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Abstract

We study the local indistinguishability of multipartite product states. Firstly, we

follow the method of Z.-C. Zhang et al [Phys. Rev. A 93, 012314(2016)] to give another

more concise set of 2n − 1 orthogonal product states in Cm ⊗ Cn (4 ≤ m ≤ n) which

can not be distinguished by local operations and classical communication (LOCC).

Then we use the 3-dimensional cubes to present some product states which give us an

intuitive view on how to construct locally indistinguishable product states in tripartite

quantum systems. At last, we give an explicit construction of locally indistinguishable

orthogonal product states for general multipartite systems.

In quantum information theory, the problem that distinguishing the quantum states us-

ing local operations and classical communication (LOCC) has been extensively studied in

the past 20 years, and numerous important results have been reported. The local distin-

guishability of a given set of states is an important problem connected with the LOCC. In

spite of these considerable efforts, the local indistinguishability of orthogonal multipartite

states is still not completely solved.

Since the problem was considered, the maximally entangled states and the product states

are concerned by most of the researchers. References [1–9] are an incomplete list of the results

about the local distinguishability of maximally entangled states. Meanwhile, many people

considered the local distinguishability of product states [10–23]. The case of product states

was first considered by Bennett. et al. who presented nine LOCC indistinguishable product

states in C3⊗C3 [10]. Since then, the locally indistinguishability of orthogonal product states

in the bipartite system have attracted much attention in recent years and have many advances

[14,16,19–23]. But for the multipartite systems, there are only a few papers which considered
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the locally indistinguishability of orthogonal product states [15, 17, 18]. And in [19, 21] the

authors give a full base of LOCC indistinguishable product states in tripartite systems.

Therefore, the study of LOCC indistinguishability of multipartite orthogonal product states

is still of significance.

In this paper, we focus on finding the locally perfect indistinguishable multipartite or-

thogonal product states. We separate the problem into two cases: the even partites and

the odd partites. For the even case, we first construct the locally indistinguishable orthog-

onal product states for bipartite systems, then extend it to any even partites. For the odd

case, we first solve the problem for tripartite case by considering the 3-dimensional cubic

representation of the states, which give an intuitive view on how to construct locally indis-

tinguishable product states in tripartite systems. Then combining the results for the even

cases, we obtain the results for any odd-partite systems.

We present our results in the following framework: In sec II, we present 2(n2 + n4 +

. . .+ n2k − k) + 1 LOCC indistinguishable orthogonal product states in even partite system

Cn1 ⊗Cn2 ⊗· · ·⊗Cn2k . In sec III, we first construct 2(n1+n3)−3 orthogonal product states

in tripartite system Cn1 ⊗ Cn2 ⊗ Cn3 , which cannot be perfectly distinguished by LOCC.

Then we give 2(n1 + n3 + . . . + n2k+1 − k) + 1 orthogonal product states which are LOCC

indistinguishable in Cn1 ⊗ Cn2 ⊗ · · · ⊗ Cn2k+1 .

Results

In this paper, we use {|i⟩}ni=1 to denote the orthonormal base of an n-dimensional quan-

tum system. In a k-partite quantum system H = Cn1 ⊗Cn2 ⊗ · · ·⊗Cnk , a state |ψ⟩ is called
a stopper state in H if it can be written as the following form under the assumed bases,

|ψ⟩ = (

n1∑
i1=1

|i1⟩)(
n2∑

i2=1

|i2⟩)...(
nk∑

ik=1

|ik⟩). (1)

We consider the following special form of product states,

|ψ⟩ = |i1⟩|i2⟩...|il−1⟩|il − jl⟩|il+1⟩...|ik⟩, 1 ≤ is ≤ ns, 1 ≤ il < jl ≤ nl, (2)

where |il − jl⟩ ≡ |il⟩ − |jl⟩.

