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DIFFERENTIABLE STRATIFIED GROUPOIDS AND A DE RHAM

THEOREM FOR INERTIA SPACES

CARLA FARSI, MARKUS J. PFLAUM, AND CHRISTOPHER SEATON

Abstract. We introduce the notions of a differentiable groupoid and a differentiable
stratified groupoid, generalizations of Lie groupoids in which the spaces of objects and
arrows have the structures of differentiable spaces, respectively differentiable stratified
spaces, compatible with the groupoid structure. After studying basic properties of
these groupoids including Morita equivalence, we prove a de Rham theorem for locally
contractible differentiable stratified groupoids. We then focus on the study of the
inertia groupoid associated to a proper Lie groupoid. We show that the loop and
the inertia space of a proper Lie groupoid can be endowed with a natural Whitney
B stratification, which we call the orbit Cartan type stratification. Endowed with
this stratification, the inertia groupoid of a proper Lie groupoid becomes a locally
contractible differentiable stratified groupoid.
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1. Introduction

The theory of Lie group actions on smooth manifolds is fundamental for several areas
in mathematics and has a long tradition. But examples of natural Lie group actions
do not only comprise actions on smooth manifolds but also on singular spaces such as
orbifolds [LT97, Sch01, Ver96] or manifolds with boundary or corners [MROD93, Mel91].
Lie group actions on singular spaces arise also in singular symplectic reduction [SL91]
and the transverse cotangent bundle [DCPV13, PV09]. In these cases, the corresponding
translation groupoid, while not a Lie groupoid, has significantly more structure than
merely that of a topological groupoid. In particular, the spaces of objects and arrows
inherit differentiable stratified space structures compatible with the groupoid structure
maps. One of the main goals of this paper is to define and study the category of such
groupoids and their singular structures.

In this paper, we propose in Definition 2.10 the notion of a differentiable stratified
groupoid, a class of groupoids within the category of differentiable stratified spaces. That
definition is designed so that, under mild hypotheses, the restriction of a differentiable
stratified groupoid to a stratum of the orbit space is a Lie groupoid; cf. Proposition 2.19.

One major motivating example is that of a compact Lie group acting differentiably on
a differentiable stratified space in such a way that the strata are permuted by the action.
We will see in Proposition 3.1 that the corresponding translation groupoid will always
satisfy our definition, from which it follows that our definition includes many of the
examples described above. Indeed, most examples are locally translation differentiable
stratified groupoids, a particular subclass of differentiable stratified groupoid which can
be locally described as a translation groupoid in a compatible way; see Definitions 2.6
and 2.28. We study the properties of these groupoids and their object spaces, including
the appropriate notion of Morita equivalence in these categories, and prove a de Rham
theorem that relates the singular cohomology of the orbit space of a locally translation
differentiable stratified groupoid fulfilling a local contractibility hypotheses to the coho-
mology of basic differential forms on the object space; see Theorem 5.9. To prove this
theorem, we first localize to groupoid charts and then prove a Poincaré lemma for basic
forms in the context of locally translation differentiable stratified groupoids.

A particularly important example which we consider here is that of the inertia groupoid
of a proper Lie groupoid G. The inertia groupoid is presented as the translation groupoid
of G acting on the so-called loop space Λ0G ⊂ G which consist of all arrows having the
same source and target. When G is an orbifold groupoid, the loop space Λ0G is a
smooth manifold so that the inertia groupoid presents an orbifold, the inertia orbifold.
The inertia orbifold plays an import role in the geometry and index theory of orbifolds;
see [ALR07, PPT07]. However, when G is not an orbifold groupoid, the loop space Λ0G
becomes singular, and very little is known about its singularity structure in general. One
of the goals of this paper is to deepen the understanding of this groupoid by exhibiting
an explicit stratification. The inertia groupoid represents the inertia stack ΛX of the
differentiable stack X represented by G, which plays an important role in the string
topology of X; see [BX11]. The inertia stack can be interpreted as the collection of
hidden loops, elements of the free loop stack LX of X that vanish on the course moduli
space |X|; see [BGNX12] for more details. Note that when the adjoint action of G on itself
is considered, the loop space corresponds to the set of pairs of commuting elements in G,
which has been considered in [AC07, PY07, Ric79]. Similarly, one may consider the space
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of (conjugacy classes of) commuting m-tuples of elements of G [AG12, GPS12, TGS08],
as well as the spaces of conjugacy classes of homomorphisms π → G where π is a finitely
generated discrete group [AC07, FS14].

When G is the translation groupoid G n M associated to the smooth action of a
compact Lie group G on a manifold M , the orbit space of the G-action on the corrre-
sponding loop space - here this orbit space is called the inertia space - was first considered
in [Bry87]. In the previous paper [FPS15], we introduced an explicit Whitney B strati-
fication of the loop space and its associated orbit space. The stratification given there
does in general not yield a well-defined global stratification of the loop space of a proper
Lie groupoid, though. Specifically, the local stratifications from that paper may not
coincide on intersections of charts. Here, we will give a modification of the stratifica-
tion in [FPS15] that yields a well-defined stratification of the loop and inertia spaces
of an arbitrary proper Lie groupoid. We call this stratification the orbit Cartan type
stratification. For the translation groupoid of a compact group action the orbit Cartan
type stratification presented here is in general coarser than the one considered in our
previous paper [FPS15]. Because the construction is local, we carry it out on a single
groupoid chart, which, up to Morita equivalence, is given by the translation groupoid
associated to a finite-dimensional G-representation V where G is a proper Lie groupoid,
see Theorem 6.5. For this case, the main ideas of our construction rely on providing a
stratification of slices, see Section 6.2 for details. To achieve this, we first decompose the
Cartan subgroups of the stabilizers into equivalence classes determined by their fixed sets
in V , which motivates the name of the stratification. We then use these decompositions
together with the fixed sets of the stabilizers to stratify the slice and take saturations
to stratify the loop and orbit spaces. In Section 6.3 we demonstrate that our orbit Car-
tan type decomposition indeed satisfies all the properties of a stratification and turns
the loop and the inertia space into differentiable stratified spaces. Moreover, in Section
6.4, we show that the orbit Cartan type stratification is Whitney B regular. That this
stratification is given explicitly allows us finally to verify in Theorem 6.19 that the local
contractibility hypotheses of Definition 5.7 is fulfilled for the inertia space, hence the de
Rham Theorem 5.9 holds in this case.

Let us mention that the latter result provides the main tool for the proof of Brylinski’s
claim [Bry87, Prop., p. 25], which is not fully proven in his paper, that the complex of
basic differential forms on the loop space of a transformation groupoid GnM is acyclic.
Since this complex of basic differential forms naturally coincides with the Hochschild
homology of the convolution algebra on G nM , the E2-term of the spectral sequence
from Hochschild to cyclic homology is given by the cohomology of the sheaf which the
sheaf complex of basic differential forms resolves. The results of our paper will be crucial
to extend Brylinski’s observations to the proper Lie groupoid case. Work on this is in
progress.
Acknowledgments: C.F. would like to thank the Harish-Chandra Research Institute
(Allahabad, India) and the DST Center for Interdisciplinary Mathematical Sciences of
Banares Hindu University (Varanasi, India) for hospitality during work on this manu-
script. C.S. was supported by a Rhodes College Faculty Development Grant, the E.C. El-
lett Professorship in Mathematics, and the Meyers fund. In addition, C.S. would like to
thank the University of Colorado at Boulder for hospitality during work on this manu-
script. M.J.P. would like to thank the Max-Planck Institute for the Mathematics of the
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Sciences in Leipzig, Germany, for hospitality and support. NSF support under contract
DMS 1105670 is also kindly acknowledged.

2. Fundamentals

In this section, we give the definitions and basic properties of the groupoids under
consideration. See Appendices A.1 and A.2 for a review of the notions of differentiable
and differentiable stratified spaces used in this paper.

2.1. Topological groupoids. Recall that by a groupoid G one understands a small
category with object set G0 and arrow set G1 such that all arrows are invertible. We use
s, t : G1 → G0 to denote the source and target maps, respectively, write u : G0 → G1 for
the unit map, i : G1 → G1 for the inverse map, and finally denote by m : G1 s×tG1 → G1

the multiplication or composition map. The maps s, t, u, i, and m are collectively
referred to as the structure maps of the groupoid. If G and H are groupoids, a morphism
f : G → H is a functor, i.e. a pair of functions f0 : G0 → H0 and f1 : G1 → H1 that
commute with each of the structure maps.

The orbit through a point x ∈ G0 is defined as the set of all y ∈ G0 for which there
exists a g ∈ G1 such that s(g) = x and t(g) = y . It is denoted by Gx . Obviously, the
object space is partitioned into orbits. We denote the set of orbits of a groupoid G by
|G|, and the canonical projection from the object to the orbit space by π : G0 → |G|.

A groupoid G is called a topological groupoid if G0 and G1 are topological spaces and
each of the structure maps are continuous. This implies in particularly that the unit
map is a homeomorphism onto its image. If the topological groupoid G is Hausdorff,
which means that G1 is Hausdorff, the image u(G0) is closed in G1, cf. [Ren80, Chap. 1
Sec. 2]. The orbit space of a topological groupoid G is always assumed to carry the
quotient topology with respect to the canonical projection π : G0 → |G|. If G and H are
topological groupoids and f : G→ H a morphism of groupoids, then f is a morphism of
topological groupoids, if in addition f0 and f1 are continuous functions.

If the source map of a topological groupoid G is an open map one says that G is
an open topological groupoid. Note that as i is a homeomorphism and t = s ◦ i, the
target map of an open topological groupoid is open as well. A topological groupoid G
for which the source map s is a local homeomorphism is called an étale groupoid. G is
called a quasi-proper groupoid if s × t : G1 × G1 → G0 is a proper map, and a proper
groupoid if it is Hausdorff and quasi-proper. Finally, we say that a topological groupoid
G is compact, respectively locally compact, if G1 as a topological space has the respective
property. Note that G0 is then as well compact, respectively locally compact, by the
proof of [Tu04, Prop. 2.5].

Remark 2.1. In this paper we follow the definitions of quasi-compact, compact, and
locally compact spaces by Bourbaki [Bou98]. That means, a topological space X is
called quasi-compact if every open cover of X admits a finite subcover, compact if X
is both Hausdorff and quasi-compact, and finally locally compact if it is Hausdorff and
every point x ∈ X has a compact neighborhood. If each point of a topological space X
possesses a Hausdorff (respectively quasi-compact) neighborhood, we say that X is locally
Hausdorff (respectively locally quasi-compact). A continuous map f : X → Y between
not necessarily Hausdorff spaces X and Y is called proper if f × idZ : X ×Z → Y ×Z is
a closed map for every topological space Z, cf. [Bou98, I.10.1. Def. 1] or [Tu04, Sec. 1.3].
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By [Bou98, I.10.2. Thm. 1], properness of f is equivalent to the property that f is closed
and f−1(y) is quasi-compact for each y ∈ Y .

Proposition 2.2. Let G be a topological groupoid. Then the following holds true:

(1) If G is proper and the object space G0 is locally compact, then G is a locally compact
groupoid.

(2) The quotient map π : G0 → |G| is an open map of topological spaces if G is an open
groupoid.

(3) The orbit space of G is Hausdorff if G is open, G0 is locally compact, and (s, t)(G1)
is closed in G0 × G0. In particular, this is the case if G is a proper open groupoid.

(4) The orbit space of G is locally compact if G is a locally compact open groupoid and
(s, t)(G1) is locally closed in G0 × G0.

Proof. Let g ∈ G1, K be a compact neighborhood of s(g), and L be a compact neigh-
borhood of t(g). Then (s, t)−1(K × L) is a compact neighborhood of g. Since G1 is
Hausdorff, the first claim is proved. Point (2) is an immediate consequence of [Tu04,
Prop. 2.11]. The claims (3) and (4) follow from [Tu04, Prop. 2.12]. �

2.2. Differentiable groupoids.

Definition 2.3. Let G be an open topological groupoid. We say that G is a differentiable
groupoid if G0 and G1 are differentiable spaces and the structure maps s, t, i, u, and
m are morphisms of differentiable spaces. We say that G is a reduced differentiable
groupoid if G0 and G1 are reduced differentiable spaces. A morphism of topological
groupoids f : G → H between differentiable groupoids G and H is called a morphism of
differentiable groupoids if the functions f0 and f1 are both morphisms of differentiable
spaces.

The requirement that the structure maps s : G1 → G0 and t : G1 → G0 are morphisms
of the differentiable spaces G0 and G1 implies by [NGSdS03, Thm. 7.6] that the fibred
product G1 s×tG1 inherits the structure of a differentiable space. It is with respect to
this structure that we require that m : G1 s×tG1 → G1 is a morphism of differentiable
spaces. As the inverse map i : G1 → G1 is clearly invertible with i−1 = i, it follows that
i is an isomorphism of differentiable spaces. Similarly, u : G0 → G1 is an embedding of
differentiable spaces.

Remark 2.4. If G is a differentiable groupoid, the underlying topological spaces G0

and G1 need not be Hausdorff. However, because both carry the structure of a differen-
tiable space, G0 and G1 are locally Hausdorff and locally quasi-compact, see [NGSdS03,
Chap. 4].

Example 2.5. (a) Let G be a Lie group and let X be a Hausdorff differentiable space
with a differentiableG-action, cf. [NGSdS03, Sec. 11.2]. ThenGnX is a differentiable
groupoid with space of objects X and space of arrows G × X, the latter being a
differentiable space by [NGSdS03, Thm. 7.6]. The source map s : G×X → X is the
projection, hence smooth and open, and the target map t : G×X → X is given by
(g, x) 7→ gx, which is differentiable by the definition of a differentiable action. The
unit map u : x 7→ (e, x) is easily seen to be a closed embedding since {e} is closed in
G. The domain of the product map m is a differentiable subspace of G×X×G×X
by [NGSdS03, Thm. 7.6] and the proof of [NGSdS03, Rem. 7.5]. Moreover, the map
G×G×X → (G×X)s×t (G×X), (g, h, x) 7→

(
(g, hx), (h, x)

)
is an isomorphism of
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differentiable spaces onto the domain of m. Since m pulled back by this isomorphism
is the smooth map G × G × X → G × X, (g, h, x) 7→ (gh, x), multiplication on
G n X is smooth. Similarly one shows that the inverse map i : G × X → G × X,
(g, x) 7→ (g−1, gx) is smooth.

By definition, the quotient space X/G of the G-space X coincides with the orbit
space of the groupoid |G n X|. Hence, if X is Hausdorff, the orbit space becomes
a Hausdorff space by Prop. 2.2 and even is a differentiable space by [NGSdS03,
Thm. 11.17] when equipped with the sheaf of G-invariant functions on X as the
structure sheaf.

(b) In general, the orbit space |G| of a differentiable groupoid G need not admit a differ-
entiable structure with respect to which the quotient map G0 → |G| is a smooth map.
As a well-known example, consider the action of Z on the circle S1 by an irrational
rotation. Then the translation groupoid ZnS1 is a (non-quasi-proper) differentiable
groupoid whose orbit space |ZnS1| is not locally Hausdorff and hence can not carry
the structure of a differentiable space.

Let G be a reduced differentiable groupoid and Y a differentiable subspace of G0. A
bisection of G over Y then is a smooth map σ : Y → G1 such that s ◦ σ = idY , and
such that t ◦ σ is an isomorphism of Y onto the differentiable subspace t ◦ σ(Y ) of G0,
cf. [Mac05, Def. 1.4.8]. Note that we will consider bisections over sets Y which may not
be open in G0.

In the case that G is proper, the question of whether |G| admits a differentiable struc-
ture remains open in general. However, from Example 2.5 (a), it is clear that the quotient
map of the action groupoid of a differentiable action on a Hausdorff differentiable space
is a morphism of differentiable spaces. Many of the examples we consider will be of this
form, at least locally, which motivates the following.

Definition 2.6. We say that a reduced differentiable groupoid G is locally translation if
the following conditions are satisfied for every x ∈ G0.

(LT0) The isotropy group Gx becomes a Lie group with the induced topological and
differentiable structures.

(LT1) There is an open Hausdorff neighborhood Ux of x in G0 and a relatively closed
connected reduced differentiable subspace Yx ⊂ Ux containing x together with a
smooth Gx -action on Yx such that x is a fixed point of the Gx -action and such
that the restriction G|Ux is isomorphic as a differentiable groupoid to the product
of the translation groupoid Gx n Yx and the pair groupoid Ox ×Ox , where Ox is
an open neighborhood of x in its orbit.

(LT2) For each z ∈ Yx , we may choose Uz and Yz with Uz ⊂ Ux and Yz ⊂ Yx .
(LT3) For each arrow g ∈ G with s(g) = x there exist open neigborhoods Ux of x and

Uy of y := t(g) as in (LT1) and a bisection σ over Ux such that σ(x) = g and such
that the morphism of differentiable groupoids f : G|Ux → G|Uy with components

f0 := t ◦ σ : Ux → Uy and f1 : G|Ux ,1 → G|Uy ,1, h 7→ σ(t(h))h
(
σ(s(h))

)−1
is an

isomorphism.

A neighborhood Ux as in (LT1) is called a trivializing neighborhood of x , a differentiable
subspace Yx as in (LT1) a G-slice or groupoid-slice of x .
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Remark 2.7. By the following observation one can assume, possibly after shrinking,
that a G-slice Yx of x possesses a Gx -equivariant singular chart ι : Yx ↪→ TxYx ∼= Rrk x

with ι(x) = 0; see Appendix A.1 for the definition of a singular chart.

Proposition 2.8. Let G be a compact Lie group, Y a differentiable space carrying a
differentiable G-action, and x ∈ Y a fixed point. Then the Zariski tangent space TxY
inherits a natural G-action from the G-action on Y . Moreover, there exists an open
G-invariant neighborhood W of x in Y and a G-equivariant singular chart ι : W ↪→ TxY
mapping x to the origin.

Proof. The proof is literally identical to the proof of [NW14, Lem. 5.2.6] when replacing
“holomorphic” with “smooth”. �

Proposition 2.9. Let G be a locally translation differentiable groupoid. Then the orbit
space |G| inherits the structure of a differentiable space with respect to which the quotient
map π : G0 → |G| is a smooth map. Specifically, the structure sheaf of |G| is given by the
differentiable functions on G0 that are constant on orbits.

