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SYMMETRIES AND CONSERVATION LAWS OF
A NONLINEAR SIGMA MODEL WITH GRAVITINO

JURGEN JOST, ENNO KESSLER, JURGEN TOLKSDORF, RUIJUN WU, MIAOMIAO ZHU

ABSTRACT. We show that the action functional of the nonlinear sigma model with gravitino
considered in [I8] is invariant under rescaled conformal transformations, super Weyl transfor-
mations and diffeomorphisms. We give a careful geometric explanation how a variation of
the metric leads to the corresponding variation of the spinors. In particular cases and despite
using only commutative variables, the functional possesses a degenerate super symmetry. The
corresponding conservation laws lead to a geometric interpretation of the energy-momentum
tensor and supercurrent as holomorphic sections of appropriate bundles.

1. INTRODUCTION

The main motivation for the introduction of the two-dimensional nonlinear supersymmetric
sigma model in quantum field theory, or more specifically super gravity and super string theory,
are its symmetries, see for instance [3, 9]. Furthermore, as argued in [20], the functional is
determined by its symmetries together with suitable bounds on the order of its Euler—-Lagrange
equations. While super symmetric models are usually formulated using anti-commutative
variables, in [I§] an analogue of the two-dimensional nonlinear supersymmetric sigma model
using only commutative variables was introduced. Here we would like to give a detailed geometric
account of the symmetries of the purely commutative model considered in [18].

In physics as well as in geometry, symmetries of a system always have important implications.
In particular, differentiable symmetries of a system give rise to conservation laws—this is
basically what the famous Noether’s theorem states, see e.g. [14, Chapter 1], [I5 Section 2.3.2]
and [IT]. To see how Noether’s principle helps, let us take a closer look at the harmonic map
theory as an example; this will also be the prototype for our work.

The Dirichlet energy for a smooth map ¢: (M, g) — (N, h) from a Riemannian surface to a
Riemannian manifold is given by

1 1 dP' O
E(¢) = §/M]dq§|3v®¢*h dvol, = 5/Mgo‘ﬁa—;ia—ﬁhij@(x))\/detg(m) dz

where ¢g" denotes the dual metric on the cotangent bundle and ¢*h the induced metric on the
pullback bundle ¢*T'N. The critical points of the energy functionals are named harmonic maps
in [I0], the study of which has been among the central topics in mathematics for a long time.

Essential in the study of harmonic maps are the diffeomorphism invariance EI of the Dirichlet
energy

E(¢o figs) = E(¢;9),  Vf e Diff(M),
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IWe denote by g + the non-negative definite symmetric 2-form defined by

95X, Y)(@) = g5 (T(X), Tf(Y))
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and as a peculiarity in the case that the domain is two dimensional, the conformal invariance
E(¢;e*'g) = E(d:g),  Yu € C%(M).

Those two symmetries link the theory of harmonic maps on a Riemann surface to the Teichmiiller
theory, see [10].

The conservation laws corresponding to diffeomorphism invariance and conformal invariance
are expressed in terms of the energy-momentum tensor. The energy-momentum tensor is defined
as the variation of the Dirichlet energy with respect to the metric, that is, for a smooth family
(g+) of Riemannian metrics on M,

EQE(qb,gt) =75 /M <E’T(¢’ gt)> dvoly, .

Explicitly the energy-momentum tensor is a symmetric 2-tensor T(¢; g;) = Tps dz® ® dz® given
by

1 a¢" 0 1

5 aff — hz](¢)a_‘faa_.f; - 5‘ d¢‘ztv®d)*hgtaﬁ-
The energy-momentum tensor is symmetric and traceless—though this is clear from the expres-
sion, it roots in the fact that we are taking variations in the symmetric 2-tensors and that the
energy functional is conformally invariant in dimension two. Actually, consider the conformal
family (g; = e*“g), the conformal invariance says that E(¢;e*"g) = FE(¢;g), and consequently

= d 2tu _ _1 )
=5 t:02E(¢,€ g) = 2/M<2ug,T(¢7g)>dUOZg

_ / u- Tr, (T(¢; g)) dvol,,
M

which is equivalent to say that Tr,(T(¢; g)) = 0 since the function u can be arbitrary.

The conservation law corresponding to the diffeomorphism invariance of the Dirichlet energy
is that the energy-momentum tensor is divergence-free on shell H Indeed, for a differentiable
family (f;) of diffeomorphisms of M with fo = Idy; and a harmonic map ¢, we have

d 1/0
dt li—o (¢oft?gft) /1\42 <8tgft ) (¢7g)> VOl g,

When we denote the generator of f; by X € I'(T'M) the differential of the metric is given by the
following Lie-derivative

0

t=0

d
dt
Consequently, when the map ¢ is harmonic, we have

0= /M(Exg,T((ﬁ; g)) dvol, = —2 /M(X7 divy(T(¢; g))) dvol,

where the second equality is recalled in Section [d] As the vector field X could be arbitrary, it
follows that the energy-momentum tensor is divergence-free.

=Lxg.
t:ngt xg

for any x € M and any X,Y € I'(TM), which is commonly referred to as “pullback metric” when f is an
immersion in differential geometry. We reserve the symbol f*g for the induced metric on the pullback bundle
f*TM.

2Here we use the phrase “on shell”, as it is common in physics, to say that the Euler-Lagrange equations are
satisfied.
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The fact that the energy-momentum tensor is symmetric, traceless and divergence-free
has important geometric and analytic consequences. For instance, the space of symmetric,
traceless and divergence-free 2-tensors can be identified with the space of holomorphic quadratic
differentials. Using existence results of harmonic maps and the Theorem of Riemann-Roch, one
can then show that the Teichmiiller space is a ball of dimension 6p — 6, where p is the genus of
the surface.

The action functional in [I8] extends the Dirichlet energy to include spinor fields: a Dirac-term
in the field v and additional terms inolving the gravitino field x. While the Euler-Lagrange
equations for ¢ yield a Dirac-type equation, the gravitino is more considered as a parameter
in the theory, similar to the metric g. By analogy to the models studied in physics we expect
conformal invariance, super Weyl invariance (an analogue to conformal invariance affecting the
gravitino) and diffeomorphism invariance. We will show that the functional introduced in [18§]
possesses indeed the aforementioned symmetries. The major difficulty in the study of those
symmetries is that spinors depend on the metric. In order to express the variation of the spinors
in terms of the variation of the metric we use the methods developped in [2]. In contrast to the
original physical model, the functional studied here possesses only a “degenerate supersymmetry”
in special cases.

The conservation laws corresponding to those four symmetries are expressed in terms of
the energy-momentum tensor and the supercurrent, which is the variation of the action with
respect to the gravitino. We show that rescaled conformal and super Weyl invariance lead to
algebraic constraints on the energy-momentum tensor 7" and the supercurrent J. Diffeomorphism
invariance and degenerate supersymmetry yield equations for the divergences of T" and J. All
four symmetries together allow for an interpretation of 7" and J as holomorphic sections of
appropriate bundles. This is in full analogy to the super geometric setting, where 7" and J
constitute tangent vectors to the moduli space of so-called super Riemann surfaces, see [17], [19].

The article is organized as follows: First we consider a Dirac action as a toy model, as well as
to set up the notation for later use. The Weyl symmetry and the diffeomorphism invariance are
checked and the corresponding conservation laws are obtained. Then we put the main effort
to study the nonlinear sigma model with gravitino in [I8], and the four kinds of symmetries
mentioned above are discussed. We give explicit computation of the energy-momentum tensor
and supercurrent in that case. The corresponding conservation laws are derived and explained.
Finally we make a supplement about the divergence operators, both on symmetric 2-tensors
and on spinors, which are frequently used in the context.