Graph representation of special product states in bipartite system Under the

above assumptions, a special product state in bipartite quantum system Cn1 ⊗Cn2 is either

|i1⟩|i2 − j2⟩ or |i1 − j1⟩|i2⟩. Firstly, we draw an n1 × n2 table, see the left graph in Fig. 1. In

order to represent the state |i1⟩|i2− j2⟩, we draw a horizontal line with a dot at the left hand

side at coordinate (i1, i2), then we draw a horizontal line with a dot at the right hand side at

the coordinate (i1, j2). The pair of these two horizontal lines of the same color in the same

row represent the product state |i1⟩|i2 − j2⟩. The product state |i1⟩|i′2 − j′2⟩ is represented

by the pair of red lines in the i-th row, see the graphical representations of |i1⟩|i2 − j2⟩ and
|i1⟩|i

′
2 − j

′
2⟩ in Fig.1. We call these states horizontal ones. Similarly, to represent the state
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|i1 − j1⟩|i2⟩, we draw a vertical line with a dot at its top at (i1, i2) and a vertical line with

a dot at its bottom at (j1, i2). The pair of these two lines with the same color represent

|i1 − j1⟩|i2⟩. We call these vertical ones.

i1\

j2\i2
' ]i2\ j2

' ]
 2\ 1\  3\

 1\

 3\

        |2\ 

Figure 1: The graph at the left hand side is the graphical representations of the

product state |i1⟩|i2−j2⟩ and |i1⟩|i
′
2−j

′
2⟩ in bipartite quantum system: the pair of

black horizontal lines represent |i1⟩|i2− j2⟩, while the pair of red horizontal lines

represent |i1⟩|i
′
2−j

′
2⟩. The right hand side graph is the graphical representations

of the four product states |1⟩|1− 2⟩, |1− 2⟩|3⟩, |3⟩|2− 3⟩, |2− 3⟩|1⟩ in C3 ⊗ C3.

Constructions for even-partite case

Firstly, we give the following construction:

Theorem 1. In Cm ⊗ Cn (4 ≤ m ≤ n), the following 2n− 1 orthogonal product states are

LOCC indistinguishable,

|ϕ1⟩ = (|1⟩+ |2⟩+ · · ·+ |m⟩)(|1⟩+ |2⟩+ · · ·+ |n⟩),
|ϕi⟩ = |i⟩|1− i⟩, i = 2, 3, . . . ,m,

|ϕm+1⟩ = |1− n⟩|2⟩,
|ϕm+j−1⟩ = |1− (j − 1)⟩|j⟩, j = 3, 4, . . . ,m,

|ϕm+l−1⟩ = |1− 2⟩|l⟩, l = m+ 1,m+ 2, . . . , n,

|ϕm+n⟩ = |m⟩|3− (m+ 1)⟩,
|ϕn+s⟩ = |m− 1⟩|s− (s+ 1)⟩,
|ϕn+t⟩ = |m⟩|t− (t+ 1)⟩,
s = m+ 2k − 1, t = m+ 2k, k = 1, 2, . . . , ⌊n−m

2
⌋.

(3)

See Methods for the proof of Theorem 1.

These states in Theorem 1 are different from the states in [23] for Cm⊗Cn (4 ≤ m ≤ n).

Actually, we can show the structure of these states by graphs. As for two examples, Fig.2

and Fig.3 are the graph structures for m = 4, n = 7 and m = 6, n = 12.
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 2\

 3\

 4\

Alice

Bob

 1\  2\  4\  5\  6\  7\

 3\

Figure 2: LOCC indistinguishable

product states in C4 ⊗ C7.
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Figure 3: LOCC indistinguishable product states

in C6 ⊗ C12.

Now we consider the construction of small set of LOCC indistinguishable product states

in general even-partite case. Let us denote the product states (3) in Theorem 1 by |ϕis⟩s for
the bipartite system Cn2s−1 ⊗ Cn2s , is = 1, 2, . . . , 2n2s − 2, s = 1, 2, . . . , k.

Theorem 2. In Cn1 ⊗ Cn2 ⊗ · · · ⊗ Cn2k−1 ⊗ Cn2k (3 ≤ n1 ≤ n2 ≤ · · · ≤ n2k−1 ≤ n2k, k ≥ 2)

the 2(n2+n4+ · · ·+n2k−k)+1 orthogonal product states given by the union of the following

k sets: {|ϕi1⟩1|11⟩2 · · · |11⟩k}, {|11⟩1|ϕi2⟩2|11⟩3 · · · |11⟩k}, · · · , {|11⟩1 · · · |11⟩k−1|ϕik⟩k}, is =

1, 2 . . . 2n2s − 2, together with a stopper state

|ϕ⟩ =
n1∑

i1=1

|i1⟩
n2∑

j1=1

|j1⟩ · · ·
n2k∑
ik=1

|ik⟩
n2k∑
jk=1

|jk⟩, (4)

are LOCC indistinguishable.

