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Abstract

Various tensor formats are used for the data-sparse representation of large-scale tensors. Here we
investigate how symmetric or antiymmetric tensors can be represented. The analysis leads to several
open questions.
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1 Introduction

We consider tensor spaces of huge dimension exceeding the capacity of computers. Therefore the numerical
treatment of such tensors requires a special representation technique which characterises the tensor by data
of moderate size. These representations (or formats) should also support operations with tensors. Examples
of operations are the addition, the scalar product, the componentwise product (Hadamard product), and
the matrix-vector multiplication. In the latter case, the ‘matrix’ belongs to the tensor space of Kronecker
matrices, while the ‘vector’ is a usual tensor.

In certain applications the subspaces of symmetric or antisymmetric tensors are of interest. For instance,
fermionic states in quantum chemistry require antisymmetry, whereas bosonic systems are described by
symmetric tensors. The appropriate representation of (anti)symmetric tensors is seldom discussed in the
literature. Of course, all formats are able to represent these tensors since they are particular examples of
general tensors. However, the special (anti)symmetric format should exclusively produce (anti)symmetric
tensors. For instance, the truncation procedure must preserve the symmetry properties.

The formats in use are the r-term format (also called the canonical format), the subspace (or Tucker)
format, and the hierarchical representation including the TT format. In the general case, the last format has
turned out to be very efficient and flexible. We discuss all formats concerning application to (anti)symmetric
tensors.

The r-term format is seemingly the simplest one, but has several numerical disadvantages. In §2 we discuss
two different approaches to representing (anti)symmetric tensors. However, they inherit the mentioned
disadvantages.

As explained in §3, the subspace (or Tucker) format is not helpful.

The main part of the paper discusses the question how the TT format can be adapted to the symmetry
requirements. The analysis leads to unexpected difficulties. In contrast to the general case, the subspaces
U, involved in the TT format (see §4.3) have to satisfy conditions which are not easy to check. We can
distinguish the following two different situations.

In the first case we want to construct the T'T format with subspaces U; not knowing the tensor v to
be represented in advance. For instance we change U; to obtain a variation of v, or the dimension of U;
is reduced to obtain a truncation. In these examples, v is obtained as a result on the chosen Uj. It turns
out that the choice of Uj is delicate. If U, is too small, no nontrivial tensors can be represented. On the
other hand, U; may contain a useless nontrivial part, i.e., U; may be larger than necessary. The algebraic
characterisation of the appropriate U; is rather involved.

In the second case, we start from v and know the minimal subspaces U (v) (cf. (1.9)). Then U™ (v) C
U, is a sufficient condition. However, as soon as we want to truncate the tensor v, its result v/ must be
determined from modified subspaces U;» so that we return to the difficulties of the first case.



In Section 8 we describe the combination of the TT format and the ANOVA technique for symmetric
tensors. This leads to a favourable method as long as the ANOVA degree is moderate.

Quite another approach for antisymmetric tensors is the so-called ‘second quantisation’ (cf. Legeza et al.
[12, §2.3]) which does not fit into the following schemes.

1.1 Tensor Notation
1.1.1 Tensors Spaces

In the general case, vector spaces V; (1 < j < d) are given which determine the algebraic tensor space

V= ®?:1 V;. The common underlying field of the vector spaces V; is either R or C. In the following we
write K for either of the fields. In the particular case of

V=V forall1<j<d (1.1)

we write V := @2V, Set
D:={1,...,d} (1.2)

and consider any nonempty subset o« C D. We set
V., := (g) V. 1.
JEa J ( 3)

Note that V = Vp is isomorphic to Vo, ® Vp\4 -
We assume that V' is a pre-Hilbert space with the scalar product (-,-). Then V and each V,, is defined
as a pre-Hilbert space with the induced scalar product uniquely defined by (cf. [9, Lemma 4.124])

<®j€a o), ®jea w(j)> = Hjea <v<j>7w(j>> _ (1.4)

1.1.2 Functionals

Let o, € V|, be a linear functional. The same symbol ¢, is used for the linear map ¢, : V. — Vpy, defined

by
d

o <®j—1 U(j)) o (®jea o) R, 15

(it is sufficient to define a linear map by its action on elementary tensors, cf. [9, Remark 3.55]). In the
case of (1.1) and ¢ € V’/ we introduce the following notation. The linear mapping ¢*) : @V — @41V is

defined by
d

S <®j=1 U(j)) = ¢ (4) ®, .0 (1.6)

1.1.3 Permutations and (Anti)symmetric Tensor Spaces

A permutation 7 € Py is a bijection of D onto itself. For v, u € D, the permutation 7, is the transposition
swapping the positions v and p. If v = u, m,, is the identity id. Let V = ®%V. Then the symbol of the
permutation 7 is also used for the linear map 7 : V — V defined by

d d

i (®j_1 v(j)) @' v,

Each permutation 7 is a (possibly empty) product of transpositions: @ = Ty, © Ty, O ... O My, p, With
v; # p; (1 <i < k). The number k determines the parity +1 of the permutation: sign(r) = (—1)".
A tensor v € ®9V is called symmetric if 7w(v) = v for all permutations, and antisymmetric if
m(v) = sign(m)v. This defines the (anti)symmetric tensor space:
Vom = {ve®WV n(v)=v}, (1.7a)
Vanti := {v e W : w(v) = sign(ﬂ')v} . (1.7b)



If the parameter d should be emphasised, we also write Vé;lzn and V_((li)ti. Correspondingly, if U C V is a

subspace, the (anti)symmetric tensors in ®?U are denoted by Uéfj%n, resp. U Another notation for V9

anti* anti

is A’V using the exterior product A.

Besides the well-known applications in physics (cf. [2]), symmetric and antisymmetric tensors occur in
different mathematical fields.

The symmetric tensor space is related to multivariate polynomials which are homogenous of degree d,
ie., p(Ax) = /\d(p(as). These polynomials are called quantics by Cayley [6]. If n = dim(V'), the symmetric
tensor space ng,im is isomorphic to the vector space of n-variate quantics of degree d (cf. [9, §3.5.2]).

The antisymmetric spaces are connected with the Clifford algebra Clg of R™, which is isomorphic to the
direct sum @?21 N’ R™ (cf. Lounesto [13, Chap. 22]).

1.1.4 Properties

Since all permutations are products of transpositions 7; ;1 1, the next remark follows.

Remark 1.1 A tensor v € @9V is symmetric (resp. antisymmetric) if and only if ©(v) = mi11(V) (resp.
w(v) = —m;41(v)) holds for all transpositions with 1 < i < d.

Let V := ®%V. The linear maps
1 1 .
S:Sd:ZEE;W:VHV7 A:Adzzazl;Slgn(w)szﬁV (1.8)
TePy mePgy

are projections onto Vgym and Vi, respectively (For a proof note that S = Sm and A = sign(m)Am so
that the application of % Y rep, Yields S = SS and A'= AA). S and A are called the symmetrisation and
alternation, respectively.

Remark 1.2 Let op\, € V), be a functional' (no symmetry condition assumed). If v € Vg;,jn)l or
ve VP ihen Yp\a(V) € ngm or Yp\a(V) € v

anti’ antis Tespectively.
The following expansion lemma will be used in the following.

Lemma 1.3 Let {uy,...,u,} be a basis of the subspace U C V. Any tensor v.€ @*U can be written in the
form

v = va ® g with vy € ®*1U.
=1

Let {@1,...,¢r} CU" be a dual basis of {uy,...,u.}, i.e., 9;(uj) = d;5. Then the tensors vy are defined by
V[g] = QD[(V).
A consequence of the last equation and Remark 1.2 is the following.

Remark 1.4 If v € ®U is (anti-)symmetric, then so is Vg € ®F1U.