2. DIRAC ACTION AND ITS CONSERVATION LAWS

In this section we consider a Dirac action. While various Dirac actions play a prominent role
in physics, we will use the Dirac action as an elaborate toy model. At the example of the Dirac
action we will set up the notation and theory necessary to study symmetries and conservation
laws of a sigma-model involving spinors.

The geometric setup is as in [I8]. Let (M, g) be a closed oriented Riemannian surface and
let &: Pspin(M, g) = Pso(M, g) be a spin structure on (A, g). The irreducible representation of
the Clifford bundle Clj 5 induces the real spin representation p: Spin(2) — GL(V) where V' is
a representation space and is isomorphic to R*. From this one can form the associated spinor

bundle

Sg = PSpin<M7 g) XM V.
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Note that here by the lower index in S, we emphasize the dependence on the Riemannian
metric g. There are a canonical fiberwise real inner product denoted by g,, and a canonical
metric connection V°. The connections on I'(S;) and on the algebra bundle Cl(M, —g) satisty a

Leibniz rule, see e.g. [21]. Choosing an isomorphism between V' and Cly o we get a Clifford map
denoted by v: T'M — End(S,) which satisfies the Clifford relation

Y(X)V(Y) +y(Y)v(X) = —2¢(X,Y) for all X, Y € I'(T'M).

Sections of S, will be referred to as (pure) spinors, which is used to describe matter fields with
non-integer spins in physics.
On the spinor bundle S, there is a spin Dirac operator @,: I'(S;) — ['(S,) which is defined by

P,0 =7(ea)V: o for o € T'(S,),

where (e,) is a local oriented g-orthonormal frame. It is easily to check that @, is well-defined,
that is, independent of the g-orthonormal frame. This Dirac operator is an elliptic self-adjoint
operator, and has a real spectrum which is unbounded in either side in R. A spinor ¢ € I'(S)
is called harmonic if it is in the kernel of ﬁg, ie. @Qq = 0. One can refer to [13] [1] for more
knowledge about harmonic spinors.

Here we consider a Dirac action E] as a functional defined on spinors and Riemannian metrics
by

DA(o;g) = / g9s(c, @ ,0) dvol, for g € Met(M) and for o € I'(S,)
M

where Met(M) denotes the space of all Riemannian metrics on M. From the facts above on the
spectrum about ﬁg one knows that this action functional cannot be bounded from either side.
Recall that the spin Dirac operator (?g is self-adjoint with respect to the L2-inner product. An
easy calculation shows that for a smooth family (o), of spinors,

d d
—| DA(osg) =2 = dvol,.
Qi iy DA 9) /M<(dt to“t) ’@9"> V%

Thus the Euler-Lagrange equation for the Dirac action is aga = 0, that is, the critical spinors
are the harmonic spinors.

2.1. Rescaled conformal invariance of the Dirac action. First observe that mathemati-
cally rigorously, one can not keep the spinor ¢ fixed while varying the metric, because the spin
structure depends on the metric g and so do the spinor bundle S, and the Dirac operator (?g.
To overcome this difficulty we take the approach developed in [2].

Let g and ¢’ be two Riemannian metrics on M. There is a unique self-adjoint endomorphism
H € End(T'M) such that ¢'(-,-) = g(H-,-). Thus if we set

b=1b7 =H ' e Aut(TM),
then b: (T'M,g) — (T'M,¢') is an isometry of Riemannian vector bundles. More explicitly,
Next we lift the isomorphism b to the spin level. Since b: (T'M,g) — (T'M,q") is SO(2)-
equivariant, it defines a principal bundle isomorphism

b: Pso(M, g) — PSO(Ma g/>

which lifts to an isomorphism b: Pspin(M, g) — Pspin(M,g') on the spin level which covers
b. Here it is important to assume that Ps,, (M, ¢') corresponds to the same topological spin

3Note that in most applications in physics a mass term is added to the Lagrangian.
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structure as Pspin(M, g). Let now S, and Sy be spinor bundles associated to Psyn (M, g) and
Pspin(M, ¢') via the same representation p: Spin — SO(V). Since b is Spin(2)-equivariant, it
induces an isometry between the spinor bundles as Riemannian vector bundles, denoted by

I6; Eﬁg,i Sg — Sg/,

which is to say, gs(+,+) = g4 (B(), 5(+)). Moreover, note that for a vector v € T M and a spinor
o €Sy,

B(y(v)e) =7'(b(v))B(o).
where +' denotes the Clifford map with respect to the metric ¢'.

Next we consider the conformal behavior of the Dirac action. First recall the following
Proposition:

Proposition 1 (see [12, Prop. 1.3.10]). Let u € C®(M), then ¢ = e¢*'g is a Riemannian
metric conformal to g. The spin Dirac operators (?g and (?g/ satisfy

0,500 = 5 (B0 + L) ).

. . _m—1
where m = dim M. Moreover, after a rescaling by e "2 “

homogeneously:

, the Dirac operator transforms

agzﬁ(e_mT_lua) = e_mTH“ﬂ(@ga).

This implies that the dimension of the space of harmonic spinors is a conformal invariant.
Let us now specify to the surface case, m = 2. The map [ allows us to transform the spinor
according to the change of the metric. However, by Proposition [I| an additional rescaling is
necessary to make the Dirac action invariant. Indeed,

DA(BU;@QUQ)—/ e“gs(a,@go) dwol,

M
which is in general not equal to DA(c;g). In contrast, if the rescaling by e~ T = em2% is
taken into account the Dirac action is invariant:
(1) DA(e”2"Bo; e2q) = / g, (e’%“ﬂa, e’%“ﬁ((ﬁgo)> e* dvol, = DA(c; g).

M

Hence, strictly speaking the Dirac action is not conformally invariant. We will rather use the
term “rescaled conformal invariance” for the invariance given in Equation ([1)).

2.2. The energy-momentum tensor of the Dirac action. We need to calculate the vari-
ation of the Dirac action with respect to the Riemannian metric. To this end we need a
parametrized version of the theory presented in the last subsection. Let (g;), be a smooth family
of Riemannian metrics parametrized by ¢ in a neighborhood of zero in R such that gy = ¢g. The
t-derivative at ¢ = 0 is a smooth symmetric 2-form, say k € I'(Sym(7*M ® T*M)). Conversely,
any k € I'(Sym(7*M ® T*M)) can be represented in this way, for instance, (g, = g + tk), is
such a family for |¢| small enough.

As before there is a unique family of self-adjoint endomorphisms (H,), C End(T'M) such that
9:(+,-) = g(Hy-,-). We will denote by b, = b9 and 8, = 39,: Sy — S,,. Notice that

d 1
— =——K e End(TM
dt tzobt 2 € End( )
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where K is the endomorphism associated to k& by metric dualization, which is also the ¢-derivative
of Hy at t = 0. Let {e,} be a local oriented g-orthonormal frame, then {E,(t) = b:(eq)} is a
local oriented g;-orthonormal frame, and

d d
— | B (t)=—| bey)=—-—=-Ke,=—=KPeg.
dt lt=0 (*) dt li=0 (o) 2 € 2 B

We also need to consider the volume forms of different metrics: dvoly, = v/det H; dvol,. The
t-derivative at t = 0 is

d d 1
E‘t:o dvol,, = <&‘t0\/det Ht) dvol, = 5 Tr,(K) dvol,,.

