
Max-Planck-Institut

für Mathematik

in den Naturwissenschaften

Leipzig

Generalized Monogamy Relations of

Concurrence for N-qubit Systems

by

Xue-Na Zhu and Shao-Ming Fei

Preprint no.: 7 2016





Generalized Monogamy Relations of Concurrence for N-qubit Systems

Xue-Na Zhu1 and Shao-Ming Fei2,3
1School of Mathematics and Statistics Science, Ludong University, Yantai 264025, China

2School of Mathematical Sciences, Capital Normal University, Beijing 100048, China
3Max-Planck-Institute for Mathematics in the Sciences, 04103 Leipzig, Germany

We present a new kind of monogamous relations based on concurrence and concurrence of assis-
tance. For N -qubit systems ABC1...CN−2, the monogamy relations satisfied by the concurrence of
N -qubit pure states under the partition AB and C1...CN−2, as well as under the partition ABC1 and
C2...CN−2 are established, which give rise to a kind of restrictions on the entanglement distribution
and trade off among the subsystems.
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Quantum entanglement [1–6] is an essential feature of
quantum mechanics, which distinguishes the quantum
from classical world. As one of the fundamental differ-
ences between quantum entanglement and classical cor-
relations, a key property of entanglement is that a quan-
tum system entangled with one of other systems limits its
entanglement with the remaining others. In multipartite
quantum systems, there can be several inequivalent types
entanglement among the subsystems and the amount of
entanglement with different types might not be directly
comparable to each other. The monogamy relation of en-
tanglement is a way to characterize the different types of
entanglement distribution. The monogamy relations give
rise to the structures of entanglement in the multipartite
setting. Monogamy is also an essential feature allowing
for security in quantum key distribution [7]. Monogamy
relations are not always satisfied by entanglement mea-
sures. Although the concurrence and entanglement of
formation do not satisfy such monogamy inequality, it
has been shown that the αth (α ≥ 2) power of concur-

rence and αth (α ≥
√
2) power entanglement of forma-

tion for N -qubit states do satisfy the monogamy relations
[8].
In this paper, we study the general monogamy inequal-

ities satisfied by the concurrence and concurrence of assis-
tance. We show that the concurrence of multi-qubit pure
states satisfies some generalized monogamy inequalities.
The concurrence for a bipartite pure state |ψ⟩AB is

given by [10–12]

C(|ψ⟩AB) =
√
2[1− Tr(ρ2A)], (1)

where ρA is the reduced density matrix by tracing over
the subsystemB, ρA = TrB(|ψ⟩AB⟨ψ|). The concurrence
is extended to mixed states ρ =

∑
i pi|ψi⟩⟨ψi|, 0 ≤ pi ≤ 1,∑

i pi = 1, by the convex roof extension,

C(ρAB) = min
{pi,|ψi⟩}

∑
i

piC(|ψi⟩), (2)

where the minimum is taken over all possible pure state
decompositions of ρAB .
For a tripartite state |ψ⟩ABC , the concurrence of assis-

tance is defined by [13]

Ca(|ψ⟩ABC) ≡ Ca(ρAB) = max
{pi,|ψi⟩}

∑
i

piC(|ψi⟩), (3)

for all possible ensemble realizations of ρAB =
TrC(|ψ⟩ABC⟨ψ|) =

∑
i pi|ψi⟩AB⟨ψi|. When ρAB =

|ψ⟩AB⟨ψ| is a pure state, then one has C(|ψ⟩AB) =
Ca(ρAB).

