [AHM], if we set
1 T—y o
§(x) = x| e Wy,

om r2 |7 —y|?

then we have ¢ = —|z|*e" .
18



Since

1 (x—y)
. . = TN T I Yyt T (y)d
\/ y|2 -yl e W (y)dy|
< |y| ly|*e"|P|dy, (33)
- 27T R2 ‘x |
and by (32),
|z|*|Tle* < Cla| 27> for |z| near oo, (34)

for some positive constants C' and ¢, we can follow the derivation of gradient estimates in [CK] to
get

1
|z - &(x) — %&ﬂ < Clz|~* for |z| near oc. (35)

Set n(xz) = ¥(xz) — &(x). Then Pn(z) = 0. It follows from (29) and (35) that n(xz) = 0, i.e.
U(z) = &(z). Furthermore,

1 =z T 1
] = = |2z U(z) — —
| (‘T)+ o0 |SC‘2 £0| || |2 ((E (.’L‘) 27T§0)|
1
< I
= | ‘|1' ( ) 27T€0|
< O[5,
for |x| near co. This proves (27). O

Finally, we show that an entire solution can be conformally extended to S2.

Theorem 5.2. (Removability of a global singularity) Let (u, ¥) be a C?(R?) x C?(T'(XR?)) solution
of (23) and (24). Then (u,¥) extends conformally to a solution on S?.

Proof. Let (v, ®) be the Kelvin transformation of (u, ¥). Then (v, ®) satisfies (25) on R?\{0}. To
prove this theorem, it is sufficient to show that (v, ®) is smooth on R?. Applying Proposition 5.1,
we have

d
v(z) = (2— — (24 2a))In|z| + O(1) for |z| mnear O. (36)

7r
Since d = 4nw(1 + «), we get that v is bounded near 0. By recalling that ® is also bounded near 0,
standard elliptic theory implies that (v, ®) € C?(R?) x C?(T'(XR?)). O

6. ENERGY IDENTITY FOR SPINORS

In this section, which is the technically most demanding one, we shall show an energy identity
for the spinors. Firstly, analogously to the case of super-Liouville equations on closed Riemann
surfaces (see Lemma 3.4, [JWZZ1]), we shall derive the following local estimate for the spinor part
on an annulus:

Lemma 6.1. Let (u, V) be a solution of (13) and (14) on the annulus A,, ., = {x € R?|r; < |z| <
ro}, where 0 < ry < 2r; < %2 <rg < 1. Then we have

(f AR (/A,Q"I"‘l)i (37)

< A(/ |x|2%2“>%</ W+ 0</ oy 0</ o[}
A A A Az,

1,72 1,72 71,271
for a positive constant A and some universal positive constant C'.

Proof. In view of the second equation in (13), one can apply the L estimates for the Dirac operator
D and use similar arguments as in the proof of Lemma 3.4 of [JWZZ1] to prove the lemma. [
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Then, we can show the energy identity for the spinors - Theorem 1.2.

Proof of Theorem 1.2: We shall follow closely the arguments for the case of super-Liouville
equations on closed Riemann surfaces [JWZZ1]. One crucial step here is to use the local singularity
removability to get a contradiction.

We assume that Ds, be a small ball which is centered at a blow-up point z; € ¥; such that
Das, (Y Das, = 0 for i # j,4,5 = 1,2,--- 1, and on B,(0)\ Uézl Ds,, ¥,, converges strongly to some
limit ¥ in L* and f B..(0) |U|* < co. Then, it suffices to prove that for each fixed blow-up point
x; € Xy, there are solutions (u¥,&¥) of (13) and (14) on S? with a > 0 and V being a constant
function, £k = 1,2,--- , K such that

K
lim lim U, |*de = / l4da.
9;—0n—oo Ds, | n| ; S2 |€ |

Without loss of generality, we assume that there is only one bubble at each blow-up point p
(the general case of multiple bubbles at p can be handled by induction). Furthermore, we may
assume that p = 0. The case of p # 0 can be handled in an analogous way and in fact this case
is simpler, as || is a smooth function near p # 0. Then what we need to prove is that there
exists a bubble (u, &) such that

lim lim \xpn|4dx:/ €| da. (38)
6—0n—oo Ds g2
where D is a disc of radius § > 0 centered at the blow-up point p=0.
We rescale each (uy,¥,) near the blow-up point p. Choose x, € Ds such that u,(z,) =

—un(zn)

maxp, tun(x). Then we have x,, = p = 0 and u,(x,) = +00. Let A, = e ent1  — 0 and define
tn = max{\,, |z,|} — 0. Now there are two cases: (i) = = O(1) as n — 400 and (ii) = — +o0
as n — +o00.

Case I: f\—jl =0(1) as n — +o0.

In this case, we define

Un(x) = up(tnz)+ (an +1)Int,
Uo(x) = 20, (twa)

for any z € D_s . Then (i, (), ¥,,(z)) satisfies

2tn

—Aly(z) = 2V3(tyx)|z|>¥nme2in(®) — V(tna:)|x|0‘"eﬁ"(‘r)|‘I/n(x)|27 —=
i o~ inD s
qun(x) = _V(tn$)|$ a"eu”(I)\I/n(x), Tty
with energy conditions
/ (|x|2ane’ﬁn<z> + |\T/n(:c)|4) dz < C.
D s
2tn
Notice that
0 < max @y (z) = ﬂn(f—”) = Un(2) + (0 + 1) Inty = —(an + 1) In Ay + (i + 1) Int, < C.
D 5 n

Tt
Moreover, since the maximum point of u, (), i.e. f—:, is bounded, namely |f—:\ < 1. So by taking a
subsequence, we can assume that 7> — g € R? with |zg| < 1. Therefore it follows from Theorem
(R?) x C2.(I(XR?)) to some