1.2 Minimal Subspaces
Given a tensor ve V = &) ieD V; and a subset o« C D, the corresponding minimal subspace is defined by
Uglin(v) = {@D\av CPD\a S V/D\a} €V, (19)

(cf. (1.5); [9, §6]). Umin(v) is the subspace of smallest dimension with the property v € UP™(v) ® V pq.
The dual space V})\a in (1.9) may be réplaced by ®j€D\a. ..
For a subset Vo C V we define U™ (V) := span{UM"(v) : v € Vy}.

Remark 1.5 Let § # 3 G a C D be nonempty subsets. Then Ug™(v) = U™ (U (v)).

A conclusion from Remark 1.2 is the following statement.

Conclusion 1.6 If v € Vg, [0r Vanyl, then UM (v) C ngfr)n [or UMin(v) C v ].

anti

!Compare the definition (1.5) with interchanged subsets o and D\a.



2 r-Term Format for (Anti)symmetric Tensors

Let r € Ny := NU {0}. A tensor v € V = @4V can be represented in the r-term format (or canonical
format) if there are v,(,J) eViforl<j<dand1l<wv<r such that

" d )
v = Zl®j:1 v,(/).

We recall that the smallest possible r in the above representation is called the rank of v and denoted by
rank(v). The number r used above is called the representation rank. Since the determination of rank(v) is
NP hard (cf. Hastad [10]) we cannot expect that r > rank(v) holds with an equal sign.

Two approaches to representing (anti)symmetric tensors by the r-term format are described in §2.1 and
§2.2.

2.1 Indirect Representation

A symmetric tensor v € Vg, may be represented by a general tensor w € V with the property S(w) = v,
where S (A) is the symmetrisation (alternation) defined in (1.8). The representation of w € V uses the
r-term format: w=>""_, ®j=1 ng ). This approach is proposed by Mohlenkamp, e.g., in [3]. For instance,
v=a®a®b+a®b®a+bRa®a € Vg is represented by w = 3a ® a ® b. This example indicates that
w may be of a much simpler form than the symmetric tensor v = S(w).

However, the cost (storage size) of the representation is only one aspect. Another question concerns
the tensor operations. In the following we discuss the addition, the scalar product, and the matrix-vector
multiplication.

The addition is easy to perform. By linearity of S, the sum of v/ = S(w’) and v/ = S(w") is represented
by w’ +w”. Similar in the antisymmetric case.

The summation within the r-term format does not require computational work, but increases the repres-
entation rank r. This leads to the question how to truncate w = w’ +w” to a smaller rank. It is known that
truncation within the r-term format is not an easy task. However, if one succeeds to split w into W + dw,
where W has smaller rank and dw is small, this leads to a suitable truncation of v = ¥ + 0v with ¥ = S(W),
dv = S(0w), since ||dv]|| < ||ow|| with respect to the Euclidean norm.

The computation of the scalar product (v',v") of v/, v" in Vg, or Vi is more involved. In the
antisymmetric case, (v/,v"’) with v/ = A(w'), v/ = A(w") and

d (g d 1"(j5
w = E ® wim, w' = E ® wi,fj)
i Y1 i XY j=1

can be written as the sum (v/,v"”) = %", ., sy;» with the terms
:

d d
Sirin = <A ®w:$7) 7A ®w;£/(.7) > i
j=1 j=1
The latter product coincides with the determinant

S = det <<wlgu) wlisu)>)
o v 1<v,u<d

(cf. Lowdin [14, (35)]). If the respective representation ranks of v/ and v/ are v and r”, the cost amounts
to O(r'r"d?).

While in the antisymmetric case the determinant can be computed in polynomial time, this does not hold
for the analogue in the symmetric case. Instead of the determinant one has to compute the permanent.? As
proved by Valiant [17], its computation is NP hard. Hence the computation of the scalar product is only
feasible for small d or in special situations.

2The permanent of A € R?*? is Perm(A) = > orep, Hgl:l i (i)



Next we consider the multiplication of a symmetric Kronecker matrix A € Lgym C @YL(V) (cf. §9) by
a tensor v € Vg /ansi C @V, A is represented by B € ®?L(V) via A = S(B) and B = )", ®;l:1 BY,
while v = §(w) or v = A(w) is represented by w = Zu ®j:1 wfﬂ ). The property Vv € Vg /anti implies the
respective property Av € Vi /anti- Unfortunately, Av is not the (anti)symmetrisation of Bw. Instead
one may use (cf. Lemma 9.1)

Av=SAw)=8Bv) or Av=AAw)=ABv), resp.

However, this requires that either the symmetric tensor A or the (anti)symmetric tensor v must be con-
structed explicitly, which contradicts the intention of the indirect representation. Similarly, the Hadamard
product v/ ® v/ and the convolution v/ x v/’ are hard to perform within this format.

Conclusion 2.1 The indirect representation is suited to antisymmetric tensors if only the addition and the
scalar product is required. In the case of symmetric tensors, the computation of the scalar product is restricted
to small d.

Let v € Vgym/anti be a tensor of rank r,. The indirect representation uses the r,-term representation of
some w € V. The gain is characterised by the ratio r,/r,, where r, is the smallest possible rank. According

to Seigal [16], the generic reduction factor r,/r, is % which approaches d for large dim(V'). The

proof uses the results of Abo—Vannieuwenhoven [1]. The conclusion for symmetric tensors is negative: For
larger d the computation of the permanent causes difficulties, while for smaller d the gain is only moderate.

2.2 Direct Symmetric r-Term Representation

While the previous approach uses general (nonsymmetric) tensors, we now represent the symmetric tensors
by an r-term representation involving only symmetric rank-1 tensors:

v = Zai @%v; for suitable r € Ny and v; € V, o; € K (2.1)
i=1

(cf. 9, p. 65]).> The minimal 7 in this representation is called the symmetric rank of v € Vg, and is
denoted by rankgy;,(v). Details about symmetric tensors and the symmetric tensor rank are described, e.g.,
by Comon—Golub-Lim-Mourrain [7].

Since the symmetric rank is at least as large as the standard tensor rank, the required r may be large. A
difficulty of the r-term format is caused by the fact that, in general, the set {v € @4V : rank(v) < r} is not
closed. The simplest counterexamples are symmetric tensors of the form lim._,g % (®3(v +ew) — ®3v) A
Therefore also the subset of the symmetric tensors (2.1) is not closed.

3 Subspace (Tucker) Format

Let v € V be the tensor to be represented. The subspace format (Tucker format) uses subspaces U; C V;
with the property v € ®§i:1 U,. In the (anti)symmetric case one can choose equal subspaces U C V (set,

eg., U= ﬂ?zl U;). Let {u1,...,u,} be a basis of U. Then the explicit Tucker representation of v takes the

form
-

d
VvV = Z Cil,...,id ® ’U,ij (3].)
j=1

i1,eig=1

with the so-called core tensor ¢ € ®j:1 K". Obviously, v is (anti)symmetric if and only if ¢ is so. Therefore
the difficulty is shifted into the treatment of the core tensor. The representation (3.1) itself does not help to
represent (anti)symmetric tensors. One may construct hybrid formats, using one of the other representations
for c.

3If K = C or if d is odd, the factor a; can be avoided since its d-th root can be combined with v;.
4The described limit x satisfies ranksym (x) > rank(x) = d (cf. Buczynski-Landsberg [5]), although it is the limit of tensors
with symmetric rank 2.



4 Hierarchical Format

In the general case the hierarchical format is a very efficient and flexible representation (cf. [9, §§11-12]).
Here we briefly describe the general setting, the TT variant, and first consequences for its application to
(anti)symmetric tensors.

4.1 General Case

The recursive partition of the set D = {1,...,d} is described by a binary partition tree Tp. It is defined by
the following properties: (a) D € Tp is the root; (b) the singletons {1}, ..., {d} are the leaves; (c) if « € Tp
is not a leaf, the sons o, o € Tp are disjoint sets with a = o’ U a”.

The hierarchical representation of a tensor v € V = ®‘j=1 V; is algebraically characterised by subspaces
U, C V4 (V, defined in (1.3)) for all & € Tp with

veUp, (4.1a)

U, CcU, @ U, (a/,a” sons of a), if a is not a leaf. (4.1b)

Let the dimensions of U, be r, := dim(U,,). Since Up = span(v) is sufficient, rp = 1 is the general value.

