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A GLOBAL WEAK SOLUTION OF THE DIRAC-HARMONIC MAP FLOW
JURGEN JOST, LEI LIU, AND MIAOMIAO ZHU

ABsTRACT. We show the existence of a global weak solution of the heat flow for Dirac-harmonic
maps from compact Riemann surfaces with boundary when the energy of the initial map and the
L?>—norm of the boundary values of the spinor are sufficiently small. The solution is unique and
regular with the exception of at most finitely many singular times. We also discuss the behavior at
the singularities of the flow. As an application, we deduce some existence results for Dirac-harmonic
maps.

1. INTRODUCTION

Motivated by the nonlinear supersymmetric sigma model from quantum field theory, Dirac-
harmonic maps are critical points of an energy functional that couples maps with spinor fields.
They were introduced in Chen-Jost-Li-Wang [8, 9]. This subject generalizes the theory of har-
monic maps and harmonic spinors. The particular structure of the coupling which comes from the
nonlinear supersymmetric sigma model is crucial for their subtle geometric and analytical prop-
erties. This structure needs to be very carefully exploited and combined with some of the most
powerful and advanced techniques and results in geometric analysis in order to derive regularity,
existence and uniqueness results. This is the context of the present paper. We shall discuss and
analyze a parabolic version of the model and show the existence of a unique global weak solution
under some smallness assumptions on the initial data. As is to be expected for such problems, we
encounter the possibility of finite time blow-up, and therefore the weak solution in general will not
be strong. But at least, it can be continued across such a singularity as a weak solution.

1.1. The Dirac-harmonic variational problem. In order to discuss our results in more detail,
we now need to become more technical. Let us first present the Dirac-harmonic model, which this
paper is about. Let (M, g) be a Riemann surface with a fixed spin structure, XM the spin bundle
over M and (-, -)s), the metric on M. Choosing a local orthonormal basis e,,@ = 1,2 on M, the
usual Dirac operator is defined as ¢ := ¢, - V,,, where V is the spin connection on M and - is the
Clifford multiplication. This multiplication is skew-adjoint:

X, 0sm ==, X - )su
forany X e ['(TM), ¥, ¢ € T(EM).
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2 JOST, LIU, AND ZHU

The usual Dirac operator @ on a surface can be seen as the (doubled) Cauchy-Riemann operator.

Consider R? with the Euclidean metric dx* + dy*>. Let ¢; = a% and e, = a% be the standard

orthonormal frame. A spinor field on R? is simply a map ¢ : R? — XR? = C?, and the action of e,
and e, on spinors can be identified with multiplication with matrices

(0 1 (0
“=l-1 0 27\ o)

If y = (51) : R? — C? is a spin field, then the Dirac operator is
2
0 1\(%\ (0 i\(% 2
o e )
ox ay 0z
where

0 _1

o .0 o 1,0 .0

== —iz), == o( i),

dz 2 0x Oy 0z 2 0x 0y
For more details on spin geometry and Dirac operators, we can refer to [21].

Let ¢ be a smooth map from M to some compact Riemannian manifold (&, #) with dimension

n > 2. If "'TN is the pull-back bundle of TN by ¢, we get the twisted bundle M ® ¢~'TN.

Naturally, there is a metric (-, )spygg-17y 0N ZM ® ¢~ 'TN which is induced from the metrics on
XM and ¢~'TN. Also we have a natural connection V on M ® ¢~'TN which is induced from the
connections on XM and ¢! TN. Let ¢ be a section of the bundle EM®¢~'TN. In local coordinates,
it can be written as

Y=y ®0,(e),
where each ¢/ is a standard spinor on M and 9, is the natural local basis on N. Then V becomes
(1.2) VY = V' ® 0,u() + (T, Vo ! ® 9,:(9),

where F;k are the Christoffel symbols of the Levi-Civita connection of N. The Dirac operator along
the map ¢ is defined by Dy := e, - 6%1//.
We consider the action functional

(1.3) L) = [ (o + W Dbsus )i,
M

Critical points (¢, ¥) of L are called Dirac-harmonic maps from M to N.
By the Nash embedding theorem, we embed N into some RY. The Euler-Lagrange equations of
the functional L are

(1.4) 7(¢) = P(Add(en), ea - )3 ),
(1.5) I = Aldg(en), e - ),

where 17(¢) = Adp—A(¢)(d¢, dp) is the tension field of the map ¢, A is the second fundamental form
of N in RY, A and P are defined as follows

Aldd(eq), o - ) := (V¢ - /) ® Ay, D)),
P(AdP(eq), €q - W) th) := P(A(Oy, 0,:); Oy )Re((W', d' - w')).
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Here P(&; -) denotes the shape operator satisfying (P(¢; X), Y) = (A(X,Y), &) forany X, Y € I'(TN)
and Re(z) denotes the real part of z € C. We refer to [8, 9, 31, 30, 12, 26, 19] for more details.

1.2. The heat flow approach. A key difficulty arises from the fact that the action functional L
is not bounded from below. Therefore, classical variational approaches developed for harmonic
maps cannot be applied to study the existence of Dirac-harmonic maps. There have been other
approaches, such as [18, 7, 2, 4]. Here, we shall pursue that approach that seems most promising
to us for addressing the existence question in general terms. This is a heat flow that couples a
parabolic second order equation for the map with a first order elliptic equation for the spinor. That
is, the solution of the first order Dirac type equation is carried along a harmonic map type heat flow.
That harmonic map heat flow is the prototype, and when the spinor vanishes, this is what we get.
However, the case of interest for us is of course when the spinor is not trivial. The Dirac equation
for the spinor might then be considered as a side condition or constraint that depends nonlinearly
on the flow. This approach was introduced in [10], and their heat flow for Dirac-harmonic maps
looks as follows. For ® € C>"*(M x (0,T]; N) and ¥ € C"**(M x (0, T];ZM ® ®~'TN)

(1.6) 0,0 = 7(D) — P(A(dD(e,), e, - V); V), in MxI0,T);
' I¥ = AdD(e,), e, - 'P), in M x[0,T).
We impose the boundary-initial data

(1.7 O(x, 1) = ¢(x, 1), on Mx{0}uoM x[0,T];
' BY(x, 1) = By(x, 1), on OMx[0,T],

where ¢ € C>M*(M x {0} UM x [0,T];N), y € C'OM x [0,T]; EM ® ®'TN) and B = B* is
the Chiral boundary operator defined as follows:

B [MEM QD 'TN|yy) —» LXEM @ D 'TN|s)
1 -
(1.8) wHE(Idin-G)%//,

where 77 is the outward unite normal vector field on M, G = iey - e, 1s the Chiral operator defined
using a local orthonormal frame {e,}>_, on M and satisfying:

(1.9 G’=Id, G'=G, VG=0, GX-=-X-G,

for any X € I'(TM). One can also take 8B to be the MIT bag boundary operator 8j3,,, or the J-
boundary operator 87 as considered in [10]. For convenience, in the sequel, we shall only consider
the case of chiral boundary conditions and omit the other two cases of boundary conditions, as the
arguments for them are the same.

In [10], a short-time existence and uniqueness result for the flow (1.6) and (1.7) was obtained:

Theorem 1.1 (Theorem 1.3, [10]). Let M"(m > 2) be a compact spin Riemannian manifold with
smooth boundary M, N be a compact Riemannian manifold. Suppose that

® € NrsoC* (M x [0, T]; N)

and
¥ € NrooC"(OM X [0, T];EM ® ®'TN)
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for some 0 < a < 1, then the problem consisting of (1.6) and (1.7) admits a unique solution
® € Nosreser, CHHI (M X [1,51) N CU(M X [0, T1], N)

and
¥ € Noereser, C* (M x [t, s1) N CH (M x [0, T1];ZM @ @' TN)
for some time T > 0 which is characterized by

lim sup [|[VO(-, 1)l|cocpr) = oo.
t,/'T

For Dirac-geodesics and their heat flows, we refer to [11]. For the evolution problem of regular-
ized Dirac-geodesics, see [3].

1.3. Global existence and main results. In this paper, we shall study the global existence of the
flow (1.6) in dimension dimM = 2 with the following boundary-initial data:

D(x,1) = p(x), on OMx][0,T];
(1.10) O(x,0) = ¢o(x), in M,
BY(x, 1) = Byo(x), on OMx|[0,T];
Po(x) = @(x), on oM.
Set

W'2(M,N) := { ¢ € W(M,RY) with ¢(x) € N fora.e.xe M},
WM, EMQ™'TN) := { y € W3 (M, ZM @ RY) with y(x) € IM ® ®'TN fora.e.xe M }.
Let N;, be the 6p—tubular neighborhood of N in RY. Then there exists &, > 0 small enough, such
that the nearest point projection map Ily : N5, — N is smooth, i.e. |x — IIy(x)| = d(x, N). Given
® € W'(M, N), we define
Dy : WHBEMRY) - L3 EM @ RY)
¥ @Y — A(dD(e,), eq - (DIye 0 'P)),

where DIyl : RY — TN is the projection. It is easy to see that De'¥ = DY for ¥ € W3 (EZM ®
OITN).
Denote the energy of ® on Q@ C M by

1
E(@,Q) = = f IVOPdM
2 Ja
and denote the the energy of ¥ on Q2 € M by

E(Y,Q) = f [P[*d M.
Q

For simplicity, E(®) = E(®, M) and E(Y) = E(Y, M).