See Methods for the proof of Theorem 2.

Constructions for odd-partite case The odd-partite cases are different from the even-

partite ones. We first consider the tripartite system. Then we combine the tripartite case

with the even-partite cases to tackle with the general odd-partite cases. We first give a

concrete example to show how to construct a set of LOCC indistinguishable product states

in C4 ⊗ C5 ⊗ C6, and then generalize it to the general tripartite system Cn1 ⊗ Cn2 ⊗ Cn3

(4 ≤ n1 ≤ n2 ≤ n3).

In C4⊗C5⊗C6, there are 17 orthogonal product states that are LOCC indistinguishable.

To show the construction of these 17 states, we set

|ϕ1⟩ = (|1⟩+ |2⟩+ |3⟩+ |4⟩)(|1⟩+ |2⟩+ |3⟩+ |4⟩+ |5⟩)(|1⟩+ |2⟩+ |3⟩+ |4⟩+ |5⟩+ |6⟩). (5)

By Theorem 1, we have the following 11 LOCC indistinguishable product states in C5 ⊗C6,
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|ψ1⟩ = (
∑5

i=1 |i⟩)(
∑6

j=1 |j⟩),

|ψ2⟩ = |2⟩|1− 2⟩, |ψ3⟩ = |3⟩|1− 3⟩,

|ψ4⟩ = |4⟩|1− 4⟩, |ψ5⟩ = |5⟩|1− 5⟩,

|ψ6⟩ = |1− 5⟩|2⟩, |ψ7⟩ = |1− 2⟩|3⟩,

|ψ8⟩ = |1− 3⟩|4⟩, |ψ9⟩ = |1− 4⟩|5⟩,

|ψ10⟩ = |5⟩|3− 6⟩, |ψ11⟩ = |1− 2⟩|6⟩.

 1\  2\  3\  4\  5\  6\

 1\

 2\

 3\

 4\

 5\

Alice

Bob

Figure 4: The graphic representation

of the states |ψi⟩, i = 2, ..., 10.

Setting |ϕi⟩ = |4⟩|ψi⟩ for i = 2, 3, . . . , 11, we obtain 11 tripartite product states. If Alice

does the first measurement {MA
s } that preserves the orthogonality of these 11 states, then

⟨ϕj|IC ⊗ IB ⊗ (MA
s )

†(MA
s )|ϕi⟩ = λ⟨ψj|IB ⊗ (MA

s )
†(MA

s )|ψi⟩, (6)

where λ is either ⟨4|IC |4⟩ = 1, or ⟨4|IC
∑4

i=1 |i⟩) = 1 or (
∑4

i=1⟨i|)IC(
∑4

i=1 |i⟩) = 4. In any

cases we have the following relations:

⟨ϕj|IC ⊗ IB ⊗ (MA
s )

†(MA
s )|ϕi⟩ = 0 ⇔ ⟨ψj|IB ⊗ (MA

s )
†(MA

s )|ψi⟩ = 0. (7)

However, from the proof of Theorem 1, Alice cannot apply any nontrivial measurements.

Otherwise, the orthogonality of the states {|ψi⟩}11i=1 can not be preserved. The same ar-

guments apply to Bob too. Therefore Alice and Bob can not be the first one to do the

measurement.

Next, we construct more states such that Charlie can only do the trivial measurement as

well,

|ξ11⟩ = |4⟩|1− 2⟩, |ξ12⟩ = |3⟩|1− 2⟩,

|ξ13⟩ = |2⟩|1− 2⟩, |ξ14⟩ = |1⟩|1− 2⟩,

|ξ15⟩ = |1− 2⟩|4⟩, |ξ16⟩ = |2− 3⟩|5⟩,

|ξ17⟩ = |3− 4⟩|4⟩.