Transport the Dirac operator @y, : I'(Sy,) — I'(S,,) via the isometry S to obtain a differential
operator on I'(S,):

Dy = 67t 0y 0 B T(S,) = T(S,).
From [2] and [22], we know that

d = 1

1 .
a t:Oagt = _EV(BQ)V;{(%) + Z’Y (grad(Trg k?) — dlvg(k)ﬂ> ,

where the g-divergence div,(k) is recalled in Section

Now we are ready to derive the variation of the Dirac action for the metric g while keeping
the spinors essentially “unchanged”. The variation formula for metrics can be obtained in the
following way:

d d
dt t:ODA(BtU;gt) = %l /Mgs(t) (5150, 3%@0) dvol,,
d J—
- & tzo/Mgs(U’ ﬂt 1@%@0) dvolgt
d _
T dt t:o/Mgs(U’ agta) dvoly,

1
= ——/ (k,T(0;g)) dvol,,
2 Jm

where T'(0; g) = Thpe® ® €° is the energy-momentum tensor, with coefficients
1 S S
Tos = 3 <a,7(ea)Veﬂa + ’7(65)V6a0>g — (0, ,0) 4, 9as-

By construction the energy-momentum tensor is symmetric, but not necessarily traceless; in
fact,

Try(T) = — (o, ag‘7>gs :

This can be explained by the conservation law associated to the rescaled conformal invariance
as follows.

d

1 1
0= — DA(e_%t“ﬁa, eig) = / 2( —=uo,do ) — = (2ug, T) dvol,,
dt|,_, v\ 2 2

- — /Mu ((o,do) + Try(T)) dvol,
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The conservation law to the rescaled conformal invariance prescribes the trace of the energy-
momentum tensor. As the Dirac action is in general not conformally invariant, the trace is
non-zero. Notice that on shell the energy-momentum tensor is traceless.

2.3. Diffeomorphism invariance of the Dirac action. While diffeomorphism invariance of
the Dirac action may seem obvious at first glance, we need a precise formulation to obtain the
corresponding conservation law.

Let f be a smooth diffeomorphisms of M. Pull the metric g back via f to get a Riemannian
metric gf on T'M. The differential T'f of f is an isometry of Riemannian vector bundles which
covers the map f; that is, the following diagram commutes:

Tf
(TM7gf) — (TM,g)

| |

M ———- M

This induces a map on the orthonormal frame bundles, which is also denoted by T'f. As T f
is SO(2)-equivariant, there exists a unique spin structure Psyin (M, gf) = Pso(M, g¢) such that
T f lifts to the corresponding principal Spin(2)-bundles. Indeed, as explained in [21, Theorem
I1.1.7], the spin structures on M are in one-to-one correspondence to elements of H'(M,Z,)
and Pspin (M, gf) is given by the pullback of the cohomology class corresponding to Psyin (M, g).
Hence, in general, the topological spin structures corresponding to Pspin(M, ¢g) and Pspin(M, gf)
do not need to coincide. The situation is summarized the following commutative diagram in the
left:

Tf
PSPiH<M7gf) — PSpin(M7g) (ng,gg) L> (Sgags)

| |

T
Pso(M, gy) =, Pso(M, g)

| | |

(2) M ! y M M—T oM

An irreducible spin representation p: Spin(2) — SO(V') will give rise to spinor bundles associated
to the above principal Spin(2)-bundles, and the isomorphism 7T'f induces an isometry F of the
corresponding spinor bundles, as shown in the commutative diagram above in the right.

In particular note that F' being an isometry means that for any y € M with f(y) =z € M,
and for any oy, 05 € (5,)

gs|m(017 02) = g£|y (F]glo'l, 17@10'2) .

As a result, the Dirac operators ﬁg on S, and ﬁg ; on S, are the “same” up to the isometry F' in
the sense that

(39)1 = Fjyo (@gf)y o F|;1

Remark. One should note that this formula holds because F' is induced by an isometry
f:(M,g;) — (M,g). Then Tf preserves the Levi-Civita connections on the tangent bun-
dles, and hence F' preserves the spin connection. As a comparison, although the morphism /3
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constructed in the previous subsection is also an isometry, it will not preserve the Dirac operator.
Indeed, the map b preserves the metrics but not the Lie brackets (this can be seen already in
the case of a conformal perturbation of the Riemannian metric), hence b does not preserve the
Levi-Civita connection and consequently [ does not necessarily preserve the spin connections.
This is the reason why a change of the Riemannian metric will give rise to a change of the Dirac
operator, which we have used before.

Now we explain the diffeomorphism invariance. The claim is that
(3) DA(c;g) = DA(F ' ooo f;gy).

Notice that F~' oo o f is a section of the bundle S;, — (M, gy), which is clear from the
diagram ([2). Then we have

DA(F—l oogo f; gf) = /Mgfy <F|;1(U o f)ya (agf)y (F‘;l(g o f)y)) dvolgf(y)
- /M 911 w) (a(f ), Fiy(,,) F), (o f@)))) dvoly, (y)

- /M gope (0(2), (3,),0(x)) dvol, (z)
= DA(0;9).
Thus the claim is confirmed.

To obtain the corresponding conservation law, we take a (local) one-parameter group of
diffeomorphisms (f;) of M with fo = Idy; and

d

T t:Oft =X el(TM).
For example, the flow generated by X is such a family; the flow is global since M is assumed to
be compact. Write M; = f,'(M) = f_,(M) and denote the pullback metrics on M by g; = g,.
The differential T'f; is again an isometry and hence can be viewed as a map of the principal
SO(2)-bundles. Note that M; = M and hence g is also a Riemannian metric on T'M,. These
two metrics can be related by an isometry b, = bJ,: (T'M;, g) — (T'My, ;) as before and can be
lift to the corresponding principal Spin(2)-bundles. In order to construct the lift, we notice that
a diffeomorphism homotopic to the identity preserves the topological spin structure. Therefore
we have the following commutative diagram:

i, 7
PSpin(Ma g) b_> PSpin(Mtagt) — PSpin(M7 g)

| ! L

by Tf:
Pso(M,g) = Pso(My, 1) ~ Pso(M, g)

| ! !

M Id N Mt ft N

y ——— ldy) =y —— z = fi(y)

The bottom line exhibits the pointwise behavior of the maps on base manifolds. Note that
in this diagram all the horizontal maps are diffeomorphisms/isomorphisms. The associated
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commutative diagram of spinor bundles is given by

(Sgs Gs) —2 (Syr, 9(t) —— (S, 95)

| | |

M 1d s M, i y M

The diffeomorphism invariance of the Dirac action says that for any ¢,
DA(c;g) = DA(Ft_l 0070 fi;gt).
Taking linearizations of both sides, we get

d

~ dtli=o
d

~ dt o
d . /]m gs(t)|y (615 0B 1o Ft@1<o' o ft)y, (agt)y (@ ofBto Ft@l(" o ft)y>> dwoly, (y).

0 DA(F’t_loUoft;gft)

/J\Jt gs(t)|y (Ft@l(a o ft)y, ((?gt)y (Ft|_yl (oo ft)y)> dvoly, (y)

Tt

Write 0, = 8, o Ft@l(a o fi),- Then using the spinor Lie-derivative as introduced in [2], we
have

d

d i(y) = Em

dt

Then, from the invariance (3)) it follows that

d
B & t=0 /]\/[t gs(t) (ﬁto—tvagtﬁto—t) d/UOZQt

1
= 2/ (L50,d,0) dvol, — 5/ (Lxg,T)dvol,
M M

iy / (X, divy (#,0)) dvol, + / (X, div, (T)) dvol,.

t:OU t:(]ﬁgl o Ft‘;l(o' o ft)y — £§(U<y)

0

Here the expression div, is a formal analogue of the divergence for spinors, explained in Section
As X can be arbitrary, it follows that for any o, the conservation law reads

2div, (J,0) + divy(T) = 0

In particular, along critical spinors which are the harmonic spinors, the energy-momentum tensor
is divergence-free. This confirms our expectation: the energy-momentum tensor is divergence-free
on shell.

2.4. Conclusions and remarks. We summarize our discussion about the Dirac action in the
following theorem.

Theorem 1. Let S, be a spinor bundle over (M, g), and consider the following Dirac action
defined on pure spinors o € I'(S,) and Riemannian metrics g by

DA(o;g) = /Mgs(a, @,0) dvoly,.
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(1) The total variation formula is
1
SDA = /M 250, BL(0)) ~ 4 (39, T(07 ) dvol,,

where the Euler—Lagrange equation for the spinor is EL(0) = ﬁga =0, and the energy-
momentum tensor in a local oriented orthonormal frame (e,) is

1
T(o;g) = {5 (0:9(ea)Vi,0 +7(ea)Vi0) = (o 0790>gsgaa} " @e’

gs

(2) This Dirac action is invariant under rescaled conformal transformations. That is, any
u € C*°(M) induces a conformal metric ¢ = e**g and there is a map 8: S, — Sy such
that DA(e’%uﬁa; g)=DA(o;g).

(3) The Dirac action is invariant under diffeomorphisms. That is, for any f € Diff (M),
there is an induced map F': Sy, — Sy such that DA(F~1'ooco f;g;) = DA(o;g).

(4) The energy-momentum is a symmetmc 2-tensor, with trace Try(T) = —(0,§,0),,.
When o s harmonic, T s traceless and divergence-free, hence corresponds to a holomor-
phic quadratic differential on M.

The methods we presented here do generalize to higher dimensions and all results except
the rescaled conformal invariance do hold there. It is also straightforward to adapt the theory
presented here to models with mass-term or other terms which do not involve derivatives of
spinor fields.

3. THE CASE OF THE NONLINEAR SIGMA MODEL WITH GRAVITINOS
We now turn to the full nonlinear sigma model with gravitino as considered in [18]. Let us
first briefly recall its construction. As before ¢: (M, g) — (N,h) is a map from a Riemann

surface to a Riemannian manifold, and a fixed spin structure Pspin(M, g) 5 Pso(M, g) has been
chosen. (S, gs) is a rank-four real a spinor bundle associated to this spin structure.
On the twisted vector bundle S; ® ¢*I'N there is the induced metric gs ® ¢*h and induced

metric connection, denoted by V. A section ¥ of this bundle, called a “vector spinor”, will serve
as a super partner of the map ¢. Note that a spin Dirac operator ng can be defined in the same
manner as above, i.e.,

¢g¢ = W/(ea)%ea@/}'
Let {y'} be a local coordinate of N, then 1) can be locally written as ¢ = 1/ @ ¢* (a%j)» where

each v’ is a (local) pure spinor. The Dirac operator then acts as

0 oy O
ngw:wea)( W®¢< )+W®V¢TN8])

—J @ ¢ ( >+fy(ea)w ® ¢* ( To(ea) ;j).

A super partner of the Riemannian metric g is given by a gravitino y, which is a section of
the bundle S; ® T'M. This bundle splits into two orthogonal summands, with the projections
given by

(4)

1 1
Px = —§v(eﬁ)v(ea)x°‘ ® es, Qx = —y(%)v(%)x“ ® eg.

For further geometric properties of gravitinos in super geometry we refer to [17].
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Then the action functional is given by

( ) A(¢7 1/)7 g, X) = /J\4| d¢|§v®¢*h + <wa w¢>gs®¢*h
5}

1
—4((1 ® ¢.)(QX), V) guwsn — |QX| 7 00| ¥1 5. 00 — 6 RY(¢) dvol,,

where RY stands for the pullback of the curvature of N under ¢, and the curvature term in the
action is defined by

1

1 i j
=5 RY(¢) = 6 ngl((b) (¥, ¢k>gs <W’¢l>gs '

The Euler-Lagrange equation of A are computed in [I§]:
14 1
0= BL($) = 7(9) = 5 RO ™ (¢, 0 - )00 + 13 SVR()
(6) + (V2 (ea-es- X, 0)s + (ea €5 X, Vo ™),

0= BL() = Pv ~ [Qud — SSR() - 2(1 © 6.)Qx

Here 7(¢) is the tension field of the map ¢ and SR(¢)) is a term involving the curvature of the
target and is of third order in +. The term SV R(1)) involves derivatives of RY and is of fourth
order in v. For the precise form of the curvature terms we refer to [1§].

From the case of the Dirac action treated before and the analogous two-dimensional nonlinear
super symmetric sigma model considered in super string theory (see for example |3, 9]) that the
model is invariant under (rescaled) conformal transformations, super Weyl transformations and
diffeomorphisms. We will see that this expectation is met. The corresponding conservations laws
will be formulated with the help of the energy-momentum tensor and the supercurrent which is
given by the variation of the action with respect to the gravitino. The rescaled conformal and
super Weyl symmetry lead to algebraic properties of energy-momentum tensor and supercurrent
respectively. The diffeomorphism invariance leads to a coupled differential equation for the
energy-momentum tensor and the supercurrent which holds on shell. At first sight it might
be surprising that the conservation law for the diffeomorphism invariance couples the energy-
momentum tensor and the supercurrent. Notice, however, that by “on shell” we only assume
that the equations of motion for the map ¢ and the vector spinor  hold.

An important feature of the model considered in physics is super symmetry. As the model
introduced in [I8] was built only with commuting variables, full supersymmetry cannot be
expected. However, we show that in special cases there is a remainder of super symmetry,
which we call “degenerate supersymmetry”. The conservation law associated to degenerate super
symmetry leads to a differential equation for the supercurrent. Together with the conservation
law from diffeomorphism invariance we can conclude in this special case that energy-momentum
tensor and supercurrent are holomorphic quantities.

One sees immediately that the Dirac-harmonic functional introduced in [4, 5] and some of its
variants [0, [7] are special cases of this action functional. Hence the computations presented here
contain the several variants of the Dirac-harmonic action functional. This leads to an interesting
application of degenerate super symmetry to Dirac-harmonic maps, showing that two known
simple solutions are actually related by degenerate super symmetry.

3.1. Rescaled conformal symmetry and super Weyl symmetry. As explained before
the spin structure, spinor bundle and Dirac operator depend on the chosen metric g. If we now
choose a metric ¢’ = e**g that is conformal to g we also need the isometric bundle isomorphisms
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b: (TM,g) — (TM,g') and B: (S, gs) = (Sy,g.) defined in Section 2.1 Furthermore, as in
the case of the Dirac action an additional rescaling of the spinors is needed. Hence we obtain
the following rescaled conformal invariance:

(7) A (o (B o )iy, BRHX) = Ad1ig,%).

Indeed, under the conformal transformations, the volume form rescales as dvol, = e** dvol,,.
The harmonic term behaves as in the classical theory and the Dirac term is very similar to the
case considered in Section 2.1 The three remaining terms can be checked easily using the fact
that b and [ are isometries. For the third term it holds:

—4{(1® ¢.)Q'e (B @ b)x, e (8 ® 1Y) grapen
e <v'<b<eﬁ>>w'<b<ea>>ﬁ<xﬁ> & blea), B) & 6" (%)} ¢
gs@¢*h

= 27" <ﬁ<7<€ﬁ)7(€a)Xﬁ) ® (e7"ea), B(U7) © &7 (%ﬁ) >gg®¢*h

= 2¢7" (y(e)V(ea)X’ @ ar ), oo
= —4e (1 ® ¢.)QX, V) .06 h-
For the fourth term notice
_1, —u —u
QB X[ 0y = e (B D)QX ey = ¢ QX 5,

and

(B® ﬂ)eféuwzg@th = e gy (B, By )hij(¢) = e g5 (', 4 Y hij(6) = e [
which implies

8) Q'(B@b)e 2 X|2 0y | (B ® 1)e 29 g ey = € 2Qx

The curvature term again uses that  is an isometry:

R((8® 1)e ")) = e 2 RY,, g, (B¢, ByF) gl (87, By
= ¢ 2 RN, g0 (01, 0F) g, (W7, 41) = e 2 R().