When we have a non-vanishing spinor field 'V, the total energy of the map E(®()) is not neces-
sarily non-increasing in ¢, in contrast to what one knows for the ordinary harmonic map heat flow.
However, by exploring the hidden structure of our elliptic-parabolic system (1.6) with boundary-
initial data (1.10), we can still show that E(®(?)) is uniformly bounded in ¢ - a key property for our
flow, allowing for seeking a global weak solution with at most finitely many singularities, in the
same spirit as is demonstrated by Struwe in [27]. The remaining difficulty then is that in general we
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do not have good control of the energy of the spinor field E(\P(¢)) as ¢ approaches the first singular
time 7', when the map blows up.

To overcome this, we shall impose some boundary-initial constraint on ¢y and ¢y. To be more
precise, we shall first define a constant A = A(M, N).

A :=sup{ A € [0,0] : For any (¢,) € WA(M,N) x W*PEM @RY), if E(¢) < A2,
(1.11) then ||Yllyr43a < C(M, N, K)(||IZ)¢¢||L4/3(1\4) + [|1BYllwisanomy) }-
In the above definition (1.11), if we consider ¢ € W'»(M, N) with p > 2 and replace E(¢) with
ll#llw.», then the corresponding A = oo (see Lemma 2.6 or Theorem 1.1 in [10]). However, in the
critical case of ¢ € W!'2(M, N), we do not know whether A is oo or not.

In fact, the constant A defined above has a positive lower bound (see Lemma 2.9).
More precisely, we have

S 1
V2 Ay - Ag - As

where Ay = A{(M,N) > 0 (see Lemma 2.7) is the elliptic estimate constant for the usual Dirac
operator @:

(1.12) A > 0,

(113)  Wllwrasan < Ar (lllsan + 1BWlwisnam). ¥ o € WHEM @ RY).
Ay = Ay(M, N) > 0 is the following Sobolev embedding constant:
(1.14) I lesary < Aol fllwrsnson, Y f € WHEWMLRY)

and A3 > 0 denotes any upper bound of the L*—norm ||A[|z~, of the spinorial extension of the
second fundamental form ‘A:

(1.15) \AdD(e,), €q - V)| < 1Al [dOIPT,
for any (®,¥) € WI2(M,N) x W3 (EZM @ ®~'TN).

Now we are able to state our first main result:

Theorem 1.2. Let M be a compact Riemann spin surface with smooth boundary M and let
N c RY be a compact Riemannian manifold. Suppose ¢y € H'(M,N), ¢ € C**(OM,N),
Yo € C"(OM, XM ® ¢~ 'TN) and satisfy the following boundary-initial constraint:

(1.16) E(¢o) + \/EHB%“%%?M) <A’

where A = A(M, N) > 0 is the constant defined in (1.11). Then there exists a global weak solution
of (1.6) with the boundary-initial data (1.10), which is defined in M X [0, c0) and satisfies

E@@) + | 16,0PdMdt < E(¢o) + V2I|Buoll? V>0,

2
p L2(OM)’

E(D(7) + ! (7 - B, ¥)(1) < E(D(s)) + ! (T - B, ¥)(s), YO<s<t<oo.
2 Jom 2 Jom
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Moreover, there exists an integer K > 0 depending only on M, N, E(¢y), |l¢llc2+e@nry and ||Biollcr+e o
and there exist finitely many singular times {T;}, 1 < k < K, characterized by the condition

(1.17) lim sup E(D(¢); Bﬁ‘f(x)) >€ forall R>DO0,
xeM
t,/ Ty

where € > 0 is the constant defined in Theorem 4.1 and BY (x) is the geodesic ball in M, satisfying

(1.18) D € C;M(M X ((0,00) \{TW}E.))) and ¥ € C,2* (M x (0, 00) \ {T}5.)).

loc

Moreover, we show that at each singular time {7}}, when energy of the map concentrates, after
suitable space-time rescaling, a bubble, namely, a nontrivial Dirac-harmonic sphere splits off.

Theorem 1.3. Let (D, V) be a solution to (1.6) with the boundary-initial data (1.10) from Theorem
1.2. Suppose T, is a singular time, i.e.

(1.19) lim sup E(D(¢); BRM(x)) >€ forall R>0O.
Tﬁe@ exist sequences t; /‘~ T\, xi = xo € M, r; = 0 and a nontrivial Dirac-harmonic map
(®,¥):R?* > N X (ZR?>® O'TN), such that

(1) if xo € M\ OM, then as i — oo,

Di(x) := D(x; + rix, 1;) = O(x) in CL.(R? and

¥i(x) = VAP + rx, 1) - P(x) in CL(R?).
(D, V) has finite energy and conformally extends to a smooth Dirac-harmonic sphere.

(2) if xo € OM, then M — oo and the same bubbling statement as in (1) holds.

In Theorem 1.3, for a boundary blow-up point, the case that M is uniformly bounded can-

not occur. Otherwise, one obtains a bubbling solution with certain ll)oundary constraints. However
this cannot happen, due to the following result, which can be reduced to the harmonic map case
considered by Lemaire [22].

Theorem 1.4. Let (®,¥) : R2 — N be a smooth Dirac-harmonic map with boundary data Dljp2 =
const. and BY |2 = 0 and satisfying

f VO dx + f [¥[*dx < oo,
R2 R2

+ +

where R2 := {(x1, x2) € R?|x; > 0} and 0R? := {(x;,x2) € R?|x, = O}. Then ® must be a constant
map and ¥ = 0.

As an important application of the heat flow, we can obtain some existence results of Dirac-
harmonic maps.
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Theorem 1.5. Let (®, V) be a solution to (1.6) with the boundary-initial data (1.10) as obtained in
Theorem 1.2 and defined in [0, o0). Then there exists t; /' oo such that (O(-,t;), Y(-,1;)) converges
weakly in WY(M) x W'*3(M) to a Dirac-harmonic map (®u,, ¥oo) € C***(M, N) x C'**(M,*M &
O TN) with boundary data @y = ¢ and BY oy = Bio.

If the boundary-initial data are small enough, the map part of the limiting Dirac-harmonic map
(®, ¥.) obtained in the above theorem has to be homotopic to the initial map ¢,

Corollary 1.6. We define a constant €y = €y(N) > 0:

€ := inf { E@®) | (p,¥): S 2 — N is a nontrivial smooth Dirac-harmonic map } .
For any ¢y € H' (M, N) N C°(M, N), ¢ € C***(OM, N), g € C"**(OM, =M ® ¢"'TN), if
(1.20) E(@0) + V2Bl 5y, < min (A%, e),

where A > 0 is defined in (1.11), there exists a Dirac-harmonic map (¢,¢¥) : M — N with ¢ lying
in the same homotopy class of ¢,.

Remark 1.7. In the case of By = 0, by triviality of ker(I),; B) for a regular map ® € W'»(M, N)
with p > 2 (see Theorem 1.1 in [10] or Lemma 2.6), ¥ has to vanish and hence our problem (1.6)
and (1.10) reduces to the classical harmonic map flow with Dirichlet boundary condition. In this
case, there is no constraint on the initial energy E(¢q) in order to obtain a global weak solution.
See e.g. [17, 6, 13] for related works. The finer qualitative behavior at the singularities of our flow
will be addressed in a subsequent work.

This paper is organized as follows. In Section 2, we recall some lemmas which will be used in
this paper, such as a covering lemma, an interpolation inequality and some elliptic estimates for
the first order equation. In Section 3, we derive some a priori estimates which ensure the local
existence for initial data with lower regularity. Also, we prove a small energy regularity theorem
and the uniqueness of solution in this section. In Section 4, some existence results including local
existence and global existence (Theorem 1.2) are proved and the characterization of the singular-
ities is derived. In Section 5, we prove Theorem 1.3, Theorem 1.4, Theorem 1.5 and Corollary
1.6.

Notations: Denote Q' = Q X [s,1], M\ = M X [s,1], M' = M x [0,T] and denote the standard
Sobolev and Hélder spaces by Wy"(M"), C™**"*#(M") and C™*(M") = C™+*"**/2(MT"). Finally,

VM) = {(®,9¥): M X [5,t]] > NXEM® O'TN)| sup |[VO|| 2y + sup [[Pllwranar

s<o<t s<o <t

+ sup (Wl + f (10,0 + [VDP)dMdr < co).
M;

sS<o<t
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2. PRELIMINARIES AND SOME LEMMAS

In this section, we first recall some lemmas which will be used in this paper and then derive the
properties of the constant A defined in (1.11).

Lemma 2.1 (II, Theorem 2.2 and Remark 2.1, P. 62, P. 63 in [20] or Lemma 4.1 in [14]). For
any smooth bounded domain Q C R? and any function u € H'(Q), there exists a constant C > 0
depending on the shape of Q such that

1
Q.1 f lul*dx < C f lul*dx( f \VulPdx + — f ul*dx),
Q Q Q |Q| Q

where |Q| is the volume of Q.

Lemma 2.2 (Lemma 3.3 in [27]). There exist constants K > 0, Ry > 0 depending only on M such
that for any R € (0,Ry), there exists a cover of M by balls By (x;) with the property that at any
point x € M at most K of the balls B3(x;) meet.