For an N -qubit state |ψ⟩AB1...BN−1
, the concurrence

C(|ψ⟩A|B1...BN−1
) of the state |ψ⟩A|B1...BN−1

, viewed as
a bipartite state with partition A and B1B2...BN−1, sat-
isfies the Coffman-Kundu-Wootters inequality (N = 3)
[14] and its generalization to N−qubit case. In [8, 9] it
has been shown that the concurrence of a state ρ satisfies
a more general monogamy inequality,

CαA|B1B2...BN−1
≥ CαAB1

+ CαAB2
+ ...+ CαABN−1

,

where ρABi = TrB1...Bi−1Bi+1...BN−1
(ρ),

CA|B1B2...BN−1
= C(|ψ⟩A|B1...BN−1

), CABi =

C(ρABi)(i = 1, ..., N − 1) and α ≥
√
2. The dual

inequality in terms of the concurrence of assistance for
N−qubit states has the form [15],

C2(|ψ⟩A|B1...BN−1
) ≤

N−1∑
i=1

C2
a(ρABi). (4)

The concurrence (1) is related to the linear entropy of
a state ρ [16],

T (ρ) = 1− Tr(ρ2).

For a bipartite state ρAB , T (ρ) has property [17],

|T (ρA)− T (ρB)| ≤ T (ρAB) ≤ T (ρA) + T (ρB). (5)

Theorem 1 For any 2⊗ 2⊗ ...⊗ 2⊗ 2 pure state |ψ⟩ =
|ψ⟩ABC1C2...CN−2

, we have

C2(|ψ⟩AB|C1C2...CN−2
)

≥ max

{
N−2∑
i=1

[
C2(ρACi)− C2

a(ρBCi)
]
,

N−2∑
i=1

[
C2(ρBCi)− C2

a(ρACi)
]}

,

(6)
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where ρAB = TrC1...CN−2(|ψ⟩⟨ψ|), ρACi =
TrBC1...Ci−1Ci+1...CN−2

(|ψ⟩⟨ψ|) and ρBCi
=

TrAC1...Ci−1Ci+1...CN−2
(|ψ⟩⟨ψ|).

[Proof] For 2⊗2⊗ ...⊗2⊗2 pure state |ψ⟩ABC1...CN−2 ,
one has:

C2
AB|C1...CN−2

(|ψ⟩) = 2(1− TrρAB)

≥ |2(1− Tr(ρA))− 2(1− Tr(ρB))|

= |C2
A|BC1...CN−2

− C2
B|AC1...CN−2

|,

the first inequality is due to the left inequality in (5).
For a 2 ⊗ 2 ⊗ m quantum pure state |ψ⟩ABC , it has

been shown that C2
a(ρAB) = C2(ρAB) + τC2 (|ψ⟩ABC)

[18], where τC2 (|ψ⟩ABC) = C2
A|BC − C2

AB − C2
AC is

the three tangle of concurrence, CA|BC is the con-
currence of under bipartition A|BC for pure state
|ψ⟩ABC , ρAB(AC)=TrC(B)

(|ψ⟩ABC⟨ψ|) and CAB(AC) =

C(ρAB(AC)). Namely,

C2
A|BC1...CN−2

= C2
a(ρAB) + C2(ρA|C1...CN−2

).

Hence we have

C2
AB|C1...CN−2

(|ψ⟩)

≥ C2
A|BC1...CN−2

− C2
B|AC1...CN−2

≥ C2(ρA|C1...CN−2
)−

N−2∑
i=1

C2
a(ρBCi

)

≥
N−2∑
i=1

C2(ρACi)−
N−2∑
i=1

C2
a(ρBCi),

where the seconde inequality is due to (4).
Similar to above derivation, by using that

C2
AB|C1...CN−2

(|ψ⟩) ≥ C2
B|AC1...CN−2

− C2
A|BC1...CN−2

,

we can obtain another inequality in (6).

Theorem 1 shows that the entanglement contained in
the pure states |ψ⟩ABC1...CN−2 is related to the sum of
entanglement between bipartitions of the system.
The lower bound in inequalities (6) is easily calculable.

As an example, let us consider the four-qubit pure state

|ψ⟩ABCD =
1√
2
(|0000⟩+ |1001⟩). (7)

We have ρACD = TrB(|ψ⟩ABCD⟨ψ|) = 1
2 (|000⟩ +

|101⟩)(⟨000| + ⟨101|), ρBCD = TrA(|ψ⟩ABCD⟨ψ|) =
1
2 (|000⟩⟨000|+ |001⟩⟨001|), C(ρAC) = 0, C(ρAD) = 1 and
Ca(ρBC) = Ca(ρBD) = 0. Therefor, C(|ψ⟩AB|CD) ≥ 1,
namely, the state |ψ⟩ABCD saturates the inequality (6).
Theorem 1 gives a monogamy-type lower bound of

C(|ψ⟩AB|C1C2...CN−2
). According to the subadditivity of

the linear entropy, we also have:

Theorem 2 For any 2 ⊗ 2 ⊗ ... ⊗ 2 ⊗ 2 pure state
|ψ⟩ABC1...CN−2

, we have

C2(|ψ⟩AB|C1...CN−2
) (8)

≤ 2C2
a(ρAB) +

N−2∑
i=1

(
C2
a(ρACi) + C2

a(ρBCi)
)
,

where ρAB = TrC1...CN−2
(|ψ⟩⟨ψ|), ρACi =

TrBC1...Ci−1Ci+1...CN−2(|ψ⟩⟨ψ|) and ρBCi =
TrAC1...Ci−1Ci+1...CN−2

(|ψ⟩⟨ψ|).

[Proof] For any 2 ⊗ 2 ⊗ ... ⊗ 2 ⊗ 2 pure state
|ψ⟩ABC1...CN−2 , one has

C2
AB|C1...CN−2

(|ψ⟩)
= 2(1− Tr(ρAB))

≤ 2(1− Tr(ρA)) + 2(1− Tr(ρB))

= C2
A|BC1...CN−2

+ C2
B|AC1...CN−2

≤ 2C2
a(ρAB) +

N−2∑
i=1

C2
a(ρACi) +

N−2∑
i=1

C2
a(ρBCi),

where the first inequality is due to the subadditivity of
the linear entropy and the second inequality is due to
(4).

For the four-qubit state (7), we have Ca(ρAB) =
Ca(ρAC) = Ca(ρBC) = Ca(ρBD) = 0 and Ca(ρAD) = 1.
Then from (8) we have C(|ψ⟩AB|CD) ≤ 1. The state
|ψ⟩ABCD also saturates the inequality (8).

From the Theorems 1 and 2, in fact, one has

| C2(|ψ⟩A|BC1...CN−2
)− C2(|ψ⟩B|AC1...CN−2

)|
≤ C2(|ψ⟩AB|C1...CN−2

) (9)

≤ C2(|ψ⟩A|BC1...CN−2
) + C2(|ψ⟩B|AC1...CN−2

).

(9) implies that if the system between B(A) and
C1...CN−2 is separable, then the entanglement between
the system AB and C1...CN−2 is equal to the entangle-
ment between the system A(B) and C1...CN−2 for pure
states |ψ⟩ABC1...CN−2

.
From (9), we have C2(|ψ⟩A|BC1...CN−2

) ≤
C2(|ψ⟩B|AC1...CN−2

) + C2(|ψ⟩AB|C1...CN−2
) and

C2(|ψ⟩B|AC1...CN−2
) ≤ C2(|ψ⟩A|BC1...CN−2

)| +

C2(|ψ⟩AB|C1...CN−2
), i.e, the sum of any two

of C2(|ψ⟩A|BC1...CN−2
), C2(|ψ⟩B|AC1...CN−2

) and

C2(|ψ⟩AB|C1...CN−2
) is greater than or equal to the

third. For convenience, we define c = C2
AB|C1...CN−2

,

a = C2
A|BC1...CN−2

and b = C2
B|AC1...CN−2

. In term of

(9), we can conclude that for any 2 ⊗ 2 ⊗ ... ⊗ 2 ⊗ 2
pure state |ψ⟩A|BC1...CN−2

, there are three vectors a⃗,

b⃗ and c⃗ with lengthes a, b and c, respectively, which

satisfy c⃗ = a⃗ + b⃗. For example, consider the pure state
|φ⟩ABCD = 1√

3
(|0000⟩ + |0010⟩ + |1010⟩). We have

C(|φ⟩AB|CD) = 2
3 and C(|φ⟩A|BCD) = C(|φ⟩B|ACD) =
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2
√
2