4.2 Implementation

The subspaces U, are described by bases {b,(:‘) :k=1,...,74}. For leaves a € Tp, the basis is stored
explicitly. Otherwise, condition (4.1b) ensures that

Z Z C(a /)b(a ® b(a”) (a/, o sons of ). (4.2)
=1 j=1

Therefore it is sufficient to store the coeflicients matrices (cgM

K> for the final representation v =Y, ¢P bl(»D) (ct. (4.1a)).

))199&/,1990/” as well as the vector ¢ €

4.3 TT Variant

The TT format is introduced in Oseledets [15] (cf. [9, §12]). It is characterised by a linear tree Tp. That
means that the non-leaf vertices o € Tp are of the form o = {1,...,j} with the sons o/ = {1,...,j—1} and
" ={j}. The embedding (4.1b) is Uy, ;113 C Uqy,. j3 ® Uyjy.

Below we shall consider the case V = ®%V, i.e., V; = V is independent of j. Also their subspaces are
independent of j and denoted by Ug;; = U. We abbreviate Uy; ;3 by U; and denote its dimension by
rj = dim(U;), r :=ry = dim(U) (note that U = U;). Now the nested inclusion (4.1b) becomes

Uj+1 C Uj ®U. (43)

Similarly, we rewrite Ur{“ff_‘__d}(v) as U;“in(v).

4.4 (Anti)symmetric Case

Conclusion 1.6 proves that (anti)symmetric tensors v lead to (anti)symmetric minimal subspaces: URi%(v) C
Vi or UDin(v) € V)

anti» Tespectively.

The hierarchical representation (4.1a,b) of v € ngry)l should also use subspaces with the property
U, C VS‘I)H (similar in the antisymmetric case).

The basic task is the determmatlon of a basis b(a) eU, C Vé;?n (1 </l < ra = dnn(U )) by suitable
linear combinations of the tensors b g b(a ). The assumptions b(a S qum and b(a e ngm) lead to
a partial symmetry, but, in general, wyit(bé )) = béa) is not satisfied for v € o and p € o”.

Using (4.3) and symmetry, we conclude that
U; c (®'U)nVY), =UY) (4.4)

sym"*



Remark 4.1 (a) Because of (4.4) we can restrict the vector space V in (1.7a,b) to U.
(b) If we want to represent the tensor v, the subspace U; must satisfy

Ut (v) C U;.

4.5 Dimensions of U™ in the (Anti)symmetric Case

The following statement shows that, in the case of antisymmetric tensors, the hierarchical approach becomes
costly for high dimensions d. The simplest antisymmetric tensor is the antisymmetrisation of an elementary

tensor:
d .
— ()
a=A <®j_1 u > .

To ensure a # 0, the vectors (/) must be linearly independent. In that case the minimal subspace upin(v)
is spanned by all tensors A (®?:1 u(ij)) with 1 < iy < iy < ... < i < d. There are (Z) tensors of this
form. Since they are linearly independent, dim UP"(a) = (S) follows. The sum Zﬁle dim Uit (a) is 24— 1.
Hence, this approach cannot be recommended for large d.

The situation is different in the symmetric case, since the vectors in S (®?=1 1)) need not be linearly
independent. The next lemma uses the symmetric rank defined in §2.2.

Lemma 4.2 All symmetric tensors v satisfy dim UM (v) < rankgym (V).

Proof. Let v =3""_, a; ®% v; with r = ranksy,(v). Then all minimal subspaces UP"(v) are contained in
the r-dimensional space span {®*v; : 1 <i <r}. m

The following symmetric tensor describes, e.g., the structure of the Laplace operator (a,b of the next
example are the identity map and one-dimensional Laplacian, respectively).

Example 4.3 An important evample is the symmetric tensor v := S(®%"1a®b), where a,b € V are linearly
independent. In this case we have

dim(UPn(v)) = 2 for1 <k <d.

More precisely, UR(v) is spanned by ®@*a and Sk (b ® (®k_1a)) )

5 TT Format for Symmetric Tensors

In the following we focus on the representation of symmetric tensors in the TT format (cf. §4.3). In principle,
the same technique can be used for antisymmetric tensors (but compare §4.5).

In §5.4 we try to construct the space U;;q from U;. This will lead to open questions in §5.4.6. If we
start from v and the related minimal subspace U (v), then an appropriate choice is U; = UM (v) (see
§5.5).

5.1 The Space (U; ® U)NS(U; ® U) and the Principal Idea

We want to repeat the same construction of nested spaces as in (4.3). In contrast to the general case, we
also have to ensure symmetry. By induction, we assume that U; contains only symmetric tensors:

U; cVY) (5.1)

sym"*

On the one hand, the new space Ujy; should satisfy U;; 1 C U; ® U; on the other hand, symmetry

Uj C Vg#) is required. Together, U, C (U; ® U)N Vg%ll) must be ensured.

Remark 5.1 (U; @ U) ﬁVg#) =(U; @U)NS;+1 (U; @ U) holds with the symmetrisation Sj11 in (1.8).



Proof. Let v.e (U;®@U)N Vg,j;l Since v € Vé;#% S(v) = v holds. Since ve U; ®U, v=358(v) €
S (U; ® U) follows. This proves (U; ® U) N Vg,};l) C(U,;®@U)NS(U; ® U). The reverse inclusion follows
from S (U; @ U) ¢ VLY. n

This leads us to the condition
U1 C ﬂj+1 = (UJ @U)NS (UJ ®U) (5.2)

for the choice of the next subspace Uj;.
It must be emphasised that, in general, S (U; ® U) is not a subspace of U; ® U. Example 5.14 will show
nontrivial subspaces U;, U that may even lead to U;,; = {0}.

To repeat the construction (4.2), we assume that there is a basis {b(j ) bg } of U; and the basis
{u1,...,u,} of U. Then the basis {bng),. . briill)} of Uji1 can be constructed by (4.2) which now takes
the form

by — Z Z ObY) @ (1<k<rj). (5.3)
v=1p=1

In order to check linear independence and to construct orthonormal bases, we also have to require that we are

able to determine scalar products. Assuming by induction that the scalar products (bff), bl(f,,)> and (w,/, wyr)

are known, the value of (b(] ) b,(j,,+ 1)> follows from (1.4). Therefore, we are able to form an orthonormal

basis of Uj ;.

To avoid difficulties with a too small intersection ﬂj+1, an alternative idea could be to choose the
subspace Uj;; in S (U; ® U) and not necessarily in U; ® U. Then, instead of (5.3), we have by G+1)
> CE,IZ) S (bl(,j ) ®u,,). This would be a very flexible approach, were it not for the fact that we need knowledge

of the scalar products <S(VJ#), IEL > for 5%) = S(b(yj) ®uy) (otherwise, an orthonormal basis {b,(cjﬂ)} cannot
be constructed). One finds that

()5 ) = ﬂ (b b)) + j]ﬁ (b b,

where the expression bl(,] [)u’] is defined in Lemma 1.3. The scalar products <b(j [) it b(j )[ ]> can be derived from
< (Vj“) UL I(/J L’,[f’]>' This expression, however, requires the knowledge of <b(J élu ] b(j, [L,l, > (concerning the
subscript [¢, 4] compare (5.7)). Finally, we need scalar products of the systems {b,(,d)}, {bl(,d_l)}, {bf,d[;]l)},
{b (d-2) }, ..., {b l(f 1,62t ]} with j* = min{j,d—j},.... This leads to a data size increasing exponentially
in d

5.2 The Spaces (U; ® U)NS(U; ® U) and UMY} (v)

Let v € (®4V) OVSym be the symmetric tensor which we want to represent. We recall the minimal subspaces

defined in §1.2. According to the notation of the T'T format, U;“m( v) is the space Uf{nlm J}( v) C ®7V defined

n (1.9). The minimality property of U;ni“(v) (cf. ]9, §6]) implies that the subspaces U and U; must satisfy
UDUM(v), U; D>UMY(v); (5.4)

otherwise v cannot be represented by the TT format.