Lemma 2.3. There exist constants C > 0, Ry > 0 depending only on M, such that for any T < oo,
any u € C(M?), any R € (0, Ry] and any function n € Cy (Br(x0)), xo € M depending only on the
distance |x — x| and non-increasing as a function of this distance, there holds

(2.2) |Vul*ndMdt <C sup f |Vu|2(x,r)dM-( f \V2ul’ndMdt + R™> f |Vu|277det)
B (x0) M M

M 0<t<T

where BRM (x0) is the geodesic ball on the M. Moreover, we have

(2.3) f \Vul*dMdt <C sup f |Vu|2(x,t)dM~( f \V2ul?dMdt + R™> f |Vu|2det).
M By (x0) MT M

(x0.)eMT

Proof. The idea is the same as in Struwe’s paper [27], using the density of step functions in L*
space and the covering argument in Lemma 2.2. One can refer to Lemma 3.1, Lemma 3.2 in [27]
or Lemma 4.1, Lemma 4.2 in [14] for a detailed proof. O

The next lemma provides a Green formula for the Dirac operator Ip along a map ¢.

Lemma 2.4 (Proposition 3.2 in [12]). For any ¢, w € W'3/*(ZM ® ¢~ 'TN), we have

(2.4) f W, D) = f (DY, w) - f G v, 0)
M M oM

where (Y, w) := hii (', ).

We next present a modified version of Proposition 3.1 in [10], which will play a crucial role in
controlling the total energy of the map along our flow (see Section 3).

Proposition 2.5. Suppose that ¢ € W2(M,N) and y € W'**(ZM ® ¢"'TN), then
(2.5) |f (1P = 2018 < 20 s an Bl 73 -
oM

Proof. We use the observation of Proposition 3.1 in [10]. Denoting

1
X := 5<;1/, eo G -Ye,,
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then
1
(X, 7y = Ew,? -Gy,
1
|ByYI* = 5||w||2 — (X, 1),
and

div X = —Re{IDyr, G - ).

By the boundary trace embedding theorem W'*3(M) — L*(0M) (see Lemma 5.19 in [1]), we have
W € L*(OM) and hence X € L'(dM). Combined with the fact that div X € L!(M), by the divergence
theorem, we have

If (X, )| = If divX dx| = If Re(y, G - ydx| < Wl aan 1P| 215 )
oM M M

Thus,

(2.6) If 11> = 21811 < 200l s 1PN 3 ary -
oM

Next, we recall some elliptic estimates from [10].
Lemma 2.6 (Theorem 1.2 in [10]). Suppose ¢ € W' (M, N), p* > 1 and ¢y € W'"»(ZM @ RV),
1 < p < p* satisfy

2.7) {ID,M =¢, in M,

By = By, on OM,
then there exists a constant C = C(p, M, N, ||¢|ly120* ar)) > O such that
Wllwocany < C (Nl + 1B llw-nsan) -
As a special case of Lemma 2.6, when ¢ = const., we have

Lemma 2.7. For any 1 < p < oo, there exists a constant C = C(p, M, N) > 0 such that for any
W € WHP(EM @ RY) there holds

Il lwirany < C(p, M, N) (||&¢’||LP(M) + ||B¢’||W'—1/Pw(aM))-
Here, C(2, M,N) = A{(M, N) defined in (1.13).
Taking I) to be the usual Dirac operator @ in Theorem 4.4 of [10], we get

Lemma 2.8 (Theorem 4.4 in [10]). Suppose yy € W'"P(EMRN), 1 < p < coand f € C*(EM®RN),
0 < a < 1 satisfy

d=f in M,
then there exists a constant C = C(a, M, N) > 0 such that ¢ € C'**(EM @ RY) and

Wlcreoy < Cla, My N) (l8Wllcecan + 1B llcrsoan) -
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Lemma 2.6 provides the elliptic estimate and the uniqueness result for ¢ regular enough, namely
¢ € W'2P"(M, N) for some p* > 1. However, if ¢ is only in W!*(M, N), then the corresponding
estimate may not hold. In this critical case, we need to use the constant A defined in (1.11) in order
to obtain the elliptic estimate and the uniqueness result. Now we show that there is a positive lower
bound of the constant A.

Lemma 2.9. The constant A defined in (1.11) satisfies (1.12).
Proof. Let Az > ||Al[z~v) be a constant. For any 0 < A <
E(¢) < A2, then Ker (Dy; B) =0 and

W llwiesany < COM, N, AYAB sl 1215 ay + 1B wirsarsangy + 11125 any)-
In fact, suppose

1

rAy it is sufficient to prove that if

{IDW =¢, in M,

By = By, on OM,

by Lemma 2.7, we have

llwrsnan < Ar (IAE(ea), €o - Dt o )y + 1Dollirsany + 1Bollrsssrs o)
<A (||A||L°°(N)|||d¢||D7r o Yl + 1PgWll ey + ||Bl//0||wl/4,4/3(aM))
< AlAll s ldll 2 an Wl s any + Al PoWllan o + AilIBollwiaasam
< MM JIAN = lld@ll 2 1l lwranany + AallDgWll oy + AillBollwisanam,
< V2 KA1/\2||A||L°°(N)||lﬂ||W1~4/3(M) + A1||m¢W||L4/3(M) + AlIBYollwrissnom.-
Since V2 AAA,)|All~v) < 1, we get
Wllwinan < COM, N, AYAD 140y + 1BWollwiraaam)-

In fact, we can show that the constant A in (1.11) has the following equivalent definition:
A= sup{K € [0,00] : For any ¢ € W'3(M, N), if E(p) < A2, then Ker(Dy; B) = 0 and
for any ¢ € W*3(EM @ RY), there holds
(2.8) Wlwr43 ) < C(M, N, K)(||lz)¢lﬁ||L4/3(M) + |Blwirasromy + ||W||L4/3(M))}~

To see this, we first show that
Lemma 2.10. Suppose ¢ € W'"2(M, N) and € W'*3(ZM ® RYN) satisfies

Doy = ¢, in M,
By = By, on OM.

If _
E(p) < A* < A%,

where A is defined as in (2.8), then there exists a constant C(M, N, X) > 0 such that
(2.9) Il < C(M, N, K)(”lbfplﬁ”U/S(M) + 1By llwrssnom))-
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Proof. In fact, by the definition of A in (2.8), we have Ker(2),; 8) = 0 and

(2.10) il < C(M, N, K)(||lD<z5l/’||L4/3(/v1) + 1B wiraan@my + W 2453 a))-

If the conclusion (2.9) does not hold, there exists a sequence ¢, € W'"2(M, N), ¢, € W3(M, M
RY), satisfying

E($,) < A* < A2,
but,
W allwianan = 1 (1BDg,Wallanon + 1Ballwissan o).
Without loss of generality, we may assume |i,||;+3) = 1. By (2.10), we have

C C
(1- ;)(”lp(pnlﬁn”ﬁﬂ(m + IBYllwrrasinom) < P nll 2473 ar)-

Using (2.10) again, we get |[,llw1453) < C when n is big enough. Then there exists a subse-
quence of {(¢,, )}, still denoted by {(¢,,¥,)}, and ¢ € W'2(M,N), y € W*3(EM ® R") such
that

W, — ¢ weakly in W'*3(M),  d¢, — d¢ weakly in L*(M),
W, — W strongly in L*(M).
So, we have [l = 1, E(¢) < E(¢,) < A> < A> and
Dy =0, in M,
By =0, on OM,

Since Ker(D4; B) = 0, we get ¢ = 0. This is a contradiction to |[i||;4547 = 1. Thus, the estimate
(2.9) follows. d

From Lemma 2.10, it is easy to get the following:
Corollary 2.11. The definition of (1.11) is equivalent to (2.8).

Finally, we provide the e-regularity estimate for the Dirac equation. We remark that the interior
regularity for weak solutions was proved in [26] (Theorem 3.4) and the boundary regularity for
weak solutions in the homogeneous boundary value case was shown in [26] (Theorem 3.5).

Lemma 2.12. Let B, c R?> and ¢ € W'*(B,, N), y € WH4(B,, C* ® RN) satisfy
Dy =0 on B.
Then for any 2 < g < oo, there exist € = €(q, N) > 0 and C = C(q, N) > 0 such that whenever
ldll128,) < €,
then

(2.11) W lzaa, ) + VYL | 20 < C(g, MIYllz+z,)-
W24 (B, )
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Moreover, let BY = {(x1,%:) € Bi;x; 2 0} € R? and 3°Bf := 9B} N {(x1,x) € Bi;x2 = 0}. If
¥ € WH(B!,C*®@RY), By € W'"1/79(8°B}, C* @ RY), ¢ € W' (B}, N) satisfy

By = By on &B;.

Then there exist € = €(q, N) > 0 and C = C(q, N) > 0 such that whenever

||d¢||L2(Bl+) <€

then

(2.12) 1| aca;

1/2

y IV | 2 < C(g, N)UWlzsary + [1BYollwi-vaa@opy))-
w4 (B* )

1/2

Proof. Taking a cut-off function n € Cg’(B;) such that 5|, = 1 and [Vn| < C, by the standard
elliptic estimates, for any 1 < p < 2, we have

Inllwies,y < CUABM o)) + Ilzacs,)
< C(ldpllzpllmill 22+ [Wdlzas,))
L2-P (By)

< Ce |[mllwrrs,y + Clllles,)-

Then we can get the interior estimate (2.11) by the Sobolev embedding theorem.
For the boundary estimates, we also need to choose a cut-off function n € Cy’(B}) such that
77|B§/4 = 1 and |[Vn| < C, by Lemma 2.7, we get

II']'MIWLP(BT) < C(||0'9(77'7”)||LP(31+) + ||7IB¢0||W1-1/W(03;))
< C(||d¢||L2(Bl+)||771//||L2{7PP(B+) + ||l//||L4(Bl+) + ||7781//0||W1—1/p,p(03p)
1

< Ce llpllwirary + CUW sy + [1Bollwi-vrr@ost)-
Then we can get the boundary estimate (2.12) by Sobolev embedding again. O

3. A PRIORI ESTIMATES

In this section, we shall first show some elementary properties of the flow, in particular we
show that the energy of the map E(®(t)) is uniformly bounded from above. Then, we impose the
boundary-initial constraint (1.16) and prove some a-priori estimates, an e-regularity and a unique-
ness result, which will be used in the next section to get the existence results.

