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Abstract
We present a new uncertainty relation by defining a measure of uncertainty based on skew information. For bipartite systems, we establish uncertainty relations with the existence of a quantum
memory. A general relation between quantum correlations and tight bounds of uncertainty has
been presented.
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Uncertainty principle is one of the most fascinating features of the quantum world. It
asserts a fundamental limit on the precision with which certain pairs of physical properties of
a particle, such as position and momentum, can be simultaneously known. The uncertainty
principle has attracted considerable attention since the innovation of quantum mechanics and
has been investigated in terms of various types of uncertainty inequalities. The uncertainty
of measurement outcomes has been quantified in terms of the noise and disturbance [3, 4],
according to successive measurements [5, 6], as informational recourses [7], in entropic terms
[8–13], by means of majorization technique [14–18], and based on sum of variances and
standard deviations [19–21].
For a pair of observables R and S, the well-known Heisenberg-Robertson uncertainty
relation [1, 22] says that,Vρ (R).Vρ (S) >

1
|Trρ [R, S]|2 ,
4

where [R, S] = RS − SR is the

commutator, Vρ (R) is the standard deviation: Vρ (R) = Tr[ρ R2 ] − (Tr[ρ R])2 .
Since the Von Neumann entropy serves as an appropriate measure of the information content of a state, it is also used to quantify the quantum uncertainty. The entropy uncertainty
relation says that [8, 9]: H(R) + H(S) > log2 1c , where H(R) is the Shannon entropy of the
probability distribution of the measurement outcomes of R, c = maxj,k |hψj |φk i|2 , |ψj i and
|φk i are the eigenvectors of observables R and S, respectively. The term 1/c quantifies the
compatibility or complementarity of the two observables R and S. It has been proved that
the entropy uncertainty relations do imply the Heisenberg’s uncertainty relation.
Concerning bipartite systems, the uncertainty relations become more interesting and may
depend on the correlations between the subsystems in general.In [10], the authors proved the
following remarkable result. For any bipartite density matrix ρAB in tensor space HA ⊗ HB ,
the following uncertainty relation holds:
S(R|B) + S(S|B) > log2

1
+ S(A|B)
c

(1)

where S(R|B), S(S|B) and S(A|B) are the conditional entropies. Eq.(1) is further improved
and the lower bound is connected to quantum discord [11]:
1
+ S(A|B)
c
+ max{0, DA (ρAB ) − CA (ρAB )},

S(R|B) + S(S|B) > log2

(2)

where DA (ρAB ) is the quantum discord, CA (ρAB ) is the classical correlation with respect to
the measurement on subsystem A.
2

The quantum uncertainty relations can be also described in terms of skew information.
In [23] Wigner and Yanase introduced the following quantity to quantify the degree of non2
√
commutativity of a state ρ and an observable H, I (ρ, H) = − 12 Tr ρ, H . When ρ is a
pure state, I(ρ, H) is reduced to the variance Vρ (H). Here I (ρ, H) may be interpreted as
some kind of quantum uncertainty of H in ρ.
√
In [25], Luo introduced another quantity,Jρ (H) = − 12 Tr[({ ρ, H0 })2 ], where {X, Y } =
XY + Y X is the anti-commutator, H0 = H − Tr(ρH)I with I the identity operator. It is
shown that for arbitrary two observables R and S, the following inequality holds [25],
q
q
1
I (ρ, R) Jρ (R) I (ρ, S) Jρ (S) > |Tr(ρ[R, S])|2 .
(3)
4
p
Inequality (3) can be also rewritten as I (ρ, R) I (ρ, S) > Lρ (R, S), where Lρ (R, S) is
2

|Tr(ρ[R,S])|
. Here when Jρ (R)Jρ (S) = 0, Lρ (R, S) is defined to be
defined by Lρ (R, S) := 41 √
Jρ (R)Jρ (S)
p
zero. I (ρ, R) Jρ (R) can be regarded as a kind of measure for quantum uncertainty, so we
p
define UN (ρ, R) := I (ρ, R) Jρ (R).