1.1 that, by passing to a subsequence, (ﬂn,{ffn) converges in C? e

loc

(u, \Tl) satisfying

AT 2 20 20 a U\ |2
{ J% - 2V2(0)[a**e® = V(0)|z[*e"|¥[?, . po (39)

~V(0)|z|*e" T,
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with the energy condition [p, (|z|**e*" + |W|*)dz < co. By Proposition 5.1, there holds
/ (2V2(0)| ]2 — V (0)[2]*7|F[2)dz = 4r(1 + o).
R2
and by the removability of a global singularity (Theorem 5.2), we get a bubbling solution of (13)

and (14) on S2.

e—un(@n)

Case II: i—“ — 400 as n — +00.
In this case, necessarily ¢, = |x,| and hence ‘f\”‘ — +o0 as n — +oo. Set T, = S =
)*n. Then 7, — 0 and @ — +00, as n — +o00. Now define

)\7l(>‘7w

Ixnl

{ Un(x) = u?(xn + ThT) — Un(xy)

U, () = 72U, (2n + Tnt)

for any € D 1,s5. Then (i, (z), U, (x)) satisfies
27Tn
—Auy,(z) = 2V3(z, + T,ﬁ)“‘iﬁ + ﬁleﬂz“”ezﬁ"(m)
_ —Vi(zn + Tnx)“;;i:\ + |;Z|x‘anean(x) tlln(x)P?
PV, (x) = —V(r,+ Tnx)|‘;;—”‘ + |;T’t|x\a"e“”(’”)\lln($),

in D+,s and with energy conditions

2Tn
[ (1 e 4 5, ae <
Diys

2| |an]
2
It is clear that Uy (x) < maxp, () Un(7) = 1n(0) = 0, and |72 + ‘;"‘x|2”‘“ — 1 uniformly in
#L”L n n
Clie(R?) x

C’IOOC(R2). Then from Theorem 1.1, by passing to a subsequence, (i, ¥,,) converges in
C% (T(XR?)) to some (u, V) satisfying
—AT = 2VH0)E V(O BP, b
Py = —V(0)etV,
with the energy condition fRz(e%} + |{Ivl\4)dx < 00. By the removability of a global singularity (see

Proposition 6.3 and Theorem 6.4 in [JWZ]), there holds
/ (2V2(0)e2" — V(0)e®[B[2)da = 4r
R2

and we get a bubbling solution of (13) and (14) on S2.
In order to prove (38) we need to estimate the energy of ¥, in the neck domain. We shall

proceed separately for Case I and for Case II.

For Case I, the neck domain is
Aspn = {r € R?|t,R < |z < 5}

Then to prove (38), it suffices to prove the following
lim lim lim | T, [*dz = 0. (40)
§—0 R—+o00 n—00 As R

Next we shall show two claims.
Claim I.1: For any € > 0, there is an N > 1 such that for any n > N, we have
/ (222 4 (U VYda < e, Vr € [etn R, 3.
DD -1,
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To show this claim, we firstly note the following two facts:

Fact I.1: For any € > 0 and any T > 0, there exists some N(T') > 0 such that for any n > N(T),
we have

/‘ (jaPon e 4 [0, < e, (41)
Ds\Dy -1

Actually, since (un, ¥p) has no blow-up point in Dos\{p}, we know that ¥,, converges strongly to
U in L} .(D25\{p}), and u,, will either be uniformly bounded on any compact subset of Das\{p}
or uniformly tend to —oo on any compact subset of DQ&\{]&.

If w,, uniformly tends to —oo on any compact subset of Das\{p}, it is clear that, for any given
T > 0, there is an N(T) > 0 big enough such that when n > N(T), we have

€
/ |z|2ome?un dx < 7
Ds\Dg, -1

Moreover, since ¥,, converges to ¥ in L; (Dss\{p}) and hence

/ 0, [t / o,
Dé\D(ge—T D(S\Dée—T

For any given € > 0 small, we can choose § > 0 small enough such that fDa W)t < 7, then for any
given T' > 0, there is an N(T') > 0 big enough such that when n > N(T)

/ﬁ w4 < &
Dé\Dge—T 2

Consequently, we get (41).

If (un,¥,,) is uniformly bounded on any compact subset of Das\{p}, then (u,, ¥, ) converges
to a limit solution (u, ¥) with bounded energy [, (|z[**¢** 4 |W[*) < oo strongly on any compact

subset of Dos\{p} and hence

Lo aperen s w, - (=2 + |2
Dﬁ\Dsc*T Dﬁ\Dsc*T

Therefore, we can choose 6 > 0 small enough such that, for any given ¢ > 0 and any given
T > 0, there exists an N(T') > 0 big enough so that, when n > N(T), (41) holds.

Fact 1.2: For any small € > 0, and 7' > 0, we may choose an N(T') > 0 such that when n > N(T)

Lo e s

DtnReT\DtnR

- /D \D (|x|2an€2ﬂn + |‘I'n|4)
reT \DR

S ARy
DReT\DR

< €,
if R is big enough.

Now we can deal with Claim I.1. We argue by contradiction by using the above two facts.
Suppose that there exists ¢p > 0 and a sequence 7, € [et, R, d] such that

Lo e 2 e
DT‘n\De_lrn

Then, by the above two facts, we know that Ti — 400 and t:—R — 0, in particular, r,, — 0 and

i—"—>0asn—>+oo.
n
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Scaling again, we set

vp(x) = up(rpz) + (o +1)Inr,,
(@) = wnlrue) + (an+ nr )
on(z) = 13U, (r,x)
It is clear that
/ (laf2 2 + o) > eo, (13)
(Di\D_-1)

and (vy,, ¢n) satisfies

{ —Avy(z) 2V (rpz) |z e ™) — V (rpz)|z]*m e @, (2) 2,
Den(z) = =V(raz)lz|*ePpn(),

in Ds \ Deur. By Theorem 1.1, there are three possible cases:

(1). There exists some R > 0, some point ¢ € Dg \ D% and energy concentration occurs near
q, namely along some subsequence

lim (|22 e 4 |pp|*) > €0 > 0

for any small » > 0. In such a case, we still obtain a second bubble on S? by the rescaling argument.
Thus we get a contradiction to the assumption that there is only one bubble at the blow-up point

p.