This completes the verification of the rescaled conformal invariance.
In contrast to the rescaled conformal invariance, super Weyl invariance affects only the
gravitino. As only QQx enters the action functional, we have

(10) Ao, 59, x +C) = A(d, 59, x) -

for Q¢ = 0. The property is called super Weyl invariance.

We now take the opportunity to recall some properties of the bundle S; ® T'M and of the
projections P and ), which have been presented in detail in [I8]. The Riemann surface M
possesses an almost complex structure Jy; such that g(JyX,Y) = dvol,(X,Y) for all vector
fields X and Y. Left multiplication of spinors by the negative volume form —w = —e; - e5 €
Cl(M,—g) yields an almost complex structure on S, that is compatible with Jj;, that is
Y(JmuX)s = —y(X)ws for all spinors s. The decomposition of S, in even and odd part yields
Sy =X @& X, where both summands are isomorphic as associated vector bundles to Psyin (M, g).
The almost complex structure w restricts to 2 and the restriction will be denoted by Jy. For

2
gs®@¢*h>

2 2
gs®gw gs@g*h-

(9)
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the complex line bundle W = (¥, Jy) it holds that W @¢ W = T*M. With this preparation we
can now identify the summands in S; ® TM = ker Q ® Im () to be

kerQ=S,=WaW ImQ=S,TM=WcW'cW")®& (W cW"'acW")
Hence both ker () and Im () are naturally holomorphic vector bundles.

3.2. Supercurrent. The supercurrent is the variation of the action with respect to the
gravitino. As the gravitino enters the action only algebraically, computation of the su-
percurrent is straightforward. Fix (¢,v¢) as well as the metric g and vary the gravitino
via X (t) = X(t) ® eq € I'(S, ® TM) with X (0) = x and

d (073 _ (67

T t:OX (t) = ¢~
Then
91 A x@) =2 / (1 ® ) QX (1)), ) gson — QX D2,y |12, pon ol
dt lt=0 » ¥id> ~dt =0 M * 1 P 19s@9"h 9s091 ¥ gs@p*h g

This can be computed as follows.

d
o [ 20 ()X 0 6, v corndu,
—VJM

T
d
:/ 2 <fy(ea)’y(65) <&X°‘) ® ¢*65,w> dwol,,
M gs®d*h

= /M 2 < (%X‘Y) ; <¢*€Ba7(63)7(6a)¢>¢*h>95 dvol,,
— /MQ (€%, (Duesy v(ep)(€a) ) gon) ,, dvoly,

|5t X,

d
_ /M <(Exa>,’y(ea)7(eﬂ)xa> YL orn doly|

gs
= [ @At el oo,
Hence setting the supercurrent to be J = J* ® e, € I'(S, ® TM) with
(11) J* = 2{pues, v(es)v(ea))orn + [Py (es)v(ea)x”,

we obtain

t=0

t=0

P

2
9s®6*h dvol,

dt

d

dt A(¢’¢;Q’X<t)):/A4<C> J) gsg dvOL,.

The conservation law associated to the super Weyl symmetry is obtained as follows. For any

¢ eI(S, ® TM), we have QP¢ = 0 and hence

d
O:ELOA(¢,¢;9,X+L‘PC)=/M(P§, J>=/M<g, PJ)y. ey dvol,

Since ¢ can be arbitrary, we conclude that .J satisfies
PJ =0,

t=0
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and hence J € I'(Im Q).
Remark. Note that for a section ¢ = (* ® e, € I'(S, ® T'M), the followings are equivalent:

P(=0s Y(ea)(* =0 & ¢t =r(e)v(e2)¢? & ¢? = —v(e1)v(e2) (',

which are all equivalent to say that ¢ = (* ® e, lies in ImQ = (S, Jx @ Jx) @c T'M, where
Jy, is the complex structure on . Note that the bundle Im @) is a holomorphic vector bundle
over the Riemann surface M. Later we will show that in some particular cases J is actually an
holomorphic section.

3.3. Energy-momentum tensor. Let (g;), be a family of Riemannian metrics on M with

d

—| g=kel(Sym(T*"M @ T*M)),

dt =0
and let K € End(T'M) be the associated endomorphism. As in the discussions of Dirac actions,
the spinor bundles change theoretically with the metrics, so the vector spinors and gravitinos
need to be carried using isometries along with the variation of metrics. Thus, one needs to

calculate the linearization

d d
atli=o™ D box) = 4 I+ 11+ T+ IV + V dvol
dt li—o (¢, (B @ 195 gr, (B @ be)x) i /M ST 4 T+ IV + V dvol,,
where the roman numerals I, ...,V denote the summands under integral of the action functional.

We calculate them as follows.

(i) The energy of the map can be analyzed as usual:

d d . , 1
S| T 2] Bal6)Ba(@)hii(9) = ~5KE - (s bua)on)

t=0

(ii) Locally write the vector spinor as 1) = 9 ® ¢* ( 8yj> then

(B 1) 0 = B(¥) @ ¢* (%)

is a section of Sy, ® ¢*T'N. Recall the definition of the twisted Dirac operator ,

Do 1) =0, 86 () + 2 (Ba) 600 0 (V)

and consequently

<(ﬁt ® ]1)1/}7 lpgt (ﬁt ® ]1>’l/}>gs(t)®¢ h
=g,(1) (5@2 égt (@W)) hi;(9)

+ 9(t) (B’ (B 57) D ((z Vo) a(z)
=95 (0", B B (B (9) + 9o (4", v (ea) ) (@ v %)

, . 0 9,
=0 (7, Ty )i (6) + 96l 7 ea) (@Vﬁw)@)
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Taking derivative with respect to ¢ gives

d

d
M=—
dt

t=0 dt ‘t:o<(ﬁt 1)y, lpgt (B ® l)w>gs(t)®¢*h
. d — .
= s (W, E’t:()@gt?/}]) hij(¢)

+ 98(¢i7 7(6a)1/}j)h

O v 9
8yl ! T¢(_%K(ea)) ayﬂ

= 2 K? (gsw (VS ) his(6) + g5, v (ea) )R (@V?%@))

= K ()T,

1

— _§K5 <¢, %(fy(ea)%ﬂﬂ + 'y(eﬂﬁeﬂ)>

9s®@¢*h

gs@p*h

where the second equality follows from the fact that for any vector field X € I'(T'M),
9s(", /(X)) hij(6) = 0

due to the skew-adjointness of the Clifford multiplications, and the last equality holds

since K is symmetric.