In the following, we consider uncertainty relations based on skew information. Let R
and S be two non-degenerate observables, with eigenvectors |φk i and |ψk i, respectively.
Denote φk = |φk ihφk |, ψk = |ψk ihψk |, which are the rank one spectral projectors of R
and S. We define the uncertainty of ρ associated to the projective measurement {φk } as:
P
P p
UN (ρ){φk } = k UN (ρ, φk ) = k I (ρ, φk ) Jρ (φk ).
Now we consider the case of bipartite state ρAB in tensor space HA ⊗ HB . Recall that,
quantum discord[30, 31], is a quantum correlation that are different from entanglement,
and has found many novel applications[32]. Quantum discord was defined as the minimal
difference of mutual information, before and after local projective measurement on HA , and
a bipartite state ρAB is with zero discord if and only if it is classical-quantum correlated state
P
(CQ state) ρAB =
λk φk ⊗ ρB
k . Besides original discord, there are some other discord-like
k

measures(see [33, 34]), they share the same properties as discord, e.g., their values are zero
iff the state is a CQ state.
In the following, we define another discord-like measure. Let O denote any orthogonal
basis in Hilbert space HA . Let |φk i be an orthogonal basis of HA and φk = |φk ihφk | the
orthogonal projections on HA . We define the quantum correlation of ρAB as:
X

Q ρAB = min
[I(ρAB , φk ⊗ IB ) − I(ρA , φk )],
O

k

3

(4)

where the minimum is taken over all the orthogonal basis in HA , ρA is the reduced state of
system A.
From [26], one has that for any bipartite state ρAB and any observable X on H A ,
I(ρAB , X ⊗I) > I(ρA , X). It follows that for any set of rank one orthogonal projections {φk }

P
on HA :
[I(ρAB , φk ⊗ I B ) − I(ρA , φk )] > 0. Therefore we have Q ρAB > 0. Moreover,
 k
Q ρAB = 0 if and only if ρAB is a CQ state, so it is a discord-like measure. This can be
seen easily by using the method in proving the theorem 1, property (1) of [27].

The definition of the quantum correlation Q ρAB looks similar to the quantum correlation measures introduced in [28]. However, they are quite different. We added a term of
measurement on the subsystem A, which gives an explicit physical meaning: the quantum

correlation Q ρAB is the minimal difference of incompatibility of the projective measurements on the bipartite state ρAB and on the local reduced state ρA . It quantifies the quantum
correlations between the subsystems A and B.
Theorem 1. Let ρAB be a quantum state on HA ⊗ HB . Denote {φk } and {ψk } two sets
of rank one projective measurements on H A . Then the following uncertainty relation holds:


UN ρAB {φ ⊗I B } + UN ρAB {ψ ⊗I B }
k
k
X

2LρA (φk , ψk ) + 2Q ρAB .
>
k
A

2

[φk ,ψk ])|
.
where LρA (φk , ψk ) := 14 √|Tr(ρ
J (φ )J (ψ )
ρA

k

ρA

k

4

(5)

Proof. By definition we have


UN ρAB {φ ⊗I B } + UN ρAB {ψ ⊗I B }
k
k
X
 X

AB
B
>
I ρ , φk ⊗ I +
I ρAB , ψk ⊗ I B
k

=

k

X

A



I ρ , φk +

k

X

A

I ρ , ψk



k

+

X

+

X

[I ρ

AB



, φk ⊗ I B − I ρA , φk ]

k



[I ρAB , ψk ⊗ I B − I ρA , ψk ]

k

X p
>
2 I (ρA , φk ) I (ρA , ψk )
k

+

X

+

X



[I ρAB , φk ⊗ I B − I ρA , φk ]

k



[I ρAB , ψk ⊗ I B − I ρA , ψk ]

k

>

X


2LρA (φk , ψk ) + 2Q ρAB .

(6)

k

The first inequality holds, since I (ρ, R) 6 Jρ (R)(see [35]).The second inequality holds from
the Cauchy-Schwarz inequality. The final inequality holds because the optimal measurement

for Q ρAB may not be φk or ψk .
From theorem 1, in fact we obtain an uncertainty relation in the form of sum of skew
information, which is in some sense like that of recent works[19–21]. Second, our result is
quite different from that of [19–21], the results of [19–21] only deal with single partite case,
in our work, we treat the bi-partite case, that is, with a quantum memory B. Last, the lower

bound is interesting, since it contain two terms, one term is quantum correlation Q ρAB ,
P
and another term is k LρA (φk , ψk ), which is a degree of compatible of two measurements,
just like the meaning of log2

1
c

in the entropy uncertainty relation (that is, Eq.(1)). So our

result can be seen as a analogue of bi-partite entropy uncertainty relation.
In summary, we have established a new uncertainty relation based on the skew information. We studied the bipartite case, which is the case of uncertainty relations with the
existence of a quantum memory. Our result shows that quantum correlations can be used
to obtain a tight bound of uncertainty.
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