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Abstract

In this paper, we study the concurrence of arbitrary dimensional tripartite quan-
tum systems. An explicit operational lower bound of concurrence is obtained in
terms of the concurrence of sub-states. A given example show that our lower bound
may improve the well known existing lower bounds of concurrence. The significance
of our result is to get a lower bound when we study the concurrence of arbitrary
dimensional multipartite quantum systems.

1 Introduction

As one of the most striking features of quantum phenomena[l], quantum entanglement
has been identified as a key non-local resource in quantum information processing vary
from quantum teleportation[2] and quantum cryptography(3] to dense coding[4]. These
effects based on quantum entanglement have been demonstrated in many outstanding
experiments.

An important issue in theory of quantum entanglement is to recognize and quantify
the entanglement for a given quantum state. Concurrence is one of the well-defined
quantitative measures of entanglement[5]-[9]. For a mixed two-qubit state, an elegant
formula of concurrence was derived analytically by Wootters in [9]. However, beyond
bipartite qubit systems and some special symmetric state [10], there exists no explicit
analytic formulas to show the concurrence of arbitrary high-dimensional mixed states.
Instead of analytic formulas, some progress has been made toward the analytical lower
bounds of concurrence. In recent years, there are many papers [11]-[22] to give the
lower bounds of concurrence for bipartite quantum states by using different methods.
All these bounds give rise to a good quantitative estimation of concurrence. They are
usually supplementary in detecting quantum entanglement.
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With the deepening research of the lower bound of bipartite concurrence, some nice
algorithms and progress has been concentrated on possible lower bound of concurrence
for tripartite quantum systems [23]-[26]. In Ref.[23] analytic lower bounds of concurrence
for three-qubit systems or for any m®@n®p (m < n,p) tripartite quantum systems have
been presented by using the generalized partial transposition(GPT) criterion. In Ref.[26]
another analytic lower bounds of concurrence for N® N ® N tripartite quantum systems
have been obtained in terms of the concurrence of sub-states.

This paper is organized as follows. In Sec. 2, we generalize the results in [23, 26|
and obtain some new operational lower bounds of concurrence for arbitrary dimensional
men®l (m # n # p) tripartite quantum systems in terms of lower-dimensional systems.
In Sec. 3, we present that our lower bound may be used to improve the known lower
bounds of concurrence with an example. Conclusions are given in In Sec. 4.

2 Lower bounds of concurrence for tripartite quantum sys-
tems of different dimensions
We first recall the definition of the tripartite concurrence. Let H4,, H4, and H 4, be m-,

n-, I-dimensional Hilbert spaces, respectively. In general, we can assume that m <n <1,
any pure tripartite state [p) € Ha, ® Ha, ® H 4, has the form

m n l
= ZZZ%’;‘HU@: (1)
i=1 j=1 k=1

where a;j; € C, 3, laije|* = 1,{|ijk)} is the basis of Ha, ® Ha, ® Ha,.
The concurrence of a tripartite pure state |¢)) € Ha, ® Ha, ® H 4, is defined by [8]

C(9)) = /3= Tr(pA, + i, + 72, (2)

where the reduced density matrix p4, (respectively, pa,,pa,) is obtained by tracing
over the subsystems Ay and As(respectively, A1 and As, Ay and As). When m =n =,
C(|1)) can be equivalently written as [6]

1
Cl¥)) = \/2 Z(’aijkapqt — ajtapgr|® + |aijrapgt — Qigrapjtl® + |aijrapgt — apjraigt|®)-

3)

When m # n # [, we can have the following similar result:

Theorem 1. For any m,n,l, we have

l

1 m n
C*(|ly)) = 5 Z Z Z (‘az’jkapqt_aijtaqu’2+|aijk“pqt_aiqkapjt‘2+|aijkapqt_apjkaiqt|2)-
i,p=17,q=1k;t=1
(4)

Proof. For any m,n,l, a pure tripartite state |¢)) € Ha, ® Ha, ® Ha, has the form

m n 1
= 2.2 D> aulijh),

i=1 j=1 k=1
then we can compute
m n 1
. 1
pa= ) > " aijran i) (Opl,
i,p=1 j=1 k=1

2



and
m n l
2 — .. * *
lrpy = E E E @k ik Apgt Vigt
t,p=1j,q=1k,t=1

hence we obtain

1 m n l
- tTP,%l =3 Z Z Z |@ijkapgt — ApjkQigt ?

t,p=1j,g=1kt=1

Similarly, we have

1 m n l
1—trpp = 5 Z Z Z |@ijrapgt — Qigkap;t ?

t,p=1j,q=1kt=1

and

1 m n l
1 — trp2 = y . 2
—wrpe = 5 |@ijkapgt — QijtApgk
i,p=17,q=1k,t=1

Associated with (2), we get our result (4).
The concurrence for a tripartite mixed state p is defined by the convex roof,

Cn(p min piC (1)) 5
( {pu|¢z>}z ' ‘ ‘ ( )
where the minimum is taken over all possible convex decompositions of p into an en-
semble {|1;)} of pure states with probability distribution {p;}.