(2). For any R > 0, there is no blow-up point in Dpg \ D4 and vy tends to —oo uniformly in
Dp\ D%. Then, there is a solution ¢ satisfying

Pe =0, in R\ {0},
with bounded energy |[¢||4(r2) < 00, such that
Jim || — @||L4(DR\D%) =0, forany R> 0.
By the same arguments as in the case of super-Liouville equations [JWZZ1], we know that ¢ can
be conformally extended to a harmonic spinor on S2, which has to be identically 0. This will

contradict (43).

(3). For any R > 0, there is no blow-up point in Dg \ D% and (vp, @) is uniformly bounded
in D \ D Then, there is a solution (v, ¢) satisfying

{7

with finite energy [p. (|z[**e?¥ + |¢|*)dz < oo, such that

2V2(0)|z*e®” = V(0)|z|*ev |,  in R*\ {0}

—V(0) [zl *ev, in R?\ {0} (44)

tim_(l[on = vllc2ompy ) + lon = @lle2omn,, ) ) =0,
n o0 R R
for any R > 0.
In this case, we shall show that the local singularities at 0 and at oo of (v, ) are removable.

Firstly, since (un, ¥,,) satisfies (4) and (5) in Das, the following Pohozaev identity holds for any
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p > 0 with r,p < 26,
Tnp/ |‘9ﬂ|2 |Vun|2da

Tn

~ (+an) / @V @)faf e =V (@)fal™ e [0, ) da
Dy
1 ov ov
_ 2 20y 22Uy - n . . n
o [ V@lPeetdo g [ (S )+ v, e

TnpP TnpP

Qn eun

U, %z - VV(z))dx

+ / (22 ez - V(V3()) — |z
D

Tnp

It follows that the associated Pohozaev constant of (v, (), p,(x)) (see (42)) satisfies
C(Una(pn) = C(Una<pnap)

ovy,
- p/a (S22~ 5|V do

~(1+an) / V3 () afor e = V(ra)[ol™ e onf?)do

P

1 dp dp
2 200, ,2Un 7. _ no.. . n
+p/aD VE(rpx)|z|** e’ do 5 /£9D,,< 5, ¢ on) + (T on, 5 Ydo

P

—/ (\m|2°‘"62v":€ . V(Vz(rnx)) - \:z:|a"e”"|g0n|2z . V(V(rnx))) dz

= 0.
It is easy to verify that

lim lim (|z]**me*ma - V(VE(rx)) — |2|* e [on|*z - V(V (ryz))) do = 0.

p—0n—oo D,
Since (vn, ) converges to (v, ¢) in CZ _(R%\ {0}) x C? (I'(XR?\ {0})), we have
0 = lim lim C(vn,®n,p)

p—0n—oo
= lir% Cv,p,p) — (1 4+ ) lim lim (V2 (rpz) |z e — V(rpz) |z e |, |?)da
p—

0—0n—o0 Ds
= Cv,9)— (1+a)B.
Here
£ =lim lim (2V2(rpx)|z2me®'n — V(rpz)|z|* e’ |pn|*)dx

d—0n—oo Ds

and C(v,¢) = C(v, ¢, p) is the Pohozaev constant with respect to the equation (44), i.e

1
Cw e =Clopp) = [ 15 Sielio

—(1 +0<)/ (2V2(0)|z[**e* — V (0) ][ €"|o|*) dar

2 20,20 1/ dp . %
to [ VIO 5 |G+ g e

P

(R*\ {0}) x CF,.(T(ZR?\ {0})), we

On the other hand, since (v, ¢,) converges to (v, ) in CZ
have
2V (rpa e e — V (raz) 2| e [pn] — v = 2V2(0)[z[***” — V(0)|z[*€” |0l + Bp—0

weakly in the sense of measures in By for any small R > 0. Using Green’s representation formula
for (vn,¢n) in Br, we derive that

o(w) = — - loga| + w(z) + h(z),
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with
1
w(z) = -5 ; (log |z — y|) (2V2(0)[y[**e** ™ — V(0)[y|“e"™ || (y))dy,
R

and
1 ov(y) 1 (r—y) v
hx:—/ log |z — y) 2o gy — — YY) dy.
(@) = 5 aBR( glo —yl)— ~dy — 5 P (y)dy

It is clear that h(z) is a regular term and h(z) € C'(Bg) and that w(z) satisfies
—A(w(z) + h(z)) = 2V2(0)|z|**e2*@ — vV (0)|z]|*e*®|o*(z), in Bg.

Therefore, applying similar arguments as in the proof of Proposition 4.5, we know that w(x) is
bounded in Bg, and furthermore we obtain

_p
C(U7 ()0) - 471_'
Thus there holds
52

Since [ [z[**e*"dx < oo, we have 3 < 27(1 + a). Therefore we conclude that 8 = 0 and hence
C(v,p) = 0. Then, by Proposition 4.5, the singularity at 0 can be removed. Furthermore, the
singularity at oo can be removed by applying the removability of a global singularity (see Theorem
5.2). Then we get another bubble on S?. Thus we get a contradiction and complete the proof of
Claim I.1.