Proof. We define the structure sheaf of |G| to be the sheaf of continuous functions on |G|
which pull back under the projection π to G-invariant smooth functions on G0. For each
orbit Gx ∈ |G|, we may use condition (LT1) in Definition 2.6 to identify a neighborhood of
Gx with |GxnYx |, a Hausdorff differentiable space as explained in Example 2.5 (a). That
these local identifications are well defined and isomorphisms of Hausdorff differentiable
spaces are consequences of (LT2) and (LT3). �

2.3. Differentiable stratified groupoids. Recall that by a stratified submersion (re-
spectively stratified immersion), one understands a morphism f : X → Y of reduced
differentiable stratified spaces such that the restriction of f to a connected component of
a stratum of the maximal decomposition of X is a submersion (respectively immersion),
cf. [Pfl01, 1.2.10]. A stratified surjective submersion is a stratified submersion that maps
connected components of strata onto connected components of strata, and a stratified
embedding is a stratied immersion that is injective on connected components of strata.

Definition 2.10. A differentiable stratified groupoid is a reduced differentiable groupoid
G such that the following properties hold true.

(DSG1) G0 and G1 are differentiable stratified spaces with respective stratifications S0
and S1.

(DSG2) The structure maps s, t, i, u, and m are stratified mappings.
(DSG3) The maps s and t are stratified surjective submersions, and u is a stratified

embedding.
(DSG4) For every x ∈ G0 and arrow g ∈ s−1(x) the germ [s−1(S0x )]g is a subgerm of S1g .
(DSG5) Let x ∈ G0, g ∈ G1 with t(g) = x , and U be an open connected neighborhood

of x within the stratum of G0 containing x . Assume that σ : U → G1 is a
bisection of G. Then the map Lσ : t−1(U) → G1 defined by h 7→ σ(t(h))h
satisfies Lσ(S1g) = S1Lσ(g).

If G and H are differentiable stratified groupoids, a morphism of differentiable stratified
groupoids is a morphism of differentiable groupoids f : G → H such that f0 and f1 are
in addition stratified mappings.

A differentiable stratified groupoid G is called a Lie groupoid if in addition the following
axiom holds true.
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(DSG6) The stratifications S0 and S1 are induced by G0 and G1, respectively, which
in other words means that both G0 and G1 are smooth manifolds and their
stratifications have only one stratum.

We say that G is a differentiable Whitney stratified groupoid if the stratifications of
G0 and G1, as well as the induced stratification of G1 s×tG1, are Whitney (B)-regular.
Similarly, G is topologically locally trivial if the stratifications of G0, G1, and the induced
stratification of G1 s×tG1 are topologically locally trivial (cf. [Pfl01, Sec. 1.4]).

Remark 2.11. (a) In the definition, [s−1(S0x )]g of course means the germ of s−1(S)
at g, where S is a set defining the germ S0x at x . Condition (DSG4) is a kind of
equivariance condition for the stratification. It entails that every set germ of a source
fiber is contained in a stratum of the arrow space, so that the stratification of the
arrow space is not unnecessarily fine. This will be used to show that G-orbits are
locally contained in strata; see Lemma 2.14 below. Likewise, (DSG5) requires that
bisections defined on open subsets of strata act on G1 in a way compatibe with its
stratification. Note that a bisection σ : S → G1 as in (DSG5) has image in the
stratum of G1 through g = σ(x) by (DSG2). The existence of such bisections σ is
demonstrated by Lemma 2.15 and Corollary 2.16 below.

(b) Though G0 and G1 are locally Hausdorff spaces, we do not require that they are
Hausdorff. See Appendix A for stratifications of locally Hausdorff spaces.

(c) One readily checks that Definition 2.10 reduces to the standard definition of a Lie
groupoid if (DSG6) is fulfilled. Observe that in the case of a Lie groupoid, conditions
(DSG4) and (DSG5) become trivial.

(d) In order for the requirement that m : G1 s×tG1 → G1 is a stratified mapping to make
sense, it must be that G1 s×tG1 is a stratified space. We will always let G1 s×tG1

carry the stratification induced by the stratification of G1, the existance of which is
guaranteed by Lemma A.4.

Our definition of a differentiable Whitney stratified groupoid is stronger than the
one of a stratified Lie groupoid given in [FOR09, Def. 4.16] in that we require conditions
(DSG4) and (DSG5). The following examples illustrate the kinds of behavior we preclude
by requiring these conditions.

Example 2.12. (a) Consider the translation groupoid G = S1nS1 where the action is by
left-translation. We decompose G0 = S1 into pieces {1} and S1r{1}, and G1 = S1×S1
into pieces {(1, 1)}, {(a, 1) | a 6= 1}, {(a, a−1) | a 6= 1}, and {(a, b) | b 6= 1, a 6= b−1}.
Then it is immediate to check that (DSG1), (DSG2), and (DSG3) are satisfied.
However, condition (DSG4) fails, as the germ of s−1(1) = {(a, 1) | a ∈ S1} is not
contained in the stratum {(1, 1)}. Note that G0 consists of a single connected orbit
that is given an “artificial” stratification that is too fine. Of course, G is a Lie
groupoid when given the trivial stratifications of G0 and G1.

(b) Let G be a compact Lie group of positive dimension and let G = G n {p} be the
translation groupoid associated to the trivial action of G on a one-point space. Define
a stratification of G1 = G×{p} by the decomposition into {(1, p)} and {(g, p) | g 6= 1}.
Obviously, the source and target maps are stratified submersions, the unit map is
a stratified embedding, and the inverse map is a stratified mapping. Though the
multiplication map G1 s×tG1 = G1 × G1 → G1 given by ((g, p), (h, p)) 7→ (gh, p)
is not a stratified mapping with respect to the induced stratification, the space
G1 s×tG1 does admit a stratification with respect to which the multiplication map m
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is stratified. Specifically, we may decompose G1 s×tG1 into the pieces

{((g−1, p), (g, p)) | g ∈ G} and {((g, p), (h, p)) | g 6= h−1},
and then m becomes stratified. In this case, while G0 consists of a single stratum, the
stratification of G1 is “too fine” so that (DSG4) again fails; the preimage s−1(p) = G1

is not contained in the stratum {(1, p)} through (1, p).
(c) Let G be the pair groupoid on the topological disjoint union R t {p}. Give G0 and

G1 the stratifications by connected components and natural differentiable structures.
One checks that (DSG1), (DSG2), (DSG3), and (DSG4) are satisfied. However, let
σ : {p} → G1 be the bisection with the single value σ(p) = (0, p). For any arrow of
the form (p, y) one has σ(t(p, y))(p, y) = (0, y). Hence the mapping h 7→ σ(t(h))h
maps the stratum {(p, y) | y ∈ R} of G1 into the stratum R2 as the y-axis. Thus
(DSG5) fails.

We next collect some useful consequences of Definition 2.10. We hereby assume for the
remainder of this section that G denotes a differentiable stratified groupoid.

Lemma 2.13. Let g ∈ G1 with s(g) = x and t(g) = y . Then one has

S1g = [s−1(S0x )]g, i.e. S1 is the pullback of S0 via s, [Mat73, (2.3)],(2.1)

S0x = [s(S1g)]x ,(2.2)

S1g = [t−1(S0y )]g,(2.3)

S0y = [t(S1g)]y , and,(2.4)

S0y = [t(s−1(S0x ))]y .(2.5)

Proof. Let Rg be the connected component of the stratum of G1 containing g, and let Sx
and Sy be the connected components of the strata of G0 containing x and y, respectively.
Then s|Rg and t|Rg are, respectively, surjective submersions onto Sx and Sy . By (DSG4),
there exists a relatively open neighborhood Ux of x in Sx and an open neighborhood Vg
of g in G1 such that Vg ∩ s−1(Ux ) ⊂ Rg. As s|Rg is a smooth map onto Sx , s

−1(Ux ) is
a relatively open neighborhood of g in Rg, proving (2.1). Since s|Rg is a submersion,

hence an open map, s(Vg ∩ s−1(Ux )) is an open neighborhood of x in Sx , which gives
(2.2). Then (2.3) and (2.4) follow from the fact that t = s ◦ i and that i is a stratified
mapping with i2 = idG1 . Finally, (2.5) is a consequence of (2.1) and (2.4). �

Lemma 2.14. Let G be a differentiable stratified groupoid and let x ∈ G0 be a point.
Then the connected component of x in the orbit Gx through x is contained in the stratum
of G0 containing x .

Proof. Let Sx be the connected component of the stratum of G0 containing x . Suppose
for contradiction that the germ of Gx at x is not a subgerm of S1x . Then one may
construct a sequence (xn)n∈N of elements of Gx such that limn→∞ xn = x , yet each xn is
not contained in Sx . Since the set K = {xn}n∈N ∪ {x} is compact and G is proper, the
preimage (s, t)−1(K) is a quasi-compact subset of G1 × G1. Hence projecting onto the
first factor yields a quasi-compact subset C := pr1((s, t)

−1(S)) of G1. Note that C is the
set of elements of G1 with source in K.

For each n, choose an arrow gn ∈ G1 with source x and target xn. As each gn is in
the quasi-compact set C, there is a subsequence (gnk)k∈N with limit g ∈ G1. However,
(DSG4) entails the existence of an open neighborhood Ux of x in Sx and a neighborhood
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Vg of g in G1 such that Vg ∩ s−1(Ux ) is contained in the connected component Rg of the
stratum of G1 containing g. Infinitely many of the gnk must be contained in Vg and each
gnk is an element of s−1(Ux ) by construction, so infinitely many of the gnk are contained
in Rg. But since t is a stratified mapping, infinitely many of the xnk are contained in Sx ,
which is a contradiction. It follows that the germ of Gx at x is a subgerm of Sx , hence
that the connected component of Gx containing x is a subset of Sx . �

The following property is important in realizing the consequences of (DSG5) and is
proven as in the case of a Lie groupoid; cf. [Mac05, Prop. 1.4.9].

Lemma 2.15. Let x , y be two points of the differentiable stratified groupoid G and g an
arrow with s(g) = x and t(g) = y . Denote by Sx and Sy the connected components of
the strata of G0 containing x and y , respectively. If dimSx ≤ dimSy , then there exists a
relatively open neighborhood Ux of x in Sx and a bisection σ of G on Ux such that σ is
a stratified mapping and σ(x) = g.

Of course, since σ is only defined on a subset of the stratum through x , σ being a
stratified mapping means that its image is contained in the stratum containing g. The
hypothesis that dimSx ≤ dimSy will be seen to be unnecessary below.

Proof. Let Rg be the connected component of the stratum of G containing g. Then s|Rg
and t|Rg are surjective submersions onto Sx and Sy , respectively. Moreover, there are

relatively open neighborhoods of g in s−1(x) and t−1(y) contained in Rg by (DSG4) and
Lemma 2.13 (2.3). Then there are subspaces E ⊂ F of the tangent space TgRg such
that TgRg = Tg(s

−1(x))×E = Tg(t
−1(y))×F . Choose a local section σ : Ux → Rg such

that σ(x) = g and such that the image of Txσ is E. Then Tx (t ◦ σ) is injective so that
we can shrink Ux in a way that t ◦ σ is a diffeomorphism onto its image. �

As an important consequence, we may now conclude that the strata of G0 that meet
the orbit Gx of a point x ∈ G0 must all have the same dimension. The proof follows
[Mac05, Corollaries 1.4.11 & 1.4.12].

Corollary 2.16. Let G be a differentiable stratified groupoid, and let S be a connected
component of a stratum of G0. Then the following holds true.

(1) Each stratum of G1 contained in s−1(S) has the same dimension.
(2) The rank of t on s−1(S) is constant.
(3) Each connected component S′ of a stratum of G0 such that s−1(S)∩ t−1(S′) 6= ∅ has

the same dimension as S.

Proof. Let S1 and S2 be (not necessarily distinct) connected components of strata of G0

such that s−1(S1)∩t−1(S2) 6= ∅. We assume dimS1 ≤ dimS2. Otherwise, we may switch
roles and apply the inverse map, so this hypothesis introduces no loss of generality. As
s and t are stratified surjective submersions, s−1(S1) and t−1(S2) are both unions of
connected components of strata of G1. Hence their intersection is a union of connected
components of strata. Let g ∈ G1 with s(g) = x ∈ S1 and t(g) = y ∈ S2. Then there
exists by Lemma 2.15 a bisection σ of G on a relatively open neighborhood Ux of x
in S1 such that σ(x) = g. Let Ru(x) and Rg denote the connected components of the
strata of G1 containing u(x) and g, respectively. By (DSG5), there is a relatively open
neighborhood Vu(x) of u(x) in Ru(x) such that Lσ(Vu(x)) is a relatively open neighborhood
of g in Rg. The requirement that t ◦ σ is injective implies that Lσ is injective, hence
that Ru(x) and Rg have the same dimension. Since S2 and g were arbitrary, (1) follows.
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Moreover, from the definition of Lσ, we have t|Lσ(Vu(x)) ◦ Lσ = (t ◦ σ) ◦ t|Vu(x) . Then,

as Lσ(Vu(x)) is an open neighborhood of g in Rg and t ◦ σ is a diffeomorphism onto
its image, the ranks of t|Ru(x) at u(x) and t|Rg at g coincide, yielding (2). Since t is a

stratified surjective submersion, (3) is immediate. �

Remark 2.17. In particular, the hypothesis dimSx ≤ dimSy in Lemma 2.15 is now seen
to be superfluous. Indeed, given the other hypotheses, we always have dimSx = dimSy .

Example 2.18. Note that if S1 and S2 are connected components of strata of G0, even
connected components of the same stratum, it need not be the case that the strata of
s−1(S1) and s−1(S2) have the same dimension. As an example, let G and H be compact
Lie groups, and let G be the disjoint union of Gn{p} and Hn{q}. Then G0 is the discrete
set {p, q}. The maximal stratification of G0 contains a single stratum with two one-point
connected components, yet the space of arrows of G|{p} and G|{q} have dimensions dimG
and dimH, respectively, which clearly need not coincide.

Proposition 2.19. Assume that G0 and G1 are topologically locally trivial, and let S ⊂
G0 be a connected component of a stratum of G0. Let P be a collection of connected
components of strata of G0 such that S ∈ P, and such that for each S′ ∈ P the relation
s−1(S)∩ t−1(S′) 6= ∅ is satisfied. Letting P =

⋃
S′∈P S

′, the restriction G|P then is a Lie
groupoid.

Proof. By Corollary 2.16, each element of P has the same dimension as S, hence each
connected component of a stratum of G1 contained in s−1(P ) has the same dimension
as well. The hypothesis that G0 is a topologically locally trivial implies that connected
components of strata of the same dimension are separated from one another’s closures
so that P is a manifold. The same holds for G1 so that s−1(P ) ∩ t−1(P ) is a union of
strata of the same dimension and therefore a manifold. Hence P and s−1(P )∩t−1(P ) are
manifolds, which can both be given their trivial stratifications. The claim follows. �

Of course, the hypothesis that G0 and G1 are topologically locally trivial is only re-
quired so that the strata of G0 and G1 of the same dimension are not contained in one
another’s closures. Any other hypothesis that ensures this is as well sufficient.

We also note the following, which will be useful in the sequel.

Corollary 2.20. Assume that G is proper and let x ∈ G0. Then each connected com-
ponent of the orbit Gx is a smooth submanifold of G0. If G0 and G1 are in addition
topologically locally trivial, then Gx is a smooth submanifold of G0.

Proof. Let Sx be the connected component of the stratum containing x . Then the con-
nected component of Gx containing x is contained in Sx by Lemma 2.14. The restricted
groupoid G|Sx is a Lie groupoid by Proposition 2.19. Since Gx ∩Sx = (G|Sx )x this implies
that the connected components of Gx contained in Sx are smooth submanifolds of Sx ,
hence of G0. If G0 and G1 are topologically locally trivial, then the restriction of G to
the saturation of Sx is as well a Lie groupoid, and the same argument applies. �

Finally, we include the following example to demonstrate that the hypothesis that
G0 and G1 are topologically locally trivial (or a similar requirement) is necessary in
Proposition 2.19 and Corollary 2.20, cf. [Pfl01, 1.1.12].

Example 2.21. Let G0 = S1 ∪ S2 ⊂ R2 where S1 = {0} × (−1, 1) and S2 = {(x, y) ∈
R2 | x > 0, y = sin 1/x}, and let G be the pair groupoid on G0. Then S1 and S2, both of



12 CARLA FARSI, MARKUS J. PFLAUM, AND CHRISTOPHER SEATON

dimension 1, are the pieces of a decomposition of G0 with S1 ⊂ S2. The decomposition
of G1 is into pieces of the form Si × Sj , each of dimension 2. Then G is a differentiable
stratified groupoid. However, the single orbit G0 is not locally connected and hence not
a manifold, and G is not a Lie groupoid. Clearly, however, the restriction of G to either
stratum of G0 is a Lie groupoid.

2.4. Morita equivalence. Let G be a topological groupoid, Y a topological space, and
f : Y → G0 a continuous function. Following [Tu04], we denote by G[Y ] the groupoid
with object space G[Y ]0 := Y and arrow space

G[Y ]1 := (Y × Y ) (f,f)×(t,s)G1 = {(y , z , g) ∈ Y × Y × G1 | t(g) = f(y), s(g) = f(z)},
and structure maps given as follows. The source of (y , z , g) ∈ G[Y ]1 is z , its target is y .
Multiplication maps (y ,w , g), (w , z , h) ∈ G[Y ]1 with s(g) = t(h) to

(y ,w , g) · (w , z , h) := (y , z , gh).

The unit map is G[Y ]0 → G[Y ]1, y 7→ (y , y , u(f(x))), and the inverse map G[Y ]1 → G[Y ]1,
(y , z , g) 7→ (z , y , g−1). Then G[Y ] is a subgroupoid of Y × Y × G where Y × Y denotes
the pair groupoid and where we identify G[Y ]0 = Y with Y f×idG0. By [Tu04, Prop. 2.7],
G[Y ] is a locally closed subgroupoid of Y × Y × G, if G0 is locally Hausdorff. Moreover,
G[Y ] is locally compact, if G and T are locally compact. Finally, by [Tu04, Prop. 2.22],
G[Y ] is proper, if G is proper.