The next theorem states that (5.4) guarantees that there is a suitable subspace U; with ﬁj > U; D
U™ (v), so that the requirement (5.4) is also valid for j + 1.

Theorem 5.2 Let (5.4) be valid for v € USym and let j < d. Then Uj,y in (5.2) satisfies Ujy1 D Ug+1( V).



Proof. We have U; @ U D U;?“i“ (v) ® Uin(v). A general property of the minimal subspace is
U (v) © UP(v) 5 U ()
(cf. [9, Proposition 6.17]). Since U} (v) is symmetric (cf. Conclusion 1.6), it follows that
$(U; ®U) 5 S(UF™(v) @ U™ (v)) D S(UFH(v)) = U (v).
This inclusion together with the previous inclusion U; @ U D U;’i‘i (v) yields the statement. ]

So far, we could ensure that there exists a suitable subspace U,+1 D U7} +‘1( v). Concerning the practical
implementation, two questions remain:
(a) How can we find the subspace U;;; € U; ® U?
min

(b) Given U, 1, how can we ensure U, D or(v)?

The next subsection yields a partial answer to the first question.

5.3 Criterion for Symmetry
According to Lemma 1.3, any v € U; ® U is of the form

T
vV = ZV[@] & ug (V[g] S UJ) (5.5)
The mapping v € VUt~ v, € VU can be iterated:
Vig € Vi (Vi) m) = Vigpm) = Viewm) € VU1

In the case of j =1, the empty product ®’/~'V is defined as the field K, i.e., vig,, is a scalar.

(j+1)

Lemma 5.3 A necessary and sufficient condition for v.€ Vgym ' is
Vi € Vg,zn and  Vigm) = Vim,q for all 1 <4,m <r. (5.6)

Here, vy refers to (5.5), and Vie,m) 8 the expansion term of vig € ®IV.

Proof. (a) Assume v € Vé;};l) Vi € ngm is stated in Remark 1.4. Applying the expansion to v{, in (5.5),

we obtain
T

v = Z Vigm] @ Um @ Uy (5.7)

Lm=1
Note that the tensors {u,, @ ug : 1 < £,m < r} are linearly independent. Therefore, transposition
U, @ Up — Up @ Uy, and symmetry of v imply that vy ) = Vi g-

(b) Assume (5.6). Because of vy € Vgln, v is invariant under all transpositions m; ;41 for 1 < i < j.
Condition Vi, = V[, ensures that v is also invariant under the transposition 7; ;1. This proves the
symmetry of v (cf. Remark 1.1). |

To apply this criterion to the construction of ﬂj+1 =(U; @U)NS(U; ® U), we search for a symmetric

tensor (5.3) of the form
b=>" c,bY @u,. (5.8)
v=1p=1

The tensor b corresponds to vy := >_,7 ¢ b in (5.5). vig € Véiin is satisfied because of (5.1). The
condition Vi ) = Vim,g in (5.6) becomes

S bl =3 cumblly. (5.9)
v=1 v=1
The tensors bU)

oim) and b(J[)L,] belong to U;_;. The new (nontrivial) algebraic task is to find the set of
coefficients ¢, satisfying (5.9) for all 1 < ¢,m <.



Remark 5.4 The ansatz (5.8) has rr;—1 free parameters (one has to be subtracted because of the nor-

malisation). Condition (5.9) describes @ equations in the space U;_; equivalent to T(%l)rj_l scalar

equations.

5.4 TT Symmetrisation

In the following approach we obtain a symmetric tensor in S (U; ® U), but not necessarily in U; ® U.

5.4.1 Symmetrisation Operator S;,;

In the present approach we directly symmetrise the tensors. The general symmetrisation map S consists
of d! terms. However, since U; is already symmetric, tensors in U; ® U can be symmetrised by only j + 1
transpositions m; jy1.

Theorem 5.5 Let v ¢ Vg%l and w € V. Applying

,_}'_1
. 1 1

=g 2 it
7+ 1 i=1

1 =

to v @ w € VU yields a symmetric tensor:
S = $j+1 (V(j) & ’LU) S Vg,;;l)

Proof. According to Remark 1.1, we have to show that 7 ;15 = s for all 1 <k <j. First we consider the
case of k < j. If i ¢ {k,k+ 1}, we have Ty 117 j41 = Ti j+17k k+1. For ¢ € {k,k+ 1} we obtain

Tk, k+1Tk,j4+1 = Tk4+1,j4+1Tk k+1, Tk k+1Tk+1,54+1 = Tk,j4+1Tk,k+1-
This proves 7y x+1Sj+1 = Sj+17Tk,k+1 and
T k18 = Sj41Tk k41 (V(]) oy w) =S (TFk,k+1V(J) & w) .

Symmetry of v) implies 7Tk;’k;+1v(j) = v(¥) g0 that Tk k+1S = S is proved.

The remaining caselis k=3j.Fori< j,lthe identity m; ;417 j4+1 = m; j417; ; together with m,jv(” = v
implies 7; ;417 j41(v) @ w) = m; j11(v) @ w). For i € {4,j + 1} we obtain

Tjj+1Tj5+1 = id = Tj41 541, TjgH1Tj 1,541 = T 41 - id = 5415

i.e., Tj,5+1 (7'('1‘,‘7‘_;,_1 —+ 7Tj+1,j+1) = T4,j+1 —+ Tj4+1,54+1- Hence, also Tjj+18 =8 is pI‘OVGd. ]

Corollary 5.6 The corresponding antisymmetrisation is obtained by

d .
> (=)
i=1

Although the symmetrisation ensures that s € S (U; ® U) , there is no guaranty that s € U; ® U. Hence,
whether s € ﬁj+1 holds or not is still open.

Ag =

SHE

5.4.2 Expansion of s
Since v @ w € ®7 11U, the symmetrisation s = 3j+1(v(j) ®w) also belongs to ®1U. By Lemma 1.3 there

is a representation s = ZZ=1 S ® ug with sy € Ug,zn
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Lemma 5.7 Let w=>,_, couy and v\ € Ug,)m Then s := S;41(v%) @ w) satisfies

‘ 1 )L 4
s = Zs[g] @ue  with sy = i1 <C@V(j) + vaj (V[(g]) ® w)) . (5.10)
=1 i=1

The latter sum Zgzl i (VEZ]) ®w) can be written as jgj(v%) Q@ w).
Proof. Using mj41,j4+1 = id, we obtain
G+)s=vW w4+ Zm’jﬂ(v(” Qw) = ZCZV(J) ® ug + Zﬂ-i’j+1(v(]) Q@ w).

i=1 =1 i=1

Since 7 j41 = ;7 j+17i,; for 4 < j and vi) = 22:1 v[(g]) R up € Ug,)m, we have
i1 (v @ w) = mi <(7Ti,jv(j)) ® w) =TT+ (V(j) ® w)

= 7Ti,j7rj,j+1 ZV[(;]) ® Uy ® w = ﬂ-i,j ZV[(;]) ® w ® Uy = Z (Wi,j(v[(g]) ® U})) ® Uy.
(=1 (=1 =1

Together we obtain (j +1)s =>,_, (czv(j) + > (md(v[(g? ® w))) ® ug. ]

The last equation explicitly provides the expansion of s defined in Lemma 1.3.