Claim I.2: We can separate A; g, into finitely many parts

Ng
Aspn = U Ay
k=1

such that on each part
/ ‘x|2an62undm §A7 k=1,2,---, Ng. (45)
Ag

Where Ny < Ny with Ny being an uniform integer for all n large enough, Ay = D,x-1 \ Dy,
=6,V =t,R, r* <r*1for k=1,2,---, N, and A is the constant as in Lemma 6.1.

The proof of the above claim is standard, see the case of super-Liouville equations in [JWZZ1,
JZZ] as well as the cases of other Dirac equations in [Z1, Z2]. Here we omit it.

Now using Claim I.1 and Claim I.2, we can show (40). The arguments are similar to the case
of super-Liouville equations in [JWZZ1, JZZ]. For the sake of completeness, we provide the details
here.

Let 0 < € < 1 be small, § be small enough, and let R and n be large enough. We apply Lemma
6.1 to each part A; and use (45) to calculate

( / WL hE < A / 2o e2um ) o / TAOE
Ay D, 1-1\D_ -1, D, 1-1\D_ -1,

Lo / W%+ o / 0,4}
D,1-1\D, -1 D \D -1,

< A((/ |x|2%e2”">%+e%+e%><</ W F et 4 ed) 1+ oet
Ay Ay
< A \xlza”e%"ﬁ(/ [T |')5 + C(eh + €2 + )
Ay A
1
S |\II7‘L|4)%+C€%7

24/,
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which gives
(f twat < cet
Ay
Then, using Lemma 6.1, (45), (46) and applying similar arguments, we obtain
(| IVE[5)7 < Cei. (47)
A
(48)

Summing up (46) and (47) on A;, we conclude that
No
[t [ w23 [ e < e
A5, R,n A5 R,n =1 YA

This proves (40) and finishes the proof of theorem in this case.

For Case II, the neck domain is different from Case I and it is
AS,R,n(mn) = {.’I} € R2|TnR < |.2? - xn‘ < tnS}

In fact, in this case, we can rescale twice to get the bubble. First, since ¢, = |z,|, we define the

rescaling functions

Un () Un (trx) + (an + 1) Int,

- 1

U, (z) = t2U,(thx)

for any x € 5%. Then (i, (), ¥, (7)) satisfies
—Aty(z) = 2V3(tpz)|z[? et @) — V(t,x)|z| e @) T, (z)]?, 0D
P, (x) = —V(taz)|z| e, (2), 2
with energy conditions
/ (12 2 4 |, (2)|*) da < .
D

Pre
Noticing that @, (yn) = un(zn) + (an+1)Int, = (e, +1) Int, — (e, +1) In A, —

Tn

Set that y, = 7.

+00, we set that 6, = e~ ») and define the rescaling function
{ (@) = (007 +yn) + 1,
~ 1

U, () = 029, (60 + yn)
for any d,x + y, € E% We can see that (u,, \Tln) is exactly the same as that defined before.
Without loss of generality, we assume that yo = lim,, o, 7*. Notice that
/ |V, |*dx / |V, |dx
Ds D
/ |\i/n|4d;v+/ |\Ifn|4d:c+/ 1T, da
D% \DR,; (yn) Dry (yn)\Ds,, Ry (Yn) Ds,, Ry (yn)

/ |\Iln|4dx+/ |V, |*dx +/ |, | dx.
D s \Dr, (yn) Diy iy (#n)\ Dty 6, Ry (%) Dsy, Ry (yn)

Since we have assumed that (u,,¥,) has only one bubble at the blow-up point p = 0, (4, Vy,)
also has only one bubble at the blow-up point p = yg. Therefore we have
lim  lim [T, |*dz = 0
R1—+o00 n—o0 D5 \DR1 (yn)
tn
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uniformly for any small ¢, and since D;, r,(y») is a bubble domain, we know Ag g, is the neck
domain for sufficiently large S, R > 0, and it is sufficient to prove

lim lim lim | U, |*dv = 0. (49)

S—+00 R—+o00 n—0o0 As pon(an)
For this purpose, we shall prove two claims.

Claim II.1: for any € > 0, there is an NV > 1 such that for any n > N, we have

/ (e 4 U Vda < ¢, Vr € [eraR, tnS]. (50)
D (In)\D —1 (mn)

To get (50), similarly to the Case I, we firstly note the following two facts:

Fact I1.1: For any € > 0 and any 7' > 0, there exists some N(T') > 0 such that for any n > N(T),
we have

/ (|x[**m e r 4+ | W, [*)dx < e.
Dtns(ln)\DtnsefT(wn)

if S is large enough.

Fact I1.2: For any small ¢ > 0, and 7" > 0, we may choose an N(T) > 0 such that when
n > N(T)

/ (lz*2n e + [T, [*)
e BeT (@n)\Drp m(Tn)

Tn x|2an62ﬂn + ‘{f/n|4)

R T\DR “rn‘ |‘rn‘

2u + |‘l/| )
DReT\DR
< €

if R is large enough.

Now we argue by contradiction to show (50) by using the above two facts. We assume that
there exists ¢y > 0 and a sequence r, € [eT,, R, t,S] such that

/ (lz[Pom e n 4+ [Wp]*) > €.
Dy (@n)\D,-1,, (xn)

Then, by the above two facts, we know that t S 5 400 and T"R — 0, in particular, r, — 0 as
n — +o0. Note that |22 = || - 400 as n —> 0o. We define
vp(x) = up(rpx + x,) + In(ry |z, %),
(0) = (o + ) + Inralan ) -
on(x) = 13V, (rpx+ ).