Charlie

Bob

 4\

 2\

 3\

 1\

     1\      2\       3\       4\       5\  

Figure 5: The graphic representation of the

states |ξi⟩, i = 11, ..., 17.5



Now we set |ϕi⟩ = |ξi⟩|6⟩, i = 11, 12, ..., 17. Here |ϕ11⟩ is the same as the one defined by

|ϕ11⟩ = |4⟩|ψ11⟩ from Fig. 4. If Charlie does the first measurement {MC
s } that preserves the

orthogonality of the states |ϕi⟩ = |ξi⟩|6⟩, i = 11, 12, ..., 17, and the stopper state, then

⟨ϕj|(MC
s )

†(MC
s )⊗ IB ⊗ IA|ϕi⟩ = λ⟨ψj|(MC

s )
†(MC

s )⊗ IB|ψi⟩, (8)

where λ = ⟨6|IC |6⟩ = 1, or λ = ⟨6|IC
∑6

i=1 |i⟩) = 1 or λ = (
∑6

i=1⟨i|)IC(
∑6

i=1 |i⟩) = 6, which

lead to the following relations:

⟨ϕj|(MC
s )

†(MC
s )⊗ IB ⊗ IA|ϕi⟩ = 0 ⇔ ⟨ψj|(MC

s )
†(MC

s )⊗ IB|ψi⟩ = 0. (9)

It is easy to derive that in order to preserve the orthogonality of the horizontal states in

Charlie and Bob’s system, the nondiagonal elements of (MC
s )

†(MC
s ) should be zero. And in

order to preserve the orthogonality of the vertical states and the stopper state, the diagonal

elements of (MC
s )

†(MC
s ) should be equal. Hence, Charlie can only do the trivial measurement

if he does the first measurement. Fig. 6 gives a sketch proof of the LOCC indistinguishability

of the product states we constructed above.

Φ2]= 4 ] 2 ] 1- 2]

Φ3]= 4] 3 ] 1- 3]

Φ4]= 4] 4 ] 1- 4]

Φ5]= 4 ] 5] 1- 5]

Φ6]= 4] 1- 5] 2 ]

Φ7]= 4 ] 1- 2] 3 ]

Φ8]= 4] 1- 3] 4]

Φ9]= 4 ] 1- 4] 5 ]

Φ10]= 4 ] 5] 3- 6 ]

Φ11]= 4 ] 1- 2] 6 ]

Φ12]= 3] 1- 2] 6 ]

Φ13]= 2 ] 1- 2] 6 ]

Φ14]= 1 ] 1- 2] 6 ]

Φ15]= 1- 2] 4] 6 ]

Φ16]= 2- 3] 5] 6 ]

Φ17]= 3- 4] 4] 6 ]

Stopper state

Alice and Bob can only 

make the trivial 

measurement.

Stopper state
Charlie  can only make 

the trivial 

measurement.

Figure 6: A sketch proof of the LOCC indistinguishability of the above states.

Similar to the bipartite case, we can intuitively image a special product state in tripartite

quantum system as some cube in three dimensional space. Fig.7 is the graphical represen-

tation of the product states we constructed above. Any special product state we considered
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here can be represented by two cubes. All the states we constructed above lie either on the

top surface or the right surface. The states on the top surface can be viewed as the tensors of

the bipartite states associated with Alice and Bob and the state |4⟩ associated with Charlie.

Similarly, The states on the right surface can be viewed as the tensors of the bipartite states

associated with Bob and Charlie and the state |6⟩ associated with Alice.

Bob

4 \C 1- 4\B 5 \A

1- 2 \C 4\B 6 \A

Alice

Charlie

Figure 7: The graphic representation of states by 3-dimensional

cubes.

For general tripartite system Cn1⊗Cn2⊗Cn3 (4 ≤ n1 ≤ n2 ≤ n3), the orthogonal product

states we want to construct can also be described by two parts: the Top surface part (T )

and the Right surface part (R). As we will see, the Top surface part leads to the

conclusion that both Alice and Bob can only make trivial measurements if they are the first

one to do the measurement. Meanwhile, the construction of the Right surface part aims

at that Charlie can only do the trivial measurement as well.

Top surface part: We denote the 2n3−1 states, except for the stopper state, in Cn2⊗Cn3

constructed from Theorem 1 by {|ψi⟩}2n3−2
i=1 . Then denote T = {|ϕi⟩ = |n1⟩ ⊗ |ψi⟩ | i =

1, 2, ..., 2n3 − 2}. The number of the states in T is 2n3 − 2.