5.4.3 Scalar Products

The definition of s := SjH (v ®w) seems a bit abstract, since (5.10) contains the permuted tensor which not
necessarily belongs to U; @ U. Even in that case it is possible to determine the scalar products (s, b(uj) ®uy)
with the basis vectors b ® u,, of U; ® U. The first term in (5.10) yields

<V(j) ® u, bY ® uu> - <V<j)7b(yj)> (g, ) -

By induction, we assume that the scalar product of v\9) € U; and bY is known. Usually, the basis {u,} is
chosen orthonormal so that (ug, u,) = d¢,. The other terms yield the products

<7Ti,j (VE;]) Rw &® uz) ,b,(,j) ® uﬂ> = <7Ti,j (v[(g]) & w) ,bl(,j)> (we, uy)

Using the selfadjointness of m; ; and by € Vg@n, we obtain

o (o] ) 81) = (o ) (10
= (vi¥) b0 N /0) )
- <v[g] “ w’;bu{[k] ® “k> = kZ (Vi) Bl o)
=1 —1

If {u,} is an orthogonal basis, (w,ux) = ¢x holds (cf. Lemma 5.7).

Remark 5.8 Let the bases {b,(,j) :1<v<r;}and{ug:1 <€ <r} beorthonormal. If s := Sj 1 (v @w) €
U; @ U, the explicit representation is given by

s = 27 i ¢ Y @ u, (5.11)

v=1p=1

with coefficients c,,, = (s, b,(,j) ® uy), which are computable as explained above.
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Even if s ¢ U; ® U, the right-hand side in (5.11) is computable and describes the orthogonal projection
Py, gus of s onto the space U; @ U.

The check whether s belongs to U; ® U is equivalent to the check whether Py, gus is symmetric (cf.
§5.3), as stated next. '

Criterion 5.9 s € U;®U [and therefore alsos € U1, of. (5.2)] holds if and only if Pu,gus = s € Vé‘;#)
(implying Pu,gus € Uji1 in the positive case).
Proof. (a) Abbreviate Py,gu by P. Let s € U; ® U. This implies Ps = s. Since, by construction, s is
symmetric, Ps € ng;ll) holds.

(b) Assume Ps € Vg,;l). Because of s = Ps + (I — P)s, also st := (I — P)s € (U; ® U)* is symmetric.
The properties of projections show

(s%.81) = (I = P)s,(I = P)s) = (s, (I = P)s) = (Sn (v @ w), 7).
Since S;41 is selfadjoint and s* is symmetric, we have
(st,s1) = (v @w,Sj11st) = (v @w,st) =0
because of v @ w € U; @ U and st € (U; ® U)" . This proves s* = 0 and s = Py,gus, ie, scU;@U.
[
5.4.4 Geometric Characterisation

Let {b,(,j) :1<v<r;}and {u,:1<p<r} be orthonormal bases of U; C U§§)m and U, respectively. b(nge]

are the expansion terms: b,(,j ) = o0 bf,j [)5] ® ug. They give rise to the scalar products
NEVANG)) (4)
B, ) = <buj,[u’]’bvj’,[#]> (I<wr' < 1 < o <)

Let B € K/*/ be the corresponding matrix, where I = {1,...,7;} x {1,...,7}. The orthonormality of {b,(,j)}
is equivalent to >, B, ¢),(v7,¢) = 0u,,r. Note that B = BH,

Consider the tensor v =777 | >0, ¢, Y @u,,. The normalisation ||v| = 1 gives > levul® = 1. The

entries c,,, define the vector ¢ € K'.

Theorem 5.10 The spectrum of B is bounded by 1. The above defined tensor v is symmetric if and only if
¢ is an eigenvector of B corresponding to the eigenvalue 1.

Proof. Let s = S;41v. The projection property of S;4;1 implies that (v,s) < 1. Criterion 5.9 states that v
is symmetric (i.e., v = s) if and only if (v,s) = 1. Calculating the scalar product according to §5.4.3 yields
(j+1){v,s) = 145 (Bc,c), where (-, ) is the Euclidean product of K. The inequality (v,s) < 1 shows that
all eigenvalues of B are bounded by 1. The equality (v,s) = 1 requires that (Be,c¢) = 1 = max{(Bc, ) :
I = 1}, i.e., ¢ is the eigenvector with eigenvalue A = 1. |

The questions from above take now the following form: (a) How can we ensure that 1 belongs to the
spectrum of B, (b) what is the dimension of the corresponding eigenspace?

5.4.5 Examples

The following examples use tensors of order d = 3. The case d = 2 is too easy since tensors of ®2U correspond
to matrices via v =">_ Coptty @ Uy — C = (cyy)y, ,,—1- Hence symmetric tensors v are characterised by
symmetric matrices C.

r
v,p=1

In the following examples u; = a,uy = b € V are orthonormal vectors. A possible choice is V = K2.

Example 5.11 We want to represent the symmetric tensor s := a ® a @ a. We use U = span{a,b} and
the symmetric subspace Usg = span{b?)} CSUU) cUU with b§2) ‘= a ® a. Symmetrisation of
U,®U = span{a®@a®a,a®a®b} yields S (Uy @ U) = span{a®@a®a, 3 (a®a®@b+a®b®a+b®a®a)}.
Obviously, S (Ua ® U) is not a subspace of Us @ U.
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The reason for S (U ® U) ¢ U ® U in Example 5.11 may be seen in the choice of U = span{a, b}. This
space is larger than necessary: U = U™"(s) = span{a} is sufficient and this choice leads to S(Us ® U) =
U, ®U.

In the next example, U is chosen as UMin(s).

Example 5.12 We want to represent the symmetric tensor s := a®a®@a+bRb®b. We use U = span{a, b}
and the symmetric subspace Ug := span{b?), bg)} CSURU)CcURU with b§2) =a®a and b§2) =b®b.
The tensor space Us @ U is spanned by a @a®@a, bRDR D, a®a®b, b®b® a. The first two tensors are
already symmetric. The symmetrisation of a ® a ® b leads to a tensor which is not contained in Uy @ U.

The same holds for the last tensor. Hence, S(Us @ U) ¢ Uy ®@ U.

In Examples 5.11 and 5.12, we can omit the tensors bl@) ® u; whose symmetrisation does not belong to

U, ® U, and still obtain a subspace containing the tensor s to be represented. The latter statement is not
true in the third example.
Example 5.13 We want to represent the symmetric tensor s := @3 (a+b) + @3 (a —b). We use U =
span{a, b} and the symmetric subspace Ug := span{bgz),bg)} CSURU)CURU with bg2) = ®2(a+0)
and bgz) = ®2%(a—b). The tensor space Us @ U is spanned by four tensors b§2) ®u;. For i=j7=1, we
have b§2) ®a=(a+b)® (a+bd) R a, whose symmetrisation does not belong to Us @ U. The same holds for
the other three tensors. Hence, S(Ua @ U) ¢ Uy ® U.

Note that the setting of Example 5.13 coincides with Example 5.12 when we replace the orthonormal
basis {u; = a,us = b} with {u; = (a +b)/v2,us = (a — b)/v/2}.

The next example underlines the important role of condition U;’“in(v) c U;.

Example 5.14 Let U, := span{b?)} with bgz) =a®b+b®a. A general tensor in Us ® U has the form
b§2) ® (cwa + Bb). There is no symmetric tensor of this form, except the zero tensor (a+ 3 =0). This shows
that Uy is too small: there is no nontrivial symmetric tensor v with U™ (v) C U,.

5.4.6 Open Questions About S(U,; @U)N (U, U)
We repeat the definition U; 1 := S(U; ® U) N (U; @ U). The main questions are:

e What is the dimension of Ijj+1, in particular, compared with dim(U;?‘i“(v)), if v is the tensor to be
represented?

e Is there a constructive description of IAJ]-H‘?

The minimal set, which is needed for the construction of the tensors in ﬁj+1, is

U, = Zveﬁw Uit (v).
By definition, U; C U holds, but it is not obvious whether U; = U;. This yields the next question:
e Does U; = U; hold?

In the negative case, there is a direct sum U; = Ijj @ Z,;, where Z; # {0} contains symmetric tensors in

ngn which cannot be continued to symmetric tensors in Vg?ﬁl). Using U; instead of U; would be inefficient.