To evaluate C(p), we project high-dimensional states to ”lower-dimensional” ones.
For a given m®n®l pure state [), we define its s®@s®s, s < m, pure sub-state |¢>S®S®s =
ZZ =11 j =71 Zk k1 G/ij‘Z.]k> E1®E2®E3‘¢> where El - Zl i1 ’><1‘7E2 = j =j1 ’.]><j‘

and Fs = Zk:kl |k)(k|. We denote the concurrence C?(|¢))sgses) by C%(|¥)swses) =
%ZISM“',Z:l |a’iujvkwapz(Iytz _apmjvkwaiqutz|2+ %Zzy“',ZZI |aiujvkwaPzQytZ_aiUkawGPZJﬂtz ’2+
et ik Opagyt — Gigjot. Opygy k| In fact, there are () x (%) x (1) different

s®s® s sub-state [1))sgs@s for a given pure state [¢), where ("), () and (i) are the bi-

S
nomial coefficients. To avoid causing confusion, in the following we simply use |[¢)sgs@s

to denote one of such states, as these sub-states will always be considered together.
For a mixed state p € Hy, ® Ha, ® Ha,, we define its s ® s ® s mixed sub-states by

Pseses = 1 @ Ey ® E3pE1r ® Eg ® ET, having the following matrices form:

Pivjiki,itgiky " " Pivgiky,iigiks Pivgikriigeks " Pivgikyiigeks " " Pitjiky,isisks
Pivjiks,irjiks """ Pivjrks,irjiks Pivjiks,irieks " " Pivjiks,ivjoks " Pivjiks,isjsks
Ps@s®s = | Pirjzkyirjiks” " " Pivjaky irjiks Pivjzka,itgaks " Pivjoki,itgeks " Pivjaki,isjsks (6)

Pivjoks irjiks """ Pivjaks irjiks Pivjaks,irgoky " Pivjaks,ivjoks " Pivjaks,isjsks

p":sjsksailjlkl e pisjskSviljlks pisjsksyilj2kl T pisjsksvilj2ks T pisjsksdsjsks

which are unnormalized tripartite s® s® s mixed states. The concurrence of psgses is defined by
C(ps@sws) = miny_,; p;C(|1;)), minimized over all possible s ® s ® s pure-state decompositions
of psgses = Zi pi|ti), with Zi Pi = Tr(psosws)-



Theorem 2. For any m ® n ® tripartite mized quantum state p € Ha, ® Ha, ® Ha,, assume
2 <m < n <, then the concurrence C(p) satisfies

02(10) 2 Cs@s@s Z Cz(ps®s®s) = Tawsws(P) (7)
Psgs@s
where m > 8 > 2, Csgsns = [(T:QQ) X (Z:g) X (2:11)]7172&@3@5 stands for summing over all

possible s ® s @ s mized sub-states, and Tsgss(p) denotes the lower bound of C?(p) with respect
to the s ® s ® s subspace.

Proof. For any m ® n ® [ tripartite pure quantum state|y)) = >, Z?=1 Zﬁg:l aijklijk),
and any given term

|a’ioj0k0 Apogoto — Fiojoto Lpogoko |27 io # po, (8)
in Eq.(4).
If jo # qo and kg # tg, then there are (7:__22) X (’Z:g) X (2:3) different s ® s ® s sub-states

V) s@sws = B1 ® B2 ® E3|y), with Ey = |io){io| + [po) (pol + iy, 18)(il, B2 = |jo) (ol + lg0) (20| +
is . . ks . s A 1m - s
i |1 Es = ko) (Kol + [to)(to| + 2opy, [k) (K|, where {|i)}iz,, © {|9)}i%y, {10}

. C
J=J3 —
{l7)}j=; and {|k)}:;k3 C {|k)}._,, such that the term (8) appears in the concurrence of
[V)s@ses = E1 @ Ea ® Es|y).