Now suppose that G is a differentiable groupoid, Y a differentiable space, and f
a differentiable map. Then it is straightforward to see that G[Y ] is a differentiable
subgroupoid of Y × Y × G. In particular, both G[Y ]0 and G[Y ]1 are defined as fibered
products. Similarly, if G and H are differentiable stratified groupoids, Y is a differentiable
stratified space, and f a differentiable stratified surjective submersion, then G[Y ] is a
differentiable stratified groupoid as well, where G[Y ]0 and G[Y ]1 are given the induced
stratifications.

Definition 2.22. Two open topological groupoids G and H are called Morita equivalent
as topological groupoids, if there exists a topological space Y together with open surjective
continuous functions f : Y → G0 and g : Y → H0 such that G[Y ] and H[Y ] are isomorphic
as topological groupoids. If G and H are differentiable groupoids, Y is a differentiable
space, and f and g are differentiable maps, then G and H are called Morita equivalent
as differentiable groupoids, if G[Y ] and H[Y ] are isomorphic as differentiable groupoids.
Similarly, if G and H are differentiable stratified groupoids, Y is a differentiable stratified
space, and f and g are differentiable stratified surjective submersions, then G and H
are called Morita equivalent as differentiable stratified groupoids, if G[Y ] and H[Y ] are
isomorphic as differentiable stratified groupoids.

One verifies immediately that Morita equivalence is transitive. Specifically, if the

maps G0
f1←− Y g1−→ H0 realize a Morita equivalence between (topological, differentiable,

or differentiable stratified) groupoids G and H, and H0
f2←− Y ′

g2−→ K0 is a Morita

equivalence between H and K, then G0
f1◦pr1←−−−− Y g1×f2 Y ′

g2◦pr2−−−−→ K0 induces a Morita
equivalence between G and K.

Proposition 2.23. If G and H are Morita equivalent open topological groupoids, then the
orbit spaces |G| and |H| are homeomorphic. Moreover, if G and H are Morita equivalent
differentiable groupoids such that |G| and |H| admit the structure of differentiable spaces
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and the quotient maps are differentiable, then |G| and |H| are isomorphic as differentiable
spaces.

Proof. Because the orbit spaces |G[Y ]| and |H[Y ]| are clearly homeomorphic, it is suffi-
cient to show that |G| is homeomorphic to |G[Y ]|. To see this, define the map G[Y ]0 → G0

by (y , x) 7→ x . Given an arrow g ∈ G1 from x to x ′, there exists, by the surjectivity of f ,
a y ′ such that f(y ′) = x ′ and hence an arrow (y , y ′, g) from (y , x) to (y ′, x ′). Conversely,
if (y , y ′, g) is an arrow from (y , x) to (y ′, x ′), then g is by definition an arrow from x
to x ′. Hence (y , x) 7→ x maps orbits to orbits. In the differentiable case, this map is
obviously differentiable, so that if the quotient map G0 → |G| is differentiable, then its
composition with (y , x) 7→ x is also differentiable. �

For Lie groupoids, the notion of Morita equivalence is often defined in terms of mor-
phisms called weak equivalences. We introduce a similar notion as follows.

Definition 2.24. A morphism f : G→ H of differentiable stratified groupoids is called
a weak equivalence if it is essentially surjective and fully faithful, i.e. if the following two
conditions are satisfied.

(ES) The map t ◦ pr1 : H1 s×f0G0 → H0 is a stratified surjective submersion.
(FF) The arrow space G1 is a fibered product via the diagram

G1

(s,t)
��

f1 // H1

(s,t)
��

G0 × G0
(f0,f0)// H0 × H0.

Remark 2.25. There is an analogous notion of a weak equivalence between differentiable
groupoids, where axiom (ES) is replaced with the requirement that t ◦ pr1 is an open
surjective map that admits local sections.

Note that if the object and arrow spaces of G and H are topologically locally trivial,
then the restrictions of G and H to connected components of strata are Lie groupoids by
Proposition 2.19. One immediately checks that the restriction of a weak equivalence to
strata yields a weak equivalence of Lie groupoids. We have the following.

Proposition 2.26. Let G and H be differentiable stratified groupoids. The following are
equivalent.

(1) G and H are Morita equivalent as differentiable stratified groupoids.
(2) There is a differentiable stratified groupoid K together with weak equivalences h : K→

G and k : K→ H.

Proof. Assume that (1) holds true. Then there exists a differentiable stratified space
Y together with open surjective differentiable stratified submersions f : Y → G0 and
g : Y → H0 such that G[Y ] and H[Y ] are isomorphic. Define the groupoid K by setting
K0 = Y and K1 = G1 (f◦sG,f◦tG)×(g◦sH,g◦tH)H1, and put sK := f ◦ sG = g ◦ sH and tK :=
f ◦ tG = g ◦ tH. The unit, inverse, and multiplication maps are defined component-
wise. Then it is straightforward to see that K is a differentiable stratified groupoid,
where K1 is given the induced stratification. We define a morphism h : K → G by
setting h0 = f and h1 = pr1. Then h0 = f is in fact surjective by hypothesis so that
tG ◦ pr1 : G1 s×h0K0 → G0 is a composition of stratified surjective submersions, and K1
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is a fibered product by construction, so h is a weak equivalence. The weak equivalence
k : K→ H is defined identically.

Now assume that we have a weak equivalence h : K → G. Let Y = G1 sG×h0K0 with
the induced stratification, and let f = pr2 : Y → K0 and g = sG ◦ pr1 : Y → G0. Then
f is obviously an open surjective differentiable stratified submersion, while the same for
g follows from condition (ES) in Definition 2.24 (along with applying the inverse map).
By definition, K[Y ] and G[Y ] both have Y as object space. The arrow spaces are given
by

K[Y ]1 = (G1 sG×h0K0 × G1 sG×h0K0) (pr2,pr2)×(tK,sK)K1,

and

G[Y ]1 = (G1 sG×h0K0 × G1 sG×h0K0) (sG◦pr1,sG◦pr1)×(tG,sG)G1.

We define an isomorphism K[Y ] → G[Y ] as the identity on objects and by applying h1
to the last factor on arrows. This is obviously a differentiable stratified mapping. The
fact that it is an isomorphism follows from condition (FF) in Definition 2.24. �

We will need the following, whose proof is that of [PPT14, Prop. 3.7] with minor
modifications.

Lemma 2.27. Let G be a differentiable stratified groupoid. Suppose Y is a locally closed
differentiable stratified subspace of G0 such that G|Y is a differentiable stratified sub-
groupoid. Then the inclusion map ι : G|Y → G|Sat(Y ) is a weak equivalence, where

Sat(Y ) := {y ∈ G0 | y = t(g) for some g ∈ G1 with s(g) ∈ Y }

denotes that saturation of Y .

Proof. Note that (G| Sat(Y ))1 s×ι0 Y = {g ∈ G1 | s(g) ∈ Y }, so that t clearly restricts to
this set as a map that is surjective onto Y . Moreover, t restricts to a stratified surjective
submersion (G|Y )1 → Y by hypothesis so that (ES) is satisfied. The condition (FF)
clearly follows from the definition of Sat(Y ). �

With this, we make the following.

Definition 2.28. Let G be a differentiable stratified groupoid. We say that G is a locally
translation differentiable stratified groupoid if for every x ∈ G0 the conditions (LT1) to
(LT3) from Definition 2.6 are satisfied and if in addition the following holds true:

(LT4) The slice Yx can be chosen in such a way that Yx is a differentiable stratified sub-
space of Ux , and such that Yx has the form Zx × Rx , where Zx is a Gx -invariant
subspace of Yx and Rx is the stratum through x . Moreover, the isomorphism
between G|Ux and (Ox ×Ox )× (Gx n Yx ) then becomes an isomorphism of differ-
entiable stratified groupoids, where Ox carries the trivial stratification.

We will see that important examples of differentiable stratified groupoids are locally
translation differentiable stratified groupoids. Under additional hypotheses, we have the
following.

Proposition 2.29. Let G be a locally translation differentiable stratified groupoid, and
suppose that for each x ∈ G0, the set Yx as in (LT1) of Definition 2.6 can be chosen so
that on each stratum of Yx the Gx -orbit type is constant. Then the assignment

|G| 3 Gx 7→ SGx = π(S0x )
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defines a stratification of |G| with respect to which the orbit map π : G0 → |G| is a
stratified surjective submersion.

Proof. Note that |G| is a differentiable space by Proposition 2.9. Choose Ux , Yx , etc.
as in Definitions 2.6 and 2.28, and note that we may shrink Ux if necessary to assume
that the stratification of Yx consists of a finite number of strata. By Lemma 2.27 and
Proposition 2.23, the inclusion of Yx into its saturation in G0 induces an isomorphism
of the differentiable spaces Yx/Gx and |GSat(Yx )|. As Sat(Yx ) contains Ux by definition,
and as the orbit map is open by Proposition 2.2(2), it follows that Yx/Gx is isomorphic
as a differentiable space to an open neighborhood of Gx in |G|. Moreover, by (LT4), the
embedding of Yx into its saturation in G0 preserves strata, so it is sufficient to show that
the stratification of Yx induces a stratification of the orbit space Yx/Gx .

Now, each stratum S of Yx is a smooth manifold with Gx -action so that S/Gx is
stratified by Gx -orbit types. Since each S has a single orbit type by hypothesis, the
stratification of S/Gx is trivial, i.e. S/Gx is a smooth submanifold of Yx/Gx . As Yx
is assumed to have finitely many strata, the resulting stratification of Yx/Gx is clearly

finite. As Gx is compact, the orbit map Yx → Yx/Gx is closed so that (S/Gx ) = S/Gx .

Therefore, if S/Gx ∩ S′/Gx 6= ∅ for strata S and S′ of Yx , then S ∩ S′ 6= ∅, implying

S ⊂ S′ and hence S/Gx ⊂ S′/Gx . The pieces S/Gx therefore satisfy the condition of
frontier and define a stratification of Yx/Gx . �

Remark 2.30. Note that the hypotheses of Proposition 2.29 need not be satisfied even
in the case of a proper Lie groupoid. For instance, when G is a compact Lie group, a
smooth G-manifold equipped with the trivial stratification satisfies these hypotheses if
and only if G acts with a single orbit type.

3. Examples of differentiable stratified groupoids

Many examples of differentiable stratified groupoids arise naturally from differentiable
actions of Lie groupoids on stratified differentiable spaces. Recall that if G is a topological
groupoid and X is a topological space, an action of G on X is given by a continuous
anchor map α : X → G0 together with a continuous map · : G1 s×αX → X such that for
all x ∈ X and g, h ∈ G1 with s(g) = α(x) and t(g) = s(h) the relations

α(g · x) = t(g), h · (g · x) = (hg) · x , and u(α(x)) · x = x

hold true. As in the case of group actions, the G-orbit of x ∈ X is defined to be
{g · x | s(g) = x}. The translation groupoid G nX associated to the action has object
space (G n X)0 = X and arrow space (G n X)1 = G1 s×αX. The structure maps are
given by

sGnX(g, x) = x , tGnX(g, x) = g · x , uGnX(x) = (u ◦ α(x), x),

iGnX(g, x) = (g−1, g · x), mGnX
(
(h, g · x), (g, x)

)
= (hg, x).

(3.1)

If G is a differentiable groupoid and X a differentiable space, we say that the action is
differentiable if α and · are morphisms of differentiable space. In this case, the arrow
space (G nX)1 = G1 s×αX inherits a differentiable structure by [NGSdS03, Thm. 7.6].
Then, as each of the structure maps of GnX is defined in terms of the structure maps
of G and the differentiable maps α and ·, GnX is a differentiable groupoid. For actions
of differentiable stratified groupoids, one even has the following.
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Proposition 3.1. Let X be a differentiable stratified space that is topologically locally
trivial. Further let G be a differentiable stratified groupoid with G0 and G1 topologically
locally trivial that acts differentiably on X in such a way that the G-orbit of each x ∈ X
is a subset of the stratum containing x. Then the translation groupoid G n X is a
differentiable stratified groupoid.

Proof. Let Z denote the maximal decomposition of X, and endow (GnX)1 = G1 s×αX
with the stratification induced by those of G1 and X. Then by Lemma A.4, (G n X)1
is a differentiable stratified space. By definition of the induced stratification, the germ
of the stratum of (G n X)1 at the point (g, x) is given by the fibered product over s
and α of neighborhoods of strata in G1 and X. Since i, u, m, and α are stratified
mappings, the structure maps sGnX , tGnX , uGnX , iGnX , and mGnX defined by Equation
(3.1) are as well stratified mappings, so that (DSG1) and (DSG2) are satisfied. To see
that sGnX is a stratified surjective submersion, let (g, x) ∈ (G n X)1. Note that as s
is a stratified surjective submersion, the restriction of s to the connected component
Rg of the stratum of G1 containing g is a surjective submersion onto the connected
component Sα(x) of the stratum of G0 containing α(x). As α is a stratified mapping, it
maps the connected component Px of the stratum of X containing x into Sα(x). Hence
the restriction of sGnX to Rg s×αPx is a surjective submersion onto Px. It follows that
sGnX is a stratified surjective submersion. The proof for tGnX is identical. In a similar
fashion one shows that uGnX is a stratified embedding, because α is a stratified map
and u a stratified embedding, so (DSG3) is satisfied. Property (DSG4) follows from the
definition of the induced stratification, as the connected component of the stratum of
(GnX)1 containing the arrow (g, x) equals the fibered product Rg s×αPx with Rg and
Px as above. Therefore, the germ at (g, x) of the set of points (h, y) ∈ (G n X)1 such
that y ∈ Px is contained in the germ [Rg s×αPx](g,x) of the stratum through (g, x).

To verify (DSG5), consider again Px ⊂ X, the connected component of the stratum
through x. Since by assumption on X the G-orbit of each point in Px is a subset of
the stratum containing Px, the saturation P := SatPx has to be a union of connected
components of strata, which are separated from one another’s closures by topological
local triviality. Assume that σ : P → (G nX)1 is a bisection as in (DSG5). Since α is
a stratified mapping, α(Px) is contained in a connected component S of a stratum of
G0. The saturation SatS of S by G now is given by t(s−1(S)) and hence is a union of
connected components of strata of G0 such that for each such connected component S′,
we have s−1(S)∩ t−1(S′) 6= ∅ by construction. Then by Proposition 2.19, the restriction
G|SatS is a Lie groupoid. Moreover, it follows from (DSG4) that σ(P ) ⊂ (G| SatS n P )1.
Therefore, the map Lσ described in (DSG5) is a left translation of the Lie groupoid
G|SatS n P , see [Mac05, page 22], implying in particular that it is a diffeomorphism of

the stratum s−1GnX(P ) onto itself. Hence (DSG5) holds, completing the proof. �

A particularly important special case appears when a Lie group G acts differentiably
on a differentiable stratified space X in such a way that the action restricts to a smooth
action on each stratum. The resulting translation groupoid GnX then is a differentiable
stratified groupoid by Proposition 3.1. Many significant and naturally occuring examples
of differentiable stratified groupoids are constructed that way. In the following, we will
provide a few.

Example 3.2 (Singular symplectic reduction). Suppose (M,ω) is a symplectic manifold
equipped with a Hamiltonian G-action with moment map J : M → g∗ such that 0 is



DIFFERENTIABLE STRATIFIED GROUPOIDS 17

a singular value for J . By [SL91, Thm. 2.1], the corresponding symplectic quotient
J−1(0)/G is stratified by orbit types. It is then easy to see that J−1(0) inherits the
structure of a smooth stratified space on which G acts in a way such that the hypotheses
of Proposition 3.1 are satisfied. Therefore, the singular symplectic quotient can be
realized as the orbit space of the differentiable stratified groupoid G n J−1(0). Note
that since J−1(0) is equivariantly embedded as a differentiable subspace in the smooth
G-manifold M the contractibility hypotheses (LC) in Definition 5.7) is satisfied. Hence,
Theorem 5.9 below reduces to the de Rham theorem of [Sja05] in this case.

Example 3.3 (Lie Groupoid actions on manifolds with corners). Manifolds with corners
and manifolds with boundary are in a natural way locally trivial differentiable stratified
spaces, and even more C∞-cone spaces, see [Pfl01, 1.1.19 & 3.10.3] and [SLV15]. Compact
Lie group actions on manifolds with corners have been considered, e.g. in [MROD93,
Mel91]. By Proposition 3.1, the corresponding translation groupoids are differential
stratified groupoids under mild hypotheses.

Example 3.4 (Semialgebraic actions). Recall that a semialgebraic set is a locally closed
subset of Rn locally given by the solution of a finite collection of polynomial equations
and inequalities, see [Shi97]. Semialgebraic sets are differentiable stratified spaces in
a natural way, since they admit a minimal Whitney, and hence topologically locally
trivial, stratification into semialgebraic manifolds. If a compact Lie group acts on a
semialgebraic set and preserves this stratification, the resulting translation groupoid
is again a stratified differentiable groupoid by Proposition 3.1. Lie group actions on
semialgebraic sets have been considered in [CPS04, Par13, PS02].

Example 3.5 (Transverse cotangent bundle). Let G be a compact Lie group and M a G-
manifold. The transverse cotangent bundle T ∗GM is the subspace of the cotangent bundle
T ∗M consisting of elements that are conormal to the G-orbits in M . The transverse
cotangent bundle appears in the study of transversally elliptic operators G-invariant
pseudodifferential operators on M , see [DCPV11, Par12, PV09]. The action of G on M
induces an action of G on T ∗GM . It is not difficult to show that the stratification of M by
orbit types induces a stratification of T ∗GM that is compatible with the smooth structure
T ∗GM inherits as a subset of T ∗M . Hence the corresponding translation groupoid is a
differentiable stratified groupoid.

If G is a proper Lie groupoid, the transverse cotangent bundle T ∗GG0 ⊂ T ∗G0 can be
defined in a similar fashion as the subspace of all α ∈ T ∗G0 such that 〈α, v〉 = 0 for
all v ∈ TxOx , where x ∈ G0 is the footpoint of α and Ox the orbit through x . By the
slice theorem for groupoids as stated in [PPT14, Cor. 3.11] recalled in Section 6.2 below,
it follows that locally around a point x ∈ G0 the transverse cotangent bundle T ∗GG0 is
isomorphic to the exterior tensor product of the transverse cotangent bundle T ∗GxYx of a
slice Yx through x with the cotangent bundle T ∗O of an open connected neighborhood
O of x in the orbit through x . By the preceeding considerations it follows that the
transverse cotangent bundle of a proper Lie groupoid is locally smoothly contractible as
well.