Then (v, ¢n) satisfies

—Avy(x) = 2V3(rpz+, |\ac \ + |2ane2un(x) - V(Tnx + o)l N +7

in Diys \ Dryr, and
. o

1o @i, 2,

o]

T,
/ (125 + a2 e + [pnl*) > €.
e=1<|z|<1 |Zn| |24
By Theorem 1.1, there are three possible cases. However, similarly to the Case I, we can rule out
the first and the second possible cases. If the third case happens, then for any R > 0, there is
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no blow-up point in Dg \ D% and (v, @) is uniformly bounded in Dy \ D%. Then, there is a
solution (v, ) satisfying

{ —Av = 2V2(0)e? — V(0)e?|¢|?, in R?\ {0} (52)
Pe = =V(0)e'p, in R?\ {0}

with finite energy [5.(e?" + |¢|*)dz < oo, such that

tim_(llvn = vllcxpmpy ) + lon = @lle2omp ) ) =0,
n—oo R R

for any R > 0.
Next we shall use the Pohozaev identity to remove the two singularities to get another bubble.
Firstly, since (u,,, ¥,,) satisfies (4) and (5) in Dys, the following Pohozaev identity holds for any
p > 0 with 7,p < tp,

ou,,
o | Vo 2 L1, o
oD

o

- / (2V2(a:)|x|2""62“" V(@) e [0 2)da — rp / V(2|20 €240 dor
DT""D( ) aD”‘nﬂ(In)

1 v, o
Jri AD,nP(w7L)< ov '’ (x o x") ) \Ijn> + <($ — xn) W, Wﬂig

+/ ( )(62“" (x =) - V(V(2)|2[**) — " |9, [* (@ = 25) - V(V (@)]2]*"))de.
Dy p(xn
Here we have used the fact that |z|>*» is smooth in D, ,(z,) C R?\ {0}.

Noticing again that

vp(z) = u?(rnx + xp) + In(r, |2, |*),
on(x) = 12U, (rpx+ ).

Hence, the Pohozaev constant associated with (vy,, ¢y) (see definition (51)) satisfies

C(Una Cpn) = C(vna Pn,, ,0)
:p/ R

- / <2v2<w + zn>|| o |facwza"ez — V(raz + 24| ‘”” R ﬁxl pnl?)dz
Dp Tn Tn Tn
1 Oepn Opn
+p/ VZ(Tnx+$n)|7—i—ix‘%me%”da / < ,$'<Pn>+<x'80m >d0‘
oD, | n| | Tn 2 oD, v ov
— [ (@ VR m) T4 ) < P TV ()] 22+ ) da
D, [zn|  fan] [zn|  fan]
=0
Note that (vy,, ¢y,) converges to (v, ) in CZ_(R*\ {0)}) x C2.(I'(XR?\ {0})) and \li—"l B ‘:z:|°‘"
is a smooth function in Dy for § > 0 small enough. Therefore, we have
0 = [1)1_r>1%)n11_>m C(vny On, p)
= lim Clv,¢,p)
T
“lim lm [ (QV2(rnz 4 2n)| o+ 222 Y (2| 4 2D |2 etn |, [2)d
§—0n—o0 Ds | n| | Ty | n| ‘xn|
= C(’U, 410) - 6
Here
x T
B=1lim lim [ (2V2(rz+2n)| e 4+ — a2 €2 — V(1 + )| e + |7 e o, |2,
6=0n—=o0 [, |zn | || [zn|  fan]
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and C(v, ¢) is the Pohozaev constant with respect to (52), i.e.

B ov, 1 9
I I

—/ (2V2(0)e2” — V(0)e"|o|?)da
D

P

1 dp Op
+ V2062”d0—7/ —, - @)+ {x-p, —)do.
? Jom, (0) 5 app<8v Pl lee, 50

On the other hand, since (v, ¢,,) converges to (v, ) in C7 (R?\ {0}) x CZ (['(XR?\ {0})), we
have

Tn xn ’rn

+

T
2V2(rnx+xn)\ﬁ + o]
n n

— v =2V2(0)e? — V(0)e’|¢]* + Bdp=o

weakly in the sense of measures in Bg for any sufficient small R > 0. Then, applying similar
arguments as in Case I, we can show that

ac|20‘"e2”" —V(rpzx + x,)| |2

z|* e’ |n

() = — - og ] + () + h(z)
with w(x) being a bounded term and h(z) being a regular term and furthermore we have
62
C(’U, SO) = E
Hence there holds
62
i =

Since fBR e?*dr < oo, we have 8 < 2m. Therefore we deduce that C(v,) = 0, 3 = 0 and hence

the singularities at 0 and oo of (52) can be removed. Then we get another bubble on S?. Thus we
get a contradiction and complete the proof of (50).

Next, similarly to Case I , we can prove the following:

Claim II.2 : We can separate As grn(Z,) into finitely many parts

Ny
Aé,R,n(xn) - U Ak
k=1

such that on each part
/ ‘Jj|2a"€2u"d$§A7 k:LQ’... , Ny, (53)
Ak

where N < Ny with Ny being an uniform integer for all n large enough, Ay = D, k-1 (x,)\ Dyr (24,),
0 =t,S,rNe =7, R, r* < rk=1 for k=1,2,---, Ny, and A > 0 is the constant as in Lemma 6.1.

Then, we can use Claim II.1 and Claim II.2 to show (49). This finishes the proof of the
theorem in the second case. O

7. BLOW-UP BEHAVIOR

With the energy identity for spinors in place, we can now rule out the possibility that w, is
uniformly bounded in L7S. (B, \ £1) in Theorem 1.1 and hence the result can be improved.

Proof of Theorem 1.3: We shall prove this by contradiction. Assume that the conclusion of the

theorem is false. Then by Theorem 1.1, u, is uniformly bounded in L°° on any compact subset

of B,(0)\X;. Since (un, ¥,) is a sequence of solutions to (4) with uniformly bounded energy (5),

by classical elliptic estimates for both the Laplacian A and the Dirac operator ), we know that
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(tn, ¥,,) converges in C? on any compact subset of B,.(0)\ ¥; to some limit solution (u, ¥) of (13)
with bounded energy fBT(O)(|x|2a62“ +|¥[*) < +o0.