3 . Then we have c⃗ = a⃗ + b⃗, where a⃗ = 2
9 e⃗1 +

2
√
15
9 e⃗2,

b⃗ = 2
9 e⃗1 −

2
√
15
9 e⃗2, c⃗ =

4
9 e⃗1, e⃗1 and e⃗2 are two orthogonal

basic vectors in a plane.
Now we consider further the generalized monogamy

relations in terms of arbitrary partitions for the N -qubit
generalized W -class states [19]:

|W ⟩A1...AN = a1|1 · · · 0⟩A1...AN + · · ·+ aN |0 · · · 1⟩A1...AN ,

where
∑N
i=1 |ai|2 = 1. One has C(ρApAq ) = Ca(ρApAq )

(p ̸= q ∈ {1, ..., N}). Then (6) and (8) give rise to

|
∑
t∈I

[C2(ρAiAt)− C2(ρAjAt)]|

≤ C2(|ψ⟩AiAj |AiAj
) (10)

≤ 2C2(ρAiAj ) +
∑
t∈I

[C2(ρAiAt) + C2(ρAjAt)],

where 1 ≤ i < j ≤ N , {AiAj} =
{A1...Ai−1Ai+1...Aj−1Aj+1...AN} and I =
{1, 2, ..., i− 1, i+ 1, ..., j − 1, j + 1, ..., N}.
The inequality Eq.(10) implies that the entanglemen-

t (square of concurrence) between AiAj and the oth-
er qubits cannot be more than the sum of the individ-
ual entanglements between Ai and each of the N − 1
remaining qubits and the the individual entanglements
between Aj and each of the N − 1 remaining qubit-
s. Take 5-qubit generalized W -class states as an exam-
ple, one has C2

AB|C1C2C3
≤

∑
t={B,C1,C2,C3} C

2(ρAt) +∑
t={A,C1,C2,C3} C

2(ρBt), see Fig. 1.

+ + +

++

2

+

£

FIG. 1: Generalized monogamy for five-qubit generalized W -
class states.

Now we generalize our results to the concurrence
CABC1|C2...CN−2

under partition ABC1 and C2...CN−2

for pure state |ψ⟩ABC1C2...CN−2 , similar to the theorem 1
and the theorem 2, we can obtain the following corollar-
ies:

Corollary 1: For any N -qubit pure state
|ψ⟩ABC1C2...CN−2 , we have

C2(|ψ⟩ABC1|C2...CN−2
) (11)

≥ max
{N−2∑
i=1

C2(ρACi)−
N−2∑
i=1

C2
a(ρBCi),

N−2∑
i=1

C2(ρBCi)−
N−2∑
i=1

C2
a(ρACi)

}
−
∑
j∈J

C2
a(ρC1j),

where J = {A,B,C2, ..., CN−2} and ρC1j is the reduced
density matrix by tracing over the subsystems except for
C1 and j.

[proof] For any N -qubit pure state |ψ⟩ABC1C2...CN−2 ,
we have

C2 (|ψ⟩ABC1|C2...CN−2
)

= 2(1− Tr(ρ2ABC1
))

≥ 2(1− Tr(ρ2AB))− 2(1− Tr(ρ2C1
))

= C2(|ψ⟩AB|C1C2...CN−2
)− C2(|ψ⟩C1|ABC2...CN−2

),

the first inequality is due to T (ρABC1
) ≥ T (ρAB) −

T (ρC1). Combining Theorem 1 and (4), we obtain (11).
On the other hand, from the property of linear entropy,

T (ρABC1) ≥ T (ρC1) − T (ρAB), we also can obtain the
follow corollary.