First, we need the following proposition.

Proposition 3.1. Suppose (O,¥) € V(MT) is a solution of (1.6) with the boundary-initial data
(1.10), then we have

001 Td N
f[wT<P(ﬂ(d(D(ea), €a \P)a \P)a E> - _5 ‘f(; E 6M<B¢’09 n- lP>(t)dt

1 R 1 R
3.1 =—= | (Byo, nn -¥)T)+ —f (B, 1 - 'P)0).
2 Jom 2 Jom
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Proof. Computing directly, we have
d d :
—DY¥Y = —(ey - V,, (V' ®0,
DY = (e, Ve (¥ ©9,)
d ; d ;
= Et(e“ -V, V' ®0,) + E(e(, Y'®V, 0
d . . l, i
=€y Ve{,(d—t‘l‘ )@y +eo Ve, ¥ ®Vadyite, ViV @V, 0y +en V' OVyYV, A

Noting that
V% Veaay,- = VenV;thay,- + R(d(I)(at), d(l)(e(,))ay,-,

we get
d d .
(3.2) TV = DY) + ey ¥ @ RAD(D,), dD(eq)dy.
Since DY = 0, we have
d
0= (¥, —DY¥)dMdt
MT dt

= (\P, lD(%‘P))det + f (P, e, - V' ® R(AD(D,), dD(e,))d, YdMdt

M M
T T
= f Idr + f 1ld:.
0 0

On the one hand, by the definition of B (see (1.8)), we have
d . . .
2BY=%+7-G-¥ and 0= E(213\11):213\11:‘11i—;fl’-(;-\11
where ¥ := %‘P. Combining this with Lemma 2.4 and (1.9), we can get
I= f(lD‘I’,‘P)dM— (7 -¥,¥)
M oM
=~ f (i -¥,¥)
oM
=—| W -¥.¥1n-G-¥)

oM

=— | (F7-G-V, 7 -P)
oM

=— <\P,—n’-\i’>+f<23ly,'n’~\i’>,
oM

oM

then we have

Iz—fm-\}',%:f<B\P,'n’~\i’>:if<w0,—n’-\1’>.
oM oM dt Jom
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On the other hand, using the equation of Gauss, we get
II = f (¥, o - V' ® R},0,07dD" (e4)0yn)dM
- f muk(qjm V(Dk \I”l>at(DJdM
M

= f [(A(Oyn, By)), A(Dyi, Oy )Yy — A(Oym, Oy), A(Dyi, Oyi))rr ]|
M
AP VOF WO, dM

=2 f (A(Oyn, By1), A(Dyi, 06))rvRe((P™", VO* - ¥'))9,0/dM
M
(3.3) =2 f (P(A(dD(e,), eq - ¥); ), 0,D).
M

Then the equality (3.1) follows immediately. O

Lemma 3.2. Suppose (O,¥) € V(M?) is a solution of (1.6) with the boundary-initial data (1.10),
then there holds

E@@®)+ | 18,@PdMdt < E(¢o) + V2Bl

e (oM)”

Moreover, E(D(1)) + % fa;wm - By, V) is absolutely continuous on [0, T| and non-increasing.

Proof. Multiplying the equation (1.6) by 9,® and using the Lemma 2.4, we have

10,D*dM — ADO,DIM = — | (P(AdD(e,), e, - ¥); D), 5,D)

M M M

—lfif@ 7 - P)dt
_2 K dt oM wo’ ’

for any 0 < s <t < T. Integrating by parts, we get

1 (" d
(3.4) - f — f VOPdMdr + | 10,0PdMdr = 5 f f (Byo, 7 - P)dr.
2 J, dt Jy M

So, we have
- 1 -
E(D(1)) +f 0,01’ dMdt < E(¢o) + —If (B, 11 - V)| + Elf (B, 11 - V)|
M! }xoM tyxoM
< E(¢o) + V211B%0ll32 501,

where the last inequality follows from Proposition 2.5 since Dy = 0. Also, we have

(3.5) f f IVOPPdM + = f (7 - Bipo, ¥))dt = — f 0, D*dMdt,
s M,

and the claims follow. O
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Next, we shall study the flow with the boundary-initial constraint (1.16), namely
E(@o) + V211Boll2 g0, < N
where A is the constant in Theorem 1.2.

Lemma 3.3. Suppose (®,¥) € V(M?) is a solution of (1.6) with the boundary-initial data (1.10)
that satisfies the boundary-initial constraint (1.16). Then

(3.6) ¥ C, Dllwranan < C(M, E(¢o) + \/§||BWO”iz(aM))ll-B‘//Ol|W1/4’4/3(6M)’ VOo<r<T.
Proof. By Lemma 3.2, we know
(3.7 E(D(1) < E(¢o) + ‘/_IIBtﬁolle((,M) A%,
Since W satisfies the first order elliptic equation
Do =0, in M;
BY = By, on OM,
along the flow, by Lemma 2.10, we have
(3.8) I, Dllwranany < C(M, E(¢o) + \/§||B¢’O||i2(5M))||Bw0”W1/4’4/3(6M)-
O

Lemma 3.4. Suppose ¢y € H'(M,N), ¢ € H*(OM, N), ¢olom = @, o € W3B35(OM, EM®¢™'TN)
and satisfy the boundary-initial constraint (1.16). Then there exists constants €, = (M, N) > 0
and C = C(M, N) > 0, such that if (®,¥) € V(M?) is a solution of (1.6) with the boundary-initial
data (1.10) and satisfies

€(R) := sup E(D(r); B?f(x)) <€ forall Re(0,Ry],

(x,nemM”

then there hold the estimates

(3.9 sup [P, Dllsan <

R1/4 ”BWO||W3/8.8/5(6M)
0<t<T

and

CcT
(3.10) f V20PdMdr < C(1 + —>E<<D<0>> 4 (U 1l s, + 1Bl o)
MT

Proof. By Lemma 2.2, we know there exists a cover of M by balls B} (x;) with the property that at
any point x € M at most K of the balls B (x,) meet. By Lemma 2. 12 if B (X)) N OM = 0, then

C
||¢||L8(BR) R1/4||$||L (Bar)*
If BY,(x;) N OM # 0, then

||¢’||L8(ng’) = Rija (|W||L4(BZR) + ||BW0||W3/8,8/5(53%06M))§
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Combining these, we have

el 28 ary < Z 1123 B2y
i

C

< W(”lﬁ”ﬁ(m + [|BWollwarssisan)
C

< W(HB%HWI/‘*A/S(W) + [|1BYollwassisan)
C

< WHB%”WW&R/SMM),

where the third inequality follows from Lemma 3.3.
Multiplying the first equation of (1.6) by —A® and integrating over M’ , we obtain

E(®(T)) — E(®(0)) + f |A®|>dMdt
MT
= - f 0,® - AOIMdt + f |ADPPdMdt
MmT MmT
=— f A(D)(dD, dD)ADIMdr + f P(AdD(ey), eq - P); P)ADIMdt
mT MmT

1
<> f ADPdMdr + C f VO dMdt + f I dMat.
2 MmT MT MT

So,
1
E(®(T)) + = f |ADPPdMdt
2 MT
< E(®(0) +C f IVO[*dMdt + f PP dMdt
MT MT
< E(®(0)) + f WPBdMdt + C  sup f IVO*(x, t)dM
MT (x0,H)eMT J BM (x0)
(3.11) ( f |V2D|?dMdt + R™> f |V(I)|2det),
MT MT

where the last inequality follows from (2.3).
By the theory of elliptic equations, there exists a unique solution g € H*(M,R") for

Ag=0 in M,
(3.12) { & "
g=9 on OM,

such that

(3.13) gl 2y < CM, N)N@l 3291
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Since ® — g € Hé(M ), then by standard elliptic theory, we have

f V2Dl dMdt < IV2(® — g)PdMdt + f |V2gl?dMdt
MT MT

mT

<C [ IA@ =P dMdt+ CODT e,
M

(3.14) =C |ADPdMdt + C(M)T||¢l)?

T H32(0M)"

Combining this with (3.11), (3.9) and Lemma 3.2, we get

1
E(®@1) + = f |ADPPdMdt
2 MT
< E(D(0)) + f VBdMdt + Ce ( f |V2®PdMdt + R™? f |V®|2det)
MmT mT MmT

T CcT
< CEI LT |A(D|2def + C(l + ﬁ)E((D(O)) + F(l + ”‘P”ip/z(aM) + ||Bw0”€‘/3/8,8/5(aM))-
Taking €, small enough, we obtain

T cr
er |A®PdMdr < C(1 + 72 E@O) + - (1 + 1115520000, + 1B 038550900,

Then the estimate (3.10) follows from (3.14) immediately. O

By taking a similar choice of testing function as in Lemma 3.8 of [28] or Lemma 4.5 in [14], we
obtain

Lemma 3.5. Suppose ¢y € H'(M,N), ¢ € H3>(OM, N), ¢oloy = @, o € W3B35(OM, EM®¢™'TN)
and satisfy (1.16). Then there exist constants €, = &(M,N) > 0 and C = C(M, N) > 0, such that if
(D,¥) € V(M) is a solution of (1.6) with the boundary-initial data (1.10) that satisfies

€(R) := sup E(D(r); B?{l(x)) <& forall Re(0,R],

(x,nemM”

then there holds the estimate

E(D(T); BY (xp)) + f V202 dMdt

(BY (xo)”
T
< E((D(O)’ B%e(xo)) + Cﬁ(l + E(¢0) + ||€0||12L13/2(M) + ||Blr//0||3/3/8,8/5(6M))'

Proof. Fixing xy € M, taking a cut-off function ny € Cg’(B%e(xO)) such that nlg, = 1, |[Vp| < %
and |V?| < 5, then multiplying the first equation of (1.6) by —A®n* and integrating over M”, we
obtain

- f 3, DADR*dMdt + f IADP* > dMdt
MT MT

= - f A(D)(dD, dD)AD*dMdt + f P(A(dD(ey), eq - P); P)ADY* dMdt,
MT MT
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then integrating by parts, we have

1
- f AIVOP*dMdt + IAD**dMdt
2 mT MT

1
< f |6t®||VCD||2nVn|det+§ |AD**dMdt + C f \VO*n*dMdt + f PP dMdt
MT MT MT

MT

1
<6 f 10,0 *dMdt + C(6) f |Vc1>|2|vn|2det+E f |ADPn?dMdt
MT MT MT

+C f IVO*n*dMdt + f [PPn*dMdt.
MT MT

Noting that
10,D| < |V2®| + C|VO)* + C|¥Y VD,

we get
1 2.2 1 2.2
— | 0/VOPprdMdt + - | |ADIn*dMdt
2 MT 2 MT
<6 f \V2®* 7 dMdt + C(6) f IVOP|Vyl*dMdt + C f IVO*n*dMdt
MT MT MT
+ f YL dMdt
MT
21 12,.2 C((S) 2 8. 2
(3.15) <(©E+Ce) | VO dMdr+ —= VO dMdt + P *dMdt,
M R* - Jmhopr M

where the last inequality follows from the same argument as (3.11).
Since On — gn € Hé(M) (see (3.12)), then by standard elliptic theory, we have

f |V2(Dn)|*dMdt < f |V2(®n — gn)PdMdt + f \V2(gn)[*dMdt
MT MT MT
<C f |A(Dy — gn)*dMdt + f \V2(gn)|*dMdt
MT a

<C f IADP?dMdt + C(M) f (VO V> + |DF V7
MT MT
(3.16) + Vgl + [VglPIVal* + gl IVPn*)d M.
By (3.15) and (3.16), we get

f AV dMdt + f \V2®|**dMdt
MT mT
C(5)

<C@l+Ce) f V2P’ dMdt + =7 VO dMdt + f
MT

M

PP n*dMdt
T

M T
(BZR(XO))

+C f (IVOP VR + |OFIV) + Vgl + Vel IVal* + gl IV n*)dMdt.
MT
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Taking 6 > 0 and &, > 0 sufficiently small such that C(6 + Ce) < 1/2, then with (3.9), (3.13) and
Lemma 3.2 we have

f O \VOPPdMdt + f V2D’ n>dMdt
MT MT
. CO

T
Vd)szdt+f YRR2dMdt + C—(1 + ||o||?
R2 (B%(XO))T | | MT | | n Rz( ||SD||H3/2(M))

T
< Cﬁ(l + E(¢O) + ”‘P”ip/z(M) + ||Bw0||§4/3/8,8/5(3M))'

Thus, we get the estimate

E(D(T); B (xo)) + f |V2OPdMdt

(B (xo))"

T
< E(@(0): Bj(x0) + C 5 (1+ E@o) + sy, + 1Bl )

Next, we obtain the e— regularity

Lemma 3.6. Suppose that ¢, € H' (M,N), ¢ € C*%(OM,N) and o € C**(OM,EM ® ¢"'TN)
satisfy the boundary-initial constraint (1.16). Let (®,¥) € V(M) be a solution of (1.6) with
boundary-initial data (1.10). Given zo = (xo,19)) € M x (0,T], denote P (zy) := BY(xo) X
[to — R%, ty]. Assume that ® € C2+a’1+%(Pfe’I(z0),N) and ¥ € C"**(P¥(z9),EM ® ®~'TN). Then
there exist two positive constants € = €3(M, N, E(¢o), |l¢llc2+e@m [1BYollcive@an) > 0 and C =
C(a, R, M, N, E(¢o), ll¢llc2+@mys [1Bollcr+e@m) > 0 such that if

sup E(D(1), By (x)) < &,
[t0—R2,1o]

then
(3.17) VRIW e cop + RIVDllpsipit ) < C
and for any 0 < g < 1,

(3.18) sup ||‘P(t)||c'+"(B,’g’/2(zO)) + ”(D“CLO»B(P%Z(ZO)) <CP),

2
to—E <<ty

Moreover; if
sup sup E(Q(1), By (xo)) < €1,

X0eM [1o—-R219]

then

(3.19) I[Pl + ||| y S C.

CLo(Mx[10- & 1o]) C2le(Mx[10- o]

Proof.
Step 1: We derive (3.18) and (3.19) from (3.17).
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Taking the cut-off function n € C8°(P§”(zo)) suchthat0 <np <1, 77|P§”R/4(z0) =1,|Vin < %,]’ =1,2
and |0, < 4, set U = n®, then

U,- AU = f, in Pﬁ‘e’l(zo);
U(x,t) =0, on BM(zo) x {t =ty — R*};
U()C, t) =ne, on OM x (t() - Rz’ tO),

where
[ =100, = N)D + dn® — 2VnVOd — OAn.
By standard parabolic theory, for any 1 < p < oo, we have
U2ty < CU Nt + I0@lhyz1apn) < €+ gllcaann)

since f € L™ under the equation (1.6) and assumption (3.17). Then forany 0 < =1-4/p < 1,
we obtain

(3.20) ||V(D||cﬂ.ﬁ/2(p%/4(m)) < ||VU||c/3ﬁ/2(p§g(ZO)) < C||U||W§J(pg(m)) < CPB)(1 + llgllc2@u)-

Taking the cut-off function y € C5*(BY (z0)) such that 0 < y < 1, x| BY, (o) = 1 and |V/y| < %, Jj=
1,2, set V =y, then

@V = h, in B¥(z);

BV(x) =xBy,  on 9B (),
where h = y@¥ + Vy - ¥ € L*. By Lemma 2.7 and Sobolev embedding, we have
(3.2D) ||‘P||clfn/p(sg‘§a/4(m)) < C||V||WLP(B§‘3(ZO)) <C(1+ ||B¢0||cl(aM))

for any 2 < p < oo. Combining (3.20) with (3.21), we know ¥ € C“(BI’;”/z(zO)) and by the
Schauder estimates Lemma 2.8 and taking some suitable cut-off function as before, we have

(3.22) ||l1’(f)||cl+ﬂ(3,’;4/2(z<)>> < C(1 + 1Byollcr+a@nn) (1 + llellc2@amy)

for any 7y — 1372 < t < ty. Then the inequality (3.18) follows from (3.20), (3.22) immediately.
In order to prove (3.19), noting that we can rewrite the equation ¥ = A(dP(e,), ¢, - P) as

I +Q¥Y =0

where Q = [v(®D), dv(®)] and {vi}f‘; 41 1s an orthonormal basis of normal bundle 7+ N (see Remark

2.1 1n [10]), then for any f, — %2 <t, s <ty we have

Y1) =Y, 8) = -QC D) =P, 9) + (QC, ) — QY. s)  in M;
B, 1) =¥(,5) =0 on OM.

Since dQ = [dv(D),dv(®)], with (3.20) and (3.22), according to Theorem 4.1 in [10], for any
0 < B < 1, by Sobolev embedding, we have

WG, 1) = YC, Dllesan < CUIQC 1) = QC, =) < Cls — 1P
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< C and

C1oe(Mxro-E 1)) =

So, we get ||'P]|

D —AD € CPPM x [to- B, 1]) for any 0<pB<1;
Doy =¢ € CHIM).

Taking some suitable cut-off function and by standard Schauder estimates of parabolic equation,
we have ® € C>'*(M x [to - &, 1]) and

||®||CZ,I,H(MX[[0_%2J0D < C(”alq) - AchlC“"’/z(MX[to—%,tg]) + ”(D”CO(MX[I‘()—%,I‘()]) + ”SOHCZJ”’(@M)) < C
So we have proved (3.19).
Step 2: We prove (3.17).
We follow as similar idea as in [25, 23]. Without loss of generality, we may assume R = 1.

Choose 0 < p < 1 such that
(1= p)* sup [VOF* = max{(1 - o)* sup [VOP)

PY(z0) <=l PY(z0)
and then choose z; = (x1, 1) € Pé‘f (z0) such that

VO (z;) = sup [VO]? :=e.

PM(z0)
We claim:
(1 -p)e < 4.
We proceed by contradiction. If (1 — p)?e > 4, we set
u(x,t) .= O(x; + e_%x, h+el'ty and w(x):= e‘i‘I’(xl + e_%x).
Denoting P,(0) = B.(0) x [-r?,0] c R? and
S, = P,(0) N {(x,)l(x; + e 2x, 1 + ¢”'1) € PM(0)},
then u € C>'%(§ ), v € C'*%(S ), and they satisfy
(3.23) du = 1(u) — P(A(du(eq), eq - v);v), m S
dv = A(du(e,), eq - V), in S,
with the boundary data

(3.24) u(x,t) = @(x; + e‘%x), if x+ eix € oM,
' Bv(x, 1) = e‘%BwO(xl + e‘%x), if x+ e~ ix € OM.

Moreover, we have

supIVuI2 =e¢! sup IVO)? < ¢! sup VD) < ¢! sup IVO)? < 4

M M M
S1 Pe,l/z(zl) Pp+g,1/2(zo) P%(ZO)

and
IVul*(0) = ¢! [VDP(z)) = 1.
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Since v satisfies the equation dv = A(du(e,), e, - v) and there holds

ldu| <2,  sup |Vllas,) < Pllepn < C,

-1<t<0

where in the last step we have used Lemma 3.3. By elliptic theory, we have

sup |Vllz=y5 < C sup |llwias,.y < CUIBYollcrom))-

-1<1<0 -1<1<0

Next, we want to show that there exists a constant C > 0 such that
(3.25) 1<C f \Vul*dxdt.
S3/4

If C does not exist, then we can find a sequence {(u;, v;)} satisfying

Oy = T(w;) — P(A(dui(ey), eq - vi)i Vi), in S3/4;
dv; = A(du(e,), eq - i), in Siu,

with the boundary data

(3.26)

(3.27) ui(x,t) = o(x; + e‘%x), if x+ eixe oM,
' Bvi(x, 1) = e‘%Btpo(xl + e‘%x), if x+ e ix €M
and
(3.28) sup ([Vu| + [vil) < C,
S3/4
(3.29) IV *(0) = 1,
5 1
(3.30) |Vu;|“dxdt < —.
S3/4 l

By Step 1 (since (u;, v;) satisty (3.26), (3.27) and (3.28)), we have

Vuillcssrs, ,) < C(B)

forany 0 < g < 1.
Therefore, there exist a subsequence of {i;} (we still denote it by {i;}) and a function u €
Cchor(s, /2) such that

Vu; —» Vi in C7*S )
where 0 < y < . Then by (3.30), we know

(3.31) f Vi)’ dxdt = 0
S

which implies Vu = 0in S ,,. But, (3.29) tells us [Vu|(0) = 1. This is impossible and then (3.25)
must be true. Thus, we have

—1<t<0 —1<t<0

1<C f \Vul*dxdt < C sup f IVOP(t, + e 't)dx < C sup f IVOP(f)dx < Ces.
S34 BM (x1) B (20)

e2



DIRAC-HARMONIC MAP FLOW 23

Choosing e; > 0 sufficiently small leads to a contradiction, so we must have (1 —p)?e < 4 and then

(1-3/4)* sup |[VO]* < (1 -p)e<4.
PY,(z0)
Since ¥ satisfies the equation d¥ = A(dP(e,), e, - ¥) and ||dCI)||Lm(P§§4(ZO)) < 8, [¥ll+my < C, by the
elliptic theory of first order equations and Sobolev embedding again, we shall easily obtain

||‘P||L°°(Pfl‘§2(zg)) <C
Thus we get the inequality (3.17). This finishes the proof of the lemma. m|

Finally, we show the uniqueness result.

Theorem 3.7. Let ¢y € H' (M, N), ¢oloy = ¢ € H*(OM, N) and yry € W3B335(OM,EM ® ¢~ 'TN)
satisfy the boundary-initial constraint (1.16). Furthermore, suppose that (®;,'¥;) € V(M"),i = 1,2
are weak solutions of (1.6) with the same boundary-initial data (1.10). Then (®,,¥;) = (D,,¥,)
in M.

Proof. Let W := @) —®,, Q =¥, — ¥, and denote |[VU| := |[VO,| + |[VD,|, |V| := |¥| + |'P,]. Since
(D;, ;) € V(MT),i = 1,2 are weak solutions to (1.6), we have
[0, W — AW| < |A(D)(dDy, dDy) — A(D2)(dD,, dD,)
+ [P(Ad D (€0), €0 - V1); F1) — P(AdD2(e0), €0 - ¥2); F2)l
< C(WI(VUP + [VUIIVP) + [VWI(VU| + [VP) + IQUIVUIV)).

Multiplying the above inequality by W and integrating over M’, we obtain

1
= f d\WPdMdr f AW - WdMdt
2 M[ MT

1
=— f W2 dM + f IVW|*dMdt
2 M Mt

<C | (IWP(VUP + [VUIIVP) + WIVWI(VU| + [VP) + WIQIVUIV)

M!

<C(| |WrdMd)'"*(( | \VU*dMdn)'? + (| |VIBdMdn)'7?)
Mt

M! M!

+C( f \W*dMdr)'*( | |VWRdMdr)'*(( f IVUI*dMdt)'* + ( f \VI*dMdr)''*)
Mr Mr M[

M[

+C( | WrdMan'"*( | 1QPdMan'*( | IVUPRdMan'3c | |vi¥dMmdn'’®
M! M! M! M!
<Ce()( | [WPrdMdn'? + Ce(t)( | |WIdMdn (| |VW|PdMdr)'?

M! M! M!

+ Ce()( | WitaMdnVA( | 1QPdMdn)'?

M! M!

forany t € (0,7T] and &(t) —» Oas ¢t — O.
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Noticing that De, ¥, = 0,1 = 1,2, we have

1D, Q| = |dQ — A(D,)(dD(ey), €q - DIyle, © Q)|
= [A(D)(dD(en), €q - V1) — A(D)(dDPa(e0), €o - Dlyle, o V1)l
= |(V®! - ¥]) ® A(DIlyl, © y, DIlyle, 0 8,7) — (VO - ¥))
® A(DIlyla, © 8y, DIy, © 8,)]
< (VO -‘P{) ® (A(DIlylo, © 8y, DIlyle, © 8,i) — A(DIlyle, o dyi, DIlyle, o 8,))|
+ (VO - W — VD, - W) ® A(DIyle, 0 8y, DIyla, 0 d,)|
< CIW[[VU|[V| + CIVW| VI,

where 1 <, j < N and {9,}Y is the standard basis of R".
Since E(®,(2)) < E(¢o) + \/illﬂlllolliz(am < A% and BQ = 0 on M, by definition of A in (1.11),
we have

1Qlwras01) < C(”|W”VU”V”|L4/3(M) + |||VW”V|||L4/3(M))
< ClIWIlzaan VU s an IV sy + CIV Wll2an 1TVl -

Thus,

12l z2ary < ClIQIwra3(a1)
< ClIWN L an IV U 2TVl 2 any + CHIY Wl 2ean IV I 24 an)

and

!
(| 1Qraman'? < c( f ( f QI dM) Pdr)'?
M! 0 M

!
< C( f ( f IW[*dM - f IVU*dM - f \VItdM)' 2dr)'?
0 M M M
!
+C( f f VWP dM - ( f \VI*dM)'2dr)'?
0 M M
!
<c( [ wramy?- [ wuramyay”
0 M M
!
+C( f f VW PdMdr)"?
0 M
! !
sC(ff|W|4der)”“-(ff|VU|4det)‘/4
0 M 0 M
!
+C( f f VWPdMdr)'"
0 M
! !
< &(r)( f f \W*aMdr)'"™ + C( f f IVWPdMdr)'"”.
0 M 0 M
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Then we get

1

= f \W(-, dM + f IVW|*dMdt

2 M MI

<Ce)( | |WI*dMdH)'? + Ce(r)( f \WI*dMdr)'4( f IVW[*dMdr)'"?
M! Mt M

1
(3.32) <Ce)( | |Wl*dMdn)'? + 3 IVW[*dMdt

M Mt

By the covering Lemma 2.2 and inequality (2.1), we have

!
\W*dMdt < C f f |W*dM( f IVW|*dM + f \W*dM)dt
M! 0 M M M

<Csup | |WPdM( | |VWPdMdt+ | |W[*dMdy)

O<s<t IM M! M

(3.33) < C(sup f \WPdM + | [VWPdM).
M M

0<s<t

Combing (3.32) with (3.33), we have

1 1
- f |WP(, )dM + = f IVW[*dMdt < &(t)( sup f |W(-, dM + f IVW|*dM).
2 M 2 M! M M

0<s<t
Without loss of generality, we may assume
f WP, 0)dM = sup f WP, nydM.
M O<s<t JIM
Since &(f) — 0 as t — 0, then there exists S € (0, T'] such that
f \WI*(-,S)dM + | |[VW]*dMdt =0
M MS
and W = 0in M5. Thus, Q = 0 in M5 by the fact Ker()p; B) = 0. Iterating we obtain the
lemma. m|

4. LOCAL AND GLOBAL EXISTENCE RESULTS

In this section, under the boundary-initial constraint (1.16), we show the local existence of our
flow for some initial map ¢, € H'(M, N) and then show the existence of a global weak solution,
completing the proof of Theorem 1.2.

Theorem 4.1 (Local existence). Suppose ¢y € H' (M, N), ¢ € C**(OM, N), Yy € C'**(OM,E*M &
¢ 'TN) and satisfy the boundary-initial constraint (1.16). Then there exists a unique solution
(D,%¥) € Upr, V(M™") of (1.6) with boundary-initial data (1.10) which is defined in M x [0, T),
satisfying

® e C2M(M % (0,T),N) and ¥ € C;>*(M x (0,T,),ZM ® @' TN)

loc lo

where T is characterized by the condition

4.1) lim sup E(®(t); BY(x))>€ forall R>0
LT (x neMT
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and € = min{e, 6, &} is a constant.
Moreover, E(D(1)) + % faMm - By, W) is absolutely continuous and non-increasing in [0, T1).

Proof.
Step 1: There exists a sequence ¢y, € C***(M) such that

bom — ¢o strongly in H'(M);
Om 1= bomlayr — @ strongly in  C*(OM).
In fact, let g € C>**(M) be a harmonic function satisfying (3.12). Since ¢y — g € Hé (M), choosing
uom € Cy (M) such that ugp,, — ¢o — gin H Y(M), then ¢y, = u,, + g is the desired sequence.

Step 2: Local existence.

By Theorem 1.1, there exist T,, > 0 and ®@,, € C>"*(M x (0, T,,)), ¥,, € C->(M x (0, T,,))

loc loc

which solve (1.6) with the boundary-initial data ¢, @, Yo.
Since ¢y, — ¢y strongly in H'(M), there exists some R > 0 such that for all x € M,

€
E(¢0m; Bév[]e(-x)) < Z
Then by Lemma 3.5, if T = O(R?€), we have
4.2) sup E(D,(-,1); BR(x)) < €.

(x,HeMT

So, combining (4.2) with Lemma 3.5, Lemma 3.6 and Theorem 1.1, we may assume 7,, > T =
O(R%é). Using Lemma 3.2, Lemma 3.3 and Lemma 3.4, we have

(@, I, < C.
Furthermore, by Lemma 3.6, we have
(4-3) ”Tm”Cl’O’”(Mx[dT]) + ”(Dm”CZ’l’“(Mx[é,T]) < C(a/, R, 0, T)-

According to the weak compactness, there exists a subsequence of {(®,,,'¥,,)} which for conve-
nience we still denote by {(®,,, ¥,,)}, and a function (®, ¥) € V(M) such that as m — oo,

9,d,, = 0,0 weakly in L*M"),

VD, — V*® weakly in L*M"),

VD, — VO weakly in L(0,T;L*(M)),
¥, =¥ weakly in L0, T;W"3(M)),

where L*(0, T || - ||) := supy,<7 Il - ||l. In addition, by the Sobolev embedding theory, we get
V®,, - VO strongly in LA(MD),
VD, — VO weakly in L*M"),
¥, =¥ weakly in L*M").
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Then it is easy to check that (@, V) € V(MT) is a weak solution of (1.6) with (1.10) in the sense of

distributions. Moreover, from (4.3), we know ® € Nyc,c7C>" (M X [5,T]), ¥ € Noeyer CHO(M x

[s,T]) and then (®,Y¥) is a classical solution of (1.6). The short-time existence Theorem 1.1

guarantees the existence of a solution to (1.6) using ®(7') as the new initial data and the solution

can be continued to a larger time interval. Repeating this argument, the solution can be continued

until the first time of energy concentration, that is, when ¢t = T, the condition (4.1) is satisfied.
Finally, from Lemma 3.2 and Lemma 3.6, we have

1
E(®(1) + 5 (1 - By, P)()
oM

is absolutely continuous and non-increasing in [0, 7) and
D eC: (M x(0,T)),N) and ¥ € C;>*(M x (0,T,),ZM ® @' TN).

O

Remark 4.2. If ¢ € C*(OM, N), ¢y € C*(OM,ZM ® ¢ 'TN), then the solution will be regular in
M x (0,T,).

Next, we prove our main Theorem 1.2.
Proof of Theorem 1.2. By Theorem 4.1, there exists an unique local solution (®, ¥) on M"' sat-
isfying
® e CM(M % (0,T))) and ¥ € C;>*(M x (0,T))),

where T is the first singular time. Next, we claim: there exist ®(-, 7)) € H'(M,N) and (-, T)) €
W4B3(M, M ® ®(-, T{)"'TN) such that

O, 1) = ®C,T,) weakly in H'(M),
Y, 1) =Y, T)) weakly in W3 (M)

ast —> Tj.

In fact, by Lemma 3.2 and Lemma 3.3, for any sequence t; — T, there exists a subsequence
(also denoted by #;) such that ®(-, ;) — ®(-, T;) weakly in H'(M) and ¥(-,1;) — P(-, T)) weakly in
W43(M) as i — oo. So, we just need to show the weak limits ®(-, T;) and (-, T} ) are independent
of the choice of the time sequence. Let s; — T be another time sequence and the corresponding
weak limit 6(-, T,), then

f |CD(, Tl) - 6(5 T1)|2dx

M

= f(fD(.,TO — @, T)), D, Ty) — OC, t;))dx + f@(',Tl) — O, Ty), D, 1;)
M M

(4.4) — ®(, 5;))dx + f (D, T)) = OC, Ty), O, 5;) — O, Ty))dx
M

for any i > 1. Noting that

i O oD
f|q)(’,ti)_®("si)|2dx:f|f —dlldeSlsi—lillf |— PPdxd]
M M Js, Ot mi Ot
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and L |‘Z,,#f|2dxdt < C (see Lemma 3.2), letting i — oo in (4.4), by Holder’s inequality and the

fact ®(-, t;) — ®(-, T;) weakly in H'(M), we obtain
f |CD(’ Tl) - 6(’ Tl)lzdx =0.
M

Thus, ®(-, T;) = E)(-, T,), and with Lemma 2.10, the uniqueness of the weak limit ‘P'(-, T';) follows
immediately.
Since T} is a singular time, there exists at least one singular point {(x!, T})} satisfying

4.5) lim sup E(®(t); By (x')) > € for all R > 0.
t/' T

Then, we have
E(®(T1) = lim E(®(T1), M \ By (x"))
< lim 1iP} }?f E(D(t), M \ By (x"))
= limliminf (E(®(1) ~ E(®(), By ("))

< liminf E(®(7)) — lim lim sup E(®(1), B (x")
t/ 1

1
R—)O t/lTl
< liminf E(®(?)) — €
t/'T
and

1 Lo
E LMW - By, YX(T)) = 5 h}l/l]l{lf LMW - By, P)(1)

where equality follows from the trace theory. Thus

(4.6) E(®(T))) + ! (7 - By, ¥)(T)) < liminf (E(D(D) + ! f (7 - ¥By, (1)) — €.
2 Jom /T 2 Jom

By Theorem 4.1, we can continue (®, V) to some larger time interval [0, 7;] by solving (1.6) with
the new initial data ®(T) on [T, T»] and piecing together the solutions at 7. It is easy to see that
(D, ¥P) is a distribution solution to (1.6) on all of M’ and satisfies

1 1
E(®@)) + Ef (7 - B, ¥)(1) < E(D(s)) + Ef (7 - Biho, ¥)(s)
oM oM

for any 0 < s < t < T),. Iterating this process, we obtain a global solution defined on M X [0, c0).
Let {Tk},’f=1 be the singular times at which (®, V) can attain singularities. According to (4.6), we
have

1
E(®(Tk)) + 5 f

oM

(3 - B0, W)(T) < lim nf (E@(0) + 1 f G - Buo, WD) - @

oM

1 K
< E@(0) + 5 f (7 - B, B)(0) - ) &
oM k=1
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Then
1 1
E(®(Tx) < E((O) + 5 (7 - Byro, YXTi)| + 5! (7 - Bio, ¥)(0)| - K€
oM oM
< E(¢o) + V2IIBYolly2 5, — KE.
This implies
2
(< E(o) + ‘/5_”81//0”3(01‘,,).
€
Hence there are at most finitely many singular times. O

5. BEHAVIOR OF SINGULARITIES

In this section, we shall study the behavior of singularities of the global weak solution derived
in the previous section by using blow-up analysis. Theorem 1.3, Theorem 1.4, Theorem 1.5 and
Corollary 1.6 will be proved in this section.

Proof of Theorem 1.3. Let 7 be a singular time, i.e.

lim sup E(®(¢); B (x)) > € for all R > 0.
xeM
t/'T

From Lemma 3.6, we know
® e C*YM X [T, - 6%T)))

loc
for some small 6 > 0. Then by the standard blowup argument, there exist sequences #; T,
X; = X9 € M, r; —> 0 such that

(5.1) E(D(1), B (x)) = sup E(®(1), BY (x)) = =
(x,0)EMX[T1—62,t;] 2
BM(x)cM, r<r;
By Lemma 3.5, for any 7 — 6> < s < t; < T}, we have
—~1;—
E(@(1); BY (x) < E@(s); BY,(x)) + € ==,
T
where C := C(1 + E(¢) + ”90”513/2(1;4) + ”B%HEW/&B/S(@M)) > 0 is a constant. Denoting T = %, then
we have
(5.2) E(D(s); By (x)) > 2

forany s € [1; — Tr7, 1;].
We first prove the second statement (2).

Step 1: Let xy € M and we prove the statement (1) under the assumption that

) dist(x;,OM)
limsup —— — o

i—00 ri
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. . dist(xi,0M
By taking subsequences, we may assume lim,_,, %
1

B :={xeR’|x; +rix e Bg”(xo)}
and
u(x,t) : = O(x; + rix, t; + rl-zt)

V,‘(X, t) s = \/7, ‘I’(xi +rix, t; + I’izl‘).