There are three possible cases: (a) n2 < n3 and n3 − n2 is odd, (b) n2 < n3 and n3 − n2

is even, (c) n2 = n3. Correspondingly the right column of the top surface and the top row of

the right surface have the forms as showed in Fig.8. Now our aim is to add some states lying

in the right surface which might imply that Charlie can only make trivial measurements if

he measures first. In the following we only consider the case (a) (other cases can be dealt

with similarly).
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(a) (c)(b)

Figure 8: Right column of the top surface and the top row of the right surface with respect

to the cases of (a), (b) and (c).

The Right surface part R is the union of some horizontal states and some vertical

states. The horizontal part H is given by

H = {|i⟩|1− 2⟩|n3⟩
∣∣ 1 ≤ i ≤ n1}. (10)

The vertical part V is given by

V = {|i− (i+ 1)⟩|(n2 − δ(n1−i))⟩|n3⟩
∣∣1 ≤ i ≤ n1 − 1}, (11)

where δi =
1
2
(1 + (−1)i), that is, δi = 0 if i is odd and δi = 1 if i is even. Then R = H ∪ V

has 2n1 − 1 states.

Figure 9: Examples of the left view of the Right surface part we

have constructed.

Note that R∩T = {|n1⟩|1−2⟩|n3⟩}. Thus to construct a set of orthogonal product states
one needs to include the stopper state |ψ⟩ = |ψ1⟩C |ψ2⟩B|ψ3⟩A, where |ψ1⟩C = |1⟩+ |2⟩+ . . .+
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|n1⟩, |ψ2⟩B = |1⟩+ |2⟩+ . . .+ |n2⟩, |ψ3⟩A = |1⟩+ |2⟩+ . . .+ |n3⟩. Let S denote the set of states

R∪T plus the stopper state. Then the number of states in S is (2n3−2)+(2n1−1)−1+1 =

2(n1 + n3)− 3.

Theorem 3. In tripartite system Cn1 ⊗ Cn2 ⊗ Cn3 (4 ≤ n1 ≤ n2 ≤ n3), the 2(n1 + n3)− 3

orthogonal product states in S are LOCC indistinguishable.

See Methods for the proof of Theorem 3.

Having solved the problem for tripartite systems, we have the following results for general

odd-partite quantum systems.

Theorem 4. In Cn1 ⊗ Cn2 ⊗ · · · ⊗ Cn2k ⊗ Cn2k+1 (4 ≤ n1 ≤ n2 ≤ · · · ≤ n2k+1), there are

2(n1 + n3 + · · ·+ n2k+1 − k) + 1 product states that are LOCC indistinguishable.

See Methods for the proof of Theorem 4.

Conclusion

We have presented a new construction of LOCC indistinguishable product states in Cm⊗
Cn(4 ≤ m ≤ n). Then we obtained 2(n2 + n4 + . . . + n2k − k) + 1 LOCC indistinguishable

orthogonal product states in even-partite systems Cn1⊗Cn2⊗· · ·⊗Cn2k (3 ≤ n1 ≤ n2 ≤ · · · ≤
n2k). For odd-partite systems, we first used 3-dimensional cubes to give an intuitive view in

constructing 2(n1 + n3)− 3 orthogonal product states in tripartite systems Cn1 ⊗Cn2 ⊗Cn3

that can not be distinguished by LOCC. At last, we presented 2(n1+n3+ . . .+n2k+1−k)+1

orthogonal product states that are LOCC indistinguishable in Cn1 ⊗ Cn2 ⊗ · · · ⊗ Cn2k+1

(4 ≤ n1 ≤ n2 ≤ · · · ≤ n2k+1).

We notice that the simplest lower bound on the size of unextendible product base (UPB)

[24–26] in Cn1⊗Cn2⊗· · ·⊗Cnk is 1+
∑k

i=1(ni−1). For the even-partite cases with n1 = n2 =

... = n2k = d, the bound 1+
∑2k

i=1(ni−1) is the same as the number of 2(n2+n4+ . . .+n2k−
k) + 1 LOCC indistinguishable orthogonal product states we obtained. However, the lower

bound of the size of UPB may not be reached, in which cases the local indistinguishability of

product states we presented is different from the local indistinguishability of UPB. It would

be also interesting to compare the local indistinguishability of UPB with that of orthogonal

product states.