Since the blow-up set ¥; is not empty, we can take a point p € ¥;. Choose a small §5 > 0
such that p is the only point of ¥ in Bas, (p) C B,-(0). Without loss of generality, we assume that
p = 0. The case of p # 0 can be handled in an analogous way.

We shall first show that the limit (u, V) is C? at the isolated singularity p = 0. In fact,
since (un,¥,) satisfies the Pohozaev identity on D, for 0 < p < Jy, the Pohozaev constant
C(tn, ¥p) = Cluy, ¥y, p) satisfies

0= C(una\lln) = C(un,\lln,p)
_ Oup 5 1 9
_ p/aDp 2V o

—(1+ an)/ (2V2(z)|z|**m e — V(z)|z|* e |¥,,|?)dx
D/’

ov,,
ny 81/

2 ov ydo

P

1 v,
+p/ V2(x)|1,|2ane2undg_,/ <a ,.’E~\I/n>+<$'\11
oD oD,

7/ (|z[**me?urg - V (V2 (2)) — |z e | U, |2z - VV (2))da.

P
Since (un, ¥,,) converges to (u, ¥) in C? on any compact subset of Bas, \ {0}, we have

0 = lim lim C(up,%nu,p)

p—0n—o0
= lin% C(u,¥,p) — (14 «) lim lim (2V2(z) |z e?un — V (z)|z|* e |W,,|?)dx
p—

§—0n—o0 Ds
= Cu,¥)—(1+a)s

where
Cu,v) = C(u,7,p)
_ ou, 1 9
_ p/aDpaV| 2 IVudo
~(+a) [ @U@l - V@)l |UP)ds
1 ov ov
2 200 2w _ = = \I’ \I’ =
+p BDpV (x)|z|*“e*"do 2/8Dp(8y,x )+ (x ,ay>da
—/ (22 e - V(V2(2)) — [2]"e W22 - VV (2))da,
DP
and

8 =lim lim (2V2(z)|z]|?*m e — V(z)|x

d—0n—oo Ds

QAn eun

U, |?)dz.

Moreover, we can also assume that
2V2(z) |z e — V(2)|z|* e |W,|? — v = 2V (x)|x[**e® — V(x)|x|e“|¥|? + Bdp=0

in the sense of distributions in Bgr for any small R > 0. Then, applying similar arguments as
in the proof of the local singularity removability in Claim 1.1, Theorem 1.2, we can show that
C(u,¥) =0, 8 =0 and hence (u, ¥) is a C? solution of (13) on Bas, with bounded energy

/ (2272 4 [W]*) < +oo.
Bas,

Now we can choose some small §; € (0, ) such that for any § € (0, 1),

14+4a 1

7170}

/B (2V2(2) |2 — V()[2]*e W [2)dz < min{ (54)
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Next, as in the proof of Theorem 1.2, we rescale (u,,¥,) near p = 0. Choose x,, € Bs, with
un (2n)

Up (T,) = maxp, Un(x). Then we have x, — p and uy,(2,) — +00. Let A, = e an+t — 0 and
denote t,, = max{A,, |z,|} — 0. We distinguish the following two cases:

Case I: ﬁ\—z = 0(1), as n — +o0.

In this case, the rescaling functions are

Up(z) = up(thx) + (o +1)Int,
{ Uo(x) = 20, (i)
for any € D 5, . And by passing to a subsequence, (i, \Tln) converges in C7,.(R?) to some (4, \I/)
satisfying o
—Au = 2V2(0)|z[**e®" — V(0)|z|*e W%, .,

{ PV = —V(0)a]e T, n R
with

/2(2V2(O)|x|2°‘625 — V(0)|z]*"|¥|?)dx = 4n(1 4 ). (55)

R

Then for 0 € (0,97) small enough, R > 0 large enough and n large enough, we have

[ @@laperet — Vel en v, P)ds
Bs

/ (QV2(2) 22 €2 — V()] e W, )
Bi,r

Gnetn |, \Q)dar

+ / (@V2(2) |2 €24 — V(2)|a
Bs\Bt, r

> [ @Vt - Vit (B - [ Vil
Br BE\BtnR
1
> dr(l+a)— K)O‘. (56)

Here in the last step, we have used (55) and the fact from Theorem 1.2 that the neck energy of the
spinor field ¥, is converging to zero. We remark that in the above estimate, if there are multiple
bubbles then we need to decompose Bs\ B, r further into bubble domains and neck domains and
then apply the no neck energy result in Theorem 1.2 to each of these neck domains.

On the other hand, we fix some § € (0,d;) small such that (56) holds and then let n — oo to
conclude that

1
47T(]. + a) — ;)Oé < A (2V2($)|x|2an62“” _ V($)|£E|a"eu"|\:[/n|2)d§r
5
- - Aunz—/ Oun
Bs dB; on
0
- - g Auy
OBs 8n Bs
2 2a 2u a_u 2 1+«
= | @P@P - Vi)l e U <
Bs 10

Here in the last step, we have used (54). Thus we get a contradiction and finish the proof of the
Theorem in this case.