5.4.7 Answers for d =3 and r =2

The questions from above can be answered for the simple case of d = 3 (transfer from d =2 to d = 3) and
r = 2. Hence we have
dim(U)=2, U, =U, U,cU®

sym

and have to investigate the space Us := S3(Us@U)N(Uy @ U) . We recall that Uy = > wer, U™ (w) C Uy

is the smallest subspace of U with the property S3 (fJ2®U)ﬁ (fjg ® U) = Us. Hence, if dim(Uy) > dim(fjg)7
U, contains tensor which are useless for the construction of symmetric tensor in Us.

The symmetric tensors v € Uy correspond to symmetric 2 X 2 matrices. Since dim(Ug,ln) = 3, the

following list of cases is complete. The general assumption of the following theorems is dim(U) = 2.
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Theorem 5.15 (Case dim(Usy) = 1) Let dim(Usy) =1 and Uy = span{by} C ngn If rank(by) =1 then
U, =U,, dim(Us) =1;
otherwise we have rank(by) =2 and
U, = {0} C Uy, Uy ={0}.

Proof. Note that rank(b;) < dim(U) = 2. rank(b;) =0 is excluded because of by =0 and the assumption
that Us = span{b; } is one-dimensional. Hence, rank(b;) only takes the values 1 and 2.

If rank(by) = 1, by = a ® o’ follows. Symmetry shows that b; = a ® a (possibly after changing the
sign®). Then
Us = span{b; ® a} = span{a ® a ® a}.
If rank(by) = 2, the general form of w € Uy ® U is w = by ® (£a + nb). Assume (£,n) # 0. Then the
only symmetric tensor of this form is w = ®2(&a + nb), i.e., by = (£a + nb) ® (€a + nb). The contradiction
follows from rank(b;) = 1. Hence £ = n = 0 leads to the assertion.

The statements about Us follow from the definition Uy = UL?(Us). ]
Theorem 5.16 (dim(Usy) =2) Let dim(Usy) = 2. Then
U, =U,, dim(Us) =2.
The precise characterisation of U; C Ug’,zn is given in the proof.

Proof. (i) There are two linearly independent and symmetric tensors by, be with Uy = span{by, bs}. Fixing
linearly independent vectors a,b € U = span{a, b}, the tensors have the form

bi=aa®a+LbRb+7 (a®b+bR®a),
by=da®a+Bb2b++ (a®@b+b®a)

In part (vi) we shall prove that dim(Us) < 2. The discussion of the cases 1-3 will show that dim(U3) > 2,
so that dim(Us) = 2 follows.

(ii) Case 1: v =+’ = 0. One concludes that Us = span{a ® a,b®b}. Then the first case in Theorem 5.15
shows that a ® a ® a and b ® b ® b belong to Us so that dim(Us) > 2 and part (vi) prove

A~

Uz =span{a ®a®a,b®@b® b}. (5.12)

(iii) Case 2: (v,7") # 0. W.l.o.g. assume v # 0. We introduce the matrices

| a o oy A
o[ 9] e[y 7]

Since v # 0, both matrices have a rank > 1. If rank(M,,) = rank(Mg) = 1, (o, 5,7) and (¢, 8',~") would be

linearly dependent in contradiction to the linear independence of {by,bs}. Hence, at least one matrix has

rank 2 and is regular. W.l.o.g. we assume that rank(M,,) = 2 (otherwise interchange the roles of a and b).
(iv) For any (4, B) € K2 the system

] €] -] 2] 619

can be solved for (£,7) € K2. Then the tensor

w = (Ab; + Bbs) ® a + (b1 +1b2) ® b

5If K = C, the representation by = a ® a holds in the strict sense, If K = R, either by = a® a or by = —a ® a can be
obtained. Since the purpose of b; is to span the subspace, we may w.l.o.g. replace by = —a® a by b1 = a ® a.
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is symmetric and belongs to U;. For a proof apply Lemma 5.3: w € Ug%n is equivalent to ¢, (Aby + Bby) =
©q (b1 + nbg), where the functionals defined by ¢, (a) = @p(b) = 1, pa(b) = ¢p(a) = 0 apply to the last
argument. The latter equation is equivalent to (5.13).

Let (&,7) be the solution of (5.13) for (A4, B) = (1,0), while (¢,7') is the solution for (4, B) = (0,1).
Hence we have found a two-dimensional subspace

span{b; ® a + (£by +11by) ® b, by ® a + (€'by 4 n'by) ® b} € Us. (5.14)

(v) In both cases (5.12) and (5.14) the minimal subspace Uy = U (Us) coincides with Us.

(vi) For an indirect proof of dim(Us) < 2 assume dim(Us) > 3. Let ¢, : Uz — UP*(Us) = U, be the
mapping w=v; ®a+vy®b — v;. Since dim(Us) > dim(Uy), there is some w € Us, w # 0 with 4 (w) = 0.
This implies w = v ® b and therefore, by symmetry, w = b® b ® b up to a nonzero factor. Similarly, there
are an analogously defined functional ¢;, and w € U, w # 0 with wp(W) =0 proving a®@ a® a € Us;. From
a®a®ab®b®b e Us we conclude that Uy := UF™(Us3) O span{a ® a,b ® b}. Then Uy C U, and
dim(Uy) = 2 prove dim(Us) < 2. ]

Theorem 5.17 (dim(Usz) = 3) If dim(Usy) = 3, Uy coincides with space Uéiin of all symmetric tensors in
U®U and generates all tensors in Usg,m:

U, =U,=UY

sym?

Us = UG with dim(U3) = 4.

sym

Proof. The statements follow from dim(Ug%n) = 3. ]

5.5 Direct Use of UM (v)

Statement (5.4) emphasises the important role of the minimal subspace U™ (v).

5.5.1 Case of Known U}"(v)

If the minimal subspaces U;-“in(v) of a symmetric tensor v € Uég%n are given, the above problems disappear.

In this case we may define U := U (v). This ensures that
Ijj = Uj and ﬂj+1 D) U;“ﬂ(v)
(cf. Theorem 5.4).

If we want to be able to represent all tensors of a subspace Vo = span{vy,..., vy} C Uéﬁ%n, we may use
k
U, :=UM (Vo) = > UM (v,).
v=1

Lemma 6.1 shows that U; satisfies (6.2).

Next we consider the case that U;-“in (v) is not given explicitly, but can be determined by symmetrisation.

5.5.2 Case of v=3S5(w)

As in §2.1 we assume that the symmetric tensor 0 # v € Ugg?m is the symmetrisation S(w) of a known tensor

w € ®?V. Unlike in §2.1, we assume that w is given in the TT format with minimal subspaces® U;-“in (w).
The obvious task is to transfer U™ (w) into U™ (v) = UP™(S(w)).
We solve this problem by induction on d = 1,... . The proof also defines an recursive algorithm.

For d = 1 nothing is to be done since v = S(w) = w. Formally, UP"(v) is the field K and U; C K@U
corresponds to (4.3).

The essential part of the proof and of the algorithm is the step from d — 1 to d.

6In the case of hierarchical tensor representations it is easy to reduce the subspaces to the minimal ones by introducing the
HOSVD bases (cf. Hackbusch [9, §11.3.3]).
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Lemma 5.18 Let Sy : @1 — @V (1 < j < d) be the symmetrisation operator Sy_1 in (1.8) applied to
the directions D\{j} (cf. (1.2)). Using the transpositions m1j, w1, the explicit definition is

S[j] =M1 (id@Sdfl) i1 -

Then the symmetrisation operator Sy is equal to

S(j Taj -

Q=
ol
HM&
I,

This lemma proves the next result.

Conclusion 5.19 Let w € ®@%U and ¢ € U'. Then
(D (Sgw) = *Sd 1 Z 0 (w

holds with oY) defined in (1.6).

The {1,. — 1}-plex rank r4_; of x € ®?U introduced by Hitchcock [11] is the smallest ry_1 with
x=> " 11 Xy, ® y, (x, € ®¥U, y, € U). For instance, this representation is the result of the HOSVD
representation (cf. [9, §11.3.3]). The minimal subspace U3 (x) is the span of {x, : 1 <v <rg_1}.