Note added : — After finishing this work, we noticed that the authors in [27] also considered

the local indistinguishable multipartite product states.

Methods

The proofs of the Theorems are based on the following two facts: if a set of quantum states

is LOCC distinguishable, then some partite has to start with a nontrivial measurement, i.e.

not all measurements M †M are proportional to the identity. And the measurements must

preserve the orthogonality relations of the quantum states. Hence for a given set of states, if

the measurement preserving the orthogonality relations of the given states must be trivial,

then one can conclude that the given set of states are LOCC indistinguishable.
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Proof of Theorem 1 First, suppose Alice does the POVM measurement M †
mMm, which

is of the following matrix form in the basis {|1⟩, |2⟩, . . . , |m⟩}A,
a11 a12 · · · a1m

a21 a22 · · · a2m
...

...
. . .

...

am1 am2 · · · amm

 . (12)

Since the postmeasurement states (Mm ⊗ I)|ϕi⟩ are orthogonal with each other, we have

⟨ϕj|M †
mMm ⊗ I|ϕi⟩ = ⟨j|⟨1 − j|M †

mMm ⊗ I|i⟩|1 − i⟩ = ⟨j|M †
mMm|i⟩ = aji = 0 for i ̸= j,

i, j = 2, 3, . . . ,m. In the same way, consider the orthogonality between |ϕi⟩ and |ϕm+i⟩ for
i = 3, 4, . . . ,m, and between |ϕm+1⟩ and |ϕ2⟩, we have that a1j = 0, j = 2, 3, . . . ,m. Consider

further that between the states |ϕ1⟩ and |ϕm+j⟩, j = 1, 2, . . . ,m, we get a11 = a22 = · · · =
amm. Thus M

†
mMm is proportional to the identity.

When Bob starts with the measurements denoted by the matrixM †
nMn with entries given

by bij, i, j = 1, ..., n, in the basis {|1⟩, |2⟩, . . . , |n⟩}B, one has the postmeasurement states

(I ⊗Mn)|ϕi⟩ which are mutually orthogonal. Consider the states |ϕm+i⟩ and |ϕm+j⟩, i, j =
1, 2, . . . ,m+n−1, we can get bij = 0, i ̸= j = 2, 3, . . . , n. And from the orthogonality between

|ϕi⟩, i = 2, 3, . . . ,m, and |ϕm+j−1⟩, j = 2, 3, . . . , n, we have b1j = bji = 0, j = 2, 3, . . . , n.

Finally, from the orthogonality between states |ϕ1⟩ and |ϕi⟩, i = 2, 3, . . . ,m,m + n,m +

n + 1, . . . , 2n − 1, we obtain b11 = b22 = · · · = bnn. Therefore the measurements M †
nMn are

proportional to the identity. Thus, these 2n− 1 product states are LOCC indistinguishable.

Proof of Theorem 2 For simplicity we call the Cn2s−1 system the s-th Bob system, and

Cn2s system the s-th Alice system. We only need to show all the partites could only do the

trivial measurement. If the s-th Alice or Bob do the first measurement, it must preserve the

orthogonality of all the quantum states. In particular, it preserves the orthogonality of the

following 2n2s − 1 quantum states.

We denote the states |ψis⟩ = |11⟩1 · · · |11⟩s−1|ϕis⟩s|11⟩s+1 · · · |11⟩k, is = 1, 2, . . . , 2n2s − 2,

and |ψ2n2s−1⟩ = |ϕ⟩. Then the states I ⊗· · ·⊗ I ⊗MA
s ⊗ I · · ·⊗ I|ψi⟩ and I ⊗· · ·⊗ I ⊗MA

s ⊗
I · · · ⊗ I|ψj⟩ are orthogonal. By a direct calculation, we obtain

s⟨ϕj|I ⊗ (MA
s )

†(MA
s )|ϕi⟩s = δij. (13)

From the proof of Theorem 1, any measurement which preserves the orthogonality of |ϕi⟩s and
the corresponding stopper state must be trivial. Then from (13) we deduce that MA†

s MA
s ∝

Is. Hence, in order to preserve the orthogonality of the above quantum states the only

measurements of the s-th Alice can do is the trivial measurement.

