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Abstract

We investigate the non-locality distributions among multi-qubit systems based on the maximal

violations of the CHSH inequality of the reduced pairwise qubit systems. We present a trade-off

relation satisfied by these maximal violations, which gives rise to restrictions on the distribution

of non-locality among the sub-qubit systems. For a three-qubit system, it is impossible that all

pair of qubits violate the CHSH inequality, and once a pair of qubits violates the CHSH inequality

maximally, the other two pairs of qubits must both obey the CHSH inequality. Detailed examples

are given to display the trade-off relations, and the trade-off relations are generalized to arbitrary

multi-qubit systems.
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Quantum mechanics exhibits the nonlocality of the nature, as revealed by the violation

of Bell inequality [1]. A quantum state is said to admit a local hidden variable (LHV) model

if all the measurement outcomes can be modeled as a classical random distribution over a

probability space. All quantum states admitting LHV models satisfy any Bell inequalities.

A state that admits no LHV models must violate at least one Bell inequality. The Bell

inequality provides the way to distinguish experimentally between quantum mechanical pre-

dictions and predictions of local realistic models. The violation of the Bell inequalities is also

closely related to the extraordinary power of realizing certain tasks in quantum information

processing such as quantum protocols to decrease communication complexity [2] and secure

quantum communication [3].

For pure quantum states, the quantum entanglement coincides with the violation of Bell

inequalities. Namely, for pure states the entanglement and the non-locality coincide. Any

pure entangled states violate a Bell inequality [4–9]. However, a general mixed entangled

state could admit LHV models. There has been no effective method to judge whether a

mixed state admits a LHV model or not [10–12]. Even for the simple two-qubit Werner

states, the precise threshold value of nonlocality is still unknown [13].

As one of the fundamental differences between quantum entanglement and classical cor-

relations, a key property of entanglement is that a quantum system entangled with one of

other systems limits its entanglement with the remaining ones. The monogamy relations

give rise to the distribution of quantum entanglement in a multipartite systems [14–18].

Monogamy is also an essential feature allowing for security in quantum key distribution [19].

An interesting question one may ask is what the distribution of non-locality in a multi-

partite system would be. Namely, would a quantum system that has non-local correlations

with one of other systems limit its non-local correlations with the remaining systems? In

this paper, by using the Clauser-Horne-Shimony-Holt (CHSH) inequality [20], we study

such non-locality distributions among the multi-qubit systems. We show that quantum cor-

relations captured by the violation of Bell inequalities have to obey interesting trade-off

relations, similar to the distribution of quantum entanglement in multipartite systems. We

present the analytical trade-off relations obeyed by the CHSH test of pairwise qubits in a

three-quibt system. The result is then generalized to general multi-qubit systems.

The well-known CHSH [20] inequality is feasible for experimental verifications. Suppose

two observers, Alice and Bob, are separated spatially and share two qubits. Alice and Bob
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each measures a dichotomic observable with possible outcomes±1 in one of two measurement

settings: A1, A2 and B1, B2, respectively. The CHSH inequality is a constraint on the

correlations between Alice’s and Bob’s measurement outcomes if a local realistic description

is assumed. The the corresponding Bell operator is given by

B = A1 ⊗B1 + A1 ⊗B2 + A2 ⊗B1 − A2 ⊗B2, (1)

where Ai = a⃗i · σ⃗A = axi σ
1
A+a

y
i σ

2
A+a

z
iσ

3
A, Bj = b⃗j · σ⃗B = bxjσ

1
B+b

y
jσ

2
B+b

z
jσ

3
B, a⃗i = (axi , a

y
i , a

z
i )

and b⃗j = (bxj , b
y
j , b

z
j) are real unit vectors satisfying |⃗ai| = |⃗bj| = 1 with i, j = 1, 2, and σ1,2,3

A/B

are Pauli matrices. The CHSH inequality says that if there exist LHV models to describe

the system, the inequality |⟨B⟩ρ| ≤ 2 must hold, where ⟨B⟩ = tr(ρB) is the mean value of the

Bell operator B associated with the system state ρ. For quantum entangled pure states, it is

always possible to find suitable observables A1, A2, B1 and B2 such that inequality |⟨B⟩ρ| ≤ 2

is violated. For instance, taking the maximally entangled state |ψ+⟩ = (|01⟩ − |10⟩)/
√
2,

one may set A1 = σ1, A2 = σ3, B1 = (σ1 + σ3)/
√
2, and B2 = (σ1 − σ3)/

√
2. Then one gets

|⟨B⟩| = 2
√
2, which gives the maximal violation of the CHSH inequality [21].

