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EXISTENCE AND ASYMPTOTIC ANALYSIS FOR SOLUTIONS OF A MIXED
ELLIPTIC-PARABOLIC BOUNDARY VALUE PROBLEM COUPLING A
HARMONIC-LIKE MAP WITH A NONLINEAR SPINOR. I

JURGEN JOST, LEI LIU, AND MIAOMIAO ZHU

AssTtrACT. In this paper, we solve a new elliptic-parabolic system arising in geometric analysis that is
motivated by the nonlinear supersymmetric sigma model of quantum field theory. The corresponding
action functional involves two fields, a map from a Riemann surface into a Riemannian manifold
and a spinor coupled to the map. The first field has to satisfy a second order elliptic system, which
we turn into a parabolic system so as to apply heat flow techniques. The spinor, however, satisfies a
first order Dirac type equation. We carry that equation as a nonlinear constraint along the flow.

With this novel scheme, in more technical terms, we can show the existence of Dirac-harmonic
maps from a compact spin Riemann surface with smooth boundary to a general compact Riemannian
manifold via a heat flow method when a Dirichlet boundary condition is imposed on the map and a
chiral boundary condition on the spinor.

1. INTRODUCTION

In this paper, we explore a new scheme in geometric analysis. We show the existence of solutions
of an elliptic system consisting of second and first order equations. Such systems frequently arise
in geometric analysis, and here we look at the system for Dirac-harmonic maps. Another such
system would be the minimal surface system in Riemannian manifolds where a harmonic map,
satisfying a semilinear second order elliptic system, is further constrained by the conformality
condition, a non-linear first order system. We carry the analysis out here for Dirac-harmonic maps,
but want to emphasize the potential of the method for other problems of this type.

Such systems typically represent borderline cases for the Palais-Smale condition, and therefore
cannot be solved by standard tools. One needs to understand the potential formation of singularities
in such systems, usually called bubbles, and one then needs suitable conditions to prevent them.
Here, we deal with a system that, while of variational origin, cannot be solved by minimizing a
suitable integral, because in our case, the corresponding integral is not bounded from below. We
therefore study a parabolic system. Here, a difficulty arises from the first order elliptic part of
the system. The second order elliptic part can be easily converted into a parabolic system, by
letting the solution depend on time and equating the elliptic part with its time derivative. Since
this does not work for the first order part, we simply carry it along as an elliptic side condition.
Our contribution then consists in showing the long time existence of the resulting parabolic-elliptic
system and the convergence of its solutions to solutions of the original elliptic system as time goes
to infinity. The scheme developed in the present paper should lead to applications to a broad range
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of variational problems arising in geometry and physics for which the existence of critical points
can neither be obtained by a direct minimization procedure nor by a minimax scheme. The Dirac-
harmonic system thus seems to be a good new model problem in geometric analysis because on
one hand, it shares the important classical features, like conformal invariance, but on the other
hand does not succumb to the classical techniques. It therefore forces the development of new
methods that are of wider interest. In particular, the interplay between second and first order elliptic
equations is typical for many problems in geometric analysis, like minimal surfaces, as explained
above, or more generally, constant mean curvature surfaces, where the first order equation is the
conformality condition. In symplectic geometry, solutions of such first order equations give rise to
pseudoholomorphic curves, leading to the famous Gromov-Witten invariants. It would be of great
interest to also couple them with a spinorial field, with the hope to produce refined invariants.

Let us now describe the geometric origin and the motivation for the system that we shall solve
in this paper. Harmonic maps from Riemann surfaces are important both in mathematics and
in physics. In mathematics, they have been intensively investigated since the seminal work of
Sacks-Uhlenbeck [29], and the phenomena discovered and the techniques developed have been
fundamental for the subject of geometric analysis, see for instance [17] and the references given
there. In physics, they arise from the nonlinear sigma model of quantum field theory. From that
perspective, however, they only contain part of the story. In fact, in the supersymmetric sigma
model, they have a partner, a spinor field, see e.g. [11,[18]. In order to also incorporate that field
into the mathematical theory, [5, 6] introduced the concept of Dirac-harmonic maps that couple a
harmonic map type field with a spinor field.

This then naturally leads to the question to what extent the mathematical results obtained for har-
monic maps carry over to Dirac-harmonic maps. Foremost here is of course the existence question.
Already for harmonic maps, the existence question becomes subtle because of the phenomenon of
bubbling, that is the concentration of the energy at single points. After rescaling, this leads to
the emergence of harmonic spheres. Thus, while this seems to be an obstruction to an existence
scheme, after all, such a harmonic sphere is a nontrivial harmonic map, and so, in any case, we
find nontrivial solutions. When bubbling occurs, these solutions may, however, lie in different ho-
motopy classes than the maps that one started with. When, however, the target manifold contains
no nontrivial minimal 2-spheres, no bubbling can occur, and one can then show the existence of a
solution in any given homotopy class.

For Dirac-harmonic maps, the existence question is more difficult. We are seeking solutions that
are nontrivial in a more constrained sense. That is, not only should the map be nonconstant, like
a harmonic sphere, but also the spinor part should be nontrivial. But the schemes developed for
harmonic maps are blind to the nontriviality of the spinor part. This makes the existence question
much harder.

Here, we address the question of the existence of Dirac-harmonic maps in the case of boundary
value problems. We impose a Dirichlet type boundary condition for the map and a chiral boundary
condition for the spinor, see [8]. The reason is that a nontrivial boundary condition for the spinor
should also give the existence of a nontrivial spinor.

The harmonic map and the Dirac-harmonic map problem are limit cases for the Palais-Smale
condition, because they are conformally invariant, and the two-dimensional conformal group is
noncompact. In that situation, Sacks-Uhlenbeck [29] approximated the underlying variational in-
tegral, which contains the square of the derivative of the map, by variational integrals that contain
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higher powers and therefore satisfy the Palais-Smale condition. Their main technical achievement
then consists in controlling the limit when that power goes to 2. In our situation, however, as
explained, we cannot use a variational method and need to rely on a parabolic technique instead.
Such parabolic methods have been developed in the context of harmonic maps in [33, 4]. While in
outline, the scheme may look similar to the variational approach, already for harmonic maps, that
is, in a situation where the variational method can be applied, the parabolic approach encounters
different problems and needs to develop new estimates, as can be seen in [33) 4]. The same is the
case here. While we transfer the approximation scheme of Sacks-Uhlenbeck [29] to the parabolic
case, the detailed estimates required are rather different, and in particular, we cannot directly take
over their reasoning. In fact, extending the Sacks-Uhlenbeck scheme to the parabolic case may be
of interest in itself, but this is not our main point. For us, this scheme just provides the necessary
background, and we need to develop it here because this has not yet been done in the literature. In
fact, in our situation, that scheme still cannot fully solve the problem. This is due to the spinor part,
as the reader will amply see in the main body of this paper. We thus have to consider a new type of
flow that can also handle the first-order component of our system. For Dirac-harmonic maps, the
relevant flow has been introduced in [9] and further studied in [19, 20]. Its novel feature consists
in carrying the Dirac equation for the spinor, which is a first order elliptic equation, as a constraint
along the parabolic equation for the map. Thus, we need to deal with an elliptic-parabolic system.
And this is where the difficult part of our estimates is required.

We shall now describe our results in more precise terms. This will need some technical prepa-
ration.

Let M be a compact Riemann surface, equipped with a Riemannian metric g and with a fixed
spin structure, XM be the spinor bundle over M and (-, -)s), be the natural Hermitian inner product
on M. Choosing a local orthonormal basis e,,y = 1,2 on M, the usual Dirac operator is defined
as § := e, -V, , where V is the spin connection on XM and - is the Clifford multiplication. This
multiplication is skew-adjoint:

X -y, s ==, X Q)su

for any X € I'(TM), ¢, ¢ € I'(EM). For more details on spin geometry and Dirac operators, one
can refer to [22].

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, #) with dimension
n > 2. Denote ¢*TN the pull-back bundle of TN by ¢ and then we get the twisted bundle XM ®
¢*TN. Naturally, there is a metric (-, )syggrn On M ® ¢*T N which is induced from the metrics

on XM and ¢*TN. Also we have a natural connection V on XM ® ¢*T N which is induced from the
connections on XM and ¢*TN. Let ¢ be a section of the bundle XM ® ¢*T N. In local coordinates,
it can be written as

=y ®0u(9),
where each ¢/ is a usual spinor on M and 9, is the nature local basis on N. Then V becomes
(1.1) VY = V' ® 0,u() + (T, Vo ! ® 9,:(9),

where Fj.k are the Christoffel symbols of the Levi-Civita connection of N. The Dirac operator along
the map ¢ is defined by

Dy =eq- Vo .
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We consider the following functional
L) = 5 [ (6P + W D0suesrra)iM.
The functional L(¢, ) is conformally invariant, see [6]]. That is, for any conformal diffeomor-
phism f : M — M, setting
¢=¢of and Y="yof.
where A is the conformal factor of the conformal map f, i.e. f*g = A2g. Then there holds
L(@.¥) = L. ¥).

Critical points (¢, ) are called Dirac-harmonic maps from M to N.
The Euler-Lagrange equations of the functional L are

. . . 0
(1.2) (Ag¢’+F;kgaﬂ¢z,¢,§)a—y,.(¢(x)> R($. ).
(1.3) By = 0,

where A, := \/Lg(%( \/ggﬁya%) is the Laplacian operator with respect to the Riemannian metric g,

R(¢, ) is defined by

1 . 0
R(¢,¥) = SR (@)Y, Vo' - W) g B00)-

Here Rle stands for the Riemann curvature tensor of the target manifold (N, /).

By Nash’s embedding theorem, we embed N isometrically into some RX. Then, critical points
(¢, ¥) of the functional L satisty the Euler-Lagrange equations

(1.4) A¢ A(9)(d¢,dp) + Re(P(A(dd(ey), ey - ¥); ¥)),
(1.5) dy = Aldp(e,), e, -,
where @ is the usual Dirac operator, A is the second fundamental form of N in RX, and
Add(ey), ey - ) := (Vo' - ¢) ® Ay, D),
Re(P(A(dg(ey), e, - ): 1)) := P(A(Dy, 8y, B,)Re((Y', dg' - ).

Here P(¢;-) denotes the shape operator, defined by (P(¢; X),Y) = (A(X,Y),¢) for X, Y € I'(TN),
and Re(z) denotes the real part of z € C.
For p > 1, we denote

WhP(M, N) := {¢ e WY (M,RX) | ¢(x) € N, a.e. x € M},

WP (EM ® ¢*TN) = {lp e W (ZM ® ¢*RX) | y(x) is along the map ¢, a.e. x € M} .

Here ¢ € T(ZM®¢*TN) is along the map ¢ should be understood as a K-tuple of spinors (¢!, ..., %)
satisfying
K
D v =0
i=1
for any normal vector v = (v, ..., vg) € R at ¢(x). For more details on the set up of Dirac-harmonic
maps, we refer to [5,16, 37, 18, 31]].
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The blow-up theory for sequences of Dirac-harmonic maps including the energy identity and
the no neck property, i.e., bubble tree convergence, was systematically explored in [} 136, [28]]. For
the existence results of Dirac-harmonic maps, however, since the functional L(¢, ¢) does not have
a lower bound due to the fact that the second term in L does not have a fixed sign, classical vari-
ational methods developed for harmonic maps cannot be applied directly and hence the problem
becomes very difficult. Up to now, there are only few results in this regard. See [7] for some
attempt via the maximum principle, where some partial existence results were obtained. See [3]]
for a regularized heat flow approach for regularized Dirac-harmonic maps, which is different from
ours to be introduced in a moment. See [1, [10] for some existence results of uncoupled Dirac-
harmonic maps (here uncoupled means that the map part is harmonic) based on index theory and
the Riemann-Roch theorem.

In order to study the general existence problem, a heat flow approach for Dirac-harmonic maps
from spin Riemannian manifolds with boundary was introduced in [9]], and the short time existence
of a solution was shown. (Recently, Wittmann [35] could show short time existence also in the
case of a closed domain under certain conditions on the initial data.) Furthermore, the existence
of a global weak solution to this flow in dimension two was obtained in [19]. By studying the
limit behaviour as time approaches infinity, they proved the existence results of Dirac-harmonic
maps with Dirichlet-chiral boundary condition in a given homotopy class under a certain smallness
assumption on the boundary-initial value in [19]. A technical difficulty stems from the fact that
along the Dirac-harmonic map flow considered in [19], one only have that the energy of the map ¢
is uniformly bounded, i.e.,

E@(.1) = % f V(. OPAM < C < +oo,
M

However, the Dirac type equation (I.3) for the spinor ¢ does not control the energy of the spinor
field

EW(, 1) = f (-, HI*dM,
M

as time ¢ approaches the first singular time 7' > 0, even for the L'-norm. This is the main difficulty
and why we need to impose an additional boundary-initial constraint in [[19]] in order to obtain a
global weak solution to the Dirac-harmonic map flow and show some existence results by letting
t goes to infinity. For the qualitative blow-up behavior of this flow, one can refer to [20]. The
general question, however, is

Question: Does there exist a Dirac-harmonic map from a compact Riemann surface with
boundary to a compact Riemannian manifold with general given Dirichlet-chiral boundary
data?

In this paper, we will give an affirmative answer to this question. To achieve this, we shall
introduce a new parabolic-elliptic system.

In our new approach, one crucial observation is the following key estimate for the Dirac operator
) along a given map (see Lemma [2.4):
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Key estimate: Let ¢ € W'(M,N) for some ¢ > 2 and ¢y € W'"*(M,XM ® ¢*TN) for some
1 < p < 2, then there holds

(1.6) W llwiean < C(p, M, N, IV aoon)) DY o ary + IBYwi-1mm@nn)-

Here B is an extension to spinors along a map of the chiral boundary operator for usual spinors
introduced by Gibbons-Hawking-Horowitz-Perry [[13] to study positive mass theorems for black
holes via Witten’s approach through the spinor equation. See (I.13)) for more details on this bound-
ary operator. There are two key properties of the above estimate. The first one is that the constant
C(p, M, N, ||V@llLary) > O depends on the norm ||Vé||.qar) With g > 2, which was already observed
in [9]. The second one is that the two numbers ¢ > 2 and 1 < p < 2 are independent of each other.
This fact was not exploited in [9] while here, as we will see later, it plays an important role. In fact,
such kind of key estimate holds true for Dirac type systems of more general type, see Lemma [2.3]

Since the key estimate for the Dirac operator [P along a map in requires that the map ¢ lies
in W4(M, N) for some g > 2, inspired by this fact, we introduce the following functional

1
(1.7) L(9.0) = 3 f {4 +1dgP)* + v, Dy} dm,
M

where @ > 1 is a constant. Critical points (¢,, ¥, ) of L, are called a-Dirac-harmonic maps from
M to N. When the spinor field is vanishing, the above functional reduces to Sacks-Uhlenbeck’s
approximation for harmonic maps in [29].

By a direct computation, critical points (¢,, ¥,) of the functional L, satisfy the following Euler-
Lagrange equations (see Lemma [2.2))

Re (P(AWdd(e,). e, - ¥): 1))
a(l +|Vgp[H)>! ’

V|V, 0’V
(1.8) A = —(a—l)i”'Jrf”l+|¢|§‘ZS + A(de, dp) +
8

(1.9) dy = Adg(e,), ey ).
One crucial step in our scheme is to get the existence result of Dirac-harmonic maps through

studying the limit behaviour of a sequence of a-Dirac-harmonic maps as @ N\ 1 Iﬂ If there exists a
sequence of a-Dirac-harmonic maps (¢,, ¥,) with

Eo(¢a) = %f(l +dgal)"dM < A < o0,
M

then the key estimate implies the following uniform control of the spinors:
[l¥ollwrrary with 1 < p < 2, is uniformly bounded as & ™\ 1.

Thus, we can do the blow-up analysis and we will show that the weak limit is just the desired
Dirac-harmonic map. This is better than for the Dirac-harmonic map flow [9,|19], and so, here lies
the advantage of considering a-Dirac-harmonic maps which is the basic idea in this paper.

The remaining task is to show the existence of such an a-Dirac-harmonic map sequence. This is
in fact one key step in our new scheme. Since the second term of the functional L, is not bounded
from below, the classical Ljusternik-Schnirelman theory may not be applied here to obtain critical
points. Therefore, we need to develop a new method to proceed with our scheme.

"Here and in the sequel, for simplicity of notations, when talking about a sequence of (¢, ¥,) for @ ™, 1, we mean
the sequence of (¢, , ¥,,) for a given sequence of a; \, 1.
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In the present work, we shall consider the following new parabolic-elliptic system:

VIV, 6PV, Re (P(A(d¢(ey). ey - ¥): 1))

(110) 0 = A+ (@ = DT — AW o) - —— o
(1.11) Iy = Aldg(e,), e, - P),
with the following boundary-initial data:
o(x, 1) = o(x), on OMx|[0,T];
(1.12) ¢(x,0) = go(x), in M,
By(x, 1) = Byo(x), on OMx|[0,T];
do(x) = ¢(x), on JOM.

where B = B™ is the chiral boundary operator defined as follows:

B* : L*(OM, XM ® ¢*T N|yn) — L*(OM, XM ® ¢*T Nly)
1 -
(1.13) lﬁHE(Idin-G)'w,

where 7 is the outward unit normal vector field on M , G = ie; - e, 1s the chiral operator defined
using a local orthonormal frame {67}5:1 on M and satisfying:

(1.14) G’=Id, G'=G, VG=0, G-X=-X-G,

for any X € I'(T M). One can also take B to be the MIT bag boundary operator By, as considered
in [9]]. See e.g. [15, 2] for more detailed discussions on these boundary operators. For convenience,
in the sequel, we shall only consider the case of chiral boundary conditions and omit the other case
of boundary conditions, as the arguments for them are the same. We call (I.10)-(1.T1) the a-Dirac-
harmonic map flow.

Now, we state our first main result about the global existence of the @-Dirac-harmonic map flow
with a Dirichlet-chiral boundary condition.

Theorem 1.1. Let M be a compact spin Riemann surface with smooth boundary OM and let N C
RX be a compact Riemannian manifold. Suppose

1 <a<1+min{e,e)

where € and €, are the positive constants in Theorem[3.1jand Lemma[3.4|depending only on M, N.
Then for any ¢y € C***(M, N), ¢ € C***(OM, N), o € C'"*(OM, M ® ¢*TN) where 0 < i < 1 is
a constant, there exists a unique global solution

2+u,1+5
loc

peC (M x [0, 00),N)

and

lﬁ € Cﬂ’%(M X [O, 00), >M ® ¢*TN) N Loo([o’ OO), ||W(’ t)”CH"(M))

loc

to the problem (1.10)-(1.T1)) with boundary-initial data (1.12), satisfying
Eo($(1)) < Ea(d0) + V2IBoll3: 5,
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and
I, Dllwrrany < C(ps M, N, Eo(o) + V2IBYoll7 )
where 1 < p < 2.
Moreover, there exist a time sequence t; — oo and an a-Dirac-harmonic map
(o Ya) € CTH(M,N) X (M, ZM ® ¢, TN)

with the boundary data

(¢a9 B‘//a)li)M = (‘109 Bl//0)9
such that (¢(-, t,), y(-, 1;)) converges to (¢4, W) in C*(M) x C'(M).

We remark that the harmonic map flow from a closed Riemann surface has been solved in [33],
and from a compact Riemann surface with smooth boundary in [14, 4]. When the spinor field is
vanishing and the domain is a closed surface, our flow reduces to the one in [16]].

By Theorem for any @ > 1 sufficiently close to 1, there exists an @-Dirac-harmonic
map (@g, ¥o) € C**(M, N) x C*(M, =M ® ¢ TN) with the Dirichlet-chiral boundary condition
(o> BUo)lom = (¢, Biyy) and with the properties

(1.15) Ea($a) < Eo(¢0) + V2IBoll2: o,
and
(1.16) Wallwisan < C(p. M, N, Eq(¢o) + V2IBoll2. 50)-

forany 1 < p < 2. With this in hand, we can prove the existence of Dirac-harmonic maps by using
the blow-up analysis.

Generally, we have the following existence and concentration compactness theorem of Dirac-
harmonic maps corresponding to the previous Question.

Theorem 1.2. Let (¢, ¥,) : M — N be a sequence of a-Dirac-harmonic maps with Dirichlet-
chiral boundary condition (¢, BYo)lay = (¢, Bvo) and with uniformly bounded energy

Eo(a) + [Wallsan < A.
Denoting E(¢o; Q) := % fQ IV¢ol*dvol,, Q ¢ M and the energy concentration set

S = {x € M| Timinf E(y; BY(0) > 5 forall 7> o},

where € is the positive constant in Lemma and Lemma BM(x) is the geodesic ball in M
with center point x and radius r, then S is a finite set. Moreover, after selection of a subsequence
of (o, W) (Without changing notation), there exists a Dirac-harmonic map

(¢, %) € C**H(M, N) x C"**(M, =M ® ¢"TN)
with Dirichlet-chiral boundary data (¢, B¥)|sy = (@, Biy), such that
(BasWa) = (B, 4) in Ci (M \ S) X Cp (M \ S).

Remark 1.3. Since we can impose nontrivial boundary conditions for both the map and the spinor,
we shall obtain Dirac-harmonic maps with nontrivial map part and nontrivial spinor part.



DIRAC-HARMONIC MAPS 9

Moreover, we show that at each singular point X, that is, when the energy of the map con-
centrates, after suitable rescaling, a bubble, namely, a nontrivial Dirac-harmonic sphere splits off.
Here, however, we cannot employ the usual bubbling argument for a blow-up sequence of Dirac-
harmonic maps which are conformally invariant [5], since a-Dirac-harmonic maps are not con-
formally invariant. We need to develop a different type of rescaling argument by adding a new
rescaling factor r2~!, with r, being the blow-up radii, to the spinor part. Therefore, the blow-up
analysis for @-Dirac-harmonic maps is more difficult and complicated than the case of Dirac-
harmonic maps. To achieve this, we shall introduce the notation of general a-Dirac-harmonic
maps and develop the appropriate analytical background, see Section [4]

Theorem 1.4. Under the same assumption as in Theorem suppose xy € S is an energy con-
centration point, i.e.,

(1.17) lim inf E(go; B (x0)) > % forall r > 0.

Then,

(1) if xo € M\ OM, there exist a subsequence of (¢4, Y,) (still denoted by (¢4, Y,)) and se-
quences x, — Xo, ¥, — 0 and a nontrivial Dirac-harmonic map (o, &) : R* — N, such that
as a — 1E]

(oo + 7o), 27" Vi (Xq + FaX)) = (0°(2), £(x)) in Cj,,(R?) X Cp (R?).

(0, ) has finite energy and conformally extends to a smooth Dirac-harmonic sphere.

(2) if xo € OM, then M — oo and the same bubbling statement as in (1) holds.

@

So far, we have answered the Question about the existence of Dirac-harmonic maps with given
Dirichlet-chiral boundary data. It is natural to ask whether the map component ¢ of the limit
Dirac-harmonic map stays in the same homotopy class as ¢y.

Here we give a positive answer under the same condition as in the harmonic map case. To see
this, we recall that we can actually choose a sequence of a-Dirac-harmonic maps satisfying the
properties (I.I5)-(1.16), for any 1 < p < 2. Therefore we are in a better situation than the case of
p= % considered in Theorem In fact, if we take ‘3‘ < p < 2, then we can show that the bubbles
in Theorem are just nontrivial harmonic spheres, i.e., harmonic maps from S2 to N. Thus, we

have the following stronger version of the existence result:

Theorem 1.5. Let M be a compact spin Riemann surface with smooth boundary OM and let N C
RX be a compact Riemannian manifold. For any ¢, € C***(M,N), ¢ € C**(OM,N), ¢, €
C'"M(OM, M ® ¢*TN) where ¢ology = ¢ and 0 < p < 1 is a constant, if (N, h) dose not admit any
nontrivial harmonic sphere, then there exists a Dirac-harmonic map

(¢, ¥) € CT*(M,N) x C"*"(M,=ZM ® ¢*TN)
with Dirichlet-chiral boundary data (¢, B¥)|sy = (@, Big) such that the map component ¢ is in the

same homotopy class as ¢y.

2Compared to the usual rescaling, i.e. (¢,,(xn + 1X), \nWn (X, + rnx)), for a blow-up sequence of Dirac-harmonic

maps given in [3], here the additional factor 72~ comes from the fact that a-Dirac-harmonic maps are not conformally
invariant, see Section
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At the end of this part, we want to state some refined analytical properties corresponding to the
blow-up sequence in Theorem [[.2] We leave the detailed proofs of these theorems to the sequel to
this paper [21]].

Consider a sequence of @-Dirac-harmonic maps {(¢,,¥,)} : M — N with uniformly bounded
energy

Eo(¢a) + E(Yo) < A
From Theorem we know that, by passing to a subsequence, (¢,,¥,) converges smoothly to
some limit Dirac-harmonic map (¢,¢) : M — N away from at most finitely many blow-up points
S= {x,-}j.’:1 as @ \, 1. For a fixed point x;, 1 <i < I, we may assume there are k; bubbles occurring
at this point i.e. there are a sequence of points (x/}, j = 1,...k;, and a sequence of positive
numbers {r;} with x; — x;, i — 0as @ \, 1 and one of the following two alternatives holds true:
if 1 < jy, o <k and j; # jp,

(A1) for any fixed R > 0, DM, (x/')yn DM, (x*) = 0, whenever « is sufficiently close to 1.

tjl 1/2

(A2)

112 111

—oo,asa\l.

Moreover, the rescaled fields

o= G (X +rx), £V = \/ré,jwa(xf{ + 7' x)

converge in Cf (R?\ { pij N pi’j-.}) to a nontrivial Dirac-harmonic map (o/, £7). Define two types
of quantities:

S TR ij\2—2a ETIE iin— Va—1
(1.18) Mij_h?\llnf(r(g) , vij_hgn\le(raf) L

We have the following generalized energy identities

Theorem 1.6. Let M be a smooth closed Riemann surface, N be a n-dimensional smooth compact
Riemannian manifold. Let (¢q,,¥q,) € C*(M,N), ay \, 1 be a sequence of a,-Dirac-harmonic
maps with uniformly bounded energy, i.e. E, (¢o,) + E(Wq,) < A. Then there exists a finite set
S = {p1, ..., p1} such that, passing to a subsequence, there exists (¢,¥) : M — N which is a smooth
Dirac-harmonic map and there are finitely many bubbles: a finite set of Dirac-harmonic spheres
(L&) : S > N, I = 1,..0; where l; > 1, i = 1,...,1, such that (o, ¥a,) — ($,¥) weakly in
WY2(M, N) and strongly in Cp (M \ S,N). Moreover, the following generalized energy identities
hold:

I
lim E,,(¢0) = E@) + M + ) > 1E(@),

i=1 [=1

lim E@Wa,) = EW) + Z Zu E(E),

i=1 =1
where the quantities pi; are defined as in (1.18)).

Furthermore, we shall show that the Dirac-harmonic necks appearing during the blow-up process
are converging to geodesics in the target manifold N. Precisely, we have
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Theorem 1.7. Under the same assumptions as in Theorem assume S = {x} and there is only
one bubble in DM (x;) C M for some r > 0, for the sequence {(¢o,, Vo,)}, denoted by (o', &"), which
is a Dirac-harmonic sphere. Let

(1.19) y! = lim \ilnf(r;)-m .

Then the Dirac-harmonic neck appearing during the blow-up precess is converging to a geodesic
in the target manifold N. Moreover, we have the following alternatives:

(1) when v' = 1, the set (DY (x1)) U o'(S?) is a connected set in N;

(2) when v' € (1,00), then the set (DY (x))) and o(S?) are connected by a geodesic with

length
[E(o!
L= (@) log vl;
T

(3) when v! = oo, the map part of the limit of the Dirac-harmonic neck contains at least an
infinite length curve which is a geodesic in N;

Although Theorem is stated for the case of a single bubble, it is not hard to extend the results
to the case of multiple bubbles and the corresponding length formulas will be more complicated.
When the spinor field is vanishing, namely, in the case of @-harmonic maps, the refined analytical
properties for a blow-up sequence were given in [25]. To handle the more complicated case of
the coupled system of a@-Dirac-harmonic maps, we need to develop new methods in order to show

Theorem [1.6|and Theorem [1.7]and we leave the detailed proofs to the forthcoming paper [21]].

From the perspective of differential geometry, it is natural and interesting to find some geometric
and topological conditions on the target manifold such that the energy identities hold. In particular,
a natural question is whether or not we can exploit some geometric and topological conditions to
ensure that the limiting necks are some geodesics of finite length and hence the energy identity
follows immediately.

In view of the works on minimal hypersurfaces (see e.g. [32]), it seems reasonable to impose
the assumptions that the Ricci curvature of the target has a positive lower bound and the Dirac-
harmonic sequence has bounded Morse index.

Let (¢,¢¥) : M — N be a a-Dirac-harmonic map. ¢*(T'N) is the pull-back bundle over M. Let V
be a section of ¢*(TN). We use V to vary (¢, ) via

, 0
(1.20) P=(x) = expy(TV), Y(x) = Y'(1) ® a—yi((br(x))

Definition 1.8. Let I'(¢*T N) denote the linear space of the smooth sections of ¢*TN. The index of
(¢, ¥) is defined as the maximal dimension of a linear subspace Z of I'(¢*T'N) on which the second
variation of L, with respect to the variations (1.20)) is negative, i.e., for any V € E c I'(¢*TN),
there holds

6*Lo (9, y)(V, V) < 0,
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where

& La(, )V, V)
2

s

Lo(¢rYr)

7=0

=2« f (1 + |dgl)*" (VV,VV) = R(V,V$, V¢, V)) + da(a — 1) f (1 + |dgl*)* *(dg, VV)?
M M

+ Zf <l,[lj ® V\/i, €y 6% (l,[/l ® V\/i) + e, l//i ®R(V, ea)i>
M dy’ dy' 0y

o 9 9 9
+ fM <W, e Y ® (Rl{kl;pvpvkdqs[(ea)@ +R(V, ea)Vva—yi +R(V,V,, V)B_y")> .

Theorem 1.9. Under the assumption of Theorem suppose the Ricci curvature of the target
manifold (N, g) has a positive lower bound, i.e. there exists a positive constant Ay > 0 such that
Ricy > Ay > 0 and assume the sequence (P, ¥,) has bounded index. Then the limit of the necks
consist of geodesics of finite length. Moreover, the energy identities hold, i.e.

I

lim E,,(¢0) = E@) + M|+ ) > E(@),

i=1 I=1
li

E(&).

=1

lim E(W,) = E@) +

I
i=1

The rest of this paper is organized as follows. In Section [2] we derive the Euler-Lagrange
equations for @-Dirac-harmonic maps and prove the estimate (I.6). In Section [3| we establish
some properties of a-Dirac-harmonic maps flow and obtain the global existence Theorem In
Section 4, we study the blow-up behaviour for a sequence of a-Dirac-harmonic maps. Theorem
Theorem [1.4] and Theorem [1.5]are proved in this section.

2. EULER-LAGRANGE EQUATIONS

In this section, we derive the Euler-Lagrange equations for a-Dirac-harmonic maps and prove
the key estimate (1.6]) for the Dirac type operator ).

Lemma 2.1. The Euler-Lagrange equations for L, are

1
(21) T = ER(¢’ l/’)
(2.2) Dy =0
where T, = (1}, ..., ™) and R(, ) are defined respectively by
i . Li 2\a—1 % _ 2\a—1 i %a;ﬁk
@3 @)= oo | el VB T - (o) TG
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and
0
(2.4) R(#, ¥)(x) = (lﬁ Ve W)Rzl,(¢(X))ay—m(¢(X))-

Proof. Let ¢, be a variation of ¥ with d‘p’ ~li=0 = n and fix ¢. By Proposition 2.1 in [6], we know

dLa/(
an T K
Then (2.2)) follows immediately.
For the equation of ¢, let ¢, be a variation of ¢ such that %I,zo =¢and Y (i = 1,...,n) in
U(x) =¢i(x)® a‘—;,-(d)(x)) are independent of ¢. Also, by Proposition 2.1 in [6], we get

f(lﬁt,ﬂlﬁO— f(W V¢ lﬁ/lezjf)

dt )
Finally, it is easy to check that

d| 1 2
—tzoif(lﬂdcbtl)

dt
d¢’ o¢*
_ - 2 a—1 y a—1_pBy
—an{ o ﬁ(<1+|d¢| VB )+<1+|d¢|> i }h "
= cyf —T;himf’".
M
Thus, we obtain
dLa(¢ ) i 1 i j m
dt t =0 = fM {_Q'Tahim + 5(’# s V¢l : wj>leij}§ s
which implies the equation (2.1)). o

By Nash’s embedding theorem, we embed N isometrically into some RX, denoted by f : N —
RX. Set

¢'=fo¢ and ¥ = fy.
If we identify ¢ with ¢’ and ¥ with ¢, we can get the following extrinsic form of the Euler-
Lagrange equations:

Lemma 2.2. Let (¢,¢) : M — N be an a-Dirac-harmonic map. Then, (¢, ) satisfies

_ VoIV’ V,o Re (P(A(dg(ea), ea - 1) 1))
(25) Ag¢ = —((l’ - 1)Tvg¢|2 + A(d¢, d¢) + Q/(l n |Vg¢|2)“_l .
(26) @l/’ = ﬂ(d(ﬁ(ea)’ (S '7[’)
Proof. Firstly, it is easy to see that 7/,(¢") and 7,(¢) satisfy
(2.7 7)) = (1 +1dgl)* " A(dd(ep), dd(ep)) + d f(To()).

Secondly, by similar arguments as in [, 16, 8], we know

DY = (DY) + Aldp(ep), ep - )
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and

1
df(t(#)) = —Re (P(A(d¢(eq), e - Y1) ¥)) .

a
Then the conclusion of the lemma follows from the fact that )’ = @ (here, )’ is the Dirac
operator along the map ¢’) and

’ _Li 2ya-1 a_¢
OE ((1+|d¢|> Vee” W).

In the end of this section, we shall prove the key estimate (I.6). The idea is to use a contradiction
argument, where a crucial ingredient is the uniqueness of the Dirac equation, i.e.

Dw 209 M7
By =0,0M

has only the trivial solution ¥ = 0 when ¢ € W'?(M, N) for some p > 2, see Theorem 1.2 and
Theorem 4.1 in [9]].

Lemma 2.3. Let M be a compact spin Riemann surface with smooth boundary OM and =
W' ), Yyt € IM, A=1,... K. Let Q € [(A'T*M ® s0(K)), i.e. Oy = -QF and Q € L*'(M),
dQ e L (M) for some p' > 1. Suppose y € W'"P(M,RX) and n = (3,...,n%) € LP(M,RK),
1 < p < 2 satisfy

'+ Q0P = o

then there exists a positive constant C = C(p, M, K, ||Q| ;2 (ary + [1dQU 1 a1)) such that

(2.8) Wl rany < € (100 + Q- Wllvan + Bllw-san) -

Our proof will follow the scheme of Remark 3.3, Theorem 3.11 and Remark 3.7 in [9]. The main
difference is that, on a two dimensional domain considered in our lemma, the two real numbers
p’ > land 1 < p < 2 can be arbitrary and be independent of each other, while Theorem 3.11 in [9]
requires that 1 < p < p’, which is too strong and hence can not be applied to our blow-up analysis
of a sequence of a-Dirac-harmonic map as @ N, 1. This is a new and crucial observation in the
present paper.

Proof. First, by Theorem 3.3 in [9], we have

(2.9) i llwronn < C (||$l// + Q- Yllrony + [IBYlwi-1rony + ”l/’”U’(M)) ,

where C = C(p, M, K, Q) is a positive constant.
Next, we claim:

(2.10) Wty < C (I + Q- Wllrqony + B lyr-tinsan)

where C = C(p, M, K, Q) is a positive constant.
In fact, if (2.10) does not hold, then there exists y; € W'P(M, RK), such that

(2.11) illwrpany = l'(||(31ﬁi + Q- Yillpruy + ||B¢i||wl-1/p~p(aM))~
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Without loss of generality, we may assume [|;||,» = 1. Then by (2.9) and (2.11)), we have

C
(2.12) Ndyi + Q- illoany + IBYllwi-vrronn < N
and
(2.13) Willwrny < C.

Then there exists a subsequence of {i;} (also denoted by {i;}) with ¢ € W'P(M,RX), such that,
Wi — W weakly in WP (M) and ; —  strongly in LP(M).
Moreover, it is easy to see that i is a weak solution of
dW+Q-y=0
with boundary condition
By = 0.

Since p’ > 1, by Theorem 4.1 in [9], there must hold ¥ = 0. However, the fact that ||y;|[zr) = 1
tells us |[]l.»r) = 1. This is a contradiction and hence (2.10) holds.

For (2.8)), we can also prove it by a contradiction argument. In fact, if it does not hold, then we
can find a sequence Q; € ['(A!T*M ® so(K)) and y; € W'P(M,RX) , such that
(2.14) L = |lillwregn = i(”@'//i +Q; - Yillerony + ”Bwi”W'*l/l’v/’(aM)) ,

and
Wil 2 (ary + €2l L 01y < C.
By the weak compactness and compact embedding, there exists a subsequence of (€);, ;) (with-
out changing notation) and ¢ € W'?(M,RX), Q € W' (M) n L*' (M), such that
Q; — Qweakly in L* (M) and dQy; — dQ weakly in L¥ (M)
and
Wi — o weakly in WP(M) and ; — ¢ strongly in LP (M),
for any p* satisfying # > i — %
Then it is easy to see that ¢ is a weak solution of @y + Q -y = 0 with boundary condition By = 0
which implies ¢ = 0 by Theorem 4.1 in [9]], since p’ > 1. Thus
llgg ||l/’i||u*(M) = 0.
Therefore, we have
i + Q- Willoary < i + Qi - Will ey + I1(Q = Qill ey
<\ + Qi - illoany + 12 = Qill 2 a1l any

1
< 7 + CIN AL + 192D 20 an Wil o 4y — O

1
- >
p 2

0=

as i — oo, where + =

But, (2.10) tells us
(2.15) L = |lillwieany < Cp, M, K, Q) (W‘ﬁi + Q- Yillprouy + ||B¢i||W'-1/W(aM)) -0,

as i — oo, which is a contradiction. We proved this lemma.

< =
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As a direct application of Lemma we have

Lemma 2.4. Let M be a compact spin Riemann surface with boundary OM, N be a compact
Riemannian manifold. Let ¢ € W'2*(M,N) for some a > 1 and ¢y € W'"P(M,EM ® ¢*TN),
1 < p <2, then there exists a positive constant C = C(p, M, N, ||Vl 20nr)), such that

(2.16) Wl < C (1B + B llw-vesou)) -
Proof. Noting that A(d¢(e,), e, - ) = —Q - where

K K
Q= > [V@)ar @)l = Y (Ve Yo, = DT, V)ey)
i=n+1 i=n+1
and {'}X is an orthonormal basis of the normal bundle 7*N and v = ((v')',...,(¥)¥) (see

Remark 2.1 in [9]]), thus

Dy = dy — Ald(ey). ey - ) = Iy + Q) - .
Then the conclusion of the lemma follows immediately from Lemma and the fact that dQQ =
[dv(e), dv(P)]. O

3. GLOBAL EXISTENCE OF @-IDIRAC-HARMONIC MAP FLOW

In this section, we will prove the global existence result for the a-Dirac-harmonic map flow and
show that the limit map at infinity time is an a-Dirac-harmonic map.
The equations (I.10)-(1.11)) have the equivalent intrinsic form

1 1
a = T Tt 07 - _R B £l
l‘¢ (1 + |d¢|2)a,_1 (T (¢) a (¢ l//))
Dy =0,

where we regard ¢ as a map into N and ¢ as a section of XM ® ¢*TN. This leads us to consider
another isometrical embedding. In fact, [14] (Page 108) says that (N, &) can be embedded isomet-
rically into some R” with some non-flat metric denoted by /;. Moreover, this isometric embedding
is totally geodesic and there exist a tubular neighborhood N of N and an isometric involution
i : N — N which has precisely N for its fixed point set. Since N is a totally geodesic submanifold,
then 7,(¢) = 7° and it suffices to study

Vel VedP Ve

3.1 0 = Ap+(a—1) 17 VP
g

+ I(9)#Vp#V @ + R()#HV ),
(3.2) Dy = 0,

where I is the Levi-Civita connection of (R, ), R is the curvature of (R%, h;) and

Dy =y + (P HV .

3Here and in the sequel, # denotes a multi-linear map with smooth coefficients.
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Next, in order to emphasize the Dirac operator I depends on the map ¢, we sometimes use the
notation

D¢ = D
Noting that
Vo> = (ho)if($)Ve'Ve,

if we expand V|V¢|?, there is an additional term like (A, ); j,ngb"VW V¢*. This term and I'(¢)#V¢#V ¢
will be put together into the term I'(¢)#Vp#Vp#V . Therefore, the equations can be rewritten as

V5, 9'Vpo'V, ¢
_ _ By B Y
0 = Agp+2a 1)—1 n |Vg¢|2 + [(@)#Vp#V p#V
(3.3) +R(P)#V oy,
(3.4) Dy = 0.

Firstly, we have the following short-time existence result for the a-Dirac-harmonic map flow
with Dirichlet-chiral boundary condition. We use some ideas from harmonic map flows [12, [14,
24]. The argument here is not quite the same as in the case of Dirac-harmonic maps in [9]]. For the
case of @-harmonic map flow from a closed Riemann surface, see the appendix in [16].

Theorem 3.1. Let (M, g) be a compact spin Riemann surface with a smooth boundary OM and
(N, h) be another compact Riemannian manifold. Then there exists a positive constant €, depending
only on M, N, such that, for any 1 < a < 1 + € and any

Po € C*(M,N), ¢ € C**(OM, N), o € C"™(OM, M ® ¢*TN),
where 0 < u < 1, the problem (1.10)-(1.11)) and (1.12) admits a unique solution
¢ € CHHIH(M X [0, T], N),

and
Y € O (M x [0,T, M ® $'TN), y € L ([0, T]; C"*(M)),

for some time T > 0.

Proof. Step 1: Short-time existence of (3.3)-(3.4).

For every T > 0, we define

. /2 _
U := {u,du e (M x [0, T])| el crnrzpaxo.ryy + ldullcuaruxio.ry < 1, tlpxqoyuamxior) = O}-

Consider the following linear parabolic-elliptic system:

VéygbiVﬁuiVyu
8t¢ = Ag¢ + 2(0’ — 1)Tvgu|2 + F(M)#VM#VM#VM
V2 ¢ Veu'Vu
Byro Yt Yy
35 +RW)#Vutty#y + Ao + 2( — 1)) —————,
(3.5) Tk + O + 2 DL

(3.6) by = 0.
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Now, let us begin a routine iteration argument as in [24] to show the local existence. For every
u € U, on the one hand, by Theorem 4.6 in [9]], there exists a unique solution v, € C"*(M,*M ®
u*RL) to the problem (3.6) with boundary condition Byy = By, satisfying

”VIHC”#(M) < C(u,M,N, ||M||c'+u(M))||B¢’0||c1+u(aM)-
Moreover, for any 0 < t, s < T, it is easy to see that v;(-, 1) — v (-, 5) satisfy the following equation
I, D = i(, 9) = ~T@@HVu@O#©@i (-, 1) = vi (-, 5))
— F(u(@)#V (u(t) — u(s)#vi(:, 5)
— (T (u(t)) = T(u(s))#Vu(s)#v,(-, s) in M,
i.e.
Duiyvi (¢, 1) = vi(, 8)) = =TV (u(t) — u(s))#vi(, s)
(3.7 — (TC(u(t)) — T(u(s))#Vu(s)#v,(-, s) in M,
with boundary data
B (-, 1) = vi(-, 5)) = 0 on OM.
By Theorem 1.2 in [9]] and Sobolev embedding, for any ¢ € (0, 1), we have
viC, ) = viCs Ollesan
< C(o, M, N, |lullcr )il any (-, £) — uCe, $)llony + lldu(-, 1) — du(-, $)llz=ar))
< C(6, M, N, llullc1 ) IBWollcronamlt = 12
Therefore,

1910 gy < € Mo N, lellreson) IBYollcrsan.

On the other hand, when o — 1 is sufficiently small, by the standard theory of linear parabolic
systems, for above (u, v;), there exists a unique solution u; € C 2,145 (Mx[0, T1,RE) to the problem
(3.3) with the initial-boundary data @|yxoyuamxio.r; = 0, such that

< C(u, M, N)(lurllcomxiory + l1dollczucary + [Bollcrwuan + 1.
Noting that u;(-,0) = 0, we have

llee1llcocmxro,rny < CQuy M, N)T (luy |l cogpaxio,ryy + dollczsuny + [Bollcrsuann + 1).

Taking T small enough, we obtain

el vt ooy

llee1llcocmxio,rny < CT (l@ollc2wumy + [Bollcrsuann + 1.

By the interpolation inequality for Holder spaces (see Proposition 4.2 in [26]), we have

1—u L+p

1-u 1
= C”b“”C%)(MX[O,T])”ul”CZZ’I(MX[O,T])'

+u

a1 + [V ||

5 (MX[0,T]) C*5 (MX[0,T])

Thus, if we choose T sufficiently small, then u; € U. This is the first step. Similarly, we can get
(u2,v,) by using the above argument and substituting # with u; + ¢¢. After a standard induction
procedure, we will get a solution (11, vi+1) of (3.5)) and with u = u; + ¢, satisfying

||vk+1||c,u,%(MX[0’T]) < C(u, M, N, |lgpollcr+# ) IBYollcr+uan)
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and
||uk+1||C2+;4,1+%(M><[O,T]) < C(;U, M, N)(||¢O||C2+#(M) + ”Bl//O”C”/‘(BM) + 1)

After passing to a subsequence, we know u; converges to some ¢ in C>'(M x [0,T]) and vy
converges to some ¢ in C°(M x [0, T]). Then (¢ + ¢y, ¥) is a solution of equation (3.3)-(3.4) with
boundary-initial data (I.T2). Since ¢ € C*'(M x [0, T],RE) and ¢ € CO(M x [0,T],ZM ® (¢ +
#0)*TRL), by the standard theory of Dirac-harmonic maps (see Lemma 3.6 in [19] or Lemma
below), it is easy to see that ¢ € C2**!*5(M x [0,T],RL) and ¢ € C*5(M x [0,T],ZM ® (¢ +
¢0)*TRY) N L=([0, T]; C"**(M)).

Step 2: Uniqueness.

If there are two solutions (u;,vy) and (uy, v,) to equation (3.3)-(3.4) with boundary-initial data
(I.12), subtracting the equations of u; and u,, then multiplying by u; — u, and integrating over M,

we have
f 0/(uy — up)(uy — uy)
M

V2 (= ul)Vau' Vou
By 71 2/ VB VyHl
< A - - +2(a -1 —
= f g(ul u2)(u1 MZ) ( )f 1 |Vgu1|2 (ul I/t2)

+C f g — unf* + C f Vuy = Vylluy — ua] + C f vy = vallug — ual.
M M M
Integrating by parts, we get

2dtf|u1—uzl

V(' — ul)Vgu' Vyu
f —|Vuy = Vuo|* = 2(e — 1)f T+ VP V,(ur — up)

+Cf|u1—uz| +Cf|Vu1 Vuzllul_u2|+cf|V1_V2||u1_u2|

By Young’s inequality and noting that the second term on the right hand side of the above
inequality is nonpositive, we obtain

d 1
7 fM|u1 — ) < ) fM \Vuy — Vuy|* + C‘fM|M1 — uy|?

(3.8) + Cf Vi — valluy — ua.
M

Similar to deriving (3.7), we know v, — v, satisfies the following equation
Dy (vi —v2) = —Tu)#V(uy — up)#vy
(3.9 — (C(uy) — T(up)#Vur#tv, in M,

with the boundary data
B(vi —v,) =0o0n oM.
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By Theorem 1.2 in [9]], we have

(3.10) Ivi = vallwieany < Cllur — uallz2any + [V = Vol z2ar)-
Therefore, by (3.8) and Young’s inequality, we have

d
(3.11) —f luy — usl* < Cf i — uaf?,
dt M M

which implies u; = u, on M X [0, T'| if u; = u, for t = 0. Then v, = v, follows immediately from

(3.10).
Step 3: ¢(x,1) € N for all (x,7) € M x [0, T].

Since i : N — N is an isometric involution and ¢y € N, ¢ € N, then (i o ¢, i) is also a
solution to (3.3)-(3.4) with the same boundary-initial data (I.12)). By the uniqueness, i o ¢ = ¢
which implies ¢(x, r) € N. We finished the proof of this theorem. O

Next, we shall control the a-energy of the map part, i.e. E,(¢), along the a-Dirac-harmonic
maps flow. Precisely, we have

Lemma 3.2. Suppose (¢,y) is a solution of (I.10)-(I.11)) with the boundary-initial data (1.12),
then there holds

E @) +a | (1+V, 0P " 10,0PdMdr < E,(¢o) + V2Bl
Mf

Moreover, E,(¢(1)) + % faM@ - By, Y(t)) is absolutely continuous on [0, T| and non-increasing.

Proof. Firstly, it is easy to see that the equation (I.10) can be written as follows:
(1+ Vo) 0,p = div (1 + [Vep)* ™' V) = (1 + V0 A(dgp, dp)
1
(3.12) ~ —Re(P(A(dd(e,). e, - ¥): ).
Multiplying the above equation by @d,¢ and using the Lemma 3.1 in [[19] that,
0 1 (Md
(3.13) (P(A(dg(ey), ey - ) ¢), —¢)det =-3 f - f By, 7 - )1y,
M ot 2 K dt oM
we have

a | (1+|Vep) 10,0’ dMdt - a f div((1 + |V,¢)*7'V,¢) 0,6dMdt
m;

M
1 ("d N
=—f (P(A(d(ey), ey - ) ), 0,p)dMdt = Ef d_f By, i - ydt,
M s at Jom

forany 0 < s <t < T. Integrating by parts, we get

1 !
- f 4 f (1 + |V, ) *dMdt + a f (1 +|V,0)* "10,01*dMdt
2 s dt M M

L g
(3.14) = 2fs 7 LM(BwO,n Y)dt.
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So, we have

Ea(¢(t))+af (1 + Vo) 10,81 dMdt
Mt

1 1
< Eq(¢o) + §|f (Byo, 7 -y + §|f (B, 7T - )|
{0}xoM {1} xoM
< Eo(¢0) + V2|[Bysll?

L2(OM)’
where the last inequality follows from Proposition 2.5 in [19] that
Wllzzam = V2IIB&l26m = V2ABYollzm,

since Dy = 0. Also, we have

"d 1 - 1
fsa(i fM(1+IVg¢| ) dM+§faM<71’-Bwo,‘P>)dt
(3.15) = —a f (1 +|V,0))* "10,01*dMdt,
M,

and the claims follow. O

Consequently, using the key estimate for the Dirac operator along a map in Lemma [2.4, we are
able to control the spinor part along the flow. For the Dirac-harmonic map flow studied in [9, 19],
however, there is in general no such a nice property.

Lemma 3.3. Suppose (¢,y) is a solution of (I.10)-(I.11)) with the boundary-initial data (1.12),
then for any 1 < p < 2, there holds

(3.16) G, Dllwreany < CliBYollciomy, YO <1 <T,

2

where C is a positive constant depending only on p, M, N, E,(¢y) + \/illeolle(aM).

Proof. According to Lemma[3.2] forany 0 <7 < T, we get
Eo(8( 1)) < Eo($0) + V2Bl 5y,
Then by Lemma [2.4] we have

(-, Ollwroany < C(p, M, N, IV @Il 20a0)IBWollcr onn

< C(p. M. N.E(¢0) + V2Bl 5 IBUollcrann. ¥ 0 < 1 < T.

Next, we derive a small energy regularity theory for the @-Dirac-harmonic map flow.

Lemma 3.4. Suppose that ¢y € C***(M,N), ¢ € C**(OM,N) and yy € C'**(OM,*M ® ¢*TN),
where 0 < u < 1 is a positive constant. Let (¢,) be a solution of (I.10)-(I.11)) in M x [0, T]
with boundary-initial data (T.12). Given zy = (xo,1)) € M X (0,T], denote P¥(zy) := By (xp) X
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[to — R?,ty). Then there exist three positive constants € = &(M,N), & = &(M, N, ¢y, ¢, V) and
C =Cu,R,M,N, E,(¢0), ll¢ollczua> BYollcronom) such that if

l<a<l+eand sup E@(); