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SOME PROPERTIES OF HAMILTONIAN HOMEOMORPHISMS ON
ASPHERICAL CLOSED SURFACES

JIAN WANG

ABSTRACT. In this article, we generalize Schwarz’s theorem to C°-case on aspherical
closed surfaces and prove that a nontrivial Hamiltonian homeomorphism has no con-
nected contractible fixed points set, thus no connected fixed points set.

1. INTRODUCTION

1.1. Background. The famous Gromov-Eliashberg Theorem, that the group of symplec-
tic diffeomorphisms is C?-closed in the full group of diffeomorphisms, makes us interested
in defining a symplectic homeomorphism as a homeomorphism which is a C°-limit of
symplectic diffeomorphisms. This becomes a central theme of what is now called “C°-
symplectic topology”. There is a family of problems in symplectic topology that are
interesting to be extended to the continuous analogs of classical smooth objects of the
symplectic world (see, e.g., [Lec05, Lec06, Vit06, OMO07, Hum11, BS13, Sel3, HLecS15,
HLeRS15, BHS16]). In the theme of C°-symplectic topology, there are many questions
still open, e.g., the C9-flux conjecture (see [LMP98, On06, B14]), the simplicity of the
group of Hamiltonian homeomorphisms of surfaces (see [Fat80, OMOT]).

Suppose that (M,w) is a symplectic manifold. Let I = (F})icr be a Hamiltonian flow
on M with Fy = Idy; and F; = F. When M is compact, among the properties of F,
one may notice the fact that it preserves the volume form w” = w A --- Aw and that the
“rotation vector” ppsr(p) € Hi(M,R) (see Section 2.3) of the finite measure p induced by
w" vanishes. Let M be a closed oriented surface with genus g > 1. In this case, M is an
aspherical closed surface with the property ma(M) = 0. Let I = (F})ic[,1) be an identity
isotopy on M, that is, a continuous path in Homeo(M) with Fy = Idy;. We suppose
that its time-one map F' preserves the measure p induced by w. It is well known that
the condition ppsr(p) = 0 is equivalent to saying that the homeomorphism F' is in the
CP-closure of Ham (M, w). In this sense, we call such I a Hamiltonian isotopy and such F
a Hamiltonian homeomorphism. In this article, we carry out some foundational studies of
Hamiltonian homeomorphisms (and a more general notion) on aspherical closed surfaces.

Let (M,w) be a symplectic manifold with mo(M) = 0. Suppose that H : R x M —
R, one-periodic in time, is the Hamiltonian function generating the flow I. Denote by
Fixcont,7(F) the set of contractible fixed points of F, that is, € Fixcont,7(F) if and
only if x is a fixed point of F' and the oriented loop I(z) : t — Fy(z) defined on [0, 1] is
contractible on M. The classical action function is defined, up to an additive constant, on
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Fixcont,7(F') as follows

Aufw) = | - / CH(LB) dt

where x € Fixcont 7(F) and D, C M is any 2-simplex with 0D, = I(z). The following
deep result was proved [Sz00] by using Floer homology with the real filtration induced by
the action function.

Theorem 1.1 (Schwarz). Let (M,w) be a closed symplectic manifold with mo(M) = 0.
Let I = (F})ier be a Hamiltonian flow on M with Fy = Idy; and Fy = F generated by a
Hamiltonian function H. Assume that F' % 1dy. Then there are x,y € Fixcont,1(F') such
that A (x) # A (y).

Let M be a closed oriented surface with genus g > 1 and F' be a time-one map of an
identity isotopy I on M. Denote by M(F') the set of Borel finite measures on M that are
invariant by F' and have no atoms on Fixcont,7(#'). Through the WB-property [Wanglla]
(see Section 2.4 for details), the classical action of Hamiltonian diffeomorphism has been
generalized to Hamiltonian homeomorphism (and more general notions) [Wanglla, page
86] (or see [Wangl1b]):

Theorem 1.2. Let F' € Homeo(M) be the time-one map of an identity isotopy I on M.
Suppose that ;1 € M(F) and ppr(p) = 0. In each of the following cases:

e [ € Diff(M) (not necessarily C*);
o [ satisfies the WB-property and the measure p has full support;
o [ satisfies the WB-property and the measure p is ergodic,

an action function can be defined, which generalizes the classical case.

In the classical case, one can prove that the action function is a constant on a connected
set of contractible fixed points by applying the smoothness of the action function and the
nowhere dense property of the action spectrum. In all the generalized cases given in
Theorem 1.2, we show in this article that this property still holds.

One may ask whether Schwarz’s theorem is still true in the three cases above. We show
in this article that it is true in the second case but no longer when the measure p has no
full support.

As an application, we show that a nontrivial Hamiltonian homeomorphism has no con-
nected contractible fixed points set, thus no connected fixed points set. We remark that
this property is a 2-dimension phenomenon. Recently, Buhovsky, Humiliere and Seyfad-
dini [BHS16] have constructed a Hamiltonian homeomorphism with only one fixed point
on any closed symplectic manifold of dimension at least 4.

1.2. Statement of results. We say that a homeomorphism F' is p-symplectic if p €
M(F') and it has full support. An identity isotopy I is p-Hamiltonian if the time-one map
F is p-symplectic and moreover psr(p) = 0.

The main results of this article are summarized as follows.

Proposition 1.3. Under the hypotheses of Theorem 1.2, the action function defined in
Theorem 1.2 is a constant on each connected component of Fixcont,1 (F).

Theorem 1.4. Let F' be the time-one map of a p-Hamiltonian isotopy I. If I satisfies the
WB-property and F # Idys, the action function defined in Theorem 1.2 is not constant.
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Theorem 1.4 is a generalization of Schwarz’s theorem on closed oriented surfaces. The
main tools we use in its proof are the theory of transverse foliations for dynamical systems
of surfaces inspired by Le Calvez [Lec05, Lec06] and its recent progress [Jaul4].

Recall the classical version of Arnold conjecture for surface homeomorphisms due to
Matsumoto [Mat00] (see also [Lec05]): any Hamiltonian homeomorphism has at least
three contractible fixed points (see Theorem 5.1 below).

As a consequence of Proposition 1.3 and Theorem 1.4, we have the following theorem:

Theorem 1.5. Let F' be the time-one map of a p-Hamiltonian isotopy I. If the set
Fixcont,1(F) is connected, the time-one map F must be Idyr. In particular, if Fix(F') is
connected, F' must be Idj,.

Proof. By Theorem 5.1, Fixcont,1(F) # 0. Moreover, if the set Fixcont,7(F') is connected,
the isotopy must satisfy the WB-property (see Lemma 2.8). Therefore, the action function
is well defined by Theorem 1.2. The conclusion follows by Proposition 1.3 and Theorem
1.4. Note that the connectedness of Fix(F") implies that Fixcont,1(F) = Fix(F') because
Fixcont,7(F) is an open and closed subset of Fix(F'). O

If F # Id s, Theorem 1.5 implies that the number of connected components of Fixcons, 1 (F')
is at least 2, which is optimal by the following example.

FEzxample 1.6. Let u be the measure induced by the area form w and D be a topological
closed disk on M. Up to a diffeomorphism, we may suppose that D is the closed unit
Euclidean disk. Let us consider the polar coordinate for D with the center zp = (0,0).
We suppose that the area form w|p = rdr A df. Consider the following isotopy (F%).e(o1]
on M which defined on D by the formula

F,:D — D
(r,0) w— (r,0+2mrt),

and Fy|ppp = Idpp p for all ¢ € [0, 1]. Obviously, par,r () = 0 and Fixcont,r (F') has exactly
two connected components: {zo} and M \ Int(D), where Int(D) is the interior of D.

By Theorem 1.5 and Theorem 5.1, if Fixcone,7(F') has exactly two connected compo-
nents, its cardinality must be infinite.

Remark that neither Theorem 1.4 nor 1.5 is valid when the measure does not have full
support. We refer to Example 6.3 and Example 6.4 for counterexamples of Theorem 1.4.
Example 6.3 is also a counterexample of Theorem 1.5 on a torus. When the genus of M is
more than 2, one can choose an identity isotopy on M with exactly one contractible fixed
point z (such isotopy exists by Lefschetz-Nielsen’s formula) and the Dirac measure 4.

The article is organized as follows. In Section 2, we first introduce some notations, and
recall the linking number on contractible fixed points and the boundedness properties. In
Section 3, we explain the approach to defining the generalized action function and study
the continuity of this action function. Our main results Proposition 1.3 and Theorem 1.4
will be proved in Section 4 and Section 5, respectively. In Appendix, we provide the proofs
of the lemmas which are not given in the main sections and construct Example 6.3 and
Example 6.4.

Acknowledgements. I would like to thank Patrice Le Calvez for many helpful discussions
and suggestions. I also thank Frédéric Le Roux and Olivier Jaulent for explaining their
results to me. I am grateful to Yiming Long, Matthias Schwarz and Lucien Guillou for
reading the manuscript and many useful remarks.
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2. NOTATIONS

We denote by | - | the usual Euclidean metric on R* or C*¥ and by S*~! = {z € RF |
|z| = 1} the unit sphere.

If A is a set, we write $A for the cardinality of A. If (S, o, 1) is a measure space and V is
any finite dimensional linear space, denote by L(S,V, 1) the set of u-integrable functions
from S to V. If X is a topological space and A is a subset of X, denote by Intx(A) and
Clx (A) respectively the interior and the closure of A. We will omit the subscript X if
there is no any confusion. If M is a manifold and N is a submanifold of M, we denote
by ON the boundary of N on M. If M is a smooth manifold (with boundary or not),
we denote by Homeo(M) (resp. Diff(M), Diff! (M)) the set of all homeomorphisms (resp.
diffeomorphisms, C*-diffeomorphisms) of M.

2.1. Identity isotopies. An identity isotopy I = (Fy)icpo,1) on M is a continuous path
[0,1] — Homeo(M)
t +— Ft

such that Fy = Idyy, the last set being endowed with the compact-open topology. We
naturally extend this map to R by writing Fyy1 = F; o F;. We can also define the inverse
isotopy of I as It = (F_y)sep1) = (Fi—¢ © Ffl)te[()’l]. We denote by Homeo, (M) the set
of all homeomorphisms of M that are isotopic to the identity.

A path on a manifold M is a continuous map v : J — M defined on a nontrivial
interval J (up to an increasing reparametrization). We can talk of a proper path (i.e.
7~ 1(K) is compact for any compact set K) or a compact path (i.e. .J is compact). When
v is a compact path, y(inf J) and ~y(sup J) are the ends of v. We say that a compact
path ~ is a loop if the two ends of v coincide. The inverse of the path ~ is defined by
vt y(—t),t € —J. Ify1: J; — M and 75 : J» — M are two paths such that

b1 = sup J1 € J1, ag = inf Jo € Jy and ’yl(bl) = ’)/2(612)7

then the concatenation v and 2 is defined on J = J; U (J2 + (b1 — a2)) in the classical
way, where (J2 + (b1 — a2)) represents the translation of Jy by (b1 — a2):

’yl(t) if teJ;
T172(t) = .
Yo(t +ag —by) if te Jy+ (b —ag).

Let Z be an interval (maybe infinite) of Z. If {~; : J; — M};c7 is a family of compact
paths satisfying that v;(sup(J;)) = vit1(inf(Ji1)) for every i € Z, then we can define
their concatenation [, 7 7.

If {7i}iez is a family of compact paths where Z = |_|je 7Zj and T is an interval of Z
such that Hiezj ~vi is well defined (in the concatenation sense) for every j € J, we define
their product by abusing notations:

H%‘Z H H%’-

€L JEJ i€;

The trajectory of a point z for the isotopy I = (Fi)c[o,1) is the oriented path I(2) : t —

Fy(z) defined on [0,1]. Suppose that {Ij}i<k<k, is a family of identity isotopies on M.

Write I, = (Fit)iepo,1))- We can define a new identity isotopy Ik, - -~ Ial1 = (Fi)ejo] by
concatenation as follows

. k—1

(21) Ft(z) = Fk,kot—(k—l) (Fk—l,l (e} Fk—?,l O:--0 Flyl(z)) if ]{?0

<t<£
p— _k:O.



In particular, I%0(2) = H’;:OI I(F*(2)) when I, = I for all 1 < k < k.

We write Fix(F) for the set of fixed points of F'. A fixed point z of F' = F} is contractible
if I(z) is homotopic to zero. We write Fixcont,7(F) for the set of contractible fixed points
of F', which obviously depends on I.

2.2. The algebraic intersection number. The choice of an orientation on M permits
us to define the algebraic intersection number I' AT” between two loops. We keep the same
notation I' A  for the algebraic intersection number between a loop and a path « when
it is defined, for example, when =y is proper or when  is compact path whose extremities
are not in I'. Similarly, we write v A 4/ for the algebraic intersection number of two path
~ and 4/ when it is defined, for example, when v and +' are compact paths and the ends
of v (resp. 7') are not on 4/ (resp. 7). If T is a loop on a smooth manifold M, write
[['] € Hi(M,Z) for the homology class of I'. It is clear that the value I" A v does not
depends on the choice of the path 7 that fixes its endpoints when [I'] = 0.

2.3. Rotation vector. Let us introduce the classical notion of rotation vector which was
defined originally in [St57]. Suppose that F' is the time-one map of an identity isotopy
I = (F;)ieqo,)- Let Rec™ (F) be the set of positively recurrent points of F. If z € Rec™ (F),
fix an open disk U C M containing z, and write {F"*(z)}x>1 for the subsequence of the
positive orbit of z obtained by keeping the points that are in U. For any k£ > 0, choose
a simple path ypng (., in U joining F"*(z) to z. The homology class [I'y] € H1(M,Z) of
the loop I'y, = I"*(2)ypnk(.),. does not depend on the choice of ypny () .. Say that z has
a rotation vector pyr1(z) € Hi(M,R) if

1
lim —[Ty,] =
 lim nkl[ m) = Par(2)

for any subsequence {F"* (z)};>1 which converges to z. Neither the existence nor the
value of the rotation vector depends on the choice of U.

Suppose that M is compact and that F' is the time-one map of an identity isotopy
I = (Fy)epo,) on M. Recall that M(F) is the set of Borel finite measures on M whose
elements are invariant by F. If p € M(F'), we can define the rotation vector pas r(2)
for p-almost every positively recurrent point. Moreover, we can prove that the rotation
vector is uniformly bounded if it exists (See [Wanglla, page 52]). Therefore, we define
the rotation vector of the measure

pmr(p) = / pm, dp € Hy(M,R).
M

2.4. The weak boundedness property and the boundedness property.

2.4.1. We begin by recalling some results about identity isotopies, which will be often used
in the article.

Remark 2.1. Suppose that M is an oriented compact surface and that F'is the time-one
map of an identity isotopy I = (F}).e[o,1) on M. When z € Fixcont,1(F'), there is another
identity isotopy I' = (FY);e[o,1] homotopic to I with fixed endpoints such that I’ fixes z (see,
e.g., [Jaul4, Proposition 2.15]), that is, there is a continuous map H : [0, 1]x [0, 1]xM — M
such that

e H(0,t,z) = Fi(z) and H(1,t,z) = F/(z) for all t € [0,1];

e H(s,0,z) =1Idp(z) and H(s,1,2) = F(z) for all s € [0, 1];
[0,1].

. Ft’(z) zforallte
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Lemma 2.2 ([Wangl1la], page 54). Let S? be the 2-sphere and I = (Fi)tepo,1) be an identity
isotopy on S%. For every three different fized points z; (i = 1,2,3) of Fy, there erists
another identity isotopy I' = (F{)scp0,1) from Idg2 to Fy such that I' fives z; (i =1,2,3).

As a consequence, we have the following corollary.

Corollary 2.3. Let I = (Fy)ejo,1] be an identity isotopy on C. For any two different fived
points z1 and zo of Fy, there exists another identity isotopy I' from Idc to Fy such that I’
fizes z1 and zo.

Remark 2.4. Let z; € S% (i = 1,2,3) and Homeo,(S?, 21, 22, 23) be the identity com-
ponent of the space of all homeomorphisms of S? leaving z; (i = 1,2,3) pointwise fixed
(for the compact-open topology). It is well known that 71 (Homeo, (S?, 21, 22, 23)) = 0 (see
[Ham66, Han92]). It implies that any two identity isotopies I, I’ C Homeo,(S?, 21, 29, 23)
with fixed endpoints are homotopic. As a consequence, let Homeo, (C, 21, z2) be the iden-
tity component of the space of all homeomorphisms of C leaving two different points z;
and zy of C pointwise fixed, we have 71 (Homeo,(C, z1, z2)) = 0.

2.4.2. Linking number. Let M be a surface that is homeomorphic to the complex plane
C and I = (Ft)te[o,l] be an identity isotopy on M. Let us define the linking number
i7(z,2") € Z for every two different fixed points z and 2’ of Fj. It is the degree of the map
¢:S' — S! defined by
2int hOFt(Z/) —hOFt(Z)
L) = R —ho R

where h : M — C is a homeomorphism. The linking number does not depend on the
chosen h.

Let F' be the time-one map of an identity isotopy I = (F}).e[o,1) on a closed oriented

surface M of genus ¢ > 1 and F be the time-one map of the lifted identity isotopy
I= (Ft)te[o 1) on the universal cover M of M. Let m: M — M be the covering map and
G be the covering transformation group. Denote respectively by A and A the diagonal of
Fixcont,1(F) X Fixcont,7 (') and the diagonal of Fix(ﬁ) X Fix(ﬁ). Endow the surface M
with a Riemannian metric and denote by d the distance induced by the metric. Lift the
Riemannian metric to M and write d for the distance induced by the metric.

When g > 1, it is well known that 7 (Homeo,(M)) ~ 0 (see [Ham66]). It implies that
any two identity isotopies I, I’ C Homeo, (M) with fixed endpoints are homotopic. Hence,
I is unique up to homotopy, it implies that Fis uniquely defined and does not depend
on the choice of the isotopy from Idy to F. When g = 1, m (Homeo,(M)) ~ 72 (see

[Ham65]), F depends on the isotopy I. The universal cover M is homeomorphic to C.
We define the linking number i(F;%,%") for every pair (%,%") € (Fix(F) x Fix(F)) \ A

as

(2.2) i(F;2,2') = i72,2).

2.4.3. WB-property and B-property. In the rest of the article, when we take two distinct

fixed points @ and b of F, it does not mean that m(a) and 7(b) are distinct.

Definition 2.5. We say that I satisfies the weak boundedness property at a € le(F)
(WB-property at a) if there exists a positive number Nz such that [i (F;a,b)| < Nj for all
b € Fix(F) \ {a}. We say that I satisfies the weak boundedness property (WB-property) if
it satisfies the weak boundedness property at every a € F1X(F ). Let X C Fix(F). We say
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that I satisfies the boundedness s property on X (B- -property on X ) if there exists a positive
number Ng such that |i (F;a,b)| < N for all (a, b) € X x Fix(F ) with @ # b. We say
that I satisfies the boundedness property (B-property) if X = FlX(F).

In [Wanglla], we have proved that the WB-property is satisfied if F' € Diff (M) and
the B-property is satisfied if F' € Diff*(M). Le Roux [Ler14] has proved that the set of all
WB-property points of I is dense in Fix(ﬁ ).

Let X be a connected component of Fixcont, r(F'). Either X is contractible, that means
it is included in an open disk. In this case, the preimage of X in the universal covering
space is a disjoint union of sets X such that the projection induces a homeomorphim from
X to X. Or X is not contractible, and in this case every connected component of the
preimage of X is unbounded.

To prove our main results, we need the following three lemmas whose proofs are provided
in Appendix.

Lemma 2.6. If X is a connected subset of Fix(F) and % € Fix(F), then i(F;%,%") (z'
as variable, Z' # Z) is a constant on X. Furthermore, zfX s not reduced to a singleton,
i(F;-,-) is a constant on (X x X)\ A.

Lemma 2.7. IfX is a connected unbounded subset of Fix(F), then i(F;%,2') = 0 for
all (2,7) € F1X(F) x X with Z # %' Consequently, if X is a connected component of
Fixcont, 7 (F') and X is not contmct@ble i(F;%,Z") = 0 for all (3,3") € Fix(F) x 7~ }(X)
with Z # 2.

Lemma 2.8. If X is a connected subset of Fixcont,1(F) and X is not reduced to a sin-

gleton, I satisfies the B-property on 7~ Y(X). As a conclusion, if the set Fixcont.1(F) is
connected, I satisfies the B-property.

3. THE GENERALIZED ACTION FUNCTION REVISITED

In this section, we explain the approach to defining the generalized action function and
study the continuity of this function.

3.1. The linking number of positively recurrent points.

Recall that F' is the time-one map of an identity isotopy I = (Ft)te[o 1 on a closed
oriented surface M of genus g > 1 and F is the time-one map of the lifted identity isotopy
I = (Ft)te[o 1) on the universal cover M of M. We can compactify M into a sphere by
adding a point co at infinity and the lift F may be extended by fixing this point.

For every distinct fixed points a_and b of F by Lemma 2.2, we can choose an isotopy
Il from Idz; to F that fixes @ and b.

Fix z € Rect (F) \ 7({a, b}) and consider an open disk U ¢ M \ 7({@,b}) containing .
define the first return map ® : Rect (F) N U — Rect (F) N U and write ®(z) = F73)(2),
where 7(2) is the first return time, that is, the least number n > 1 such that F"(z) € U.
For every pair (z/,z") € U?, choose an oriented simple path v,/ ,» in U from 2’ to 2”.

Denote by ® the lift of the first return map &:
7 Y Rec"(F) N7 Y (U) — 7 YRec™(F)) Nz~ (U)
7 = ﬁf(ﬂ@)(a
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For any z € 7~ }(U), write U; the connected component of 7=!(U) that contains z. For
j=1 ) —
every j > 1, let 75(2) = > 7(®*(2)). For every n > 1, consider the following curves in M:
1=0
Fh, = I n( (Z)A’iffn(g)’gna

where 2, € 7 1({z})NU. ¢’"(“)’ and 5 Vin(3)z, i the lift of ygn(;) . that is contained in ﬁ&ﬂ(a'
We define the following infinite product (see Section 2.1):

Ilz H Fll,

w(2)==2
In particular, when z € Fix(F), Fl = I L.

17 71"(5):2
When Us i = Ug, the curve [ _is a loop and hence I s an infinite family of loops,
o7 (2) 11,z 11,z

that will be called a multi-loop. When (7~n @) #* (75, the curve f? _ is a compact path and
1,%

hence 1:7[3 is an infinite family of paths (it can be seen as a family of proper paths, that

1,

means all of two ends of these paths going to oo), that will be called a multi-path.
N In the both cases, for every neighborhood V' of co, there are finitely many loops or paths
that are not included in V. By adding the point co at infinity, we get a multi-loop

17

on the sphere S = MU {o0}.
Hence F;L can be seen as a multi-loop in the annulus Az =S \ {@,b} with a finite

1,2

homology. As a consequence, if 7 is a path from a to b the intersection number 4 A I’? is
1,2

well defined and does not depend on 7. By Remark 2.4 and the properties of intersection
number, the intersection number is also independent of the ch01ce of the identity isotopy .71
but depends on U. Moreover, observe that the path (HZ 0 Yon—i(z),on—in 1(2))(7@(2)73)*1
is a loop in U, we have

n—1 n—1
~ T~ =1 _ S ATL
o TATE =TT gy = STATE g
7=0 J=0

For n > 1, we can define the function

Ly : (Fix(F) x Fix(F)) \ A) x (Rect(F)NU) — Z,
(3.2) Lo(F3a,b,2) =7 ATE = Li(F;a,b,9(2))

where U € M \ 7({@,b}). The last equation follows from Equation 3.1. The function L,
depends on U but not on the choice of ygn(.) ..

Definition 3.1. Fix z € Rect(F) \ #({a,b}). Let us say that the linking number
i(F;a,b,z) € R is defined, if
lim Ly, (F;a,b,z)
k—+o0 Tnk(z)

= i(ﬁ;a,g, 2)

for any subsequence {®"*(z)}r>1 of {®"(z)},>1 which converges to z.
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Note here that the linking number z(ﬁ ;5,5, z) does not depend on U since if U and U’
are open disks containing z, there exists a disk containing z that is contained in U N U’.
In particular, when 2 € Fix(F) \ 7({@,b}), the linking number i(F;a,b, z) always exists
and is equal to Ly (F;a,b,z). Moreover, if z € Fixcont,7(F), we have [Wanglla, page 57]

(33) i(Fabz) =Y (iFa2)-i(Fb3),
w(2)=z2
3.2. Some elementary properties of the linking number [Wanglla, page 71-73].

Proposition 3.2. For every a € G, every distinct fized points @ and b of F and every
z € RSC (F)\ 7({@,b}), we have L,(F;o(@),o(b),z) = Ln(F;a,b, ,2) for every n. If
i(F;a,b,2) exists, then i(F; (@), a(b), z) also exists and i(F; a(a), o(b), 2) = i(F;a, b, z).

Proposition 3.3. For every distinct fized points a,band?c ofF and every z € Rec™ (F)\
m({a,b,c}), we have L,(F;a,b,z)+ Ly, (F b,c, 2)+ Ly, (F ¢,a,z) =0 for all n. Moreover,

if two among the three linking numbers i(F;a,b,z), i(F;b,¢,z) and i(F;¢,a,z) exist, then
the last one also exists and we have

i(F:a,b,2) +i(F;b,¢2) +i(F;¢,a,2) = 0.
The following lemma gives the continuity property of the function L; whose proof details
will be used in the proof of Proposition 1.3.

Lemma 3.4. Suppose that a € Fix(F) and {an}n>1 C Fix(F)\ {a} satisfying @, — @ as
n — 4o0. Then

lim i(F;an,d,2) =0
n—-+00

when z € Fix(F) \ {n(a)}, while
lim Lk(F an,a,z) =0

n—-4o0o

for every k > 1, when z € Rect(F) N U where U is an open disk of M \ {m(a)}.

Proof. Let C*F = 7r_1({z F(z),---, F3)=1(2)}) where 7,(2) = foolT((I)i( ).

For every n, let I be the isotopy that fixes a, a, and oo, which is constructed in
Lemma 2.2. Up to conjugacy by a homeomorphism A : M — C, we can identify M with
the complex plane C (refer to Remark 2.4 and Definition 3.1 for the reasons). Through
a simple computation (see the proof of Lemma 2.2 [[Wanglla], page 54]), we can get the
formula of fn as follows

~ an —a

(34) In(2)(t) = m

Let Vj, be a disk whose center is @ and radius is 2|, — a|. As the functions Ly (F; dy, a, 2)
do not depend on the path from a to a, (see Section 3.1), we can suppose that the path
v from a,, to a is always in V,,. As z # m(a), the value

3.5 ¢c=liminf min F(2) - F(a
( ) n>1 te[O,l],EeC§| t(N) t( n)|

(F(2) - Fy(@) +a.

is positive which only depends on z and k. For the constant ¢, we can find N > 0 large
enough such that max,c( ) |Fy(an) — Fy(@)| < ¢/3 when n > N. This implies that, for
every z € CF and t € [0, 1], B

[1n(2)(t) — al > 2|an — al
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when n > N. As a consequence, we have

lim i(ﬁ;fin,a, z2)=0
n—-+o0o

in the case where z € Fix(F) \ {m(a)}, and
lim Lk(ﬁ;?in,Zi, z)=0

n—-—+o00

in the case where z € Rect(F)NU. O

3.3. Definition of the generalized action function.

Suppose now the function i(ﬁ;&,g, z) is p-integrable. We define the action difference
of a and b as follows

(3.6) in(F;a,b) = / i(F;a,b,z)dp.
M\ ({a,b})
As an immediate consequence of Proposition 3.2, we have:

Corollary 3.5. i#(ﬁ;a(ﬁ),a(Z)) = iu(ﬁ;’d,g) for any o € G.

Let F' be the time-one map of an identity isotopy I = (Ft)te[o,l} on M. We suppose
now that the action difference iu(ﬁ; 6,5) is well defined for every two distinct fixed points
a and b of F. We define the action difference as follows:

i, : (Fix(F) x Fix(F))\A — R
@) — iu(Fa.b).
Note that for each of th(i following cases, the~actiog difference can be defined [Wanglla,
page 86] for every pair (a,b) € (Fix(F) x Fix(F)) \ A :
e F € Diff(M);

e [ satisfies the WB-property and p has full support;
e [ satisfies the WB-property and p is ergodic.

The following corollary is an immediate conclusion of Proposition 3.3:

Corollary 3.6. For any distinct fixed points a, b and ¢ of ﬁ, we have
iu(ﬁ§a7g) + iu(ﬁQEaa + iu(ﬁQa a) = 0.

That is, i, 1s a coboundary on Fix(F). So there is a function ly - Fix(F) — R, defined up
to an additive constant, such that

iu(ﬁ’;ﬁ,g) = lu(ﬁ;g) — lu(ﬁ;a).
We call the function [, the action function on Fix(F) defined by the measure .

Proposition 3.7 ([Wangllal, page 87). If parr(p) =0, then iu(ﬁ;'d, a(a)) =0 for every

a € Fix(F) and every o € G\ {e} where e is the unit element of G. As a consequence,
there exists a function L, defined on Fixcont,1(F') such that for every two distinct fized

points a and b of F', we have

i0(F:@,0) = Ly(Fin(8)) — Lu(F;n(@).
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We call the function L, the action on Fixcont,1(F') defined by the measure p. We proved
that the function L, is a generalization of the classical case (Theorem 1.2, [Wanglla,
Theorem 4.3.2]).

3.4. The continuity of the generalized action function.

We have the following continuity property of the generalized action function whose proof
details will be used in the proof of Theorem 1.4.

Proposition 3.8. Suppose that F is the time-one map of an identity isotopy I on M and
that u € M(F). Let X C Fix(F ) If one of the following three cases is satisfied:

e [ satisfies the B-property on X and F € Diff(M);
e [ satisfies the B-property on X and Supp(u) = M;
e [ satisfies the B-property on X and u is ergodic,

then for any @ € X and {@n}n>1 C X \ {a} satisfying a, — @ as n — 400, we have

lim z“(F an,a) = 0.

n—-4o00

As a conclusion, if I satisfies the B-property on Xand the WB- -property, the action [, is
continuous on X . Moreover, if parr(p) =0, the action Ly, is continuous on 7T(X)

Proof. There exists a triangulation {U;};1°0 of M \ Fix(F) such that, for every i, the
interior of U; is an open free disk for F' (i.e., F(U;) NU; = () and satisfies u(0U;) = 0. By
a slight abuse of notations we will also write U; for its interior.

According to Lemma 3.4, we have that lim i(F;dyn,a,2) = 0 for z € Fix(F) \ {r(a)},

n—-4oo

and that lirf Ll(ﬁ;’dn,'d, 2) = 0 for z € Rec™(F) N U;, for every i.

Choose a compact set P C M such that @ € Int(P P) and {dy}n>1 C P. As before, when
@' and b’ are two distinct fixed points of Fin P we can always suppose that the path 7

that joins @’ and b’ is in P. By the definition of B-property, we may suppose that there
exists a number N > 0 such that

N > ess Sup{ ‘i(ﬁ;fin,fi,z)‘ },
n>1

where “ess sup” is the essential supremum?.
By Lebesgue’s dominating convergence theorem (the dominated function is V), we get
lim ](i(ﬁ;an,a, z)) dp = 0.
n—+00 JRix(F)
It is then sufficient to prove that
lim
n—+00 J AN\ Fix(F)

(i(F;an, @, Z)‘ dp = 0.

Fix any € > 0. Since u(|J "5 U;) = u(M \ Fix(F)) < +00, there exists a positive integer
N’ such that

L Refer to Proposition 4.6.9 in [Wanglla, page 82] for the first case, Proposition 4.6.11 in [Wangl1la,
page 85] for the second case and Lemma 6.6 in [Wangl1b, Proposition 6.8, page 46] for the third case.
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For every pair (d,b) € (Fix(F) x Fix(F)) \ A, each i and p-a.e. z € U;, we have the
following facts

o fU 7dp = p(Ugso F*(U;)) (by Kac Lemma, see [Kac47]);
e i(F:a,b,z) is the action of F, i.e., i(F;a,b, F(z)) = i(F;a,b, z).
Therefore,

(3.7) / i(Fb,2)| dp = / r(2) |i(F:a.5. )| d
Ukzo F*(U:) Ui
As Ll(ﬁ;ﬁ,g, z) € LY(U;, R, )?, the following limit exists
=~ 7 m—1
e Lyn(Fsia,b,z) ;
LFaD) = Jiy IR < i D3 L(FES 84()

Moreover, we also have the following inequality (modulo subsets of measure zero of Uj;)

(3.8) L*(f;a,g,z)‘ = lim — |3 (Li(Fa,b,8(2))

= ‘Ll(ﬁ;&',g, z)‘* ,

where the last equation holds due to Birkhoff Ergodic theorem.
Applying Birkhoff Ergodic theorem again, we get

(®(2)) = 7°(2) and L*(F;a,b,®(z)) = L*(F;a,b,2),

where 7*(z) is the limit of the sequence {7,(z)/n}n>1, ® is the first return map on Uj.
For p-a.e. z € U;, the following limits hold

(39) i(Fabo) = lim Lo(Fiab2) . Ln(Fiab2)/m _ L*(F;a.b,2)
' T () '

m—+00 Tm (2) m—+00 Tm(2)/m T
Therefore, i(ﬁ;ﬁ,g,fb(z)) = i(ﬁ;’d,E, z). Moreover, observing that 7(z)[i ( )\
€ LY(U;, R, i), we obtain

3 (W6 [T )
=0
= lim l 17 (2)) ‘i(ﬁ;&,g, z)‘

for p-a.e. z € U;. This implies that
(3.10) / 7(2) ‘i(ﬁ;a,g, z)‘ dp :/ 7*(2) )i(ﬁ;ﬁ,g, z)’ du.
U; U;

2 Refer to Proposition 4.6.10 in [Wanglla, page 81] for the proof.
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From the equalities 3.7, 3.9, 3.10 and Inequality 3.8 above, we obtain

/N, ’i(ﬁ;ﬁn,ﬁ,z)’ dp < Z/ z F (U, a, z)‘ du
.L:JlU’i Uk>o F*(Us)

= Z/ i(F;n, a, z)’d,u

_ ;/T( )‘ (Fin,,2)| du
Al = ~ ~

= ;/U L*(F;ap,a,z)| du

N/
Z/ Ll(ﬁ;ﬁn,a,z) dp
i=1 /Ui
N
- Z/ Ly (F;in, @, 2)| dp
i=1 Ui

IN

As N’ is finite, according to Lebesgue’s dominating convergence theorem (the dominated
function is N7(z)) and Lemma 3.4, we have

N/
nEIfooZ/ L4 (F,3,2)| du =0,
i=1 Ui
Therefore, there exists a positive number N” such that when n > N”,

/N/ ‘i(ﬁ;an,ﬁ,z)‘ dp < <

U Us 2
=1
Finally, when n > N”, we obtain
/ F O, 4, z)‘ du
M\Fix(F
= /N/ ‘(i(ﬁ;ﬁn,a,z)‘ d,u+/+C><> ‘(i(ﬁ;&n,ﬁ,z) dp
U u U U
i=1 N’4+1
€ €
e SN
< 2 + 2N
= €

Hence, the first statement holds.

Now we turn to prove the second statement. Let a € 7(X) and {an}tn>1 C 7(X)\ {a}
that converges to a. By Proposition 3.7, we only need to consider a lift a@ € X of a and
a lifted sequence {an }n>1 C X of {an}n>1 that converges to a. Then it follows from the
first statement. 0
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4. THE PROOF OF PROPOSITION 1.3

Suppose that X C Fixcont,7(F') is connected and not reduced to a singleton. By Lemma
2.8, I satisfies the B-property on m~!(X). If I satisfies the hypotheses of Theorem 1.2,
according to Proposition 3.8, the action function L, is continuous on X. Moreover, we
have the following stronger result in this case.

Proposition 1.3 Under the hypotheses of Theorem 1.2, for every two distinct contractible
fized points a and b of F' which belong to a same connected component of Fixcons,1(F),

we have IM(I?'; a,b) = 0. As a conclusion, the action function L, is a constant on each
connected component of Fixcont,1(F).

GivenY € M and € > 0, let Y. = {z € M | d(z,y) < €,y € Y} be the e-neighborhood
of Y. If N is a submanifold of M, the inclusion ¢ : N <— M naturally induces a homomor-
phism: i, : w1 (N,p) — w1 (M, p), where p € N.

To prove Proposition 1.3, we need the following topological lemma proved in Appendix.

Lemma 4.1. If Z is a compact subset of M and z € Z, the following direct limits exist:
lim i.(H1(Ze,Z)) and lim 15 (m1(Ze, 2)).
e—0t e—0t
Proof. Let X be a connected component of Fixcont,7(F') that is not a singleton.
Let us first consider the linking number i(F;a,b, z), where z € Rect (F) \ Fixcont,r (F)
and (@,b) € (77 1(X) x 77 1(X)) \ A.
Recall the following functions defined in Section 3.1:
Ly : ((FlX(F) x Fix(F )) \ A) x (Rec™(F)NU) — Z
Lk(F;El,gg, Z) =5A P%,z = Z Ll(F;51,EQ, (I)J(Z)),
j=0
where z € Rect(F) , U ¢ M\n({¢1,}) is an open disk containing z, and I; is an isotopy
from Idﬁ to F' that fixes ¢; and ¢s.
We claim that, for every z € Rec™ (F )\F IXCont 1(F) and k > 1, there exists € > 0 which
merely depends on z and k such that Lk(F a,b,z) = 0 when d(a,b) < e.
Indeed, since X is compact, z € X, and Ft ol'=To Ft for any T € G, the value
d = min F(2) - F((Z
te[0,1], zeCk, Z7er—1( )| t(N) t( )’
is positive and only depends on z and k, where C* = 7= 1({2, F(2),--- , F®()=1(2)}).
Recall that the isotopy
_ 7 a
T'G)() = ==—== - (F(3) - F(@) +
Fy(b) — Fi(a)
fixes @, b and co. Let € > 0 be small enough such that maxe[o,1] |Fi(a) — E,(b)| < ¢/3

when d(a,b) < € and let V' be a disk whose center is @ and radius is 2\1) —al. The claim

follows from the proof of Lemma 3.4 if one replaces I,, in Formula 3.4 by I, V,, by V', and
¢ in Formula 3.5 by .

Fix z € X and a lift 7 € M of z. By Lemma 4.1, there is ¢y > 0 such that
ix(m1(Xe, ) = is(m1(Xeo, 7))
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for all 0 < € < ¢g. Let X, be the connected component of 771(X,) that contains x Denote

by G 5. the subgroup of G that is the stabilizer of X, i.e., Gz ={T € G[T(Xc) = X.}.

It is clear that i.(m1(X,2)) ~ G . Hence Gy = Gg forall 0 < ez < €1 < €. Let
€ El 62

Y. = X, N7 1(X). Recall that X is connected. We have 7(Y,) = X for all 0 <e< e
since X, is path connected. Note that Y is 4e-chain connected, i.e., for any 7,7 € Y there
exists a sequence {y;}1"', C Y such that 1 = v, ¥, = ¥/, and d(yl,yzﬂ) < 4e. Indeed,

we can find a path v in X, from 7(y) to 7(y ’) and a lift ¥ of v in X, from § y toy. On
the path 7, we choose a sequence {z;}"; C 7 such that 7y = y, 7, = ¥/, and the disks
{D(&;, )} | cover ¥ with D(Zi,€) N D(Tiy1,€) # 0 forall i =1,. — 1, where 5@“ €)
is a disk on M whose center is a:z and radius is e. Choose a sequence {yz} t, C Y, such
that 11 = 4, ¥ = ¥/, and y; € D(:zcl7 €)N Y, for 2 < i < n— 1. Obviously, {i}l is a
4e-chain in Y, from 7 to § by the triangle inequality.

For any y € X, Weclalmthater forallyEﬂ Ly )ﬂYeO and all 0 < € < €.
Otherwise, there is 0 < €1 < €p and y € YEO - XEO such that J € Y;,, and hence j ¢ X, .

However, there is a lift ¢’ of y such that ¥’ € Y, C X61 C XEO On the one hand, T € G~60
since ¥,y € X¢,, where y = T'(¢’). On the other hand, T ¢ G)}q since y € X,. This is
impossible because G X, = G Rey and hence the claim holds. This implies that Y. = Y,
for all 0 < € < ¢, and hence Y, is e-chain connected for all 0 < e < ¢y/4.

Recall the equality in Proposition 3.3 for any distinct points ¢1, ¢2 and ¢3 of Fix(f E
(4.1) Lk(ﬁ; 51,52, Z) + Lk(ﬁ;gg, 53, Z) + Lk(ﬁ;g3,51, Z) = 0.