(iii) Next we consider the third summand of the action functional, which mixes all the fields
together. Actually, since

—4H{(1 ® ¢.)Qi(B: @ be) X, (B @ 1)) g (t)@sh

=2 <’yt(Ea)’yt(E,3)5tXa ® qb*(Eﬁ)? Bt¢j ® Qb* (aiyj) >

9s(t)@¢*h
: 0
= 20:(1) (Bu(v(ca)7(e)X"), Bt”) h(9) (T¢<Eﬁ>a @)
— 29, (Y(ea)1(es)X", ) h(0) (m(bteﬁ), %) |
we have
< HI——‘&‘ (1@ ¢.)Q:(Br @ be)x, (B @ L)1)
dtli=0 dt lt=0 * et t) X5 (Pt gs(t)@¢*h
. d i
= 20s(v(ea)7(ea)x", ¥ 1(9) (a\toneﬁ(bteﬁL oyl )
1

= _5 g : <’Y(€n)’7(€a)Xn & (b*eﬁ + 7(677)7(6,3))(” ® (b*ea’ zb)gs®¢>*h
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(iv) For the fourth term we conclude as in () that

d d
T o V=- Gl |Qt(ﬁt®bt)X|2 @gt|(5t®]l)¢| () @¢* h
- &L:OWX gozglPlgiomn =0
(v) The curvature term is analogous to (9):
d 1d 1d
Sl ov=—2| R(Be1w)=->=| R@w)=0
dt =0 6 dt lt=o (B ® L)y) 6 dt li=o0 %)

(vi) We still need to consider the change in the volume form. As in Section [2.1] we have that

dt lt=0

Consequently we have

1 1
dvoly, = 5 Trg(K) dvoly = 5}(55; dvol,

1

d
/ I+ I+ IV + V) S dool,,| = —/ (I+II+IH+IV+V)‘ K785 dvol,,
M dt 2 M t=0

t=0
Summing the contributions from |(i)| to |(vi){ up we obtain

: ; = dgt
&L:OA (¢, (Be @ 1); g4, (B @ by)x) = __/ KﬂTﬁ dvol, / < 2

Here the inner product under integral is the induced one on symmetric covariant 2-tensors,
T = g*"Tp and T = T,pe® ® e?, where

Top = 2(ps€a, Prep)gmn + 5 <¢ Y(ea)Vesth +7(es)Vealh) | oo
(12) + (y(en)v(ea)X" ® ¢*€B +y(en)v(ep) X" ® Puas V) g 0omh

- (’ d¢’3\/®¢*h + W, lpgw> - 4((]1 ® ¢*)QX>¢> - |QX|2W‘2 - éR(W) Japs-

Being a quantity rising from the variation of a symmetric 2-tensor, the energy-momentum tensor
is naturally symmetric, as the expression clearly shows.

One can verify that the energy-momentum tensor is in general not traceless. This is due to
the fact that the action functional is not invariant under conformal transformations on g, that
is, for ¢’ = e*“g in general

A(p, (B@L); g, (B@Db)x) # A(d,¢;9,x) -

Instead, the action functional is invariant under the rescaled conformal invariance, see @ As
in the case of the Dirac action the conservation law corresponding to the rescaled conformal
invariance prescribes the trace of the energy-momentum tensor:

d
Tl A (675 (B @ 1)ws g, e 3(5, @ b))

= /M2 <—%uw, EL(@/})> - % (2ug,T) + <—%ux, J> dvolg
= [ o (@) + . BL) + 5 () oo,

As the integral has to vanish for all functions u, we conclude

1

Toy(T) = = (0, L)) - 5 (),

T> dvol,.

O:
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where EL(1)) denotes the Euler-Lagrange equation for i) computed in [18]. Notice, if the
Euler-Lagrange equation for v is satisfied and either y or J vanish, then T is actually traceless.
In that case T' can be identified with a smooth section of T*M ®c T*M, that is a quadratic
differential. We will later show that under certain conditions 7" is actually a holomorphic
quadratic differential.

3.4. Diffeomorphism invariance. It will be shown that the super action functional is invariant
under diffeomorphisms if the fields are “pulled back” in an appropriate way. Let f € Diff (M)
and consider the following diffeomorphism transformations:

pr— ¢ =¢pof,
V=1 Q¢ (i) =Y =F oy of®(pof) (i)
(13) oy oy’
g— 4 =gy,

X=X"®eqmr X =Flox%o fa(Tf)"
where F': (S, 9J) = (S, gs) is the isomorphism introduced in Section . Then we claim that

Al ¢ 9 X)) = A, ¥; 9, %)
To see this, suppose that under the diffeomorphism f, y — x = f(y). Then as in the harmonic
map case

‘d¢/|52;’v®¢’*h(?/) = ’d¢|ZV®¢*h($)-

For those terms involving spinors, we note that for any spinor o € I'(5),

(14) F (v(ea)a) sy = Y ((T1),  €a) F(0) 4

where 7" denotes the Clifford multiplications with respect to the metric ¢’ = g;. From this we
will see that the other terms are also invariant:

(i) First consider the Dirac term

D) = ), 1 0o ), 00" (1)

V(T Hea)) Fy @0 0 £), @ Vil pte, (aiyk)
= F, (9,), 0" (x) @ ¢ <8ak> + )t (v(ea)t" () @ Vigge, (a%)‘

Thus
<1/},7 ng/¢,> (y)

= gL, (F, (07 0 ), B, (8,),04(@) ) W6 (1) 0
ol (1670 0, 1 (0ea)4(@)) o (5 Ve
= gujo (¥ (2), (8,),0" () h(&(2)) 11
g ()2 0) ) (5 T () )
)
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Moreover,
1), =01, (ﬂ;(w o f>y, F w0 ), ) ble 1),
=9s|z (ZZJJ (), ) h(gb(as))]k
=[(@)17, 0n
and

R(),, = RYu(@'0)al, (B, (' 0 1), B, (60 1))
% gl (B @70 )y B (W' o ), )
- RN(¢(x))z]klgs|z (¢z<x>7 (ag)wwk(:p)) QS\x (77Z)j<x>’ (@g)ziﬁl(m))
= R(¢)|m~
(ii) For the gravitino, from (|14)) it follows that

QX' (y) = |y (7(%)’7(66))(0()”@) ® (Tf)_l

Hence we have

QX W

For the mixed term, note that

(1@ ¢)QX (y) =+ ((TF), ea)V (TF), es) ' X*(f(v)) ® (T f) e

- F];(ly) (’Y(GQ)’Y(@g)Xa)f(y) R Dibq.

Then it is immediate that

(L@ Q)X W), V' () gt ggrn = (1 @ 62)Qx(2), (7)) g,09%-

Therefore, by the change of variable formula, the diffeomorphism invariance of A is confirmed.
The symmetry of diffeomorphism invariance will give another conservation law. Actually, let
X € I(T'M) generate a global flow (f;) as in Section [2.3] Then we have

dt‘ A(s, Y15 gis x1)
B /M - <£\ % EL<¢>> +2(Vr T (57 @ 1))

(15) +/M 2<dt’ g > <dt‘ Xt >dwl9

_ /M ~2(.(X), EL(9)) + 2 (80:(X), EL(¥))) dvol,

= |Qx(2)[2

Js @gt gs®g*

, EL(¢)> dvol,

1
+/ ——(Lxg,T) + <£§(9®TMx, J> dvol,,.
Mo 2

Note that for the vector spinor we have to take the covariant derivative to obtain the variation
field which is abbreviated as 0¢(X) in the last formula, which is the same approach we took
in [I8]. Here the Lie derivative on S, ® T'M is the one defined in [2]; that is, under a local
orthonormal frame (e, ), for x = x* ® e,

d —
CY*Mxo= | BET X o ) @0 (T L) (ea o f).
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Notice, that on the vector part of y the above t-derivative will not result in the ordinary Lie
derivative on tangent vectors, see also [2]. From Section 4| one knows that

/ (Lxg,T)dvol, = —2/ (X, div, (7)) dvol,
M M
and

/M<£§?®TM><, J) dvol, = /M<X, div, (J)) dvol,,.

Therefore, along solutions of the Euler-Lagrange equations, the following identity holds:
divy(T) + divy(J) = 0,
where the formal divergence operator div, is defined in Section [4]

Remark. If the gravitino vanishes, then from we know that, along solutions of the Euler—
Lagrange equations,

1
O:/ ——(EXg,T>dv0lg:/ (X, div, T') dvol,,.
M

2 M

This tells us that T is divergence-free, and hence the energy-momentum tensor corresponds to a
holomorphic quadratic differential.

Before going to the discussion on super symmetry, we summarize the results obtained up to
now in the following theorem.

Theorem 2. Consider the super action functional defined by .

(1) The total variation formula is

b= [ =200, BL(9) + 260 BL(W)) = 5(69.T) + (¥x.J) dvol,

where the Euler—Lagrange equations are given in @ and the energy-momentum tensor T
s given by and the supercurrent J is given by .

(2) This action functional is invariant under rescaled conformal transformations:
A (o B DYty (B RYX) = A9, ig.X).
Consequently, Try(T) = — (Y, EL(¥)) — 5 (x, J), even off shell.

(8) This action is invariant under super Weyl transformations. That is, for any ( €
(S, ® TM), it holds that A(¢,; 9, x + PC) = A(¢,v¥; g, x). Consequently, PJ =0, or
equivalently, J is a smooth section of Sg ®c T'M.

(4) This action functional is invariant under diffeomorphisms. That is, it is invariant
under the transformation (13) for f € Diff(M). Consequently, along solutions of the
FEuler—Lagrange Equations (6)), the coupled conservation law holds

div, (T) + divy (J) = 0.

(5) If either x = 0 or J = 0, then along solutions of the Euler—Lagrange equations, the energy-
momentum tensor T is symmetric, traceless and divergence-free. Hence it corresponds to
a holomorphic quadratic differential on M.
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3.5. Degenerate super symmetry. The action functional is motivated from the action
functional of two-dimensional super symmetric sigma models [3] also called the super conformal
action functional in [I7]. The major reason for the introduction of those models was super
symmetry. As was argued in [20] super symmetry requires anti-commutative variables. Hence a
full super symmetry cannot be expected for the action functional . Surprisingly, the following
special case of super symmetry, which we will call degenerate super symmetry, persists:

Proposition 2. Let g be a section of S,. The action functional 15 invariant under the
following infinitesimal transformations

0¢ = (g, ¥),, oY = —v(grad ¢)q
g =0 ox = (V°q),

where (Vsq)ti =V; q®e, €(S, ® TM), given that x = 0 and the following holds:

16 6 (¢, RY ((q,0), ,duea)(ea SVER(Y), (g,
16) [ 6(u.RY (10,0, 6.0) rlea)sr) + (STRW), (0.0),.)

—4(SR(v),v(grad ¢)q) dvol, = 0
The last condition is in particular fulfilled if the target manifold N is flat.

Remark. The degenerate super symmetry transformations of Proposition [2| coincide up to the
sign of d1p and dx with the super symmetry transformations given in [19] for the super conformal
action functional. The sign difference is necessary to compensate for the use of the opposite
Clifford algebra in this work.

Proof. The variation of A(¢,; g, x) is given by
SA(, ¥;9.x) = /MZQC“%*h (VETN g, 0) , puep) — (1(€a)q @ duea, D)
- <w, D (v(ea)q @ duea) + RY ((q, V), ¢*ea) v(ea)w>
+2(7(ea)V(€s) Ve, q ® duep, )

- é (<5VR(1/1), (g, w>gs> — 4 (SR(¥),~v(grad gb)q>> dvol

Here we have used

( V) = D (6¢) + RY (69, duea) v(ea)t,
3 (RY(¥)) = (SVR(Y),6¢) + 4 (SR(¢),6¢) ,
compare [I8, Section 4.1, (2) and (5)]. If we now use (L6]), the variation of the action reduces to:

5A(D, ;9 x) = /M 2476 h (Ve (0,0)  du5) — (7 (€a) 4 ® duca, BV)
(5, (7 (€0) §® drea)) +2 (7 (€0) 7 (€5) Vet ® e, ) vl
= /M 2ga6 ((Veaqd ® duep,¥) + (¢ ® duep, Ve, 00)) + <'7 (e5) 7 (€a) ¢ ® Puea, Veg¢>

o <fy (65) (7 (veﬁeo‘) q ® ¢*€0¢ + Y (ea) veﬁq & (b*@a + v (ea> q ® Ve,e(b*ea) ) ¢>
+2 <7 (ea) vy (65) Ve.q @ ¢yep, ¢> d’UOlg
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= /M — (v (65) Y (ea) Veaq @ Queg, ¢> — (v (65) v (€a) g ® Ve, 0«68, ¢>

— (v (e 5) 7 (€a) @ @ puep, Ve, 1b) — <7 (es) v (Vegeoc) q @ P«eg, ¢>
+ <’Y 65 (€a> q ® (vea(b*eﬁ - V65¢*€Q) ,w> d’UOlg

= /M —ca {7 (e8) 7 (€a) 4 ® Bue, V) + (7 (Veaep) v (€a) +7(ep) 7 (Veata)) ¢ @ puep, )
< 8)7 (Vegea) q® piep, w> + <7 (es) 7 (€a) q ® (V6a¢*65 - V6ﬂ¢*ea) ’w> dvol,
=0.

Here in the last step we have used the torsion-freeness of the connection.
O

Theorem 3. Suppose as in Pmpositz’on@ that x = 0 and condition is fulfilled. In addition
we assume that ¢ and v fulfill the Euler—Lagrange equations. Then divyJ = 0. In particular,
the supercurrent J can be identified with a holomorphic section of TM ®¢ S.

Proof. In the particular case that ¢ and 1 fulfill the Euler-Lagrange equations, we know that
for all super symmetry parameters q:

— SA(S, % 9,X) = /M (6x, J) dvol = /M <(V5q)ﬁ,J> dvol = — /M (q, div, J) dvol.
O

In the remainder of this subsection we give an application of the degenerate super symmetry
to the action functional of Dirac harmonic maps, with or without curvature term. Recall that
the functional of Dirac-harmonic maps with curvature term in [6] can be obtained from the
functional by setting the gravitino to zero. It is a Corollary of Proposition |2 that the
functional of Dirac-harmonic maps with or without curvature terms also has a degenerate super
symmetry.

Corollary 1 (Degenerate super symmetry of the functional of Dirac-harmonic maps with
curvature term). Let ¢ € I'(S;) be a twistor spinor. The functional of Dirac-harmonic maps
with curvature term is invariant under the following infinitesimal transformations

0p = (g, ), 0y = —y(grad ¢)q
provided that the curvature condition holds.

Proof. The calculation proceeds as in the proof of Proposition [2| with the additional condition
that the term that describes the variation of the gravitino needs to be zero. The term of
dA(¢,1; g, x) that arises from the variation of the gravitino is

/M 2 (7 (ea) 7 (e5) VZ.q @ ¢ueg, ) dvoly = — /M 2 < <2V§Bq 4y (e5) agq) ® dues, ¢> dvol,.

This term vanishes if ¢ is a twistor spinor, i.e. for all vector field X it holds

1
Viaq+ 57()()&9961 =0.
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Remark. Notice that it is particular to the two-dimensional setup that the condition to be a
twistor spinor or a holomorphic spinor are identical. Hence, Corollary [I| does not come as a
surprise, as also for super Riemann surfaces a holomorphic super symmetry leaves the %—part of
the gravitino invariant, see [19, Chapter 11.1].

Recall that the Dirac-harmonic map functional in [5] does not include the curvature term of
the target manifold. But note that a curvature term will arise when taking variations.

Corollary 2 (Degenerate super symmetry of the Dirac-harmonic map functional). Let ¢ € T'(S,)
be a twistor spinor. The functional of Dirac-harmonic maps is invariant under the following
infinitesimal transformations

00 = (g, ¥),, 0y = —v(grad ¢)q
provided that the following curvature condition
a7 [0 B0 6000) 20008, ooy = 0
M

holds.