Example 3.6 (Singular riemannian foliations). Let M be a smooth, connected manifold
and let F be a singular riemannian foliation of M , see [Mol88, Section 6.1]. That is, F
is a partition of M into connected, immersed submanifolds called leaves such that the
module of smooth vector fields on M that are tangent to the leaves is transitive on each
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leaf, and there is a riemannian metric on M with respect to which every geodesic that is
normal to a leaf is normal to every leaf it intersects. A singular riemannian foliation is an
example of a singular Stefan–Sussmann foliation, see [Ste74, Sus73]. By [Mol88, Section
6.2], M is stratified by unions of leaves of the same dimension; see also [RPSAW05,
Sections 1.2–3] and [BM93].

Suppose (M,F) is almost regular, meaning that the union of leaves of maximal dimen-
sion k is an open, dense subset of M . Suppose further that the foliation F can be defined
by a Lie algebroid of dimension k. In [Deb01], the holonomy groupoid G of (M,F) is
constructed as a Lie groupoid with object space G0 = M and such that the orbits of G
correspond to the leaves F ; see also [Pra85]. Giving M the stratification by leaves of the
same dimension described above and G1 the stratification given by the pullback of this
stratification via s, it is easy to see that G has, along with its structure as a Lie groupoid,
an alternate structure as a differential stratified groupoid. These two structures coincide
if and only if the foliation F is regular, i.e. all leaves have the same dimension.

Note that the holonomy groupoid of a general singular Stefan–Sussmann foliation
was constructed as a topological groupoid in [AS09] and coincides with the holonomy
groupoid of [Deb01] when the latter is defined. Other hypotheses under which this
holonomy groupoid naturally has the structure of a differentiable stratified groupoid are
not yet clear.

4. The algebroid of a differentiable stratified groupoid

Given a reduced differentiable Whitney stratified groupoid G with Si, i = 0, 1 the
decomposition of Gi into its strata we obtain the so-called stratified tangent bundles

T stG0 :=
⋃
S∈S0

TS and T stG1 :=
⋃
R∈S1

TR =
⋃
S∈S0

TS1, where S1 := s−1(S) for S ∈ S0.

Since, by assumption, the spaces G0 and G1 satisfy Whitney’s condition B, hence A,
the stratified tangent bundles T stG0 and T stG1 inherit the structures of differentiable
stratified spaces by [Pfl01, Thm. 2.1.2]. Moreover, we have tangent maps Ts : T stG1 →
T stG0 and Tt : T stG1 → T stG0. Now we can define what we understand by the algebroid
of G.

Definition 4.1. Given a differentiable stratified groupoid G, the differentiable stratified
algebroid of a differentiable Whitney stratified groupoid G is defined as the space

(4.1) A :=
⋃
S∈S0

AS ,

where AS := u∗|S kerT|S1
s denotes the Lie algebroid of the Lie groupoid G|S . In other

words, A can be identified with u∗ kerTs, the restriction of kerTs to G0. We define the
anchor map of the algebroid A as the map

% : A→ T stG0, v 7→ Tt(v).

Proposition 4.2. Let G be a proper reduced differentiable Whitney stratified groupoid.
Then the differentiable stratified algebroid A of G is a reduced differentiable stratified
space, where the differentiable structure is that inherited from T stG1 and the stratification
is that induced by the decomposition in Equation (4.1). The anchor map % : A→ T stG0

is a differentiable stratified submersion.
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Proof. Since G1 is locally compact, u(G0) is locally closed in G1 by [Tu04, Prop. 2.5].
For each stratum S of G0 the source map s restricts to S1 as a submersion which implies
that kerT|S1

s is a subbundle, hence closed subset, of TS1. Hence, if U is an open subset

of G1 intersecting finitely many strata, A ∩ T stU is a finite union of locally closed sets,
therefore locally closed itself. Then A inherits the structure of a reduced differentiable
space from that of T stG1, see [NGSdS03, Ex. 3.21].

Since each AS is a subbundle of the restriction of TS1 to S1 ∩ u(G0) one concludes
that each AS is a smooth submanifold of A. Note that the projection π : T stG1 → G1 is
clearly open as its restriction to an element of S1 is a bundle map. The fact that S1 is
locally finite implies then that (AS)S∈S0 is a locally finite decomposition of A.

To verify the condition of frontier, suppose AS ∩ AS′ 6= ∅ for S, S′ ∈ S0, and let
S1 = s−1(S) and S′1 = s−1(S′). By [Pfl01, Thm. 2.1.2], π : T stG1 → G1 is a topological

projection, hence S1 ⊂ S′1 and TS1 ⊂ TS′1 follow.
Choose a tangent vector v ∈ kerT|S1

s and assume for simplicity that v is a unit vector.
Let x ∈ S be the footpoint, i.e. x is the unique object such that π(v) = u(x). Choosing
a singular chart for G1 at u(x), we may reduce to the case where S1 and S′1 are closed
subsets of Rn. Let s̃ denote a smooth function from Rn into a singular chart of G0 at
x that extends s. Note that s̃ may not be a submersion. Let p(t) : [−1, 1] → S1 be a
smooth path in S1 with p(0) = u(x) and tangent p′(0) = v, and put αi = p(1/i) for i ∈ N.

As α1 ∈ S1 ⊂ S′1, we may choose a sequence (β1,j)j∈N ⊂ S′1 such that limj→∞ β1,j = α1.
We then set xj = s(β1,j) ∈ S′ for each j. By continuity of u and s, we have limj→∞ xj = x
and limj→∞ u(xj) = u(x). As s|S′1 is a submersion, each s−1(xj) is a closed submanifold

of Rn. Then the intersection of each s−1(xj) with a closed ball in Rn is compact. Hence
we may define, for each i > 1 and each j ≥ 1, the element βi,j of S′1 to be the point on
the connected component of s−1(xj) containing u(xj) intersected with a closed annulus
of external radius 1/j about u(xj) that minimizes the distance to αi. In particular, for
each j, limi→∞ βi,j = u(xj), and for i sufficiently large, limj→∞ βi,j = αi; if necessary, we
restrict to a subsequence in the j direction so that this intersection is not empty. With
this, we set

vj := lim
i→∞

βi,j − u(xj)

‖βi,j − u(xj)‖
,

and then vj ∈ TxjS′1 for each j. Moreover, as βi,j ∈ s−1(xj), it follows that vj ∈ kerT|S′1s.
However,

lim
j→∞

vj = lim
i→∞

lim
j→∞

βi,j − u(xj)

‖βi,j − u(xj)‖
= lim

i→∞

αi − u(xj)

‖αi − u(xj)‖
= v

so that v ∈ kerT|S′1s. It follows that the decomposition of A into the AS satisfies the
condition of frontier.

Finally, the anchor map is a differentiable stratified morphism by Eq. (2.5) in Lemma
2.13 and because t is a stratified map. Since the restriction of % to each stratum is a
submersion, the anchor map is a stratified submersion. �

5. A de Rham theorem

In this section, we prove a de Rham theorem for proper reduced differentiable strat-
ified groupoids which are locally translation and satisfy a certain local contractibility
condition. As we will see below, this hypothesis is satisfied in a number of the examples
we have considered.
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Throughout this section let G be a proper differentiable Whitney stratified groupoid.
Let Ω• be the sheaf complex of abstract forms on G0 as constructed in Section A.5.
Recall from [PPT14, Def. 8.1] that a differential form on the object space of a proper
Lie groupoid is called basic if contraction with any smooth section of the Lie algebroid
vanishes and if the form is invariant under the conormal action of the Lie groupoid.

Definition 5.1. Let U ⊂ |G| be an open subset of the orbit space of G, and U0 its
preimage under the canonical projection π : G0 → |G|. One calls an abstract k-form
ω ∈ Ωk(U0) G-horizontal or simply horizontal, if for each smooth section ξ : U0 → A
of the differentiable stratified algebroid of G the stratawise contracted form (% ◦ ξ)yω
vanishes.

Next let S ⊂ G0 be a (relatively closed and open) component of a stratum of G0 such
that the projection π(S) to the orbit space is connected. For x ∈ G0 consider the Zariski
tangent space TxG0; see Appendix A.4. Note that TxG0 does in general not coincide with
T st
x G0, but that the latter is always contained in the former.

Lemma 5.2. Under the assumption that G is locally translation, the space T|SG0 :=⋃
x∈S TxG0 naturally carries the structure of a smooth vector bundle over S.

Proof. Given x ∈ S choose a trivializing neighborhood Ux and a groupoid slice Yx with a
Gx -action such that there exists an isomorphism of differentiable groupoids G|Ux → (Ox×
Ox )×(GxnYx ), where Ox is an open contractible neighborhood of x in its orbit. Such Ux ,
Yx , and Ox exist according to (LT1). After possibly shrinking these data, we can assume
by (LT4) that the slice Yx is stratified and is isomorphic as a differentiable stratified
space to the product space Zx × Rx , where Zx ⊂ Yx is a Gx -invariant subspace, and
Rx ⊂ Yx is the stratum through x . Hence

⋃
y∈Ox×Rx TyG0 is a vector bundle isomorphic

to T (Ox × Rx ) × TxZx . But the set Ox × Rx contains x and is relatively open in the
stratum S. This means that, locally, T|SG0 is a vector bundle. By construction, the
transition maps arise from the local isomorphisms GUx → (Ox × Ox ) × (Gx n Yx ), and
are vector bundle isomorphisms, hence the claim follows. �

We now have the means to define basic forms on G. Note that here we apply the
pull-back morphisms constructed in Appendix A.5.

Definition 5.3. Let U ⊂ |G| be an open subset of the orbit space, and U0 := π−1(U).
One calls an abstract k-form ω ∈ Ωk(U0) G-basic or simply basic if it is horizontal and if
for every x ∈ U0 and every smooth bisection σ : Ux → G defined on an open neighborhood
Ux ⊂ U0 of x the equality (t ◦ σ)∗ω = ω|Ux holds true.

By definition, Ω0
basic(U) coincides with the space of smooth functions on U0 which are

invariant under the G-action, hence Ω0
basic(U) can be naturally identified with C∞(U).

Moreover, the spaces Ωk
basic(U), where U runs through the open sets of |G|, form the

space of sections of a sheaf on |G| which will be denoted by Ωk
basic. By construction the

sheaf Ωk
basic is a C∞|G|-module. This entails the first part of the following result.

Proposition 5.4. The sheaves of basic k-forms Ωk
basic are fine. Moreover, the exterior

differential on Ω• descends to a differential d on Ω•basic turning
(
Ω•basic, d

)
into a sheaf

of commutative differential graded algebras over the orbit space |G|.
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Proof. It remains to show that d descends to Ω•basic. But that follows from the fact that
d commutes with the pull-back morphism (t ◦ σ)∗ for every bisection σ : Ux → G defined
on an open neighborhood Ux of x ∈ G0. �

The next result will be needed for a proof of a Poincaré Lemma for basic forms.

Proposition 5.5. Let V be an open subset of the object space of a locally translation
proper differentiable Whitney stratified groupoid, and let ω ∈ Ωk(V ) be an abstract k-
form which is G|V -basic. Then there exists a unique form ω̂ ∈ Ωk

(
Sat(V )

)
which is

G-basic and whose restriction to V coincides with ω. We call ω̂ the basic extension of
ω.

Proof. Let x ∈ Sat(V ), and choose a bisection σ : Ux → G1 defined on an open neigh-
borhood of x such that (t ◦ σ)(Ux ) ⊂ V . Then put ωUx := (t ◦ σ)∗(ω). If η : Ux → G1 is
another bisection with Uz := (t ◦ η)(Ux ) ⊂ V , where z := (t ◦ η)(x), then the bisection
µ : Uz → G1 defined by

µ(y) = σ
(
(t ◦ η)−1(y)

)
· η−1

(
(t ◦ η)(y)

)
for y ∈ Uz

starts and ends in V . Hence, by assumption, (t◦µ)∗ω = ω|Uz . But t◦µ = (t◦σ)◦(t◦η)−1,
which implies

(t ◦ η)∗ω = (t ◦ η)∗(t ◦ µ)∗ω = (t ◦ σ)∗ω.

This shows that ωUx does not depend on the particular choice of the bisection σ : Ux →
t−1(V ). An analogous argument proves that for points x , y ∈ Sat(V ) the forms ωUx
and ωUy coincide over Ux ∩ Uy . Let ω̂ ∈ Ωk

(
Sat(V )

)
be the abstract k-form such that

ω̂|Ux = ωUx for all x ∈ Sat(V ). Obviously, ω̂ is horizontal and basic by construction.
Uniqueness of ω̂ is clear since the form has to be basic. �

Since the kernel of the sheaf morphism d : Ω0
basic → Ω1

basic can be naturally identified
with R|G|, the sheaf of locally constant real-valued functions on |G|, we obtain a sheaf
complex

0 −→ R|G| −→ Ω•basic

which is exact at R|G| and at Ω0
basic. Now observe that the orbit space |G| is paracompact,

locally contractible and locally path connected by [PPT14]. Since the sheaves Ωk
basic are

fine, the following is a consequence of [God58, Sec. 3.9].

Theorem 5.6. If the sheaf complex
(
Ω•basic, d

)
of basic forms on a proper differentiable

Whitney stratified groupoid G is exact, the basic cohomology H•basic(G) := H•
(
Ω•basic(|G|)

)
of G coincides naturally with the real singular cohomology of |G|.

In the remainder of this section we will show that the sheaf complex of basic forms
on a groupoid is exact if a certain local contractibility condition is satisfied. Before we
come to stating the local contractibility condition recall that by Proposition 2.8 every
G-slice can be, possibly after shrinking, equivariantly embedded around the fixed point
into the Zariski tangent space.

Definition 5.7. Let G be a proper locally translation differentiable stratified groupoid in
the sense of Definition 2.28. We then say that G fulfills the local contractibility hypothesis
if the following condition holds true.
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(LC) For each x ∈ G0 there exists a groupoid slice Yx as in (LT4), a linear Gx -action on

some Rn together with a singular Gx -equivariant chart ι : Zx → Ṽx ⊂ Rn, y 7→ ỹ,

and a smooth homotopy h : Ṽx × [0, 1]→ Ṽx having the following properties:
(1) The chart ι maps x to 0 and the stratum Rx through x to the subspace

of Rn fixed by Gx . Moreover, Ṽx is an open neighborhood of 0 in Rn, and

Ỹx := ι(Yx ) is relatively closed in Ṽx.
(2) One has imh0 = {0} and h1 = id

Ṽx
.

(3) The homotopy h is a homotopy along Ỹx which means that h(ỹ , t) ∈ Ỹx for
all y ∈ Zx and t ∈ [0, 1].

(4) The homotopy h is Gx -equivariant.
(5) The homotopy h preserves the stratification which means for each y ∈ Yx

and t ∈ (0, 1] the points ι−1h(ỹ , t) and y are in the same stratum.

Example 5.8. Let G be a compact Lie group and M is a G-manifold. The transverse
cotangent bundle described in Example 3.5 satisfies the local contractibility hypothesis.
To verify this, observe first that T ∗GM is equivariantly embedded in the G-manifold T ∗M ,
and that R≥0 acts on T ∗M by fiberwise homotheties. Since the transverse cotangent
bundle is invariant under these homotheties, it contracts smoothly to the 0-section which
is diffeomorphic to M . But M is a smooth manifold, so is locally smoothly contractible
for trivial reasons. Hence T ∗GM is locally smoothly contractible as well.

We will illustrate in Section 6 that the inertia groupoid of a proper Lie groupoid fulfills
the local contractibility hypothesis.

Now we will prove that the sheaf complex of basic forms on a locally translation
proper Lie groupoid fulfilling the contractibility hypothesis is exact, or in other words
satisfies Poincaré’s Lemma. We first consider the case where the groupoid G is of the
form (O × O) × (G n Y ) ⇒ O × Y , where O is an open contractible set in some Rm,
O×O denotes the corresponding pair groupoid, G is a Lie group acting linearly on some
Rn, and Y ⊂ Rn is an affine G-invariant differentiable stratified space on which G acts
by strata preserving maps. In addition we assume that 0 ∈ Y and that there exists a

smooth homotopy h : Ṽ × [0, 1] → Ṽ defined on an open G-invariant subset Ṽ ⊂ Rn
such that the five conditions of the local contractibility hypothesis are satisfied with

ι : Y ↪→ Rn being the identical embedding. Denote by I ⊂ C∞(O × Ṽ ) the vanishing
ideal of O×Y . Observe that by [DJZ04, Sec. 2] and the smooth contractibility of Y the

subcomplex I• ⊂ Ω•(O × Ṽ ) defined by

Ik :=

{
I, for k = 0,

IΩk(O × Ṽ ) + dI ∧Ωk−1(O × Ṽ ), for k = 1, . . . , n+m

is contractible. More precisely, an (algebraic) contraction is given by

(5.1) Kω =

{
0, for ω ∈ Ω0(O × Ṽ ) = C∞(O × Ṽ ),∫ 1
0 H

∗
t (ξtyω) dt, for ω ∈ Ωk(O × Ṽ ), k ∈ N∗,

where the homotopy h has been extended to a homotopy on O× Ṽ by putting Ht(v, x) =

(v, ht(x)) for v ∈ O, x ∈ Ṽ , t ∈ [0, 1], and ξt : O× Ṽ → T Ṽ is the vector field defined by
ξt := ∂tHt. Cartan’s magic formula implies that

(5.2) ω −H∗0ω = dKω +Kdω, for ω ∈ Ωk(O × Ṽ ), k ∈ N.



DIFFERENTIABLE STRATIFIED GROUPOIDS 23

But this entails that the restriction of K to I• is an algebraic contraction indeed, since
every form ω ∈ Ik satisfies the relation H∗0ω = 0.

Now consider the subcomplex Ω•r-basic(O× Ṽ ) of relative basic forms or more precisely

of basic forms relative (O × Y ). It consists of all ω ∈ Ωk(O × Ṽ ) which are invariant
under the G-action and which have the property that for each stratum S of O × Y the
form ι∗Sω is a basic form for the restricted Lie groupoid G|S . In particular, this implies
that H∗0ω = ι∗O×{0}ω vanishes for each relative basic form ω. Since Ht commutes with

the G-action and maps fibers O×{y} to O×{ht(y)}, the algebraic contraction K maps

basic forms to basic forms. One concludes that the complex Ω•r-basic(O× Ṽ ) is exact, and

that the subcomplex I•r-basic := I• ∩ Ω•r-basic(O × Ṽ ) is contractible. Hence the quotient

complex Ω•r-basic(O × Ṽ )/I•r-basic is exact. But one has

Ω•basic(Y/G) = Ω•r-basic(O × Ṽ )/I•r-basic.