Then (u;, v;) lives in B; X [—%, 0] which tends to R?> x R_ as i — oo and satisfies

Oy = T(u) — P(A(duyey), eq - v)iv),  in Byx [~ 0];

5.3
( ) avi = ﬂ(dui(ea)’ (N V[), in Bi X [_67 O]a
with the boundary data

{u,-(x, 1) = @(x; + rix), if x;+rxedM,

5.4
5-4) Bvi(x,t) = \riByo(x; + rix), if xi+rixedM.

By Lemma 3.2 and Lemma 3.3, we have

0 ti
(5.5) f f 0,u;*dxdt < f f 10,0°dMdt — 0, asi— oo,
-T JB, 4-r’T IM

and
(5.6) sup [Villissy £ sup  1Plleany < C,
%S[SO T —52SIST1
(5.7) sup [lduill2sy < sup  [[dDllz2n) < C.
%SI‘SO T —52SZST1
By (5.1), we can see that
2 M €
sup sup |Vu,;|“(y, t)dy < sup E(®(2), B, (x)) = 5
~T<t<0 x€B; J Bi(x)NB; (x,)EBY (x0)X[T1 6% 1]

B[r”(x)CBg”(xo), r<r;

So, for any x € R2, when i is sufficiently large, we have

(5.8) sup f Vil2(y, ndy < <.
-T<t<0 JB(x) 2
Combining (5.6), (5.8) with Lemma 3.6, we have
(5.9) sup [[vi(-, Dllcrva, py + sup (-, Dllcreas, pmy) < €
-T<t<0 -T<t<0

which tells us

(5.10) sup (-, Dlegengeey + 50D N, Dllgyenges) < C.

T T
-5 <1<0 -5 <1<0

2
— co. Assume f; — % > T, — 6%, define
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From (5.10) and (5.5), we can find o; € [—%, 0] such that as i — oo, there holds

(5.11) f 10,u;]*(x, o7)dx — 0
B;
and
(5.12) [vi(-, O-i)llc}n:"(Rz) + lei (-, O-i)IIC}O“;‘Y(RZ) <C.

Therefore, there exists a subsequence of (u;(-, o), vi(-, 0;)) and a limit field (5, ‘¥’) eC }OC(RZ) such
that

u(-, o) — O in C}()L.(Rz) and

vitho) > ¥ in CL (R).
Setting ¢ = o7 in the equation (5.3) and letting i — oo, it is easy to see that ((~D,‘T’) is a Dirac-
harmonic map with

<|IVO|l2gey + [Pl a2y < C,

&1 ml

where the above inequality follows from (5.6), (5.7) and (5.2). Taking t; + rl.20',- as the new time
sequence, then we get that

O;(x) = ui(x,0;) = O(x; + rix, t; + rl-za'i)
2
Wi(x) = vi(x,07) = VY (x; + rix, t; + r707)
is the desired sequence in the theorem.

dtst(,:,:,ﬁM) N
1

Step 2: If xo € dM, then lim sup,_, .,

Q.

. . dist(xi,0M
If not, there exists a converging subsequence of %
1

dist(x;,0M)
ri

. Without loss of generality, we may

assume — aasi— oo. Then

B, — Rﬁ = {(x!, X)|x* > —a).
Noting that for any x € {x*> = —a} on the boundary, x; + r;x — X, and

ui(x,t) = o(x; + r;x) if x;i+rxedM,
Bvi(x, 1) = \riBYo(x; + rix) if x;i+rix €M,

By Lemma 3.6 and (5.1), for any Bg(0) € R%, R > 0, we have

(5.13) sup i, Dllcr+eeons) +  Sup ||Mi(',l)||c[1o+cn(BR(0)mBi) <C.

T T
-Z<i<0 -T<t=<0

Using a similar argument as in Step 1, we can obtain a C! field (D, V) satisfying

(5.14) < VDl ez, + [Pl < €

&1 ml
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and a sequence o; € [—%, 0] such that as i — oo, there hold
leti (-, 073) — @llerBinsroy — 0

Ivi(, o) = PllernBe0) — 0,

fgf any R > 0 where Br(0) c R? is the standard ball with radius R and centered at 0. Moreover,

(®,Y) is a Dirac-harmonic map satisfying

5.15) (D) = P(AdD(e,). e, - P):P),  in R
‘ IY = AdD(e,), e, - V), in RZ

with the boundary data

@ = 2.
(5.16) {(D(x’t)—SO(xo), on ORZ;

BY(x,1) = 0, on OR2,

Then, by Theorem 1.4, we get O = ¢(xp) and ¥ = 0. This contradicts (5.14). The second statement

(2) is proved.
For the first statement (1), the argument is almost the same as in Step 1, so we omit it. The proof
of theorem is finished. O

Now, we begin to prove Theorem 1.4.

Proof of Theorem 1.4. Denoting
e
f@) =i ol R} — By(0)

where B(0) = {u + ivlu> + v < 1} < R? is the unit ball, it is well known that f is conformal
satisfying
4
—1N%
dzdz) =
(f ) (dzdz) TS

and f(i) = 0, {f(x1, x)[x; € R, x, = 0} = 0B, \ {i}. Defining
w+(wv-1)7

2

then (®’,¥’) : B, \ {i} > N x ®"'TN is a smooth Dirac-harmonic map with the boundary data
D’'|yp,\iy = const. and BY'|p,\(;; = O satisfying

f VO’ |Pdx + f V' |*dx < oo.
B B

It is known that the equation of @’ can be written as an elliptic system with an anti-symmetric
potential [30, 12, 26]:

(du® + dv?)

O =Dof!' and ¥ = Yo [,

AD' =Q -V,

with Q € L*(B,, so(N) ®R?) satisfying |Q| < C(|V®’| +|¥’|?). Then by taking pure Dirichlet condi-
tions in the boundary regularity Theorem 1.2 in [26] (or see Remark 1.3 in [24]) and bootstrapping,
we get @’ € W>P(B)) for any 1 < p < co. By the boundary elliptic estimates of first order equa-
tions of ¥, we shall get ¥/ € W'P(B)) for any 1 < p < co. Furthermore, by the standard bootstrap
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method, we can get higher regularity, i.e. (®’,'¥’) can be smoothly extended to B;. By Lemma 2.6,
we get ¥’ = 0in B;. Thus, @’ is a harmonic map from B; to N with constant boundary data. By
the result of Lemaire [22], @’ is a constant map. Then @ must be a constant map, ¥ = 0 and we
finished the proof. O

Without the continuity of local energy near the singular time (see Lemma 3.5), we don’t know
whether the singular set at time infinity (if 7 = oo is a singular time) is a finite set or not (see
[16, 29] for a similar phenomenon in the cases of higher order heat flows). However, thanks to the
weak compactness Theorem 1.9 in [30], we can still prove the existence Theorem 1.5.

Proof of Theorem 1.5. By Theorem 1.2 and Lemma 3.3, we know

f f 10,D1>dMdt + sup E(®(-, 1))+ sup |[PC, 0l 2 < C <oo.
0 Jm

0<t<co 0<t<co Wo3)

Thus, there exists a time sequence #; /* oo and (P, Vo) € W2 (M) x WH43(M) with boundary
data @, |5 = ¢ € C***(AM) and BY.|sy = B € C'+4(OM), such that

10, D, t)ll 201y — O

and
((D(’ ti)’ ‘P(9 tl)) - ((Doo, \PDO)

weakly in W"2(M) x W43 (M),

By weak compactness Theorem 1.9 in [30], we know (@, ¥.,) is a weakly Dirac-harmonic map
from M with boundary data @ |5 = ¢ € C***(0M) and BY |5y = By € C'**(OM). Then, using
the same argument as in the proof of Theorem 1.4, we get @, € C*>**(M) and ¥, € C'**(M). This
finishes the proof. O

Proof of Corollary 1.6. We shall first show that the constant €y = €(N) > 0 is well-defined. We
claim: there exists a constant €(N) > 0 such that, for any smooth Dirac-harmonic map sphere
(@) : §? = N, if E(¢) < e(N), then both ¢ and i are trivial.

In fact, by Lemma 4.9 in [5] or Proposition 5.2 in [19], we have

Wllrass2) < ClldYl L2y,

where C > 0 is a universal constant. By standard elliptic estimates and Sobolev embedding, we
have

llzes2) < Cllllwrans?)
< Clld | ar(s2y + Wl L2 s2)
< Clldllzns2)
< Cllldellylll 43 s2)
< Clldgll2is2)|Wl4s2y) < CENIIW|lLa(s2).-
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Choosing €(N) > 0 sufficiently small, we have ¢ = 0. So

ldlllwrans2y < ClIAGl 4352
< Cllldgl*ll s>
< Cllldglll2is2llldelll 4 (s2)
< Cllldelllzzs2llld@lllwranszy < CENIdPlllwrarss2).

Again, taking €(N) > O sufficiently small, ¢ has to be a constant map.

Next, it is sufficient to prove that no blow-up will occur along the flow. In fact, if the flow blows
up at some singular time 7" < co, then by Theorem 1.5, some nontrivial Dirac-harmonic spheres
appear. Assume (®,'?) is one, then by Theorem 1.5, it is easy to see that

E(®) < lim sup E(®).

t—»T

However, by Lemma 3.2, we have

& < E(®) < limsup E(®) < E(¢o) + V2IIBoll}. 5, < min {A%, &).
t—T

This is a contradiction which finishes the proof. O
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