Case II: f\—“ — 400, as n — 0.
In this case, we should rescale twice to get the bubble. First, since ¢, = |z,|, we define the

rescaling functions
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Un(x) = up(thx) + (o + 1) Int,
Up(z) = 30, ()

for any € D I Set y, := 7=. Noticing that u,(y,) — +00, we set that J, = e un(n) and
define the rescahng function

ﬂn(m) = Up 5nx+yn)+1n5n

for any 0,z +y, € D ap Without loss of generality, we assume that yo = lim,, o, 3. Then by

also passing to a subsequence, (U, \Tln) converges in C? _(R?) to some (1, \T/) satisfying

loc
—Au = 2V3(0)e* — V(0)e" W[, o R?
P = —V(0)etd,
with
/R V0T~ V(0)e"[F)dr = 4. (57)

Now fixing d € (0, 61) small enough, S, R > 0 large enough and n large enough, by using (57) and
the fact that the neck energy of the spinor field ¥,, is converging to zero, we have

/ (V2 ()| e — V()|

QAn eun

T, %) dx

(tpx)|z|?*m e — V (t,x)|z|* e ¥, |*)dx

by
I

(2V2(t,z) |z e — V (t,z)|z|* e |, |*)dz

% \Bs (yn)
+ / (QV2(t2) |22 €2 — V(1) 2] e [T [2)d
Bs(Yyn)\Brn g(yn)
+ / (V2 (1) 22 €25 — V(1) 2| €5 | T [2)dar
B%R(yn)
& / @V (2 + Tz)| e+ g 2@ V(1,4 1) | 4 ] g @) |, 2) d
Br | | | n| ‘$n| |37n‘
- / V()] et 0,2 — / V ()]l €™ | T2
By, s\Br, r(zn) B%\Bs(yn)
1
> 47— —
10°
Then, applying similar arguments as in Case I we get a contradiction. Thus we finish the proof
of the Theorem. O

8. BLOW-UP VALUE

In this section, we shall further investigate the blow-up behavior of a sequence of solutions of
(4) and (5). Let m(p) be the blow-up value at a blow-up point p € ¥; defined as in (7). It is clear
from the result in Theorem 1.3 that m(p) > 4w. Now we shall determine the precise value of m(p)
under a boundary condition.

Proof of Theorem 1.4: Without loss of generality, we assume p = 0. The case of p # 0 can be
handled analogously. It follows from the boundary condition in (8) that 0 < u, —ming By (p) Un < C
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on 0B,,(p). Define w,, as the unique solution of the following Dirichlet problem

—Aw, =0, in B,,(p),
Wy, = Up — MiNgp, Un, on JB,(p).

By the maximum principle, w;,, is uniformly bounded in B,,(p) and consequently w, is C? in
B,,(p). Furthermore, the function v, = u, —ming By (p) Un — Wn solves the Dirichlet problem

—Av, = 2V2(x)|z|?*me?un — V(z)|z|*ev |V, |, in B,y (),
v, = 0, on 0B,,(p),

with the energy condition
/ (V2 ()22 25— V() |2|* €5 |, [2)da < C.
By (p)
By Green’s representation formula, we have

1 1 « u (e} u
Un(z) = */ log Q2V2(y)ly[> et — V(y)|y|*r e |0, |*)dy + R ()
21 Jp, ) 1T~

where R, (z) € C*(B,,(p)) is a regular term. Since p = 0 is the only blow-up point in B, (p), from
Theorem 1.3, we know

o) 52 o R) i (B () (01 (58)

for R(z) € C*(B,,(p)). On the other hand, we observe that (v,, ¥,) satisfies
—Av, = 2K2(z)|z|?**me?r — K, (z)|z|% e’ |V, |2, .
{ p\I}n = _Ktln(x)evn\]?na m BPO (p)

where K, = V(z)e™"%0® T Noticing that p = 0, the Pohozaev identity of (v,,¥,,) in
B,(p) for 0 < p < pg is

vy, 1
o[ GEE Ve
9B, (0)

ov

= (1+ an)/ (2KZ(:C)|$|2°‘"62“" - Kn(as)\x|a"e”"|\lln|2)dx
B,(0)

1 oY, ov,
_p/ K?L(l‘)|x|2a”€2v"d0+*/ <77x.\1]n>+<x.\11n,7>d0'
dB,(0) 2 JoaB,) OV ov
+/ (|z* e - V(K2 (x)) — |2| e |0, >z - VK, (2))dz. (59)
B, (0)
By (58), we have
m(p)
Oy 1 1,005 In ) 1
lim lim p 112 2|V, [2do = lim p Sz 2ge = 2 (p)
p=0n=oc" Jop (0) ov 2 r—=0" JaB,(0) 2 ov 47
Since u,, — —oo uniformly on 0B,(0), we also have
lim lim ,0/ KZ2(z)|z[**me?""do = lim lim p VZ(x)|x[**e*rdo = 0.
p—0n—oo 9B, (0 p—0n—o0 8B, (0)
s 20y, ,2Un 4 :
Noticing that pro(O)(|x| e + ¥, |*)dx < C, we can obtain that
lim lim (|x[**me* g - V(K2 (x)) — |2 e | U, >z - VK, (2))dz = 0.

p—0n—o0 B,(0)

Since u, — —oo uniformly in B,(0)\B2(0), and |V, | is uniformly bounded in Bs,(0)\Bs (0) for
any p > 0, we know
PY =0, in B,, \ {0}.
Since the local singularity of a harmonic spinor with finite energy is removable, we have
DY =0, in B,,.
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It follows that ¥ is smooth in B,,. Therefore we obtain that

lim lim U, ||z - VU, |do = 0.
p—0n—o0 9B,(0)

Let n — oo and then p — 0 in (59), we get that

1
- (p) = (L4 a)m(p).
It follows that m(p) = 47 (1 + «). Thus we finish the proof of Theorem 1.4. O

9. THE GLOBAL SUPER-LIOUVILLE SYSTEM ON A SINGULAR RIEMANN SURFACE

In this section, we study the blow-up behavior of a sequence of solutions of the global super-
Liouville system on a singular Riemann surface and prove Theorem 1.5 and Theorem 1.6.