A two-qubit quantum state ρ can be always expressed in terms of Pauli matrices σi,

i = 1, 2, 3,

ρ =
1

4
I ⊗ I +

3∑
i=1

ri σi ⊗ I +
3∑
j=1

sj I ⊗ σj +
3∑

i,j=1

mij σi ⊗ σj, (2)

where I is the 2 × 2 identity matrix, rk = 1
4
tr(ρ σk ⊗ I), sl =

1
4
tr(ρ I ⊗ σl) and mkl =

1
4
tr(ρ σk⊗σl). We denoteM the matrix with entriesmij. Let ⟨CHSH⟩ρ denote the maximal

mean value ⟨B⟩ρ under all possible measurement settings {Ai, Bj}. Then for a given two-

qubit state ρ, ⟨CHSH⟩ρ is given by [22],

⟨CHSH⟩ρ = max
Ai,Bj

tr(ρB) = 2
√
τ1 + τ2, (3)

where τ1, τ2 are the two largest eigenvalues of the matrix M †M , M † is the conjugate and

transpose of the 3× 3 matrix M .

We first consider three-qubit systems. Let HA, HB and HC be two-dimensional Hilbert

spaces. For a three-qubit state ρABC ∈ HA ⊗HB ⊗HC , we denote ρAB = trCρABC , ρAC =

trBρABC , ρBC = trAρABC the reduced two-qubit density matrices of ρABC .

Theorem. For any three-qubit state ρABC ∈ HA ⊗HB ⊗HC , the maximal violation of

the CHSH tests on the pairwise bipartite states satisfies the following trade-off relation,

⟨CHSH⟩2ρAB
+ ⟨CHSH⟩2ρAC

+ ⟨CHSH⟩2ρBC
≤ 12. (4)
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Proof. From the formula (3), for any bipartite state ρXY (XY = AB,AC,BC), the

square of its maximal value of the CHSH Bell operator satisfies

⟨CHSH⟩2ρXY
= 4(

∑
s,t

mXY
st (mXY

st )∗ −min τ) ≤ 4
∑
s,t

mXY
st (mXY

st )∗, (5)

where min τ is the minimum eigenvalue of M †M , mXY
st are the entries of the corresponding

matrix M with respect to the state ρXY .

We first prove the Theorem for the case of pure states. Consider a pure three-qubit state

|ψ⟩ =
∑1

i,j,k=0 aijk|ijk⟩ ∈ HA ⊗ HB ⊗ HC , where aijk satisfy the normalization condition,∑1
i,j,k=0 aijka

∗
ijk = 1. From (5) we have

⟨CHSH⟩2ρAB
+ ⟨CHSH⟩2ρAC

+ ⟨CHSH⟩2ρBC

≤ 4
3∑

s,t=1

[mAB
st (mAB

st )∗ +mAC
st (mAC

st )∗ +mBC
st (mBC

st )∗],

where ρAB = trC(|ψ⟩⟨ψ|) =
∑1

im,jm=0

∑1
in,jn=0

∑1
k=0 aimjmka

∗
injnk

|imjm⟩⟨injn| ∈ HA ⊗ HB,

mAB
st = tr(ρABσs ⊗ σt). So do ρAC , m

AC
st and ρBC , m

BC
st . From the explicit expressions of

the coefficients mAB
st , mAC

st and mBC
st we have

3∑
s,t=1

[mAB
st (mAB

st )∗ +mAC
st (mAC

st )∗ +mBC
st (mBC

st )∗]

=
∑

1≤k<l≤3

{1 +
∑
ik ̸=jk

∑
il,jl

∑
ikl,jkl

[aikiliklajkjljkl(aikiljkl)
∗(ajkjlikl)

∗ − aikiliklajkjljkl(aikjlikl)
∗(ajkiljkl)

∗]

+
∑
il ̸=jl

∑
ik,jk

∑
ikl,jkl

[aikiliklajkjljkl(aikiljkl)
∗(ajkjlikl)

∗ − aikiliklajkjljkl(aikjljkl)
∗(ajkilikl)

∗]}

=
∑

1≤k<l≤3

1 = 3.

Therefore for any pure three-qubit state, we have the trade-off relation (4).

Now for any mixed state ρABC = Σi pi|ϕi⟩⟨ϕi| ∈ HA ⊗HB ⊗HC , 0 < pi ≤ 1,
∑

i pi = 1,

we have
1

4
(⟨CHSH⟩2trA(ρABC) + ⟨CHSH⟩2trB(ρABC) + ⟨CHSH⟩2trC(ρABC))

≤ (
∑
i

piai)
2 + (

∑
i

pibi)
2 + (

∑
i

pici)
2

≤ 1

2

∑
i,j

pipj(a
2
i + b2i + c2i + a2j + b2j + c2j)

≤ 3
∑
i,j

pipj = 3,
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where ai = ⟨CHSH⟩trA(|ϕi⟩⟨ϕi|), bi = ⟨CHSH⟩trB |ϕi⟩⟨ϕi|), and ci = ⟨CHSH⟩trC(|ϕi⟩⟨ϕi|). Hence

(4) holds also for mixed states.

The trade-off relation (4) gives rise to restrictions on the distribution of non-locality

among the subsystems. Generally the maximal mean value of the CHSH Bell operator could

be 2
√
2, i.e. ⟨CHSH⟩2ρXY

may be 8. However, instead of 24, the bound in the right hand

side of (4) is 12.

Theorem implies that in a three-qubit system, it is impossible that all the pairs of qubits

violate the CHSH inequality, that is, ⟨CHSH⟩ρXY
> 2 for all XY = AB,AC,BC would not

happen. Moreover, if one of the three pairs of qubits reaches the maximal violation of the

CHSH inequality, say, ⟨CHSH⟩ρAB
= 2

√
2, then the other two pairs of qubits can not violate

the CHSH inequality any more, since in this case we have ⟨CHSH⟩2ρBC
+ ⟨CHSH⟩2ρAC

≤ 4,

which implies that ⟨CHSH⟩ρBC
≤ 2 and ⟨CHSH⟩ρAC

≤ 2.

For an intuitive analysis of the trade-off relation (4), let us consider the generalized

Schmidt decomposition of a three-qubit state |Ψ⟩ [23],

|Ψ⟩ = λ0|000⟩+ λ1e
iψ|100⟩+ λ2|101⟩+ λ3|110⟩+ λ4|111⟩ (6)

with normalization
∑

i λ
2
i = 1 and 0 ≤ ψ ≤ π. From the reduced density matix

ρAB = trC(|Ψ⟩⟨Ψ|) =


λ20 0 λ0λ1e

−iψ λ0λ3

0 0 0 0

λ0λ1e
iψ 0 λ21 + λ22 λ1λ3e

iψ + λ2λ4

λ0λ3 0 λ1λ3e
−iψ + λ3λ4 λ23 + λ24

 ,

one has the corresponding Pauli coefficient matrices MAB = tr(ρABσs ⊗ σt),

MAB =


2λ0λ3 0 2λ0λ1 cosψ

0 −2λ0λ3 2λ0λ1 sinψ

−2(λ1λ3 cosψ + λ2λ4) 2λ1λ3 sinψ λ20 + λ23 + λ24 − λ21 − λ22

 .

MAC and MBC can be obtained similarly.
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For the simplicity we take λ4 = 0. Direct calculation gives

⟨CHSH⟩2ρBC
= 2[(1− 2λ20)

2 + 4(λ20λ
2
1 + 3λ22λ

2
3)

+
√

[(1− 2λ20)
2 + 4(λ20λ

2
1 + λ22λ

2
3)]

2 − 16λ22λ
2
3(1− 2λ20)

2)],

⟨CHSH⟩2ρAC
= 2[(1− 2λ23)

2 + 4(3λ20λ
2
2 + λ21λ

2
3)

+
√

[(1− 2λ23)
2 + 4(λ20λ

2
2 + λ21λ

2
3)]

2 − 16λ20λ
2
2(1− 2λ23)

2)],

⟨CHSH⟩2ρAB
= 2[(1− 2λ22)

2 + 4(3λ20λ
2
3 + λ21λ

2
2)

+
√

[(1− 2λ22)
2 + 4(λ20λ

2
3 + λ21λ

2
2)]

2 − 16λ20λ
2
3(1− 2λ22)

2)].

(7)

First, let us consider the saturation of the inequality (4). By optimizing the left hand

side of (4) under the normalization
∑3

i=0 λ
2
i = 1, we have that the upper bound is achieved

when λ0 → −0.423, λ1 → 0.906, λ2 → 0, λ3 → 0, that is ⟨CHSH⟩2ρAB
+ ⟨CHSH⟩2ρAC

+

⟨CHSH⟩2ρBC
= 12. In this case, there is no violation of the CHSH inequality for any reduced

two-qubit density matrices.

Second, let us have a comparison between our trade-off relation and the monogamy re-

lations of CHSH tests [24–27]. Our trade-off relation gives the restriction on the maximal

violations among the reduced two-qubit systems. An optimal measurement setting which

gives rise to the maximal violation for one pair of reduced density matrix is generally dif-

ferent to that for other pairs of reduced density matrices. While in the study of monogamy

relations, the same measurement settings are applied to the common party of both reduced

states. In [24] a monogamy relation has been presented, ⟨CHSH⟩2ρAC
+ ⟨CHSH⟩2ρBC

≤ 8,

which can be violated by some three-quibt states if different measurement settings are al-

lowed to be used for measuring ρAC and ρBC respectively. For instance, for λ0 → −0.71

,λ1 → 0.69, λ2 → 0.12, λ3 → −0.01, we have ⟨CHSH⟩2ρAC
= 4.15, ⟨CHSH⟩2ρBC

= 3.88,

which implies ⟨⟨CHSH⟩2ρAC
+ CHSH⟩2ρBC

= 8.03 > 8.

To display the trade-off relations among a three-qubit system, let us set λ1 = 0, λ0 =

cosα, λ2 = sinα cos β, λ3 = sinα sin β, where α ∈ [0, π] and β ∈ [0, 2π] in (7). Fig.1 shows

the trade off relations among the maximal values of the CHSH tests on pairwise subsystems.

By choosing λ0 =
√
2
2
, λ2 =

√
2
2
cos θ and λ3 =

√
2
2
sin θ we obtain the plane graph Fig. 2.

From the Fig. 2 one can see that when one pair of qubits achieves the maximal violation

of the CHSH inequality, the other two pairs of qubits can no longer violate the CHSH

inequality.

The Theorem can be generalized to arbitrary n-qubit systems. Let ρA1A2...An ∈ HA1 ⊗

HA2⊗· · ·⊗HAn be an n-qubit state. Let ρAiAj
∈ HAi⊗HAj , i ̸= j, be the reduced two-qubit
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Fig. 1. (Color online) Q denotes the maximal values of CHSH tests on ρAB (light-blue areas),

ρAC (green areas), and ρBC (yellow areas). Whenever one of the three pairs of qubits achieves the

maximal value of the CHSH operator, the other two pairs of qubits satisfy the CHSH inequality.

Fig. 2. (Color online) The thick line denotes the maximal value of CHSH tests for ρAB, dashed

and dotted lines for ρAC and ρBC , respectively.

state by tracing over the rest spaces except for the i and j-th.

Corollary. The maximal values of the CHSH tests on all reduced two-qubit states have

following trade-off relation,

n∑
i<j

⟨CHSH⟩2ρAiAj
≤ 2n(n− 1). (8)

Proof. For any given three-qubit state, say, i ̸= j ̸= k, from Theorem there exists a

trade-off relation,

⟨CHSH⟩2ρAiAj
+ ⟨CHSH⟩2ρAiAk

+ ⟨CHSH⟩2ρAjAk
≤ 12 = 4

(
3

2

)
,

where
(
m
n

)
= m!/(n!(m−n)!). There are

(
n
3

)
tri-qubit subsystems in an n-qubit state, which
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leads to ∑
i<j

⟨CHSH⟩2ρAiAj
≤ 4

(
n

3

)(
3

2

)
= 4

(
n

2

)
= 2n(n− 1).

Bell inequalities play important roles in the investigation of quantum nonlocal correlations

and quantum entanglement. By investigating the maximal violations of CHSH inequalities

of pairwise sub-qubit systems of a multi-qubit system, we have presented a trade-off relation

among these pairwise violations. The trade-off relation gives rise to restrictions on the

distribution of non-locality among the subsystems. It implies that for a three-qubit system,

it is impossible that all pair of qubits states violate the CHSH inequality simultaneously.

And if one of the three pairs of qubits violates the CHSH inequality maximally, the other two

pairs of qubits must both obey the CHSH inequality. Moreover, this trade-off relation could

be also used to quantify some kinds of genuine three-qubit quantum non-locality when each

pair of qubit states admits LHV models. Here it should be noted that, since the reduced

two-qubit states are mixed ones, the CHSH inequality is neither necessary nor sufficient to

verify the nonlocality. Other Bell inequalities based trade-off relations are also desired for

investigation of non-locality distributions.
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