Alternatively, choose the standard basis {u, : 1 <v < r} of U and the representation x = 22:1 Z, U,
together with the dual basis {¢,} of {u,}. Then the tensors z, = ¢, (x) may be linearly dependent so that
some of them may be omitted. Let x, (1 < v <r4_1) be the remaining ones: Ug‘i“l (x) =span{x, : 1 <v <
Tdfl}.

Remark 1.5 states that

Td—1

Umln( ) Umln mln Z Ug’uré Xu (515)

This allows us to determine the minimal subspaces recursively.

Let the TT representation of w € ®%U be given. The TT format is also called the matrix product
representation since w € @?U can be written as

_ (1) (2) (3) (d)
W= Y v ®u, QU ®- 0y,
ki,ka,...,kq—1

where the vectors v,(f? ) k1 © U are data available from the TT representation. k; varies in an index set I;

with #1; = dim(U§I‘in(§v)). The tensor V) (w) € @4~ 'U takes the matrix product form

€) (1) (G=1) (j+1) (d)
Zw JJ 1,k Z U k1®.“®vkjjfz,kj71 ®Uk‘j‘7k?j+1®...®vkd—1;1.
_7 1, k: k1,eey kj_Q,
These tensors can be added within the TT format: w, := Z 1 ga,(f)( ) € ®471U. We conclude that
min (v) = U (Syw) = span{Sy_1w, : 1 <v <7y 1}

According to (5.15) the next minimal subspace U3 (v) can be written as > UT(S;_;w,) so that we
can apply the inductive hypothesis.
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6 Operations

The computation of scalar products is already discussed. Next we investigate the tensor addition.

Assume that v/ and v" are two symmetric tensors represented by subspaces U}, and U}, and corresponding
bases. For k = 1, we use the notation U’ := U] and U” := UY. By assumption, we have

(V) C Upyy € St (U @ U) N (U @ U7), (6.12)
PI(V) C ULy € Sun(UL @ U”) N (UL @ U). (6.1b)

Lemma 6.1 The sum s := v’ + v" can be represented by the subspaces
U, :=Uj, + Uy, U:=U0"+U0".
These spaces satisfy again the conditions
W (s) C Upq1 CSey1(Up @ U)N (U @ U). (6.2)
Proof. The inclusions (6.1a,b) imply
V) U () C Uy = Uy + Ujyy
C (Sk+1(U @ U) N (U, @ U)) + (Sk41(Ug @ U") N (U @ UY)) .
Since Upi(s) € URM (V') + Ui (v”), the first part of (6.2) follows: Upti(s) € Ugyr. The inclusion
Uj, @ U’ C U, @ U implies that
Sp1(U,2U)YN (U, @U') CSk1(Up,@U)N (U@ U).
The analogous statement for S,41 (U} @ U”) N (U} @ U") yields
(Sk41(U @ U )N (U, @ U") + (S (U @ U") N (U @ U"))
CSp+1(Up@U)Nn (U ).
Hence also the second part of (6.2) is proved. |

The computation of the orthonormal basis of Uy is performed in the order £k = 1,2,... . As soon as
orthonormal bases of Uy and U are given, the orthonormal basis of U1 can be determined.

Since the spaces Uy, = U}, + U} may be larger than necessary, a truncation is advisable.

7 Truncation

The standard truncation procedure uses the SVD. Formally, we have for any tensor u € V and any k €
{1,...,d — 1} a singular value decomposition

u= ZGVVV(X)WV, (7.1)

v=1

where {v, : 1 < v < r,} C ®*V and {w, : 1 < v <r,} C ®@%FV are orthonormal systems and
{01 > 02 > ...} are the singular values. The usual approach is to choose some s < 7, and to define the
tensor

S
u= g oLV, @ W,
v=1

which can be represented with subspaces of lower dimension.

In the case of symmetric tensors u € Végzn, we have v, € Vél;x)n and w, € Vég;lk). However, the standard

truncation cannot be used since there is no guarantee that the truncated tensor 4 = Zizl oLV, @ W, again

d
belongs to ngzn.
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7.1 Truncation for k=1and k=d -1

In the cases K = 1 and k£ = d — 1, the truncation can be performed as follows. For k = 1, the standard
truncation u +— 1 can be written as @ = (P ® I) u, where P : V — V is the orthogonal projection onto the
subspace

U::Span{vyzlgugs}cv,

while I = ®% 1T is the identity on ®?~'V.

In the symmetric case, we need a symmetric mapping. If we delete the components {v, : v > s} in the
first direction, the same must be done in the other directions. The corresponding mapping is the orthogonal
projection

P:=®'P

onto the subspace ﬁg%l C ngn. Note that the error u — Pu does not only consist of the omitted terms
Z;":SH oV, @ Wy, but also of >0 0,v, ® (I — ®d_1P) W,.
In the case of kK = d — 1, w, belongs to V' and the analogous construction can be performed. If d = 3,

the cases k =1 and &k = d — 1 cover all possible ones.

7.2 Open Problem for 1 <k <d—1

If d > 3, there are integers k with 1 < k < d — 1. Then both v, and w, in (7.1) are tensors of order
> 2. It is not obvious how the analogue of the previous mapping P could look like. The advantage of a
symmetric projection P would be the existence of a tensor v/ = Pv € Ugym. Define w = ijl oLV, @ W,
and w” := Z”:S“ 0,v, ® W, by SVD. Assume that Pw’ # 0 while Pw” = 0. Then

Pv =PS(w +w") = S(PW +Pw") = S(Pw')
(cf. Lemma 9.1) does not vanish, i.e., v/ # 0 ensures the existence of a nontrivial subspaces U;ni“(v’) (1<
j<d).
Let Py : ngzn — Vé’;r)n be the orthogonal projection onto span{v, : 1 < v < s}, so that Py :=

Py, ® (®4*I) maps u to the SVD truncation 4 = Y7 _, 6, v, ® w,,. The symmetrisation P = S(P},) defines
u :=Pue Ué;ifn Since

(u,v') = (u,Pu) = (u,S(Pr)u) = (u,S(Pru)) = (S(u), Pru) = (u, Pru) = (0, 4),

the tensor u’ does not vanish. However, it is not obvious that dim(U"(u’)) < s holds, as intended by the
truncation.

A remedy is a follows. Assume that the (not truncated) tensor uses the subspaces U satisfying (5.2).
Let the SVD for index k reduce Uy, to U;g. Since U;~C C Uy, U;~C still belongs to U§§2n Moreover

U = (U, @0) N S(UL@U)C(U,@U)NS(Upy@U) = Uk

guarantees the existence of a subspace U}, 1 C IAJ';f 41 So that the construction can be continued. However,
may it happen that U} is too small and IAJ;H_l = {0} holds?

8 Combination with ANOVA

As already mentioned in [9, §17.4.4] the ANOVA" representation has favourable properties in connection
with symmetric tensors. The ANOVA technique is briefly described in §8.1 (see also Bohn—Griebel [4, §4.3]).
The ANOVA approximation uses terms with low-dimensional minimal subspaces. Therefore the combination
with the TT format is an efficient approach.

TANOVA abbreviates ‘analysis of variance’.
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8.1 ANOVA Technique

Let 0 # e € V be a special element. In the case of multivariate functions, e may be the constant function
e(z) = 1. In the case of mappings, e is the identity mapping. Define

E := span{e}, V= E* (8.1)

The choice of the orthogonal complement E'* simplifies later computations. Theoretically, it would be
sufficient to choose V' such that there is a direct sum

V=EaV.
The space 1% gives rise to the symmetric tensor space \o/'éﬁn

We introduce the following notation of symmetric tensors in Véﬁ?n generated by tensors from \"fé’y?n
S(vid) = Sa(v® (@ Fe))  forve V) withl<k<d. (8.2)

sym

The tensors in (8.2) form the following subspaces of Véﬁln:

Vo=@, Vp:=8(VH @ (@7FE) forl1<k<d.

sym

Lemma 8.1 If (8.1) holds, there is an orthogonal decomposition Vgg,)m = @?zo \Q/'j.

Proof. Let k> {, v € \B/'k, w € \7@. Tensor v can be written as a sum of elementary tensors v, = ®?:0 vﬁj)
containing k vectors v,(,j b ev. Correspondingly, w is a sum of w,, = ®;l:0 wftj ) with d — € vectors wﬁj ) =e.

Because of ¢ < k, there must be some j with W ev orthogonal to w;;’ = e. Hence (v,,w,) = 0 holds for

all pairs implying (v, w) = 0. ]

The ANOVA representation of a (symmetric) tensor v € Vé;Qn is the sum

(4)
o

L
v = ka with vi € V}, for some 0 < L < d. (8.3)
k=0

We call L the ANOVA degree.

Remark 8.2 (a) The motivation of ANOVA is to obtain an approximation (8.3) for a relative small degree
L.

(b) Let vy = ZZ:O vy, be the exact tensor. In order to approximate Vex by v from (8.3) we have to assume
that the terms vy, are (rapidly) decreasing.

8.2 Representation

We assume that (8.3) holds with v, = S(xx;d). The tensors x; € \"fé’y?n are given together with their
minimal subspaces UP"(xy) as described in §5.5.

We generalise the notation S(-;d) in (8.2) to subspaces:

S(X;d) = span{S(x;d) : x € X} for X c V{¥)

sym*
If X =span{x, :1<v < N}, wehave S(X;d) =span{S(x,;d) : 1 <v < N}.
We remark that U%(v) = span{v} for v € @?V.
Lemma 8.3 Let v, € \ka, Then

max{k,d—j}

UR(S(visd) = Y. S(URR(ve); ) (8-4)

p=min{jk—j}
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Proof. By definition of U™ (), functionals in d — j directions are to be applied. Let p be associated with
vy and d — j — p with ®?~Fe. This leads to the inequalities 0 < < k and 0 < d — j — p < d — k. Together
they imply min{j, k — j} < p < max{k,d — j}.

Consider the case of j = d — 1. Applying ¢ with ¢(e) = 1 and ¢(v) = 0 (v € V), we obtain
oD (S(vi;d)) = S(vi;d — 1), provided that k& < d. On the other hand, ¢ with ¢(e) = 0 yields
oD (S(vy;d)) = S(¢(vi);d —1). This proves

B (S(vk; ) = S(visd = 1) + S(UR (Vi) d — 1),

Since span{S(vg;d — 1)} = S(UPn(vy); d — 1), this coincides with (8.4) for j = d — 1. For the other j apply
Remark 1.5 recursively. n
The ANOVA tensor is the sum v = 3, vi. As UP"(a+b) C Uy (a) + U (b), we obtain from (8.4)

that
Uy (5 (30 visd)) € 0, SURR(v):).
The dimension of the right-hand side may be larger than Urjni“(v), but here we want to separate the spaces

E and U C V. For instance, the tensor v = (a +¢) ® (a + ¢) has the one-dimensional minimal subspace

o)

UMin(v) = span{a + e}, but here we use E + U with U = span{a}.

8.3 Example

Consider an expression of the form ). S(a};d) + S(b;d), where a; € V and b € V§§Zn We assume that b
can be approximated by >, (b}, ® ¢}, + ¢}, ® b},). Orthogonalisation of a}, b, ¢j with respect to some e yields
the vectors a;, b, ¢, and the ANOVA form

N1 N2
v=aS(1;d)+ > S(xid) + Y S(ar ® by + by @ ag;d), (8.5)
=1 k=1

where z; represents a; and multiples of b, and ci. Note that S(1;d) = ®%e. In the following we give the
details for
v=aS(1;d)+ S(z;d) + S(a®@b+ b ® a;d).

The combined ANOVA-TT format uses the spaces

j=1:U; =span{e,z,a,b}, (8.6)
j=2:Uy =span{S(1;2), S(x;2),S5(a;2),5(b;2),S(a®@b+b®a,2)},

j <d:U; =span{S(1;j), S(z; ), S(a; §),S(b;5), S(a®@b+b®@a,j)},
j=d:Ug =span{v}.

The essential recursive definition (5.3) of the basis reads as follows:

S(a; ), S(
S(a®@b+b®a,j

}) : analogously,
=Sa®b+b®a,j—1)®e
+S(a;5—1) @b+ S(b;j — 1) ®a.

=
<

The final step follows from

v=aS(l;d-1)+S(x;d—1)®@e+S(l;d- 1)@=z
+S(a®@b+b®a,d—1)@e+ S(a;d—1) @b+ S(bd—1) ®a.
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Remark 8.4 The terms N
2

aS(1;d) and ZS(ak ® by + by @ ag; d)
k=1

in (8.5) lead to 3No + 1 basis vectors in U;. Let Ng vectors x; be linearly independent of span{ag, by : 1 <
k < Ny}. Then Efvzll S(x;;d) requires Ny additional basis vectors in Uj.

8.4 Operations

Concerning scalar product one can exploit Lemma 8.1: (S(v;d), S(w;d)) = 0 for v € Vi, w € V, with
k # £. If the basis of U; should be orthonormalised, it is sufficient to orthonormalise only the contributions
S(vy;j) for all v, € V}, separately (cf. (8.6)).

One can possibly use that for tensors v, w, € Vi, k < j, the scalar product (S(v; ), S(w; 7)) is a fixed
multiple of (v, w), provided that (e,e) = 1:

) . 4!
(S(v:), S(wi ) = 2 (v, w).

In principle, the operations within the T'T format are as usual. However, one has to take care that the

result is again of the ANOVA form.

As an example we consider the Hadamard product ® (pointwise product) for multivariate functions. For
the standard choice that e is the constant function with value 1, we have e @ e =e (and a@e=e®@a=a
for any a). If v is of the form (8.3) with L = L,, while w corresponds to L = L,,, the product z:=vow
satisfies (8.3) with degree L, = min{d, L, + L., }. Enlarging L increases the storage cost and the arithmetic
cost of operations involving z. A truncation L, — L, < L, could be helpful, provided that omitted terms
are small. Here we need that z satisfies the assumption of Remark 8.2b.

Let Z = L(V) be the space of linear maps of V into V. Another example is the multiplication of an
operator (Kronecker matrix) A = Y4 Ay € Z!9), and a tensor v = S VE € V). Let the identity be
the special element I of Z (replacing e in the general description). This guarantees Ie = e. Again w := Av is
of the form (8.3) with L,, = min{d, L4 + L,}. Only under the assumption that all maps in U™"(A) possess
e as an eigenvector, we have L,, = L,,.

9 Operators, Kronecker Matrices

If V is a matrix space, the corresponding tensor space contains Kronecker matrices. More generally, linear
operators on multivariate functions can be described by tensors. In this case, there is an operator A and a
vector v as well as the product Av. For completeness we list the relations between (anti)symmetric operators
and (anti)symmetric tensors v. The proofs are obvious and therefore omitted.

The expression 7A used below means the application of the permutation 7 to the tensor A € @4 L(V) C
L(V), where L(V) are the linear maps from V into itself. Concerning ®?L(V) C L(V) compare [9, Propos-
ition 3.49].

Lemma 9.1 Let V = ®%V, A : V — V a linear map and © a permutation. Then the action of TA can be
expressed by the action of A:

(rA)u=rm (A (7" ")) forallueV.

If A is symmetric then m(Au) = A(mu). If u € Vg, then (S(A))u=S(Au). If A:V =V is symmetric
then AS(u) = S(Au).

The last statement implies that if A : V. — V is symmetric, then A : Vg, — Vym and A 0 Vanii— Vani.

1

The adjoint of A is denoted by A*, i.e., (Au,v) = (u, A*v). Any permutation satisfies 7* = 7~! and

(rA)" = wA*. In particular, permutations of selfadjoint operators are again selfadjoint.
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