This can be seen by averaging a representative of an element [ω] ∈ Ωk
basic(Y/G) over the

orbits of the G-action using a bi-invariant Haar measure on G. The resulting new repre-
sentative ω then is G-invariant. Since [ω] is basic, the pull-back of such a representative

ω to each stratum S of O× Y has to be basic as well, hence ω ∈ Ω•r-basic(O× Ṽ ). So we
have shown Poincare’s Lemma in the special case where the groupoid G is of the form
(O ×O)× (Gn Y )⇒ O × Y with Y and O as stated above.

Next let us consider the general case of a proper locally translation differentiable
Whitney stratified groupoid G which fulfills the local contractibility hypothesis. Let
x ∈ G0 be a point in the object space. Since G is locally translation, we can choose
a trivializing neighborhood Ux ⊂ G0 of x , an open contractible neighborhood Ox in
the orbit through x and a groupoid slice Yx ⊂ Ux with a Gx -action such that G|Ux as a
differentiable stratified groupoid is isomorphic to the groupoid (Ox×Ox )×(GxnYx ). We
will show that Ω•basic(π(Ux )) is exact. To this end let ω ∈ Ωk(Sat(Ux )) be a closed basic
k-form. The restriction of ω to Ux is a closed and G|Ux -basic form. By the preceeding

considerations there exists a G|Ux -basic (k − 1)-form η ∈ Ωk−1(Ux ) such that dη = ω|Ux .

By Proposition 5.5, η has a unique extension to a basic form η̂ ∈ Ωk−1
basic(π(Ux )). By

construction of η̂ we have dη = ω, since d commutes which each of the isomorphisms
t ◦σ, where σ : U → G is a bisection. This proves exactness of Ω•basic(π(Ux )), and entails
the following result.

Theorem 5.9. Let G be a proper locally translation differentiable Whitney stratified
groupoid satisfying the local contractibility hypothesis. The complex of sheaves (Ω•basic, d)
on |G| then is a fine resolution of the sheaf of locally constant real-valued functions on
|G|. In particular this implies that the cohomology of the complex (Ω•basic, d) of basic
differential forms on G is naturally isomorphic to the singular cohomology of |G| with
coefficients in R.

Remark 5.10. If G is a proper Lie groupoid, then the complex of sheaves (Ω•basic, d)
coincides with the sheaf of basic differential forms defined in [PPT14, Def. 8.1] so that
Theorem 5.9 reduces to [PPT14, Prop. 8.6 & Cor. 8.7].

If G is a locally translation groupoid, then (s, t)(G1) is necessarily locally closed in
G0×G0. Specifically, using the local model of G given by condition (LT1), the condition
that (s, t)(G1) is locally closed is equivalent to the requirement that the Gx-action on
Yx is a proper group action, which is automatically satisfied as Gx is compact by [Tu04,
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Prop. 2.10(ii)]. Therefore, |G| is locally compact by Proposition 2.2(4). If we assume
further that |G| carries a stratification according to Proposition 2.29 and that that strat-
ification fulfills Whitney’s condition B, then |G| is a differentiable stratified space with
control data in the sense of Mather by [Pfl01, Thm. 3.6.9]. Hence |G| admits in this case
a triangulation subordinate to its stratification, cf. [PPT14, Thm. 7.1]. Therefore, given
an open covering of |G|, there exists a subordinate good covering. See [PPT14, Sec. 7] for
more details. As in the case of Lie groupoids, cf. [PPT14, Cor. 8.8], one concludes that
the singular cohomology of |G| with real coefficients coincides with the Čech cohomology
under these hypotheses, and that it is finite-dimensional if |G| is compact.

6. The inertia groupoid of a proper Lie groupoid as a differentiable
stratified groupoid

The goal of this section is to construct an explicit Whitney stratification of the loop
space of a proper Lie groupoid G with respect to which the inertia groupoid ΛG becomes
a reduced differentiable stratified groupoid which is locally translation and satisfies the
local contractibility hypotheses. As the general strategy we hereby use the slice theo-
rem for proper Lie groupoids to describe the groupoid G locally in terms of translation
groupoids by compact Lie groups. This will allow us to describe ΛG locally in terms of
the inertia groupoid associated to such a translation groupoid. Using isotropy types and
an equivalence relation on the group defined in terms of this action, we will construct
stratifications for inertia groupoids of such translation groupoids that patch together to
a well-defined stratification of Λ0G.

6.1. The inertia groupoid of a proper Lie groupoid. Let G be a proper Lie
groupoid. Define the loop space of G to be

Λ0G := {h ∈ G1 | s(h) = t(h)}.
Since the loop space is closed in G1 it inherits the structure of a reduced differentiable
space from the ambient manifold G1. The map s = t : Λ0G → G0 serves as an anchor
map for the action of G on Λ0G by conjugation. More precisely, the action of g ∈ G1 on
h ∈ Λ0G with s(g) = s(h) is given by

(6.1) g · h = ghg−1.

Definition 6.1. The inertia groupoid of a proper Lie groupoid G is the action groupoid
ΛG := G n Λ0G. The space of its objects is the loop space Λ0G, its space of arrows is
G1 s×sΛ0G. The inertia space of G then is the orbit space |ΛG|.

Remark 6.2. Note that, while Λ0G is a differentiable subspace of the smooth manifold
G1, the action of G on Λ0G does not necessarily extend to an action on G1 or an open
neighborhood of Λ0G in G1.

6.2. The stratification of the loop space.

The compact Lie group action case. Assume that the compact Lie group G acts by
diffeomorphisms on the smooth manifold M . The loop space Λ0(GnM) coincides in
this case with the union

⋃
g∈G{g} × Mg, where Mg denotes the fixed point space of

g ∈ G. To describe our stratification of Λ0(Gn V ) recall first [BtD95, IV Def. 4.1]
that a closed subgroup T of the Lie group G is called a Cartan subgroup if it is closed,
topologically cyclic, and of finite index in its normalizer. As in [FPS15], we say T is



DIFFERENTIABLE STRATIFIED GROUPOIDS 25

associated to an element h ∈ G if h ∈ T, and T/T◦ is generated by hT◦. Now let
(h, x) ∈ Λ0(Gn V ) ⊂ G × V , and choose a slice Yx at x for the G-action on M . Then,
after possibly shrinking Yx and the choice of an appropriate G-invariant riemannian
metric on M , Yx is the image under the exponential map of an open ball Bx ⊂ Nx

around the origin of the normal space Nx := TxM/Tx(Gx) to the tangent space of the
orbit through x. Let H = G(h,x), and note that H = Gx ∩ ZG(h) = ZGx(h) is the
centralizer of h in Gx. Let T(h,x) be a Cartan subgroup of H associated to h. Note that
if Gx is connected, the relation h ∈ (ZGx(h))◦ = H◦ holds true by [DK00, Thm. 3.3.1
(i)], so that T(h,x) is a maximal torus of H◦ containing h. Define an equivalence relation

' on T(h,x) by s ' t if N s
x = N t

x, and let T∗(h,x) denote the connected component of the

' class containing h. Note that by construction, s ' t if and only if the germs of the
sets Y s

x and Y t
x at x coincide.

Next choose a slice V(h,x) at (h, x) for the Gx-action on Gx × Yx which is given by

g(k, y) = (gkg−1, gy), i.e. by the diagonal action with conjugation on the Gx-factor.
Then assign to (h, x) the germ

(6.2) S(h,x) =
[
G
(
V H
(h,x) ∩

(
T∗(h,x) × Y

Gx
x

))]
(h,x)

.

It will be demonstrated below that this yields a stratification of the loop space Λ0(GnM);
see Theorem 6.5. We refer to this as the orbit Cartan type stratification of the loop space
of the Lie groupoid GnM .

The germ S(h,x) is obviously Gx-invariant, and hence, if intersected with Λ0(Gx n Yx)
(i.e. take Gx-orbits rather than G-orbits) defines a germ in the quotient |Λ(Gx n Yx)|.
This stratification depends only on the G-orbit of (h, x), and hence defines a germ in the
quotient |Λ(GnM)| as well. To see this, note that if g ∈ G, then gYx is a slice at gx for
the G-action on M , and conjugation by g maps Gx onto Ggx. Choosing Vg(h,x) and Tg(h,x)
to be the images of V(h,x) and T(h,x) under the induced isomorphism GxnYx → GgxngYx,
the germ Sg(h,x) coincides with S(h,x). Then the orbit Cartan type stratification of the
inertia space |Λ(GnM)| is given by

(6.3) R(h,x) = G\
[
G
(
V H
(h,x) ∩

(
T∗(h,x) × Y

Gx
x

))]
(h,x)

.

The proper Lie groupoid case. We now turn to the case of a proper Lie groupoid G, and
endow G with a transversally invariant riemannian metric. Recall [PPT14, Cor. 3.11]
that for each point x ∈ G0, there is an open neighborhood U of x in G0 diffeomorphic to
O×Bx such that G|U is isomorphic to the product of the pair groupoid overO and GxnBx .
Hereby, O is an open ball around x in the orbit of x and Bx is a Gx -invariant open ball
around the origin in the normal space Nx = TxG0/TxOx to the tangent space of the orbit
through x . According to [PPT14, Thm. 4.1], one can achieve that the corresponding
diffeomorphism O ×Bx → G0 is given, over the factor Bx , by the exponential map with
respect to the chosen transversally invariant riemannian metric. We let Yx ⊂ G0 denote
the image of {x} × Bx under this diffeomorphism and call it a slice for G at x . By
[PPT14, Thm. 4.1], G|Yx is isomorphic to Gx n Bx . Since the latter is isomorphic to
Gx n Yx , we obtain an isomorphism between G|Yx and Gx n Yx which is induced by the
exponential map and the canonical action of Gx on Nx . This isomorphism gives rise to
an embedding Gx n Yx ↪→ G of differentiable stratified groupoids.
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Remark 6.3. Note that if G = GnM is a translation groupoid, then a slice as defined
here corresponds to a slice for the G-action on M , so using the same notation for both
will cause no confusion.

To define a stratification of Λ0G, we will employ the stratification constructed above
of the loop space Λ0(Gx n Yx )0. To this end choose g ∈ Λ0G with s(g) = t(g) = x ∈ G0.

We then define the germ SGg of the stratification of Λ0G as follows. Let h ∈ Gx denote the
element such that (h, x) corresponds to the arrow g under the isomorphism between G|Yx
and GxnYx . Let S(h,x) be the germ of the orbit Cartan type stratification of Λ0(Gx n Yx ),
and let Sat(S(h,x)) denote its saturation within G, i.e. the germ of the saturation of a
defining set for S(h,x). Putting

(6.4) SGg := Sat(S(h,x))
then defines the orbit Cartan type stratification of the loop space Λ0G. Similarly, we
define

(6.5) RG
Λπ(g) := Λπ(Sat(S(h,x))),

where Λπ : Λ0G → |ΛG| is the orbit map of the inertia groupoid. That means that the
germ RG

Λπ(g) in the orbit space |ΛG| is defined to be the projection of SGg to the orbit
space.

With these definitions, we have the following.

Theorem 6.4. Let G be a proper Lie groupoid. Then Equation (6.4) defines a Whitney
stratification of the loop space Λ0G with respect to which the inertia groupoid ΛG is
a locally translation differentiable stratified groupoid. Moreover, the inertia space |ΛG|
inherits a differentiable structure, and Equation (6.5) defines a stratification with respect
to which the inertia space is a differentiable stratified space and the orbit map Λ0G→ |ΛG|
a differentiable stratified surjective submersion.

In order to prove Theorem 6.4, the primary focus will be to demonstrate the following.

Theorem 6.5. Let G be a compact Lie group and M a smooth G-manifold. Then
Equation (6.2) defines a G-invariant stratification of the loop space Λ0(GnM) with
respect to which Λ0(GnM) is a differentiable stratified space such that the G-orbits are
subsets of strata.

Before turning to the proof of Theorem 6.5, assume it holds. Assume further that
the stratification of Λ0G is well-defined, i.e. that it does not depend on the choice of a
point in an orbit nor a slice at that point, and that the stratification fulfills Whitney’s
condition B. Recall that Whitney stratified spaces are topologically locally trivial, see
[Pfl01, Cor. 3.9.3], and that strata contain orbits because they are defined as saturations.
Hence ΛG = GnΛ0G is a differentiable stratified groupoid by Proposition 3.1. That G is
a locally translation differentiable groupoid follows from [PPT14, Prop. 3.9 & Cor. 3.11].
Similarly, by the definition of the stratification of Λ0G in terms of stratifications of
the inertia spaces of slices Gx n Yx , x ∈ G0, the inertia groupoid ΛG is even a locally
translation differentiable stratified groupoid. Moreover, since the elements of a stratum
of a slice Yx all have the same Gx -orbit type, the inertia space is a differentiable stratified
space by Proposition 2.29, and the orbit map is a stratified surjective submersion.

Hence, once we demonstrate that the stratification of Λ0G is well-defined, prove The-
orem 6.5 and verify Whitney’s condition B, Theorem 6.4 will follow. We first show here
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that the stratification is well-defined, assuming well-definition of the stratification for a
translation groupoid GnM . In the following section, we prove Theorem 6.5. Afterwards
we verify Whitney’s condition B to hold true for the orbit Cartan type stratification of
the inertia groupoid and the inertia space of a proper Lie groupoid.

Proposition 6.6. Let G be a proper Lie groupoid,and let x , y ∈ G0 be points in the same
orbit. Let g ∈ G1 such that s(g) = t(g) = x , and let h ∈ G1 such that s(h) = x and
t(h) = y . Put g′ := hgh−1. Then Sg = Sg′. In particular, Sg does not depend on the
choice of a slice Yx .

Proof. Choose slices Yx and Yy for G at x and y , respectively. Then there are iden-
tifications G|Yx

∼= Gx n Yx and G|Yy
∼= Gy n Yy by [PPT14, Thm. 3.3]. Under these

identifications let g = (h, x) and g′ = (k, y) for some h ∈ Gx and k ∈ Gy . Choose a
local bisection σ : U → G1 defined on an open neighborhood of x such that σ(x) = h
and such that t ◦ σ|Yx induces a diffeomorphism from Yx to Yy . The existence of such
a bisection, after possibly shrinking Yx and Yy , is guaranteed by [PPT14, Prop. 3.9 &
proofs of Lemmata 5.1 & 5.2]. Then we obtain an isomorphism Ψ : Gx n Yx → Gy n Yy
which is given by the composition of the diffeomeorphism

G|Yx → G|Yy , k 7→
(
σ(t(k))

)
k
(
σ(s(k))

)−1
with the identifications G|Yx

∼= GxnYx and G|Yy
∼= GynYy . Note that Ψ obviously restricts

to a diffeomorphism from Λ0(Gx n Yx ) onto Λ0(Gy n Yy ). Moreover, by construction,
Ψ(h, x) is the image of (

σ(x)
)
g
(
σ(x)

)−1
= hgh−1 = g′

under the identification G|Yy
∼= Gy n Yy , hence Ψ(h, x) = (k, y). Now we choose a slice

V(h,x) at (h, x) for the Gx -action on Gx n Yx and a Cartan subgroup T(h,x) of ZGx(h)
associated to h. Then Ψ(V(h,x)) is a slice at (k, y) for the Gy -action on Gy × Yy , and
Ψ(T(h,x) × {x}) a Cartan subgroup of ZGy(k) associated to k. Moreover, we claim that
Ψ(T∗(h,x) × {x}) = T∗(k,y) × {y}. To see this, note that Ψ0 : Yx → Yy is a diffeomorphism

that is T(h,x)-equivariant with respect to the isomorphism τ : T(h,x) → T(k,y) given by
τ(k) = π1 ◦Ψ(k, x), where π1 denotes the projection π1 : Gy ×Yy → Gy . Then for z ∈ Yy
and s ∈ T(h,x), τ(s)z = τ(s)(Ψ0 ◦ Ψ−10 (z)) = Ψ0(s(Ψ

−1
0 (z))). Hence τ(s)z = z if and only

if s(Ψ−10 (z)) = Ψ−10 (z), from which it follows that Ψ0 maps the set of points of Yx fixed
by s ∈ T(h,x) onto the fixed set of τ(s) in Yy . The isomorphism Ψ then maps S(h,x) onto
S(k,y). This proves the claim. If x = y , this argument shows that the stratification does
not depend on the choice of the slice Yx . �

6.3. Proof of Theorem 6.5. Because the stratification given by Equation (6.2) is a
variation on the stratification given by [FPS15, Thm. 4.1], we refer the reader there
for arguments that are identical or only slightly modified. Observe though that the
stratification given here is coarser than the one from [FPS15, Thm. 4.1], and that the
virtue of the new definition is that it is invariant under Morita equivalences, hence can
be glued together via chart changes.

We assume G × M is equipped with a riemannian metric given by the product of
a G-invariant metric on M and a bi-invariant metric on G. For points y ∈ M and
(h, x) ∈ Λ0(GnM), we will denote by Yy always a slice at y for the G-action on M
and by V(h,x) a slice at (h, x) for the Gx-action on Gx × Yx. We use H to denote the
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isotropy group G(h,x) = ZGx(h) of (h, x) and the symbol N(h,x) to denote the normal
space T(h,x)(Gx × Yx)/T(h,x)(Gx(h, x)) ∼= T(h,x)(G×M)/T(h,x)(G(h, x)).

It will be helpful to observe the following, which is a slight strengthening of a special
case of [BtD95, Prop. 4.6].

Lemma 6.7. Let G be a compact Lie group, let h and k be elements of a single connected
component of G, and let Th and Tk be Cartan subgroups of G associated to h and k,
respectively. Then there is an element g ∈ G◦ such that

gTkg
−1 = Th and g(kT◦k)g

−1 = hT◦h.

Proof. By [BtD95, Prop. 4.6], we know a priori that Th and Tk are conjugate and hence
isomorphic. Let Tk ∼= T` × Z/rZ for some ` and r. Then the topological generators of
T`×Z/rZ, i.e. the elements that generate a dense subset of T`×Z/rZ, are given by (s, α)
where s is a topological generator of T` and α is a generator of Z/rZ; see [BtD95, proof
of Prop. 4.6]. Since kT◦k generates Tk/T

◦
k
∼= Z/rZ, we may therefore choose a topological

generator t of Tk such that t ∈ kT◦k. Note that t, h, and k are all in the same connected
component of G. By the same argument a topological generator of Th can be chosen to
be an element of hT◦h. Hence there is an element g ∈ G◦ such that gtg−1 ∈ hT◦h. But then
gtg−1 generates a subgroup of Th that is dense in gTkg

−1. Therefore gTkg
−1 is contained

in Th. But as gTkg
−1 is isomorphic to Tk, hence to Th, we have gTkg

−1 = Th. �

The following is a simple consequence of the definition of a Cartan subgroup.

Lemma 6.8. Let (h, x) ∈ Λ0(GnM) and H = G(h,x). A Cartan subgroup T(h,x) of Gx
associated to h is also a Cartan subgroup of H associated to h.

Recall that the equivalence relation ' on a Cartan subgroup T of the isotropy group
Gx is defined by setting s ' t if and only if N s

x = N t
x, where Nx denotes the normal

space TxM/Tx(Gx). We denote by [s] the ' class of s ∈ T. Note that by definition of a
slice, s ' t holds true if and only Y s

x = Y t
x for one, hence all (sufficiently small) slices Yx

at x. We recall the following properties of the relation ', whose proofs are analogous to
[FPS15, Lemmata 4.7, 4.8, & 4.10] and hence are omitted.

Proposition 6.9. Let Y be a slice for the G-action on M through a point x ∈ M and
let T ⊂ Gx be a Cartan subgroup. Then the following holds true.

(1) The group T is partitioned into a finite number of ' classes, each with a finite number
of connected components. Each ' class [t] is an open subset of the closed subgroup
t• of T defined by

t• :=
⋂
t∈Hi

Hi =
⋂
y∈Y t

Ty,

where {H0, . . . ,Hr} is the finite set of isotropy groups for the T-action on Y , Ty is

the isotropy group of y in T, and [t] consists of a union of connected components of
t•.

(2) If s, t ∈ T with [s] ∩ [t] 6= ∅, then for each connected component [s]◦ of [s] and [t]◦ of

[t] such that [s]◦ ∩ [t]◦ 6= ∅, we have [s]◦ ⊂ [t]◦.

(3) If s, t ∈ T such that s 6' t and [s] is diffeomorphic to [t], then [s] ∩ [t] = ∅.

Using the observation that equivariant diffeomeorphisms map ' classes in a Cartan
subgroup T onto ' classes in the image Cartan subgroup T′, proven as in Proposition
6.6 above, it is straightforward to verify the following; see also [FPS15, Lem. 4.11].
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Lemma 6.10. The normalizer NH(T) of T in H = G(h,x) acts on the finite set of '
classes in T in such a way that for each n ∈ NH(T) and t ∈ T, the submanifold n[t]n−1

is diffeomorphic to [t]. Moreover, either n[t]n−1 = [t] or n[t]n−1 ∩ [t] = ∅.

The set germ S(h,x) is contained in the germ at (h, x) of points in Λ0(GnM) having
the same isotropy type as (h, x) with respect to the G-action on G×M . For, if (k, y) ∈
V H
(h,x) ∩

(
T∗(h,x) × Y

Gx
x

)
, then Gx = Gy, so the isotropy group of (k, y) with respect to

the G-action on G ×M coincides with the isotropy group of (k, y) with respect to the
Gx-action on Gx×Yx. But this isotropy group is equal to H as (k, y) ∈ V H

(h,x). Similarly,

using the same argument as for [FPS15, Lem. 4.14], one shows that the germ S(h,x) does
not depend on the choice of a Cartan subgroup T(h,x) of H associated to h.

In order to prove that the stratification does not depend on the choice of a slice V(h,x),
we will need the following lemma, which essentially demonstrates that two slices at the
same point are related by a local bisection that acts on T(h,x) by conjugation in a way
that fixes the connected component of h.

Proposition 6.11. Let V(h,x) and W(h,x) be slices at (h, x) for the Gx-action on Gx×Yx
and let H = ZGx(h).

(1) Possibly after shrinking the slices, there is a smooth function σ : W(h,x) → Gx,
(k, y)→ σ(k,y) such that the map τ : W(h,x) → Gx×Yx given by τ(k, y) = σ(k,y)(k, y)
is an H-diffeomorphism of W(h,x) onto V(h,x) which satisfies τ(h, x) = (h, x), mean-
ing σ(h,x) ∈ H. Moreover, one can choose σ in such a way that σ(h,x) is any arbitrary
element of H.

(2) For any σ as in (1), one has σ(WH
(h,x)) ⊂ σ(h,x)NGx(H)◦.

(3) Fix a σ : W(h,x) → Gx as above and suppose σ(h,x) ∈ NGx(H)◦. Let T(h,x) be a
Cartan subgroup of H associated to h and define

K = NH(T(h,x)) ∩ NH(hT◦(h,x)) ∩H
◦.

Then K is a closed subgroup of H◦. There is a continuous function (W(h,x))
H →

K\H◦, which we denote (k, y) 7→ Kg(k,y), such that for each (k, y) ∈ WH
(h,x) the

relations

g(k,y)σ(k,y)T(h,x)σ
−1
(k,y)g

−1
(k,y) = T(h,x) and g(k,y)σ(k,y)

(
hT◦(h,x)

)
σ−1(k,y)g

−1
(k,y) = hT◦(h,x)

are fulfilled. In other words, g(k,y)σ(k,y) ∈ NH(T(h,x)), and the action of g(k,y)σ(k,y)
on T(h,x) by conjugation fixes the connected component containing h.

Proof. Statement (1) is a special case of [PPT14, Prop. 3.9] where it is shown to be true
for proper Lie groupoids. The claim that σ(h,x) can be an arbitrary element of H can
be verified by choosing an arbitrary σ and an ` ∈ H and then redefining σ as the map
(k, y) 7→ `σ−1(h,x)σ(k,y).

To prove (2), fix an arbitrary σ as in (1). If (k, y) ∈ WH
(h,x), then Gσ(k,y)(k,y) =

σ(k,y)G(k,y)σ
−1
(k,y) = σ(k,y)Hσ

−1
(k,y). As σ(k,y)(k, y) ∈ V(h,x) implies Gσ(k,y)(k,y) ≤ H, one

obtains Gσ(k,y)(k,y) = H. Therefore, σ maps WH
(h,x) into NGx(H). By the connectedness

of WH
(h,x), the funtion σ therefore maps (W(h,x))

H into σ(h,x)NGx(H)◦.

We now turn to (3). For each (k, y) ∈ WH
(h,x) the action of σ(k,y) by conjugation

on H fixes the connected components of H. This follows from σ(k,y) ∈ NGx(H)◦ and
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the fact that the induced map from NGx(H) into the symmetric group of the con-
nected components of H is continuous and hence maps NGx(H)◦ into the identity. Then
σ(k,y)T(h,x)σ

−1
(k,y) is a Cartan subgroup of H associated to σ(k,y)hσ

−1
(k,y) ∈ hH

◦. By Lemma

6.7, there is a g(k,y) ∈ H◦ such that g(k,y)σ(k,y)T(h,x)σ
−1
(k,y)g

−1
(k,y) = T(h,x) and such that

g(k,y)
(
σ(k,y)hT

◦
(h,x)σ

−1
(k,y)

)
g−1(k,y) = hT◦(h,x). Then g(k,y)σ(k,y) ∈ NH(T(h,x)) is clear.

Of course, g(k,y) is not unique; however, if g(k,y) and g′(k,y) are two such choices, then

a routine computation demonstrates that g′(k,y)g(k,y) ∈ NH(T(h,x)), and g′(k,y)g(k,y) ∈
NH(hT◦(h,x)). Similarly, as both g(k,y) and g′(k,y) are elements of H◦ by construction,

g(k,y)g
′
(k,y) ∈ H

◦. That is, g′(k,y)g
−1
(k,y) ∈ K.

Conversely, if n ∈ K and g(k,y) is given as above, then we have ng(k,y) ∈ H◦

ng(k,y)σ(k,y)T(h,x)σ
−1
(k,y)g

−1
(k,y)n

−1 = nT(h,x)n
−1 = T(h,x),

and

ng(k,y)σ(k,y)
(
hT◦(h,x)

)
σ−1(k,y)g

−1
(k,y)n

−1 = n
(
hT◦(h,x)

)
n−1 = hT◦(h,x),

so that ng(k,y) satisfies the desired properties as well. Therefore, while g(k,y) is not unique,
the right coset Kg(k,y) is determined uniquely. Note that K is indeed a closed subgroup
of H, as NH(hT◦(h,x))∩NH(T(h,x)) is a union of connected components of NH(T(h,x)); this

is clear by considering the homomorphism of NH(T(h,x)) into the symmetric group on the
connected components of T(h,x)/T

◦
(h,x). We claim that the assignment (k, y) 7→ Kg(k,y)

is a continuous function WH
(h,x) → K\H◦.

Let (ki, yi)i∈N ⊂ WH
(h,x) be a convergent sequence with limi→∞(ki, yi) = (k, y). Put

gi := g(ki,yi) for each i ∈ N. Without loss of generality, we may assume that limi→∞ gi =
g ∈ H◦. Choose a topological generator t of T(h,x). As T(h,x) is a Cartan subgroup
associated to h, we may assume that t is in the same connected component hT◦(h,x) of

T(h,x) as h; see the proof of Lemma 6.7 above. Then we have giσ(ki,yi)tσ
−1
(ki,yi)

g−1i ∈
hT◦(h,x) for each i. Since σ is a continuous function, we may take the limit to conclude

gσ(k,y)tσ
−1
(k,y)g

−1 ∈ hT◦(h,x). However, as t generates a subgroup that is dense in T(h,x),

we have that gσ(k,y)tσ
−1
(k,y)g

−1 generates a subgroup that is dense in a subgroup of T(h,x)

that is isomorphic to T(h,x), and then must be equal to T(h,x). This implies

gσ(k,y)T(h,x)σ
−1
(k,y)g

−1 = T(h,x),

and

g(k,y)
(
σ(k,y)hT(h,x)σ

−1
(k,y)

)◦
g−1(k,y) = hT◦(h,x).

Hence, we can take g(k,y) = g, determining the unique coset of K\H◦, and hence the

map WH
(h,x) → K\H◦ given by (k, y) 7→ Kg(k,y) is continuous.

�

With this, we have the following.

Lemma 6.12. The germ S(h,x) is independent of the particular choice of the slice V(h,x) at

(h, x). In fact, given slices V(h,x) and W(h,x) at (h, x), the germs of V H
(h,x)∩

(
T∗(h,x)×Y

Gx
x

)
and WH

(h,x) ∩
(
T∗(h,x) × Y

Gx
x

)
coincide at (h, x).
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Proof. Suppose V(h,x) and W(h,x) are two choices of slices at (h, x) for the Gx-action on
Gx × Yx. Let T(h,x) be a Cartan subgroup of H associated to h. As the germ of the
stratification does not depend on the choice of Cartan subgroup, we may assume that
the stratum containing (h, x) is defined with respect to each of the two slices using this
Cartan subgroup.

By Proposition 6.11 (1) there exists, after shrinking slices if necessary, a function
σ : W(h,x) → Gx such that (k, y) 7→ σ(k,y)y is a H-diffeomorphism of W(h,x) onto V(h,x).
We may assume that σ(h,x) = 1. Choose a Cartan subgroup T(h,x) of H associated to

h and then, by Proposition 6.11 (3), a continuous function WH
(h,x) → K\H◦ denoted

(k, y) 7→ Kg(k,y) such that for each (k, y) ∈WH
(h,x), we have g(k,y)σ(k,y)T(h,x)σ

−1
(k,y)g

−1
(k,y) =

T(h,x), and g(k,y)σ(k,y)
(
hT◦(h,x)

)
σ−1(k,y)g

−1
(k,y) = hT◦(h,x). In particular, as σ(h,x) = 1, it follows

that Kg(h,x) = K. Choose a local section for the fiber bundle H◦ → K\H◦ near the
point K such that K 7→ 1. Shrinking slices if necessary so that each g(k,y) is contained in

the domain of this section for (k, y) ∈ WH
(h,x) (which is possible as g(h,x) = K), we have

a continuous choice of a specific representative g(k,y) of each coset Kg(k,y). In particular,
as σ(h,x) = 1 (and as the section was chosen such that K 7→ 1, we have g(h,x) = 1).

For each (k, y) ∈W(h,x), we have that g(k,y)σ(k,y) ∈ NGx(T(h,x)), and hence conjugation

by g(k,y)σ(k,y) yields an element of Aut(T(h,x)). That is, we have a function WH
(h,x) →

Aut(T(h,x)) which is continuous by construction. However, the automorphism group of

T(h,x) is discrete, see [BtD95, proof of Proposition 4.2], so that as WH
(h,x) is connected,

the map into Aut(T(h,x)) must be constant. Moreover, as g(h,x)σ(h,x) = 1, we see that
each g(k,y)σ(k,y) maps to the trivial element of Aut(T(h,x)).

We let U = GxV(h,x) ∩GxW(h,x) and claim that

U ∩
(
WH

(h,x) ∩
(
T∗(h,x) × Y

Gx
x

))
= U ∩

(
V H
(h,x) ∩

(
T∗(h,x) × Y

Gx
x

))
Suppose (k, y) ∈ WH

(h,x) ∩
(
T∗(h,x) × Y Gx

x

)
. Using the above construction, we have

σ(k,y)(k, y) ∈ V(h,x). As σ(k,y) ∈ NGx(H), we have σ(k,y)(k, y) ∈ V H
(h,x). Similarly,

σ(k,y) ∈ Gx and y ∈ Y Gx
x , so that σ(k,y)y = y ∈ Y Gx

x . Then as H fixes σ(k,y)(k, y)
and g(k,y) ∈ H, it follows that

g(k,y)σ(k,y)kσ
−1
(k,y)g

−1
(k,y) ∈ g(k,y)σ(k,y)T(h,x)σ

−1
(k,y)g

−1
(k,y) = T(h,x).

But then as g(k,y)σ(k,y) acts trivially on T(h,x), we have that g(k,y)σ(k,y)kσ
−1
(k,y)g

−1
(k,y) = k,

so that the point (k, y) ∈ V H
(h,x)∩

(
T∗(h,x)×Y

Gx
x

)
to begin with. Switching roles completes

the proof. �

With this, the proof of the following proposition uses identical techniques to those of
[FPS15, Prop. 4.16]. In particular, it is a matter of choosing specific slices in terms of
orthogonal complements using the riemannian metric.

Proposition 6.13. Each S(h,x) is the germ of a smooth G-submanifold of G ×M that
intersects Gx × Yx as a smooth submanifold. Each R(h,x) is the germ of a smooth sub-
manifold of the differentiable space G\(G×M) that intersects Gx\(Gx×Yx) as a smooth
submanifold.

In order for the germs S(h,x) to define a stratification, one must verify that for each
(h, x) ∈ Λ0(Gn V ) there is a neighborhood U in Λ0(Gn V ) and a decomposition Z
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of U such that for all (k, y) ∈ Λ0(Gn V ), the germ S(k,y) coincides with the germ of
the piece of Z containing (k, y). For the remainder of this section, we fix (h, x), a
slice Yx at x for the Gx-action on V , and a slice V(h,x) at (h, x) for the Gx-action on
Gx × Yx. Set U := GV(h,x) ∩ Λ0(Gn V ). Note that U is indeed an open neighborhood
of (h, x) in Λ0(Gn V ), as GxV(h,x) is an open Gx-invariant neighborhood of (h, x) in
Λ0(Gx n Yx) and so the G-saturation is as well by [FPS15, Prop. 3.6]. We now define
the decomposition Z of U .

Given (k̃, ỹ) ∈ U there is a g̃ ∈ G such that g̃(k̃, ỹ) ∈ V(h,x). Put (k, y) = g̃(k̃, ỹ)
and K = G(k,y) ≤ H, and let T(k,y) be a Cartan subgroup in K associated to k. Define

UT(k,y)

g̃ (k̃, ỹ) to be the G-saturation of the set of points (l, z) ∈ (V(h,x))K∩(T(k,y)×(Yx)Gy)
such that T(k,y) is also a Cartan subgroup of K associated to l and such that the ' class

of l at z in T(k,y) is diffeomorphic to T∗(k,y). Define the piece Z containing (k̃, ỹ) to be

the connected component of UT(k,y)

g̃ (k̃, ỹ) containing (k̃, ỹ).

By [Sch80, Proposition 1.2(3)], the slice representations of points in the same orbit
type are isomorphic. Hence, if z ∈ (Yx)Gy , then the slice representations Ny and Nz for
the action of Gx on Yx at y and z, respectively, are isomorphic as Gy-representations.
This isomorphism induces an isomorphism of T(k,y)-representations, which induces a
diffeomorphism of ' classes at y onto ' classes at z. Then the ' class of l at y is
diffeomorphic to the ' class of l at z, and hence to the ' class of k at y. Therefore, the

set UT(k,y)

g̃ (k̃, ỹ) can be written as

UT(k,y)

g̃ (k̃, ỹ) = G
(

(V(h,x))K ∩
(
T∗∗(k,y) × (Yx)Gy

))
,

where T∗∗(k,y) denotes the union of ' classes in T(k,y) that are diffeomorphic to T∗(k,y).

Choosing representatives k0, . . . , kr from the collection of such ' classes with k0 = k and
noting that this collection is finite by Proposition 6.9, we can express

(6.6) UT(k,y)

g̃ (k̃, ỹ) = G
( r⋃
i=0

(V(h,x))K ∩
(
T∗(ki,y) × (Yx)Gy

))
.

In particular, we will see below that for every (k, y) ∈ V(h,x) with isotropy group K and
every Cartan subgroup T(k,y) of K associated to k, the connected component of T(k,y)

containing k is the only connected component that intersects the projection of V(h,x)

onto Gx. Note that UT(k,y)

g̃ (k̃, ỹ) is clearly a subset of Λ0(Gn V ) as T(k,y) ≤ Gy.
Using arguments identical to those in [FPS15, Lemmata 4.18 & 4.19], one can demon-

strate that UT(k,y)

g̃ (k̃, ỹ) depends only on the orbit G(k, y), and does not depend on the

choice of the Cartan subgroup T(k,y). Hence, we we may denote UT(k,y)

g̃ (k̃, ỹ) simply as

U(k, y) and let U(k̃,ỹ) denote the connected component of U(k, y) containing (k̃, ỹ). The

partition Z of U then can be written as

(6.7) Z =
{
U(k̃,ỹ) ⊂ U | (k̃, ỹ) ∈ U

}
.

By [FPS15, Lemma 4.17], using the linearity of the action on slices, one can demon-
strate that the exponential map associated to the product metric on Gx × Yx maps the
subset

(6.8) (N(h,x))K ∩
(
Th(k•i )⊕ (TxYx)Gy

)
∩B(h,x)
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onto (V(h,x))K ∩
(
T∗(ki,y) × (Yx)Gy

)
. Recall that B(h,x) is an H-invariant ball around the

origin in the normal space N(h,x) and k•i is defined in Proposition 6.9. By construction,
(6.8) is a semialgebraic subset of N(h,x) and is invariant under the action of t ∈ (0, 1].
Similarly, because there are only finitely many ' classes in T(k,y), there are l1, . . . , lN ∈
T(k,y) such that each group l•j , j = 1, . . . , N , has dimension less than dim k•, and

T∗(k,y) = T∗(k,y) r
N⋃
j=1

l•j .

Then the exponential function maps the semialgebraic set

(6.9) (N(h,x))K ∩
((
Th(k•) r

N⋃
j=1

Th(l•j )
)
⊕ (TxYx)Gy

)
∩B(h,x)

onto (V(h,x))K ∩
(
T∗(k,y) × (Yx)Gy

)
.

Restricting the inverse of the exponential map from V(h,x) to V(h,x) ∩ Λ0(Gx n Yx)
yields an H-equivariant embedding ι of a neighborhood of (h, x) in V(h,x) ∩Λ0(Gx n Yx)
into the normal space N(h,x), where the stratum of (h, x) is mapped onto the subspace

NH
(h,x) ∩

(
Thh

• × (TxYx)Gx
)
.

Using the description of the image of each stratum given in Equation (6.9), one sees
immediately that the homotopy defined as multiplication in N(h,x) by scalars t ∈ [0, 1]
contracts the image of ι onto the origin preserving the image of ι. The linearity of the
H-action on N(h,x) ensures that this homotopy is H-equivariant, and scalars t ∈ (0, 1]
preserve the images of strata as demonstrated above. We therefore observe the following.

Proposition 6.14. The inertia groupoid ΛG of a proper Lie groupoid G satisfies the
local contractibility hypothesis of Definition 5.7.

Following [FPS15, Prop. 4.20], it is easy to see the following.

Proposition 6.15. The germs of the U
(
G(k, y)

)
coincide with the stratification. That

is, for (k̃, ỹ) ∈ U = GV(h,x), the germs [U
(
G(k, y)

)
](k̃,ỹ), [U(k̃,ỹ)](k̃,ỹ) and S(k̃,ỹ) coincide.

Since the S(h,x) are germs of smooth G-submanifolds of G×M , and the piece associated

to a point (k̃, ỹ) ∈ U has the same set germ as S(l,z) at (l, z) ∈ U(k̃,ỹ), it follows that the

pieces of Z are smooth submanifolds of G×M invariant under the G-action. The proof
of the following is a minor variation of that of [FPS15, Lemma 4.21].

Lemma 6.16. The partition Z of U = GV(h,x) given by Equation (6.6) is finite.

We now verify that Z is a decomposition indeed, cf. [Pfl01, Def. 1.1.1 (DS2)]. The
proof is similar to that of [FPS15, Prop. 4.22].

Proposition 6.17. The pieces of Z satisfy the condition of frontier.

Proof. Suppose there are points (h, x) and (k, y) with U
(
G(h, x)

)
∩ U

(
G(k, y)

)
6= ∅.

As the pieces of Z are defined to be connected components, it is sufficient to show

that U
(
G(h, x)

)
∩ U

(
G(k, y)

)
, which is obviously closed in U

(
G(h, x)

)
, is also open in

U
(
G(h, x)

)
. Note that we can assume with no loss of generality that one of the points
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in question is (h, x), the point used to define U , as we may restrict consideration to
a neighborhood of that point. Moreover, as the piece U

(
G(h, x)

)
may be defined in

terms of any point it contains, we may assume that G(h, x) ⊂ U
(
G(h, x)

)
∩ U

(
G(k, y)

)
.

Similarly, we assume by choosing another representative of the orbit if necessary that
(k, y) ⊂ V(h,x). By Proposition 6.15, an open neighborhood of (h, x) in U

(
G(h, x)

)
is

given by G
(
V H
(h,x) ∩ (T∗(h,x) × Y

Gx
x )

)
for a sufficiently small slice V(h,x) at (h, x). We will

show that G
(
V H
(h,x) ∩ (T∗(h,x) × Y

Gx
x )

)
is contained in U

(
G(k, y)

)
.

Let K := G(k,y) ≤ H, and then K◦ ≤ H◦. Then any maximal torus in K◦ is

contained in a maximal torus in H◦. Moreover, as V K
(h,x) is connected and closed under

multiplication by scalars t ∈ (0, 1], taking the limit of t(k, y) as t → 0, we see that
h ∈ K. Similarly, h and k are in the same connected component of K. It follows that
we may choose a Cartan subgroup of H associated to h by taking the group generated
by a maximal torus in H◦ that contains a maximal torus in K◦ and h. That is, we may
assume that h ∈ T(k,y) ≤ T(h,x) and T(k,y) = T(h,x) ∩K. Then we have h ∈ T∗(k′,y) for

some k′ whose ' class at y is diffeomorphic to T∗(k,y). Similarly, as Gy ≤ Gx, it follows

that Y Gx
x ⊂ (Yx)Gy . From these observations, we have

(h, x) ∈ V H
(h,x) ∩

(
T∗(k′,y) × Y

Gx
x

)
⊂ (V(h,x))K ∩

(
T∗(k′,y) × (Yx)Gy

)
.

Now, let l ∈ T∗(h,x) so that Y l
x = Y h

x . In particular, as h ∈ K ≤ Gy and y ∈ Yx,

it follows that l ∈ Gy. Similarly, as l ∈ T(h,x), as k ∈ T(k,y) ≤ T(h,x), and as T(h,x) is
abelian, we have l(k, y) = (k, y) so that l ∈ K. In particular, l ∈ T(h,x) ∩ K = T(k,y).
This demonstrates T∗(h,x) ⊂ T(k,y). As Yy ⊂ Yx, we have that the relation ' at x implies

' at y, so that the ' classes at y are the intersection with T(k,y) of a (finite) union of '
classes at y. That is, using Proposition 6.9 (2), T∗(h,x) ⊂ T∗(k′,y). Then

V H
(h,x) ∩

(
T∗(h,x) × Y

Gx
x

)
⊂ (V(h,x))K ∩

(
T∗(k′,y) × (Yx)Gy

)
⊂ U

(
G(k, y)

)
.

Considering the G-saturations of both sides of this inclusion, it follows that an open

neighborhood of (h, x) in U
(
G(k, x)

)
is contained in U

(
G(h, x)

)
∩ U

(
G(k, y)

)
. This

completes the proof. �

6.4. Whitney Condition B. Here, we complete the proof of Theorem 6.4 by demon-
strating that the the stratifications of Λ0G and |ΛG| are Whitney B-regular. The proof
follows [Pfl01, Thm. 4.3.7] and [FPS15, Prop. 4.23]. Roughly, the proof involves giving
a parameterization of a neighborhood of a point in ΛG and its tangent space sufficient
to describe the secants of points in neighboring strata. Note that in our argument we
use that the pieces satisfy the condition of frontier, which was shown above.

Proposition 6.18. Let G be a proper Lie groupoid. The orbit Cartan type stratifications
of the loop space ΛG and the inertia space |ΛG| both satisfy Whitney’s condition B.

Proof. Because the claim is local, we may assume that the groupoid G is given by the
product of O×O ⇒ O and GnY where G is the isotropy group Gx of some point x ∈ G0,
O is an open neighborhood of x in its orbit, and Y is a slice through x. Let (h, x) ∈ ΛG,
H = ZG(h), and V(h,x) a slice at (h, x) for the G-action on G×Y of the form exp(B(h,x)),
where B(h,x) is a ball around the origin in the normal space N(h,x). Now let us denote
by Z the decomposition of Λ0G obtained by taking the saturations of the sets defined



DIFFERENTIABLE STRATIFIED GROUPOIDS 35

through Eq. (6.6), which amounts to taking their products with O. Let R be the piece
of Z containing (h, x), i.e. the set of points of the form ((o, o), (l, z)) where o ∈ O and
(l, z) ∈ V H

(h,x) ∩
(
T∗(h,x) × Y

G
)
. We show that for any stratum S ∈ Z with (h, x) ∈ S,

Whitney’s condition B is satisfied at (h, x) for the pair of strata (R,S). To describe the
stratum S in some more detail, consider an orbit G(k, y) for (k, y) ∈ S. As in the proof
of Proposition 6.17, we may choose the representative (k, y) of the orbit G(k, y) such
that (k, y) ∈ V(h,x), h ∈ T(k,y) ≤ T(h,x), and h ∈ T∗(k′,y) for some k′. In particular, we

then have K ≤ H for the isotropy group K := ZGy(k) of (k, y) and Gy ≤ G. As shown

above, S coincides with the connected component of U
(
G(k, y)

)
containing (k, y).

Suppose now that ((ui, ui), (hi, xi))i∈N is a sequence in R and ((oi, oi), (ki, yi))i∈N a
sequence in S, and that both sequences converge to ((x, x), (h, x)). Assume in addition
that in a smooth chart around ((x, x), (h, x)) the secant lines

`i = ((ui, ui), (hi, xi)), ((oi, oi), (ki, yi))

converge to a straight line `, and the tangent spaces T((oi,oi),(ki,yi))S converge to a sub-
space τ . Then we must show that ` ⊂ τ .

Note that the hypotheses imply that ((x, x), (h, x)) ∈ U
(
G(h, x)

)
∩U
(
G(k, y)

)
. By the

proof of Proposition 6.17 and the choices of (k, y) and T(k,y) ⊂ K we obtain the relation

(6.10) V H
(h,x) ∩

(
T∗(h,x) × Y

G
)
⊂ (V(h,x))K ∩

(
T∗(k′,y) × (Y )Gy

)
.

Denote by gx the Lie algebra of G, by h the Lie algebra of H, and let m denote the
orthogonal complement of h in gx with respect to the initially chosen bi-invariant metric
on G. Then there is a neighborhood U ⊂ G0

∼= O ×H V(h,x) of (h, x) such that

Ψ : U −→ O ×m×N(h,x), [o, exp|m ξ, exp(h,x)(v)] 7−→ (o, ξ, v)

is a smooth chart at ((x, x), (h, x)), where exp|m denotes the restriction of the exponential
map of the Lie group G to m, and exp(h,x) the exponential function restricted to the open
ball B(h,x) ⊂ N(h,x). After possibly shrinking U there is an open neighborhood Q of H
in G such that

Ψ
(
O ×Q

(
V H
(h,x) ∩ (T∗(h,x) × Y

G)
))
⊂ O ×m×

(
NH

(h,x) ∩ T(h,x)(T
∗
(h,x) × Y

G)
)
.

We may assume that the sequences ((ui, ui), (hi, xi))i∈N and ((oi, oi), (ki, yi))i∈N are con-
tained in U . Since ((oi, oi), (ki, yi)) ∈ U

(
G(k, y)

)
, one knows that

Ψ((oi, oi), (ki, yi)) ∈ O ×m×H
(

(V(h,x))K ∩
(
T∗∗(k,y) × Y

G
))

.

Recall that T∗∗(k,y) consists of a finite collection of pairwise disjoint ' classes in T(k,y).

Moreover, by Lemma 6.10, each such ' class is disjoint from the closures of the other
classes. By passing to a subsequence, we may assume without loss of generality that
each ki is in one fixed class, i.e.

((oi, oi), (ki, yi)) ∈ O ×G
(

(V(h,x))K ∩
(
T∗(k′,y) × Y

G
))

for all i and some fixed k′ ∈ T(k,y).
Note that lim oi = limui = x. Moreover, each piece of Z is a product of a piece in

GV(h,x) ⊂ G× Y with the diagonal in O ×O, so we may project onto G× Y and ignore

the O-factor. Choose l̃i ∈ G such that (k̃i, ỹi) := l̃i(ki, yi) ∈ (V(h,x))K for all i ∈ N. Put

(h̃i, x̃i) := li(hi, xi). After possibly passing to a subsequence, (l̃i)i∈N converges to some
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l̃ ∈ H, the secant lines ˜̀
i = (h̃i, x̃i), (k̃i, ỹi) converge to a straight line ˜̀, and the tangent

spaces T(k̃i,ỹi)S converge to a subspace τ̃ . By definition, and since l̃iT(ki,yi)S = T(k̃i,ỹi)S

for all i, one obtains ˜̀ = l̃`, and τ̃ = l̃τ . Hence, the first claim is shown, if ˜̀ ⊂ τ̃ .
Without loss of generality we may therefore assume that for all i ∈ N
(6.11) (ki, yi) ∈ (V(h,x))K ∩

(
T∗(k′,y) × Y

G
)
,

and then show ` ⊂ τ for the sequences (ki, yi)i∈N and (hi, xi)i∈N.
Eq. (6.11) now means in particular that

Ψ(ki, yi) ∈ {0} ×
(

(N(h,x))K ∩ exp−1(h,x)

(
T∗(k′,y) × Y

G
))
.

Since T∗(k′,y) is an open and closed subset of a closed subgroup of G and also contains h,

the set

V := N(h,x) ∩ T(h,x)
((

T∗(k′,y)
)
× Y G

)
is a subspace of N(h,x). Let W be the orthogonal complement of the invariant space V H

in V with respect to the H-invariant scalar product induced from V(h,x). Then the image

under the chart Ψ of every element of G
(
V H
(h,x) ∩ (T∗(h,x) × Y

G)
)
∩U and every (ki, yi) is

contained in
m× (WK ∪ {0})× V H .

With respect to this decomposition, (h, x) has coordinates (0, 0, 0), each element of

G
(
V H
(h,x) ∩ (T∗(h,x) × Y

G)
)

has coordinates contained in m× 0× V H , and each sequence

element (ki, yi) has coordinates contained in {0} ×WK × V H . In particular, let

Ψ(ki, yi) = (0, wi, vi)

for every i. Since WK is invariant under multiplication by non-vanishing scalars, we have

(ξ, w, v) := lim
i→∞

Ψ(ki, yi)− Ψ(hi, xi)

‖Ψ(ki, yi)− Ψ(hi, xi)‖
∈ m×WK × V H .

By compactness of the unit sphere in W , the sequence wi
‖wi‖ converges to some ŵ ∈ SW

after possibly passing to a subsequence. Then w = ‖w‖ŵ. Since WK is invariant by
non-vanishing scalars, we have

m× span ŵ × V H ⊂ τ,
and

` = span (ξ, ŵ, v) ⊂ τ,
proving the first claim.

Now let us show that the orbit Cartan type stratification of |ΛG| satisfies Whitney’s
condition B as well. To this end let us first choose a Hilbert basis of H-invariant poly-

nomials p1, . . . , pκ :
(
NH

(h,x)

)⊥ → R of the orthogonal complement of the invariant space

NH
(h,x) in N(h,x). Next let pκ+1, . . . , pN : NH

(h,x) → R with N = κ + dimNH
(h,x) be a

linear coordinate system of the invariant space. We can even choose these pi in such
a way that pκ+1, . . . , pκ+dimV H is a linear coordinate system of V H . By construction,

p1, . . . , pN then is a Hilbert basis of the normal space N(h,x). Denote by p : N(h,x) → RN
the corresponding Hilbert map. Recall that p induces a chart of |ΛG| over G\U by

Ψ̂ : G\U → RN , G exp(h,x)(v) 7→ p(v).
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Note that by H-invariance of p and since for every orbit in U there is a representative

in V(h,x), the chart Ψ̂ is well-defined indeed. A decomposition of Û := Ψ̂(G\U) inducing
the orbit Cartan type stratification on G\U is given by

Ẑ :=
{
Ψ̂(G\(S ∩ (G× Y )) | S ∈ Z

}
.

Let Ŝ ∈ Ẑ denote the stratum containing the orbit G(h, x), and Ŝ ∈ Z a stratum 6= R̂

such that G(h, x) lies in the closure of Ŝ. Now consider sequences of orbits
(
G(hi, xi)

)
i∈N

in R̂ and
(
G(ki, yi)

)
i∈N in Ŝ such that both sequences converge to G(h, x). Moreover,

assume that the sequence of secants Ψ̂(G(hi, xi)), Ψ̂(G(ki, yi)) converges to a line ̂̀, and

that the sequence of tangent spaces T
Ψ̂(G(ki,yi))

Ŝ converges to some subspace τ̂ ⊂ RN .

Using notation from before, we can choose representatives (hi, xi) and (ki, yi) having
coordinates in m× (WK ∪ {0})× V H ⊂ N(h,x) such that

Ψ(hi, xi) = (0, 0, v′i) ∈ {0} × {0} × V H and

Ψ(ki, yi) = (0, wi, vi) ∈ {0} ×WK × V H .
(6.12)

Next observe that by the Tarski–Seidenberg Theorem, the stratum Ŝ is semialgebraic
as the image of the semialgebraic set (WK × V H) ∩ B(h,x) under the Hilbert map p.
By the same argument, p(WK) is semialgebraic, too, and an analytic manifold, since
p(WK) ∼= NH(K)\WK

∼= H\W(K). Moreover, the equality

Ŝ = (p(WK)× V H) ∩ p(B(h,x))

holds true, where we have canonically identified V H with its image under the Hilbert
map p. By Eq. (6.12), this entails that

(6.13) τ̂ = lim
i→∞

T
Ψ̂(G(ki,yi))

Ŝ = lim
i→∞

Tp(wi)p(WK)× V H .

Since p(WK) is semialgebraic and an analytic manifold, [ Loj65, Prop. 3, p. 103] by
 Lojasiewicz entails that p(WK) satisfies Whitney’s condition B over the origin. This
means after possibly passing to subsequences, that `WK

⊂ τWK
, where `WK

is the limit

line of the secants p(wi), 0, and τWK
the limit of the tangent spaces Tp(wi)p(WK) for

i→∞. By Eqs. (6.12) and (6.13) this entails that̂̀⊂ `WK
× V H ⊂ τWK

× V H = τ̂ .