Applying Equality 4.1, we get that, for all distinct a, b ey, > Lk(ﬁ ;Zi,g, z) = 0 for
all k and z € Rect(F) \ Fixcon,7(F). This implies that i(F;a,b,2) = 0 for all (@,b) €
(Yo, x Ye,) \ A and z € Rect (F) \ Fixcont,1(F).

Let us now consider the case of z € Fixcont,7(F') to finish our proof, which is divided
into two cases:

(1) There is a set X on M which is a connected component of 7~1(X) and satisfies
that the covering map  : X — X is surjective (this case contains the case where

X is path connected);
(2) There is no such set satisfying Item 1.

Recall the linking number of z for @ and b (see Formula 3.3):

i(Fiab2) = > (ilFia2) —i(Fih,2),
w(2)=z
where (@,b) € (Fix(F) x Fix(F)) \ A and i(F;¢,3) = i(c, 2) (see Formula 2.2).
In the first case, for any z € 1(2), by Lemma 2.6, i(F;2’,%) is a constant (which
depends on 2) for all 2/ € X\{“} We get that i(F; @, b, z) = 0 for any (@,b) € (X x X)\ A

and z € Fixcont I(F ) \ m({a, b})

Note that Y€0 = X in this case. Therefore, by the definition of the action function, we
get that zu(ﬁ :a,b) = 0 for all (@,b) € (X x X)\ A. The conclusion follows from the fact
that m(X) = X and the hypothesis that par(p) = 0 in this case.
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In the second case, write 7~ 1(X) as L.ex X, where X, is a connected component of

771(X) on M. Note that 2 < #A < +oo. It is easy to see that every such X, is unbounded
on M by the hypotheses and the connectedness of X.

Similar to the proof of the first case, for every a € A and ¢ € )?5 with a # 3, we
have the following fact: when z € Fixcont,7(F'), the linking number Z(ﬁ7 Cz) €L s a
constant on Xg, and hence i(F; @, b, z) = 0 for all (@,b) € (X4 X Xa) \ A. Observing that
every )N(a is unbounded, the constant is zero by Formula 3.3 and Lemma 2.7. Therefore,
i(F;@,b,z) =0 for all (@,b) € (7 H(X) x 7 1(X))\ A.

Finally, by the definition of the action function, we get that ’LM(F ;Zi,g) = 0 for all
(@,b) € (Yo, x Y¢,) \ A. The conclusion the holds based on the facts that 7(Y,) = X and
that pas,7(p) = 0 in the second case. O

5. THE PROOF OF THEOREM 1.4
To prove Theorem 1.4, we need the following theorem [Mat00, Lec05]:

Theorem 5.1. Let M be a closed oriented surface with genus g > 1. If F' is the time-one
map of a pu-Hamiltonian isotopy I on M, then there exist at least three contractible fixed
points of F.

Remark that Theorem 5.1 is not valid when the measure has no full support (see Ex-
ample 6.3 and Example 6.4 below).

Theorem 1.4 Let F' be the time-one map of a p-Hamiltonian isotopy I on a closed
oriented surface M with g > 1. If I satisfies the WB-property and F is not Idps, the
action function L, is not constant.

Theorem 1.4 is proved in two cases: Fixcone () is finite and it is infinite.

Proof of Theorem 1.4 for the case §Fixcont,1(F) < +00.

We say that X C Fixcont,7(F) is unlinked if there exists an isotopy I' = (F])cjo1]
homotopic to I which fixes every point of X. Moreover, we say that X is a maximal
unlinked set if any set X' C Fixcont,7(F') that strictly contains X is not unlinked.

In the proof of Theorem 5.1 ([Lec05, Theorem 10.1]), Le Calvez has proved that there
exists a maximal unlinked set X C Fixcong,7(F) with X > 3 if §Fixcone,7 (F) < 400.

There exists an oriented topological foliation F on M \ X (or, equivalently, a singular
oriented foliation F on M with X equal to the singular set) such that, for all z € M\ X, the
trajectory I(z) is homotopic to an arc «y joining z and F'(z) in M \ X which is positively
transverse to F. It means that for every to € [0,1] there exists an open neighborhood
V C M\ X of ¥(tg) and an orientation preserving homeomorphism h : V — (—1,1)?
which sends the foliation F on the horizontal foliation (oriented with x; increasing) such
that the map t — pa(h(y(t))) defined in a neighborhood of ¢y is strictly increasing, where
p2(71,22) = T2

We can choose a point z € Rec™ (F) \ Fix(F) and a leaf A containing 2. Proposition 10.4
in [Lec05] states that the w-limit set w(A) € X, the a-limit set a(A) € X, and w(\) # a(A).

—_——

Fix an isotopy I’ homotopic to I that fixes w(A) and «(\) and a lift X of A that joins w(A)

~ ~—

and a()). Let us now study the linking number i(F;w()), a(N), 2') for 2/ € Rec™ (F) \ X
when it exists. Observing that for all 2’ € M \ X, the trajectory I’(z’) is still homotopic
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to an arc that is positively transverse to F. Hence, for all 2/ € Rect(F)\ X, without loss
of generality, we can choose an open disk U containing z’ such that U N\ = () by shrinking
U and perturbing X if necessary. Then we have

—_—~ —~—

Lo(F;w(A\),a(N),2) = XATZ, = AATY, . >0

v
I’z

for every n > 1, where I’ is the lift of I’ to M and Iy, = W(f?/ Z,).
According to Definition 3.1, we have 7

i(F;w(\),a(N),2') >0

for p-a.e. 2’ € Rec™ (F)\ {w(\), a(N)}.
By the continuity of I’ and the hypothesis on p, there exists an open free disk U

containing z such that u(U) > 0 and Ly (F;w(\), a(N),2’) > 0 when 2’ € U N Rect (F).
Similarly to the proof of Proposition 3.8, we have

L(F5w(\),a(N) = /U g (0. 000.2)

- / ()i (), a(N), =) du
U

g

Before proving the case where the set Fixcone r(F) is infinite, let us recall two results:

Proposition 5.2 (Franks’ Lemma [Fra88]). Let F : R? — R? be an orientation preserving
homeomorphism. If F' possesses a periodic free disk chain, that means a family (Uy),ez/nz,
of pairwise disjoint free topological open disks such that for every r € Z/nZ, one of the
positive iterates of U, meets U,41, then F has at least one fized point.

Theorem 5.3 ([Jauld]). Let M be an oriented surface and F' be the time-one map of
an identity isotopy I on M. There exists a closed subset X C Fix(F) and an isotopy I’
joining Idyp x to Flyn x in Homeo(M \ X) such that

(1) For all z € X, the loop I(z) is homotopic to zero in M.

(2) For all z € Fix(F) \ X, the loop I'(z) is not homotopic to zero in M \ X.

(3) Forall z € M\X, the trajectories I(z) and I'(z) are homotopic with fized endpoints
in M.

(4) There exists an oriented topological foliation F on M \ X such that, for all z €
M\ X, the trajectory I'(z) is homotopic to an arc v joining z and F(z) in M\ X
which s positively to F.

Moreover, the isotopy I' satisfies the following property:
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(5) For all finite Y C X, there exists an isotopy I}, joining Idas and F in Homeo(M)
which fizes Y such that, if z € M \ X, the arc I'(z) and I}, (z) are homotopic in
M\Y. And if z € X \Y, the loop I}, (z) is contractible in M \'Y.

Proof of Theorem 1.4 for the case §Fixcont,1(F) = +00.

Suppose that X, I’ and F are respectively the closed contractible fixed points set, the
isotopy, and the foliation, as stated in Theorem 5.3. Obviously, X # () (see Remark 2.1)
and p(M \ X) > 0. Assume that X’ is the union of the connected components of X that
separate M. Write M \ X' = UU;S; where S; is an open F-invariant subsurface of M for
every i. For every i, we regard the restriction of I’ on S;, say I, as an identity isotopy on
S;. That means we extend I/ to the set S; N X by Idg,nx. Let us consider the closure of
S;. Regarding every connected component of 95, as one point, we get a closed surface S
and an identity isotopy induced by I/, written still I]. By the definition of S;, S} and I},
the following properties hold

(A1): if S; is a disk, X N S; # 0 (by Proposition 5.2 and Item 2 of Theorem 5.3);
(A2): pgr p(n) = 0 € Hi(S},R) if S; is not a subsurface of sphere (by the items 1
and 3 of Theorem 5.3). Thanks to Theorem 5.1, we have fFixcons, 1 (F]s7) > 3.

It implies that #{the connected components of 95; U (X NS;)} > 2 for every i.

Fix one subsurface S;. Similarly to the finite case, we choose a point z € (Rec™ (F) \
Fix(F))N.S; and a leaf A € F containing z. In [Lec06], the proofs of Proposition 4.1 (page
150, for S; being a subsurface of sphere) and Proposition 6.1 (page 166, for \S; being not
a subsurface of sphere) imply that w(\) (resp. a(\)) is connected and is contained in a
connected component of 95; U (X ﬂ Si). We write the connected component as X ()

(resp. X_(A)). Moreover, X4 (A) # X_(A). Choose a lift X of \. We need to consider the
following four cases: the set w()) or a()\) contains oo or not.
Take two points a € a(A) and b € w(A). Let Y = {a,b} and I;, be the isotopy as in
Theorem 5.3. Suppose that I | is the identity lift of I3, to M. Notice that
(B1): if = € M \ X, the arcs I'(z) and I;(z) are homotopic in M \'Y (Item 5,
Theorem 5.3), and I§,(z) is homotopic to an arc 7 joining z and F(z) in M \'Y
and positively transverse to F (Item 4, Theorem 5.3);
(B2): if z € X \Y, yAI(z) = 0 where v is any path from a to b (Item 5, Theorem
5.3).
If both () and w(X) do not contain oo, replacing a(\) by a, w(\) by b, and I’ by I,
in the proof of the finite case, we can get Iﬂ(ﬁ; a,b) > 0.
We suppose now that either au(X) or w()) contains co. Recall that d is the distance on

M induced by a distance d on M which is further induced by a Riemannian metric on M.
Define d(Z,C) = 1nf d( o) if Z € M and C C M. Take a sequence {(@m, b, m) m>1 such

that
o m(@m) =a and w(by) =b ;
o If a()) (resp. w())) does not contain co, we set @y, = @ (resp. by = b) for every
m where a € 7'('—1(@) Na(X) (resp. be m1(b) NwN));
o lim d(@m,\) =0 and Jim d(bm, \) = 0.

m——+00

For every m, suppose that ¢, (resp. ¢/,) is a point of X such that c?(Zim,Em) = ~(

)
(resp. d(bm,c.) = d(bm,))). Note that ¢p = dm = a (resp. ¢, = b) and
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d(@m,A) = 0 (resp. d(bm,A) = 0) if a(X) (resp. w(X)) does not contain co. Choose a
simple path I, (resp. l~;n) from @, (resp. ¢,) to ¢, (resp. by,) such that the length of
I (resp. 7271) is J(&m, X) (resp. Elv(gm, X)) Here, we assume that the simple path is empty
if its length is 0. Without loss of generality, we may suppose that W(7m+1) C W(Tm) (resp.
7T(l~;n+1) c w(1))). Let Fm = lmAml,, where A, is the sub-path of A from G, to &/,.
Then 7,, is a path from a,, to Em

We know that, for every m > 1, the linking number Z(ﬁ ;Em,gm,z’ ) exists for p-a.e.
2 € M\ {a,b}. Hence, the linking number i(F; Gy, bm, 2') exists on a full measure subset
of M\ {a,b} for all m.

According to B2 above, we have i(F; @, by, 2') = 0 if 2/ € X \ {a,b}. We now claim
that

lim inf i(F; Gm, by, 2') >0 for prae. z' € Rect(F)\ X.

m—-+00

Fix one point 2/ € Rec™(F)\ X and choose a disk U containing 2’ (here again, we
suppose that U N A = (). By B1 and the construction of 7,,, for every n > 1, there exists
m(z’,n) € N such that when m > m(z’,n), the value

(5.1) L (F3 G, b, 7') = 3 AT%, =7 (Fm) A T} >0
Y?

!
32

is constant with regard to m.

We now suppose that
p{z € Rec™(F)\ X | liminf i(F; @, b, 2') < 0} > 0.
m——+00
There exists a small number ¢ > 0 such that

(5.2) p{z € Rect(F)\ X | lim infi(ﬁ;a’m,'ém, 2 < —c} > e

Write E = {2’ € Rec™ (F)\ X | liminfi(ﬁ;am,gm, ') < —c}. Fix a point 2 € F and a
m—-00
disk U containing 2’ as before. By taking subsequence if necessary, we may suppose that

—o00 < lim i(ﬁ;am,gm,z’) < —c.
m—-+00

Then there exists N(z) such that when m > N(z’), we have

~ o~ Lo(F:d b o
i(F;am, by, 2') = lim n(F5Gm; b, ) < —c.
n——+00 Tn(2)

Fix mg > N(z'). There exists n(z’,mg) € N such that when n > n(z’,mg), we have

Ly, (ﬁ, a:moj;ﬂ"zo , z/)

Tn(2)

Then we can choose ng > n(z’,mg) such that
Ly (F3 @mg s by, 2') < =Ty (2).

By Inequality (5.1), there exists m(z’,n9) > mg such that, when m > m(2’,ng), we
have

Lno(ﬁ;amybmyz/) > 0.
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Now fix m1 > m(z’,ng). There exists n(z’,m1) > ng such that when n > n(z',my), it
holds - ~
Ly(F;amy, by, 2")
Tn(2)
Then we can choose ny > n(z’,my) such that

Lnl (F7 aml 9 bml ) Z,) < _CTnl (Z/).
By induction, we can construct a sequence {(m;,n;)}i>0 C N x N satisfying that

(C1): {m;}i>0 and {n;}i>0 are strictly increasing sequences;
(C2): for all i > 0, we have

L, ,(ﬁ-ami,Emi,z’) < —cmp, (7)) and L, (F amzH,bmlH, 2') > 0.

By the positively transverse property of F, it is easy to see that the negative part of

L, (F;dm,, b, 2') only comes from the intersection number of the curve F” _, with either
y’

Iy, or flv;m in the case where either a()) or w()) contains co.

We deal with the case where both a()) and w()X) contain oo, and other cases follow
similarly. In this case, the both sets a(\),w(A) C X are not contractible. According
to Ttem 5 of Theorem 5.3, for any z” € M \ 'Y, the loop Iy 'I’(2") is contractible in
M \'Y (see Section 2.1 for the definition of I}, '). This implies that F,, A Iy *I'(2") = 0
for all m and 2” € Rec™(F)\ X. Note that I} fixes a and b. By the facts that the
loop I (2") is contractible in M \ 'Y for any 2’ € X \'Y and that o(\) and w(\) are
not contractible, and the continuity of I}, we get |7(Im,) A Iy (z)| < 1 (resp. |7T(flvﬁm) A
I ()| < 1) if the algebraic intersection number is defined and x is close to a (resp. b).
By the construction of Am and C2, there must be an open sequence of disks {Uf}i>o
containing the set (Igf)_l(ﬂ(l:nl)) = Uyew(fmi)(lgf)_l(y) (resp. {U?}i>0 containing the set
(1) (7)) = Uyenqiy, ) (I3) ™ () that satisfies

(D1): Ul C Uf (resp. UibJrl C Uib) and p(U?) — 0 (resp. ,u(Uib) — 0) as i — +o0

(since the measure p has no atoms on Fixcont,1(F));
(D2): for every ¢ > 0,

Tn, (z")—1 c 1 Tni(z/)fl c
a Fj - — Fi(Z > -,
oy (2 Z xup 0 FU() > 2 L) JZ; Xpp o () > 3

where xy is the characteristic function of U C M.
Denote by xj;(x) the limit of %nil xv o Fi(z) as n — +oo for p-a.e. * € M (due to
Birkhoff Ergodic theorem). By D2 Jz;fd Inequality 5.2, we have
u({z € Ree (F)\ X | xi(2) 2 5 or xjule) 2 5}) >

for each 7. This implies that [ ( XUa x) + XUb( x))dp > 02 > 0 for every i. On the other
hand, thanks to Birkhoff Ergodic theorem and D1, we have

| Casela) gD = [ (e @) + xop@)d = uU2) + w(U) - 0
M o M

as 1 — 400, which is impossible.
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Finally, we get

(5.3) lim inf i(F; Gy, by, 27) = 0

m——+00
for py-a.e. 2’ € Rec™(F)\ {a,b}.
From the continuity of I3, and the hypothesis on p, there exists an open free disk U
containing z such that u(U) > 0 and for 2’ € U N Rec™ (F),

(5.4) lim Ly (F;dm, bm,2") > 0.

m—-+o0

As par,r(p) = 0, by Proposition 3.7, the inequalities 5.3, 5.4 and Fatou Lemma, we have

Iﬂ(ﬁ;avb) - mLHEooZH(ﬁ7am’gm)
= lim i(ﬁ;ﬁm,gm,z) du

m—+00 J A\ {a,b}

> / lim inf i(ﬁ;ﬁm,gm, z)dp
M\{a,p} M+

> / liminfi(f;am,gm,z) dp
Ukso F*(U)

m—-+o0

m——+o0

= /liminfT(z)i(ﬁ;ﬁm,gm,z)du
U

= /liminfT*(z)i(ﬁ;?im,bm,z)du
U

m—-+00

m——+00

= /liminfL*(ﬁ;Zim,gm,z)d,u
U

= / lim inf Ll(ﬁ;am,'z}m, z)dp
U

m—-+00

> 0.

6. APPENDIX
6.1. Proofs of Lemma 2.6, Lemma 2.7 and Lemma 2.8.

We first recall some properties of z(ﬁ ;2,2") defined in Formula 2.2, whose proofs can
be found in [Wanglla, page 56]):

(P1): i(F;Z%,%") is locally constant on (Fix(F) x Fix(F)) \ A;

(P2): i(F;z,z") is invariant by covering transformation, that is,
i(Fy0(2),a(Z) =i(F;%,3") for every a € G;

(P3): i(F;%,2") =0 if n(3) = 7(Z);

(P4): there exists K such that i(F;2,2") =0if d(z,2') > K.

Lemma 2.7 immediately follows from Lemma 2.6 and P4. Hence we only need to prove
Lemma 2.6 and Lemma 2.8.
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Proof of Lemma 2.6. If Z € X it is obvious by the continuity (see P1 above) and connect-
edness. Suppose that Z € X. Fix a point @ € X. The linking number Z(F a,-) will be a
constant on each connected component of X \ . Let b and o/ , ¢ and ¢ lie on different
components, respectively. Then i(F;a,b) = Z(F a,b') and i(F;@,¢) = i(F;a,). We have
to prove that i(F;a,b) = i(F;a,¢). Now fix b. Let Y be the connected component of
X\ {a} that contains ¢. Then a belongs to the closure of Y and hence Y U7 is connected.
Let Z be the connected component of X \ {b} that contains @. So (Y Ua)N Z # 0.
Hence ¢ € Y C Z. We get i(F;b, @) = i(F;b,¢) since @ and ¢ lie on the same connected
component of X \ b. Now fix ¢ Similarly, we have i(F;¢,b) = i(F;¢,a) since b and @
lie on the same connected component of X \ ¢. Obviously, i(F;%,%') is symmetrical on
(Fix(F) x Fix(F)) \ A by the definition of i 7(Z,2’). Therefore, we obtain

i(F;a,b) = i(F;b,a@) = i(F;b,¢) = i(F;,b) = i(F;¢,a) = i(F;d,0).

To prove Lemma 2.8, we need the following lemma;:

Lemma 6.1. If)~( s a connected subset of Fix(l?’) and X is not reduced to a singleton, I
satisfies the B-property on X.

Proof. Let X’ be a connected component of Fix(F) that contains X. By Lemma 2.7, it is
obvious if X’ is unbounded. Suppose now that )? " is bounded. Then X' is compact. Let
us consider the value i(F,%,%') where € Fix(F) and 7 € X' By the second statement
of Lemma 2.6, we only need to consider the case where Z € Fix(F) \ X’. If there exists
a sequence {z,}12 C Fix(F) \ X’ such that |i(F,%,,7)| — 400 as n — -+oo. By
P4, the sequence {z,} must have a convergence subsequence. W.l.o.g, we suppose that
limy, 400 2 = Zg- Obviously, Zg € X’ by the second statement of Lemma 2.6. Finally, it is
also impossible in this case since d(zo, X' ) > 0 and the first statement of Lemma 2.6. [

Proof of Lemma 2.8. If X is not contractible, it follows from Lemma 2.7. Otherwise, it fol-
lows from Lemma 6.1 and the properties P2-P4 of z(ﬁ, z,z"). Furthermore, if Fixcont, 7 (F)
is a singleton, it follows from P3. Otherwise, it follows from the first statement of this
lemma. O

6.2. Proof of Lemma 4.1.

To prove Lemma 4.1, we need the following lemma:

Lemma 6.2. Let S and S’ be two sub-surfaces of an orientable closed surface M, with
S" C Int(S) and z € S'. If i.(H1(S,Z)) and i.(H1(S",Z)) (resp. i.(H1(C{M\S),Z)) and
ix(H1(Cl(M\S"),Z))) have the same image in Hy (M, Z), then i.(m1(S, 2)) and i (m1(5’, 2))

have the same image in w1 (M, z).

Proof. Let C be a component of the boundary of S’. It belongs to the boundary of
C1(S) \ S’, more precisely, is in a connected component S” of C1(S) \ S’. The genus of S”
is zero because i, (H1(S,Z)) and i.(H1(S’,Z)) have the same image in Hy (M, Z). We claim
that C is the unique component of the boundary of S’ and is one of the boundaries of S”.
Otherwise, one can find a cycle in S that intersects transversally C', which contradicts the
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fact that i.(H1(S,Z)) and i.(H1(S’,Z)) have the same image in Hq(M,Z). Secondly, we
note that S” (in fact, every connected component of CI1(S) \ S’) is homeomorphic to an
annulus because i.(Hy(Cl(M \ S),Z)) and i.(H;(Cl(M \ S’),Z)) have the same image in
Hy(M,Z). One deduces that every path in S” whose endpoints are on C' is homotopic in
S” to a path on C. O

Proof of Lemma 4.1. Let us show that lim_ i.(H1(Ze, Z)) exists. Otherwise, there is a
positive decrease sequence {¢; j:f such that
e lim; , € =0;
o i.(H(Ze,,\ L)) C ix(H1(Ze;, Z)) for every i.
This implies that there is a sequence of simple loops {I';},"% on M which satisfies
o I'; C Z, for every i;
o I'NT; =0 for all i # j;
o [I';] # [I';] for all i # j, where [I';] € H1(M,Z) is the homology class of I';.
This is impossible since Hy(M,Z) is finitely generated.
We now prove that lim . i.(m1(Z, 2)) exists. By the existence of lim__ i.(H1(Ze, Z)),
we can choose a positive number €y that is small enough such that
ix(H1(Zey, 2)) = ix(H1(Zey, Z))  and ix(H1(CUM \ Z¢,), Z)) = i (H1(CUM \ Z,), Z))

for all 0 < €9 < €1 < ¢y. The conclusion then follows from Lemma 6.2. [l

6.3. Examples. Let us give two examples to see what will happen when Supp(p) # M.

Example 6.3. Consider the following smooth identity isotopy on R?: I = (ﬁt)te[o,l] :
(z,y) — (z + 5= cos(2my),y + o= sin(2my)). It induces an identity smooth isotopy I =
(Ft)tefo,1) on T2. Let p have constant density on {(z,y) € T> | y = 0 or y = 3} and vanish
on elsewhere. Obviously, pr2 (1) = 0 but Fixcont,r1(F1) = 0.

Example 6.3 tells us that there is no sense to talk about the action function when g = 1
and Supp(p) # M.

The following example belongs to Le Calvez who mentioned me that this example
implies that Theorem 1.4 is not true anymore in the case where g > 1 and Supp(u) # M.

Exzample 6.4 ([Lec05], page 73). Let M be the closed orientated surface with g = 2. He
constructed an identity isotopy I = (Ft)te[O,l]a a point z173 which is a periodic point of F}
with periodic 20 and the arc [Jo<;<19 I(F} (2] 3)) is homologic to zero, and two points 23
and z4 which are the only two contractible fixed points of Fj.

Let now the measure yu = Qio Zilio ) Fi(z ) where 9§, is the Dirac measure. It is easy to

check that ppr (1) = 0 and that the action function is constant.
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