If jo # qo and kg = tg, then there are (7?:22) X (Z:;) X (iii) different s ® s ® s sub-states

[V)swsms = Er @ Bz @ Fyl), with Fy = [ko)(to| + Y32y, [K) (K], where {|k)}ye, € {|k)}e,,
such that the term (8) appears in the concurrence of |)spsps = F1 ® E2 @ F3|1).

Otherwise, if jo = qo and kg # tg, then there are (7::22) X (Z:i) X (i:22) different s® s® s sub-

states [¢)szses = E1 @ F2 @ E3l¢), with F> = [jo) (jol +Z§S:j2 7) (], where {|7) ;S:jz < {17 i=15
such that the term (8) appears in the concurrence of |¢)sgsws = E1 ® Fa ® Es|)).
Since (i:22) < (l_l) and ("_1) X (1—2) < ("_2) X (l_l)7 we have the following relation:

s—1 s—1 s—2 s—2 s—1
m—2 n—2 -1\ , )
(S—2> x <8—2) % (3—1)0 (1)) ZP%vC (I} s@s@s) (9)
equivalently,
C*(|¥)) 2 csgaza D, C([)szsns) (10)
Pigsws

Therefore, for mixed state p = > p;|1;) (1;]|, we have

C(p) = min ZpiC(lw»)

> Vsgamin ypi D C2(|$1) swss)) ?

Ps®s®s
> Cs®s®smin[ Z (Zpi0(|wi>s®s®s)>2]%
PS®S®S i
> esasasl Y (miny piC([ti)seses))?)?
P:gs@s %

= \/Cs@s@s| Z Cz(p8®5®8)]%a

Pgsxs

where the relation [7;(3; ;)% < 22 x?j)% has been used in the second inequality, the
first three minimizations run over all possible pure-state decompositions of the mixed state
p, while the last minimization runs over all s ® s ® s pure-state decompositions of psgsgs =
>, Pilthi) (] associated with p.

Equation (7) gives a lower bound of C(p). One can estimate C(p) by calculating the concur-
rence of the sub-states psgsws, 2 < s < m. different choices of s may give rise to different lower
bounds. A convex combination of these lower bounds is still a lower bound. So, generally we
have the following:



Corollary 1. For any m ® n ® l tripartite mized quantum state p € Ha, ® Hy, ® Ha,, 5 > 2,
assume 2 < m < n <, then the concurrence C(p) satisfies

CQ(ﬁ) > ZpsTs®s®s(p)a (11)
s=2

where 0 <ps <1,s=2,---m and Y . ,ps = L.

Theorem 3. For any s ® s ® s tripartite mized quantum state p € Ha, ® Ha, ® Ha,,s > 2,
then the concurrence C(p) satisfies

C*(p) > CA@uev Z Cg(PA®;L®V) = Taauev(p), (12)

P>\®u®v

where 1 < A < pu < v < s,Crxguer = [(f\:i) X (Z:g) X (iig)]’l,zpwmy stands for summing
over all possible A\ ® 1 ® v mized sub-states, and Taguzu(p) denotes the lower bound of C?(p)

with respect to the A @ u ® v subspace.

Proof. We can use the same method in proof of Theorem 2 to prove the theorem.

The lower bound of concurrence of p in equation (12) is given by the concurrence of sub-
matrix prguey. Choosing different A, 4 and v would result in different lower bounds. Generally,
we have the following Corollary.

Corollary 2. For any s ® s @ s tripartite mized quantum state p € Ha, @ Ha, ® Ha,, 5 > 2,
then the concurrence C(p) satisfies

02(:0) Z Z Z ZPA;WTA@@V(P), (13)

A=2p>Av>p
where 0 < py <L, 1<A<pu<v<sand)  _, ZZ>/\ Zi>upkuv =1.

Associated with Theorem 2 and Theorem 3, we get the other lower bounds of tripartite
mixed state p.

Corollary 3. For any m ® n ® l tripartite mized quantum state p € Ha, @ Ha, ® Ha,,s > 2,
assume 2 < m < n <1, then the concurrence C(p) satisfies

C*(p) > Cs0s0sCAQuEY Z Z C2(ﬂ>\®u®u)v (14)

Ps®s®s P>\®/_L®z/

where s 2 2,1 <A< p<v < s csmems = [(755) % (073) % (207 exaner = [(071) X (75) x
(2:3)]717 ZP5®5®5 stands for summing over all possible s ® s ® s mized sub-states and ZPN@H@V

stands for summing over all possible A ® p @ v mized sub-states.

3 Lower bounds of concurrence for tripartite quantum sys-
tems from lower bounds

The lower bounds (7) and (12) are in general not operationally computable, as we still have
no analytical results for concurrence of lower-dimensional states. If we replace the computation
of concurrence of lower-dimensional sub-states psgsgs and prguey by that of the lower bounds
of three-qubit mixed quantum sub-states, Eq. (7) and (12) gives an operational lower bound
based on known lower bounds. The lower bound obtained in this way should be the same or
better than the previously known lower bounds. Hence (7) and (12) can be used to improve all
the known lower bounds of concurrence by associating with some analytical lower bounds for
three-qubit mixed quantum states [23, 26] in this sense.

Assume g(p) is any lower bound of concurrence, i.e. C(p) > g(p). Then for a given mixed
state p, the concurrence of the projected lower-dimensional mixed state psgsgps satisfies

C(pspses) = tr(PS@s@S)O((tTPS®S®s)71PS®S®S) > tr(ﬂS@S@s)Q((tTPS®S®s)7lps®8®s)- (15)



Associated with (7), we get

Cz(p) 2 Cs®s®s Z CQ(ﬂS@S@S) 2 Cs®s®s Z (tr(ps®s®s))292((trp5®s®s)_1ps®s®s). (16)
Pigss Psgs@s

Here if we choose psgsgs to be the given mixed state p itself, the inequality reduces to C(p) > g(p)
again. Generally, the lower bound ¢g(p) may be improved if one takes into account all the lower-
dimensional mixed states psgsws-

In the following, we will first present an analytical lower bound for 2 ® 2 ® 2 mixed quantum
sub-states like pagag2 by using the Theorem 2 in [26] and (16).

Theorem 4. For any m ® n ® 1 tripartite mized quantum state p € Ha, ® Ha, ® Ha,, assume
2<m <n < let pagage be a2 ®2® 2 mized quantum sub-state, then we have

3 3
C*(p2e2@2) > max D Ulosbasell — tr(pzsas2))®. Y (1R; 5(p2s2e2)ll — tr(pasese))?], (17)
j=1 j=1
and
1 1 3 - 3
02(/’) > -1 Z 3 ax[Z(HszgmzH r(p2z2w2)) 272 HR (P22202)|| —tT(P2®2®2))2]
Prg2@2 J=1 Jj=1

(18)
where p;é@@z stands for partial transposition of pagage with respect to the jth sub-system Aj,
R; 5(pagaw2) is the realignment of pagaga with respect to the bipartite partition between jth and

the rest systems, and ||A|| = Trv AAT is the trace norm of a matriz.

Proof. For the three-qubit mixed quantum statep, by theorem 2 in [26], we have

3 3
*(p) = gmaxl3 (16711~ 1% (1R, 50— 1) =2 4°(0).
j=1 J=1
From (15), we get

c? (Ps@s®s) = (tr(Ps®S®S))292 ((trpswsws)” 1PS®S®S)

3 3
T; _
(tr(ﬂ?@e@s ma;z: Z [(trps@sss)” psé@s@s” 272 R, 5((trpseses) "pseses )| *1)2]
Jj=1 j=1
1 3 3
= §maff[2(||ﬂz®2®z|| — tr(p2g2e2))®, > (I1R; j(p2z2ee)|| — tr(p2s2e2))?].
j=1 j=1

Then, associated with (16), we obtain (18).
(18) gives an operational lower bound of concurrence for any m ® n ® [ tripartite mixed
quantum state. We will show the power of (18) by the following example:

Example 1. we consider the 2® 2 ® 4 quantum mized state p = L1 + t|¢) (@], with |¢) =
1(]000) + [003) + |110) + [113)), where 0 < t < 1 and I1s denotes the 16 x 16 identity matriz.
According to (18), we obtain

0, 0<t<i,
2
C2p) 2 B2, g <t<y,
181t ;658t+57 % < t S 1.
s}

So our result can detect the entanglement of p when % <t <1, see Fig.1. While the result of

Theorem 2 in [23] can not detect the entanglement of the above p.
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Figure 1: Color online for the lower bound concurrence of p for é <t<1.

4 Conclusion

In summary, we have perform a method of constructing some new lower bounds of concurrence
for tripartite mixed states in terms of the concurrence of sub-states. By a example we have
shown that this bound is better for some states than other existing lower bounds of concurrence.
Also the approach can be readily generalized to arbitrary dimensional multipartite systems.
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