In [5] two seemingly unrelated critical Dirac-harmonic maps have been constructed: The
trivial solution (¢g, 0), where ¢q is a harmonic map and the twistor spinor solution (¢, 1)) where
U = —v(eq)q @ ¢ue, is constructed from a twistor spinor ¢ and the harmonic map ¢g. We will
now show that those two solutions are related via degenerate super symmetry.

Consider the family defined on the time interval [0, 1] given by

by = o Py = —ty(€a)q ® dieq

for a twistor spinor ¢ € I'(S;). The family (¢, ;) interpolates between the trivial and the
twistor spinor solution via a family of degenerate super symmetries. Indeed for every ¢t = 7 we
have

d d
dt — (bt =0= <q7 %) dt —
Fortunately the condition is fulfilled along this family, and hence we conclude that (¢, ;) is
critical for all ¢ € [0, 1]. Consequently, we have a critical family of degenerate super symmetries
and the twistor spinor solution should be considered equivalent to the trivial solution.
We expect that more non-trivial critical Dirac-harmonic maps can be constructed with the
help of super symmetry. The difficulty lies in the construction of suitable families (¢, ¥;).

Yy = —y(€a)q ® pueq = —(grad ¢)q.

3.6. Conclusion. We have shown that the functional of Dirac-harmonic maps with gravitino
is invariant under the rescaled conformal transformations, super Weyl transformations and
diffeomorphisms. The energy-momentum tensor and the supercurrent of the action have been
calculated. We found that the rescaled conformal invariance prescribes the trace of the energy-
momentum tensor, whereas super Weyl invariance assures that J is a section of S, ®c T'M
off shell. The diffeomorphism invariance leads on shell to a coupled differential equation of
divergence type involving the energy-momentum tensor and the supercurrent.

Furthermore, we have shown that in the case of vanishing gravitino and under certain
conditions on the curvature of the target manifold a degenerate super symmetry leaves the
action functional invariant infinitesimally. The restricting conditions on the curvature and of the
vanishing gravitino cannot be lifted in the setting of Dirac-harmonic maps but only in the world of
super geometry. The degenerate super symmetry leads on shell to a divergence-free supercurrent.
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Hence, in that case the energy-momentum tensor can be identified with a holomorphic quadratic
differential and the supercurrent with an holomorphic section of T'M ®¢ S,.

Finally, we want to mention that the functional A also possesses a U(1)-gauge symmetry. A
particular special case of this gauge symmetry is

4. APPENDIX

As we frequently use the divergence operators on various fields, we make a review in this
section and explain their relations to Lie derivatives and the Cauchy—Riemann operators.

4.1. Recall that on a Riemannian manifold (M, g) with local coordinates (%), the divergence
of a vector field X = X "‘—a is a function on M defined by

div, X = \/le o (Vergx)

where det g = det (gos). In terms of the Levi-Civita connection V¢ the divergence operator is
expressed by

divy(X) = Try(VX) € C*(M).

In this way the divergence operator is the negative L?-adjoint operator of the gradient operator:
for any f € C*(M) and any X € I'(T'M),

/(X,grad(f))dvolg:/ (—divy X, f) dwol,,.
M M

The divergence operator on symmetric two-tensors is defined in a similar way. Let k €
I'(Sym(T*M ® T*M)), the divergence operator on k is the one-form given by

dim M
divg k = Try(Vk) = Y Ve k(eq, ) € T(T*M),

a=1

where (e,) is a local orthonormal frame. In local coordinates (%), k = k,gdz® ® dz” with
kap = kgo and let K = K§da’ @ 52 € End(T'M) be the associated (1,1)-tensor,

g

. — — g m ey B
div, (k) = (\/Waxa (\/det Kﬁ> SIS, > dar
Then we claimed that, for any vector field X € I'(T'M),

(18) / (Lxg,k)dvol, = —2/ (X, div, k) dvol,,.
M M

Actually, using the local expression above,
: 4 dg
/M (div, k)(X) dvol, = / ( Tt (x/det Kﬁ) 59" a”;K“f) X7 dvol,
X8
:/ oy (x/detg Xﬁ dx—/ Kﬁa + ga”ang'yXﬁdvol
M

27 02F
:/ divg(K(X))dvolg—%/ (k,Lxg) dvol,,.
M M

Since M is closed, the divergence theorem implies the first summand in the last line vanishes.
Hence the claim is confirmed.
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Recall that a symmetric, traceless and divergence-free two-tensor corresponds to a holomorphic
quadratic differential on a Riemann surface, see e.g. [23, Section 2.4].

4.2. Now we consider the divergence operators on spinor fields. Recall from [2] that on the
spinor bundle Sy, the Lie derivative with respect to X € I'(T'M) on a spinor o € I'(S;) is related
to the spin connection V* via

1
LYo = V50 — Zy(de)a,

where X’ denotes the dual one-form of the vector field X and the 2-form dX” acts via Clifford
multiplication. We would like to define a divergence operator on spinor fields such that a formula
of the same type as holds. This is achieved in the following lemma.

Lemma 1. Let (M, g) be a Riemann surface, with almost complex structure Jy, € Aut(TM).
For p, o € I'(9,), define the divergence of p with respect to o as

Aiva(p) = (V0. p)y + 3w mad ((7(w)o p)) € T(TM),

where w stands for the volume element in the Clifford bundle. The following holds for all vector

fields X € D(TM)

/(,Cia,p) dvolg:/ (X, divy(p)) dvol,,.
M M

Proof. Take local isothermal coordinates (z®) and write X = X a&%- Then X° = X“g,5d2’ =
Xz dzP. Since

0X 0X
b __ 2 1 1 2
dX’ = <_83:1 - _8x2)dx A dx?,

one sees that

0X, 6X1) 1

v@x) = (52 - 58 ) o)
[ taxopavat, = [ (55 - 50) <ations) Vg ds
— [ Gt - ot ). ds

Thus,

- /M —Xo=— ((7(w)e, p)) + )Q% ((v(w)a, p)) dz

= [ (+ X", d{y(w)a, p)) dvol,
= | (JuX, grad((v(w)a, p))) dvol,

-/ (X, =T grad((v(w)a, p))) dvol,.
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Therefore,

1
/ (L0, p) dvol, = / (V0,p) — —(y(dX "), p) dvol,
M M 4

= /M (X, (V®0,p)s + iJM grad((y(w)a, p))) dvol,,.
0

Remark. In contrast to the divergence operators defined for the vector fields and for the symmetric
2-tensors, this divergence operator div,(p) doesn’t involve derivatives of p, but only derivatives
of . In this sense, it is only a formal “divergence” operator.

4.3. Next we also need to consider the divergence operators defined on the tensor product
bundle S, ® TM. Let ¢ = ¢* ® e, € ['(S; ® TM) be a gravitino. In a local orthonormal frame
(eq), the g-divergence operator is

divy(p) = Tr, (@go) = Z <§eago, ea> e I'(S,).
For any spinor field ¢ € I'(.S,), using integration by parts,

/ (q,div, @) dvol, = / <q, <§ea4p, ea>> dvol,
M M

= /M <q®ea,§eag0> dvol,

=— /M (V2 q® eq, ) dvol,

= —/M <<VSQ);1790> dvol,

Note that Py = 0 implies that ¢ is a smooth section of the complex vector bundle Sy ®cT'M. If
in addition div, ¢ = 0, then ¢ is then holomorphic, which is to say, ¥ = p,®@e* € I'(S; @T*M)
is a holomorphic section.

We also need the x-divergence of ¢ for a gravitino field y € I'(S, ® TM). It is formally
defined to make the following identity hold:

/<£§<9®TMX>S0> dUOng/ (X, divy ) dvol,
M M

This can be assured using the Riesz representation theorem.
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