This finishes the proof. �

Note that Λ0G is clearly topologically locally trivial based on its description in slices.
Therefore, by Proposition 3.1, the inertia groupoid ΛG is a differentiable stratified
groupoid. Now, recall that the loop space Λ0G is a differentiable subspace of the smooth
manifold G1, and the space of arrows ΛG1 = G1 s×tΛ0G is a differentiable subspace of
the smooth manifold G1 s×tG1. Similarly, if x , y ∈ G0 are in the same orbit, then the
slices Yx and Yy for G can be chosen such that G|Yx and G|Yy are isomorphic by [PPT14,
Lemma 5.1]. This defines a diffeomorphism between the arrow spaces of G|Yx and G|Yy ,
both smooth manifolds, whose restriction defines an isomorphism between ΛG|Yx and
ΛG|Yy . It follows that the inertia groupoid satisfies conditions (LT3) to (LT4) in Def-
initions 2.6 and 2.28, hence is locally translation. Moreover, by Proposition 6.14, the
inertia groupoid satisfies the local contractibility hypothesis of Definition 5.7.
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It is straightforward to verify that a weak equivalence f : G → H of proper Lie
groupoids induces a weak equivalence ΛG→ ΛH given by the restriction of f1 to the loop
spaces. In particular, because the stratification of Λ0G is defined in terms of slices for G,
and the representation of the isotropy group on a slice is Morita invariant, the stratifi-
cation of Λ0G is obviously the pullback of the stratification of Λ0H via f1. Moreover, as
the stratification of the inertia space |ΛG| can be defined locally in terms of the actions
of isotropy groups on slices, it is as well Morita invariant. This means that the isomor-
phism between |ΛG| and |ΛH| from Proposition 2.23 is an isomorphism of differentiable
stratified spaces. We summarize these observations in the following.

Theorem 6.19. Let G be a proper Lie groupoid. Then the inertia groupoid ΛG is a
proper differentiable stratified groupoid fulfilling Whitney’s condition B. Moreover the
inertia groupoid ΛG is locally translation and satisfying the local contractibility hypothe-
ses. Finally, the inertia space |ΛG| inherits from Λ0G via the canoncial projection
π : Λ0G→ |ΛG| a stratification also fulfilling Whitney’s condition B.

Appendix A. Differentiable stratified spaces

In this appendix we describe the category of differentiable stratified spaces used
throughout this paper. Our notion of differentiable spaces is that of [NGSdS03] to
which we refer the reader for more details. For the definition of stratified spaces we fol-
low Mather [Mat73] and [Pfl01, Chap. 1], except that we relax the assumption that the
spaces under consideration are Hausdorff and only require that they are locally Haus-
dorff. Hence, a stratified space with smooth structure as defined in [Pfl01, Chap. 1] or
a differentiable stratified space as defined in [FPS15] corresponds to a Hausdorff differ-
entiable stratified space as defined here. Note that in addition to [Pfl01, FPS15] various
other concepts of structure sheaves respectively structure algebras of smooth functions
over stratified spaces have been introduced in the literature. See for example the work by
Kreck [Kre10] on stratifolds, by Lusala–Śniatycki [LŚ11, Sec. 4] on stratified subcarte-
sian spaces, by Watts [Wat12, Wat15] on differential spaces, and finally by Somberg–Vân
Lê–Vanzura [SLV15, LSV13] on smooth structures on locally conic stratified spaces.

A.1. Differentiable spaces.

Definition A.1 ([NGSdS03, Chap. 3]). Let (X,O) be a locally R-ringed space which we
always assume to be commutative. One says that (X,O) is an affine differentiable space,
if there is a closed ideal a ⊂ C∞(Rn) such that (X,O) is isomorphic as a ringed space
to the real spectrum of C∞(Rn)/a equipped with its structure sheaf, which associates
to each open set its localization over that set. Here, we consider the unique topology
with respect to which C∞(Rn) is a Frechét algebra. A locally R-ringed space (X,O) is a
differentiable space if, for each x ∈ X, there is an open neighborhood U of X such that
the restriction (U,O|U ) is an affine differentiable space. A differentiable space is reduced
if for each open subset U of X the map O(U)→ C(U) defined by the evaluation map is
injective.

A morphism of differentiable spaces (f, ϕ) : (X,OX) → (Y,OY ) consists of a contin-
uous map f : X → Y and a morphism ϕ : OY → f∗OX of sheaves of R-algebras such
that for each x ∈ X the induced morphism on the stalks ϕx : OY,f(x) → OX,x is local,
i.e. maps the the maximal ideal my ⊂ OY,f(x) to the maximal ideal mx ⊂ OX,x.
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Note that if (X, C∞X ) and (Y, C∞Y ) are reduced, a morphism of differentiable spaces
(f, ϕ) : (X, C∞X ) → (Y, C∞Y ) is fully determined by the map f : X → Y . The sheaf
morphism ϕ is given in this case over each open V ⊂ Y by the pullback map f∗ :
C∞Y (V ) → C∞X (f−1(V )), g 7→ g ◦ f|V . We therefore sometimes call a morphism between
reduced differentiable spaces a smooth map, and just denote it by the underlying map f .

By [NGSdS03, Thm. 3.23], a differentiable space (X,O) is reduced if and only if each
x ∈ X is contained in an open neighborhood V isomorphic as a differentiable space to a
locally closed subset of the affine space Rn with structure sheaf given by restrictions of
smooth functions from Rn. We refer to such a V as an affine neighborhood of x, and call
an embedding ι : V ↪→ Rn such that (ι, ι∗) : (V,O|V )→ (ι(V ), C∞|ι(V )) is an isomorphism

of locally ringed spaces a singular chart (of rank n) for X.
We often denote the structure sheaf of a reduced differentiable space X by C∞X or

shortly by C∞, if no confusion can arise. By a smooth submanifold of a differentiable
space X, we mean a differentiable subspace whose differentiable structure is that of a
smooth manifold in the usual sense.

A.2. Stratified spaces. Let X be a paracompact separable locally Hausdorff topolog-
ical space. A decomposition Z of X is a locally finite partition of X into locally closed
subspaces such that each S ∈ Z is a countable union of smooth (not necessarily Haus-
dorff) manifolds such that the condition of frontier is satisfied:

(CF) If R ∩ S 6= ∅ for R,S ∈ Z, then R ⊂ S.

If R ⊂ S, one writes R ≤ S and says that R is incident to S. The incidence relation is
an order relation on Z. The elements of a decomposition Z are called its pieces.

In the following we provide a generalization of the definition of a stratification by
Mather [Mat73] to the case of a locally Hausdorff space; cf. also [Pfl01, Sec. 1.2].

Definition A.2. Let X be a locally Hausdorff topological space. A stratification of X
is an assignment to each x ∈ X of a germ Sx of subsets of X at x such that for each
x ∈ X there is a Hausdorff neighborhood U of x in X and a decomposition Z of U with
the property that for each y ∈ U the germ Sy is equal to the germ at y of the piece of
Z containing y. The set X along with the stratification S is called a stratified space.
If, moreover, X is a differentiable space, and for each x ∈ X, the germ Sx is that of a
smooth submanifold of X, then we say X is a differentiable stratified space.

A continuous function f : (X,S) → (Y,R) is a morphism of stratified spaces if, for
each x ∈ X with f(x) = y, there are open Hausdorff neighborhoods U of x and V of y
with U ⊂ f−1(V ) and decompositions of U and V inducing their respective stratifications
such that for every z ∈ U contained in the piece S of U , there is an open neighborhood
O of z in U such that f|S∩O maps into the piece of V containing f(z).

If (X,OX ,S) and (Y,OY ,R) are differentiable stratified spaces, a function f : X → Y
is a differentiable stratified morphism if it is simultaneously a morphism of differentiable
spaces and a morphism of stratified spaces.

Note that the definition of a differentiable stratified space coincides, for a Hausdorff
space X, with that of a stratified space with C∞ structure defined in [Pfl01, Section 1.3];
see also [FPS15, Section 2].

If (X,Z) is a decomposed space, then the decomposition induces a stratification by
assigning to x ∈ X the germ at x of the piece containing x; two decompositions of X
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are equivalent if they induce the same stratification. The depth of x ∈ X with respect
to the decomposition Z is the maximum k such that x ∈ S0 < S1 < · · · < Sk for Si ∈ Z.

Now, let (X,S) be a stratified space and let x ∈ X. The proof of [Mat73, Lemma 2.1]
(see also [Pfl01, Lem. 1.5.2]) is local, hence can be executed on a Hausdorff neighborhood
of x. It therefore extends to our case and demonstrates that the depth of x coincides for
any decomposition of a Hausdorff neighborhood of x inducing S. Hence, we may define
the depth of x with respect to S to be the depth with respect to any such decomposition.
In the same way, the proofs of [Mat73, Lem. 2.2] and [Pfl01, Prop. 1.2.7]) extend to
the situation of locally Hausdorff stratified space. So X admits a decomposition Z that
induces S and is maximal in the sense that for every Hausdorff open subset U of X, the
restriction of Z to U is coarser than any decomposition of U that induces S. We will
often refer to Z simply as the maximal decomposition of X. Its pieces are called the
strata of X. Note that if X is a (Hausdorff) differentiable stratified space, the strata of
Z are obviously (Hausdorff) smooth manifolds.

We recall the following from [Pfl01, Section 1.4.1].

Definition A.3. A stratified space (X,S) is topologically locally trivial if for every
x ∈ X in the stratum S of X, there is a neighborhood U , a stratified space (F,SF ), a
point o ∈ F , and an isomorphism of stratified spaces h : U → (S ∩ U) × F such that
h−1(y, o) = y for all y ∈ S ∩ U , and such that SFo is the germ of the set {o}.

A.3. Fibered products. By [NGSdS03, Theorem 7.6], the fibred product of differ-
entiable spaces has a unique differentiable space structure with respect to which the
projection maps are morphism of differentiable spaces. We now demonstrate that the
same holds true for differentiable stratified spaces. Let X, Y , and Z be differentiable
stratified spaces with respective stratifications SX , SY , and SZ . Suppose f : X → Z
and g : Y → Z are differentiable stratified mappings. If f is in addition a stratified
submersion, then we define a stratification of the fibred product X f×gY as follows. Let

(x, y) ∈ X f×gY , let P ⊂ X be a subset whose germ [P ]x = SXx , and let R ⊂ Y such

that [R]y = SYy . Then we assign to (x, y) ∈ X f×gY the germ S(x,y) := [P f×gR](x,y).

We refer to S as the induced stratification of X f×gY by the stratifications SX and SY .

Lemma A.4. Suppose X, Y , and Z are differentiable stratified spaces and f : X → Z
and g : Y → Z are differentiable stratified mappings. If f is in addition a stratified
submersion, then the induced stratification S is a stratification of X f×gY .

Of course, X f×gY and Y g×fX are isomorphic, so the same holds true if we assume
that g is a stratified submersion.

Proof. For simplicity, we work with the maximal decompositions ZX , ZY , and ZZ of X,
Y , and Z, respectively, which is clearly sufficient as the definition of the fibred product
is local. Then the fact that ZX and ZY are partitions of X and Y immediately implies
that Z := {P f×gR | P ∈ ZX , R ∈ ZY } is a partition of X f×gY . That each P ∈ ZX
and R ∈ ZY is locally closed implies that P × R is locally closed in X × Y and hence
P f×gR = (P × R) ∩ (X f×gY ) is locally closed in X f×gY . Given (x, y) ∈ X f×gY ,
let Ux and Uy be open neighborhoods of x in X and y in Y , respectively, that each
intersect finitely many elements ZX and ZY , and then (Ux×Uy)∩ (X f×gY ) is an open
neighborhood of (x, y) in X f×gY that evidently meets finitely many elements of Z.
Therefore, Z is a locally finite partition of X f×gY into locally closed sets.
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Now, let P ∈ ZX and R ∈ ZY , and choose connected components P0 of P and R0 of R.
Then as f and g are stratified mappings, there is a piece S ∈ ZZ with f(P0), g(R0) ⊂ S;
see [Pfl01, 1.2.10]. Moreover, as f is a stratified submersion, f|P0

is by definition a
submersion. Then by [Lan02, Prop. 2.5 & 2.6] and the fact that f|P0

is a submersion
implies that f|P0

is transversal to g|R0
, we have that P0 f×gR0 is a smooth submanifold of

P0×R0 and hence of the differentiable space X f×gY . Hence each connected component
of P f×gR is a smooth manifold.

Finally, suppose (P f×gR) ∩ (P ′ f×gR′) 6= ∅ for P, P ′ ∈ ZX and R,R′ ∈ ZY . Choose

(x, y) ∈ (P f×gR)∩(P ′ f×gR′), and then for any open neighborhoods Ux and Uy of x and

y inX and Y , respectively, Ux×Yy intersects P ′ f×gR′. It follows that P∩P ′, R∩R′ 6= ∅ so

that P ⊂ P ′ and R ⊂ R′, hence P f×gR ⊂ (P ′ f×gR′). That is, Z satisfies the condition
of frontier and hence is a decomposition of X f×gY . �

A.4. Tangent space. Assume that (X, C∞) is a differentiable space. Then, given a
point x ∈ X, the maximal ideal mx ⊂ C∞x in the stalk at x is finitely generated, hence
the quotient space mx/m

2
x is a finite dimensional real vector space. One calls this space

the Zariski cotangent space T ∗xX of (X, C∞) at x, and its dual (mx/m
2
x)∗ the Zariski

tangent space TxX.

Remark A.5. There is another notion of a tangent bundle for a differentiable stratified
space (X, C∞), namely the stratified tangent space (T stX, C∞). If (X, C∞) fulfills Whit-
ney’s condition A, then (T stX, C∞) is a differentiable stratified space as well. See [Pfl01,
Sec. 2.1] for more details on the stratified tangent bundle

A.5. Differential forms. Let (X, C∞) denote a reduced differentiable stratified space.
Let U be an affine open subset of X and ι : U ↪→ Rn be a singular chart of X. Denote by
Iι the sheaf of smooth functions vanishing on ι(U). Then define the sheaf Ωk

ι for k = 0
as ι−1(C∞/Iι) ∼= C∞|U and for k ∈ N∗ as the following inverse image sheaf

Ωk
ι := ι−1

(
Ωk

Rn/(IιΩk
Rn + dIι ∧Ωk−1

Rn )
)
.

Observe that by construction the exterior differential factors through the Ωk
ι , hence we

obtain a differential graded algebra
(
Ω•ι , d

)
. If κ : V ↪→ Rm is another singular chart

of X, there exists a unique sheaf isomorphism ηι,κ : Ω•|κ(U∩V ) → Ω•|ι(U∩V ) extending the

isomorphism of sheaves ηι,κ : (C∞/Iκ)|κ(U∩V ) → (C∞/Iι)|ι(U∩V ). One concludes that the
cocycle condition

(A.1) ηκ,ι = ηκ,λ ◦ ηλ,ι
is fulfilled if λ : V ↪→ Rl denotes a third singular chart of X. Hence the sheaves Ωk

ι

glue to a globally defined sheaf Ωk
X of so-called abstract k-forms on X in such a way

that the gluing maps preserve d. So we obtain a sheaf complex
(
Ω•X , d

)
of differential

graded algebras. The complex of global sections
(
Ω•(X), d

)
will be called the Grauert–

Grothendieck complex of X.

Remark A.6. For X ⊂ Cn a complex space, the construction of the complex Ω•(X)
within the analytic category goes back to Grauert [GK64] and Grothendieck [Gro66].

Let us now describe how one can represent elements of Ωk(X). To this end assume
to be given an open covering U of X by coordinate domains and a family (κU )U∈U
of singular charts κU : U ↪→ Ũ ⊂ RnU such that Ũ is open and contains κU (U) as
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a relatively closed subset. An element of Ωk(X) can then be represented as a family

([ωU ])U∈U , where ωU ∈ Ωk(Ũ) and where one has for any two U, V ∈ U over the overlap
U ∩ V

ηκV ,κU
(
[ωU ]

)
= [ωV ].

Hereby, [ωU ] denotes the equivalence class of ωU in Ωk
κU

.
This representation allows for the following useful construction. Assume that S is a

stratum of X, and let ιS : S ↪→ X denote the canonical embedding. Given an element
ω = ([ωU ])U∈U ∈ Ωk(X) one observes that for any two U, V ∈ U the pulled back forms
ι∗S∩Uκ

∗
U (ωU ) and ι∗S∩V κ

∗
V (ωV ) coincide on the overlap U ∩ V , hence glue together to a

global form on S which we denote by ι∗Sω ∈ Ωk(S).

By construction, each of the sheaves Ωk
X carries the structure of a C∞-module in a

natural way. This observation entails the following result

Proposition A.7. The Grauert–Grothendieck complex
(
Ω•(X), d

)
of a differentiable

stratified space (X, C∞) is a complex of fine sheaves.

Finally in this section, we will define the pull-back morphism f∗ : Ωk
Y → Ωk

X as-
sociated to a smooth map f : X → Y between reduced differentiable stratified spaces
(X, C∞X ) and (Y, C∞Y ). By the preceeding proposition and the construction of the Grauert–
Grothendieck complex it suffices to consider the case where X ⊂ Rn and Y ⊂ Rm are
affine. Choose open neighorhoods U ⊂ Rn of X and V ⊂ Rm of Y such that X is closed
in U and Y in V . Choose a smooth function F : U → V such that F|X = f . For

ω ∈ Ωk(V ) representing an abstract k-form on Y we put

f∗([ω]) := [F ∗ω] ∈ Ωk(X).

Since F ∗ maps the vanishing ideal IY ⊂ C∞(V ) to the vanishing ideal IX ⊂ C∞(U)
and since F ∗ commutes with d, F ∗ maps the IYΩ

k(V ) + dIY ∧ Ωk(V ) to IXΩ
k(U) +

dIX ∧ Ωk(U). Moreover, if F̃ : U → V is another smooth function such that F̃|X = f ,

then F ∗g − F̃ ∗g ∈ IX and F ∗dg − F̃ ∗dg ∈ dIX for all g ∈ C∞(V ), which entails that

F ∗ω − F̃ ∗ω ∈ IXΩk(U) + dIX ∧Ωk(U). This proves that [F ∗ω] neither depends on the
particular choice of the representative of [ω] nor on the particular smooth F extending f
to an open neighborhood of X. Hence f∗ : Ωk(Y )→ Ωk(X) is well-defined. Obviously,
d commutes with f∗, since it commutes with F ∗.
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