Similarly, if we consider the s-th Bob system, we have s⟨ϕj|(MB
s )†(MB

s ) ⊗ I|ϕi⟩s = δij

too. Hence the measurement of the s-th Bob’s system is also a trivial one.

10



Proof of Theorem 3 Suppose Alice or Bob apply the first measurement that preserves

the orthogonality of the states from the Top surface part and the stopper state. Similar

to our example for tripartite system, the problem is equivalent to that the corresponding

measurement should preserve the orthogonality of the states from the top surface and the

stopper state of the reduced system without Charlie. Then the measurement must be a

trivial one since the Top surface part states are derived from the Theorem 1.

If Charlie first applies a measurement {MC
s }, then the measurement has to preserve the

orthogonality of the states from the Right surface part and the stopper state. In order to

preserve the orthogonality of the horizontal states H and the stopper state, the nondiagonal

elements of (MC
s )

†(MC
s ) are required to be zero, and in order to preserve the orthogonality of

the vertical states V and the stopper state, all the diagonal elements of (MC
s )

†(MC
s ) should

be equal. Hence, Charlie can only do the trivial measurement if he measures first.

Hence, none of the three people can apply a nontrivial measurement first.

Proof of Theorem 4 We give the proof by two steps: construction of the states and proof

of their LOCC indistinguishability.

Step 1: Construction of the states

Let |ψi1⟩1, i1 = 1, 2, . . . , 2(n1 + n3)− 4, denote the product states except for the stopper

states we constructed in Theorem 3 in Cn1 ⊗ Cn2 ⊗ Cn3 . We call the corresponding system

the 1-th Charles 1-th Bob and 1-th Alice system.

Let |ψis⟩s, is = 1, 2, . . . , 2n2s+1 − 2, denote the product states except for the stopper

states we constructed in Theorem 1 in Cn2s ⊗Cn2s+1 . We call the corresponding system the

s-th Bob and s-th Alice system for all integer 2 ≤ s ≤ k.

Then the set S of product states in multipartite quantum system we want to construct

is the union of the following sets and a stopper state |ψ⟩,

S1 = {|ψi1⟩1|11⟩2 · · · |11⟩k
∣∣ i1 = 1, 2, . . . , 2(n1 + n3)− 4},

S2 = {|111⟩1|ψi2⟩2|11⟩3 · · · |11⟩k
∣∣ i2 = 1, 2, . . . , 2(n5)− 2},

...

Sk = {|111⟩1 · · · |11⟩k−1|ψik⟩k
∣∣ ik = 1, 2, . . . , 2(n2k+1)− 2}.

(14)

Here the stopper state |ψ⟩ = |ψ1⟩|ψ2⟩ . . . |ψ2k+1⟩, where |ψ1⟩ = |1⟩+ |2⟩+ · · ·+ |n1⟩, |ψ2⟩ =
|1⟩ + |2⟩ + · · · + |n2⟩, · · · , |ψ2k+1⟩ = |1⟩ + |2⟩ + · · · + |n2k+1⟩. Then the number of elements

in the set S is 2(n1 + n3 + · · ·+ n2k+1 − k) + 1.

Now we need to check the orthogonality of the states in the set S = S1 ∪ S2 ∪ ... ∪
Sk ∪ {|ψ⟩}. The orthogonality of the states in Ss ∪ {|ψ⟩} is obvious by our construction

for all s = 1, 2, ..., k. Hence we only need to check that the states in Si are orthogonal

to the states in Sj whenever i ̸= j. We observe that |111⟩1 is orthogonal to |ψi1⟩1 for all

i1 = 1, 2, . . . , 2(n1 + n3)− 4 and |11⟩s is orthogonal to |ψis⟩s for all is = 1, 2, ..., 2n2s+1 when

2 ≤ s ≤ k. All these facts give the orthogonality of the states between Si and Sj for i ̸= j.

Step 2: proof of the LOCC indistinguishability

11



If the 1-th Charles applies the first measurement, then the measurement should preserve

the orthogonal of the set of states |ψi1⟩1|11 · · · 11⟩ and the stopper state. An easy calculation

shows the measurement must be trivial.

If the s-th Alice or Bob apply the first measurement, then his measurement should

preserve the orthogonal of the set of states |11...11⟩|ψis⟩s|11 · · · 11⟩ and the stopper state,

which gives rise to that the measurement is trivial.
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