Proof of Theorem 1.5: Since g = ¢*?g, with gg being smooth, then by the well known properties
of ¢ (see e.g. [T1] or [BDM], p. 5639), we know that (u,, ) satisfies

—Ag(un +¢) = 202(Un+9) _ unto <e%¢n,6%1/)n> - Ky — ZQﬂajéqj
g0 =1 in M.
3 w 3
Dy, (e3tn) = —e"F0(e2yn)

with the energy conditions:

/ Huntddgy < C, / le$ 1|2 dgo < C.
M M

If we define the blow-up set of u,, + ¢ as
¥ = {z € M, there is a sequence y,, — z such that (u, + @)(y,) — +oo},

then by Remark 3.3, we have ¥; = ¥/. By the blow-up results of the local sytem, it follows that
one of the following alternatives holds:
i) u, is bounded in L (M).
ii) u, — —oo uniformly on M.
iii) ¥; is finite, nonempty and

U, — —oo uniformly on compact subsets of M\X;.
Furthermore,
u u i
9e2(untd) _ n+¢‘ez¢n\§o N Z m(pi)op,,
pPi€X1
in the sense of distributions.
Now let p = 13 > 2. We have
IV (un + &)l La(ar,g0)
< Sup{|/ V(un + ¢)Vipdgol|e € WHP(M, 90)7/ edgo = 0, [|¢l|w1e(nr,g0) = 1}-
M M
By the Sobolev embedding theorem, we get

|1l Lo (a1,g0)<C-
It is clear that

[Vt edgal = | [ A+ Sl
M M
9 m
< / (22 ¥9) et Ole a2 4 | K, |)ldgo + > I/ 2100, pdgo| < C.
M = Jm
Therefore, u,, + ¢ — ﬁ Jas (tn 4 @)dgo is uniformly bounded in Wh4(M, go).
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Next, we define the Green function G by

{ _AEIOG = Zpezl m(p)(S;D - Kgo - E;nzl 27Taj6‘b"
fM Gdgo = 0.

Then G satisies (9). We have for any ¢ € C*(M)

/ V(un + 6 — G)Vipdgo = — / Ay, (tn + 6 — C)odgo
M M

= / (2e2(unt@) _ gunto <e%¢n,e%¢n> — Z m(p)dp)edgo — 0, asn — oo.
M

g0 pES,

Combining this with the fact that un +¢— 7 [y, (un +¢)dgo is uniformly bounded in W4(M, go),
we get the conclusion of the lemma. O

Proof of Theorm 1.6: The result follows from Theorem 1.5 and the Gauss-Bonnet formula. [

10. THE LOCAL SUPER-LIOUVILLE EQUATIONS WITH TWO COEFFICIENT FUNCTIONS

In this section, we discuss the following local super-Liouville type equations with two different
coefficient functions:

—Au(z) = 2V2(x)|z[>*e®®) — W (z)|z|*e @) |T|? .
U 2 oy » B (0), (60)
and with the energy condition
/ 22762 4 0|z < 400, (61)
B (0

where a > —1 and V(x), W(x) € W1>(B,(0)) satisfying 0 < a < V(x),W(x) < b < +oo. In
analogy to the case considered in Section 3, we can define the notion of weak solutions (u, ¥) €
WL2(B,(0)) x W3 (D(EB,(0))) of (60) and (61) and show that any such weak solution (u, ¥) is
regular in the sense that (u, ¥) € WHP(B,.(0)) x WH4(T'(XB,.(0))) for some p > 2 and some q > 2
and (u, V) is C2, x C . in B,.(0) \ {0}.

loc

Firstly, it is easy to check that the following Pohozaev type identity holds:
0

R -

oBR(0) OV

= (1t [ @@ - Wiaal e b o
Br(0)

1
|2 - §|Vu|2do'

1 ov ov
fR/ V3(z x2a62“d0+7/ —,z- U+ {z- ¥, —))do
ReCE o NG AER R

—|—/ (|Jz|?**e* x - V(VZ(2)) — |z|%e*| ¥ |22 - VIV (z))dz
Br(0)

for any regular solution (u, ¥) of (60) and (61) on B,(0) and for any 0 < R < r.
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Secondly, when (u, ¥) is a regular solution of (60) and (61) in B,.(0)\{0}, we define the Pohozaev
constant associated to (u, ¥) as follows

942

Cu,¥) = R %|Vu|2da

9Br(0) OV
- (1 +0<)/ 2V (x)|z**e® — W (x)|x|*e"|P[?)da
Br(0)
| ow o
+R/ V3(x x2a62“d0—7/ —, - U+ {(z- ¥, —)do
RGCE MR SRR
—/ (22 e - V(V2(2)) — |20 22 - VIV (2))da.
Br(0)

Then the local singularity removability as in Proposition 4.5 holds.
Thirdly, for a bubble, namely an entire regular solution on R? with bounded energy, we consider
the following equation:

—Au = 2a|z[*¥e* — b|z|¥e"| ¥,
DU = —b|z|%e" T,

with @ > —1 and for two real numbers a > 0 and b > 0. The energy condition is

in R2.

I(u,V¥) = / (|z[**e** + |¥|)da < oo.
R2

By using its corresponding Pohozaev type identy, we can prove the same results as in Proposition
5.1 and Theorem 5.2. In particular, we have

d= / 2a|z|*“e?" — blz|e*| U2 dr = 47 (1 + ).
R2

Finally, for a sequence of regular solutions (u,,¥,) to (10) and (11), we define the blow-up
value m(p) at a blow-up point p as

m(p) = lim lim (2Vn2(x)|a:|2°‘"62“" — Wn(x)\x|“”e“”|\lln|2)dx,
p—0n—oo Bp(p)

and we can show that the blow-up behaviors for (u,,, ¥;,) as in Theorem 1.1, Theorem 1.2, Theorem
1.3, Theorem 1.4 and Theorem 1.5 hold.
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