Corollary 2: For any N -qubit pure state
|ψ⟩ABC1...CN−2 , we have

C2(|ψ⟩ABC1|C2...CN2
) (12)

≥ C2ρAC1 + C2(ρBC1) +
N−2∑
i=2

C2(ρC1Ci)

− 2C2
a(ρAB)−

N−2∑
i=1

(
C2
a(ρACi) + C2

a(ρBCi)
)
,

and

C2(|ψ⟩ABC1|C2...CN2
) (13)

≤ 2C2
a(ρAB) +

N−2∑
i=1

(
C2
a(ρACi) + C2

a(ρBCi)
)

+
∑
j∈J

C2
a(ρC1j),

where J and ρC1j are defined as in Corollary 1.

In corollary 2, the upper bound is due to the right
inequality of (4) and (5). Analogously, by use of
T (ρABC1) ≥ |T (ρAC1) − Tr(ρB)|, T (ρABC1) ≥ |T (ρA) −
Tr(ρBC1)| and T (ρABC1) ≤ {T (ρA)+T (ρBC1), T (ρAC1)+
T (ρB)}, one can get more results like (11), (12) and (13).
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The lower bounds in corollary 1 and corollary 2 are not
equivalent. We consider the following two examples to
show that corollary 1 and corollary 2 give rise to differ-
ent lower bounds.
Example 1: Let us consider the pure state

|ψ⟩ABC1C2C3C4 = 1√
2
(|000000⟩ + |101000⟩). We have

C(ρAB) = C(ρACi) = Ca(ρACi) = C(ρC1Ci) =
Ca(ρC1Ci) = 0 for i = 2, 3, 4; C(ρBCi) = Ca(ρBCi) = 0
for i = 1, 2, 3, 4, and C(ρAC1

) = Ca(ρAC1
) = 1. Thus

C(|ψ⟩) ≥ 1 from (11) and C(|ψ⟩) ≥ 0 from (12). Namely
bound (11) is better than (12) in this case.
Example 2: For the state |ψ⟩ABC1C2C3C4 =

1√
2
(|000000⟩ + |001100⟩), it is straightforward to calcu-

late that C(ρAB) = C(ρACi) = C(ρBCi) = C(ρC1C3) =
C(ρC1C4) = Ca(ρACi) = Ca(ρBCi) = 0, i = 1, 2, 3, 4 and
C(ρC1C2

) = Ca(ρC1C2
) = 1. Hence C(|ψ⟩) ≥ 0 from (11),

C(|ψ⟩) ≥ 1 from (12) and bound (12) is better than (11)
for this state.
We have presented the generalized monogamy rela-

tions of concurrence for N -qubit systems, by showing the
relations among C(|ψ⟩AB|C1...CN−2

), CAB , CACi , CBCi ,
Ca(ρACi) and Ca(ρBCi), 2 ≤ i ≤ N − 2, which give rise
to the lower and upper bounds on the entanglement
sharing among the partitions. Theorem 1 (Theorem 2)
gives a lower (an upper) bound of C(|ψ⟩AB|C1...CN−2

). It

has been shown that although C(|ψ⟩AB|C1...CN−2
),

C(|ψ⟩A|BC1...CN−2
) and C(|ψ⟩B|AC1...CN−2

) do

not satisfy relation like C2(|ψ⟩AB|C1...CN−2
) =

C2(|ψ⟩A|BC1...CN−2
) + C2(|ψ⟩B|AC1...CN−2

), they do
satisfy the triangle inequality: the sum of any two of
them is greater or equal to the third.

Entanglement monogamy is a fundamental property of
multipartite entangled states. We have presented a new
kind of monogamy relations satisfied by the concurrence
ofN -qubit pure states under partitionAB and C1...CN−2

as well as under partition ABC1 and C2...CN−2. These
relations also give rise to a kind of trade off relations
related to the lower and upper bounds of concurrences.
Similar results can be obtained for concurrences under
arbitrary partitions CABC1...Ci|Ci+1...CN−2

(2 ≤ i < N −
1). Such restrictions on entanglement distribution may
be also true for other measures of quantum correlations
like negativity or quantum discord.
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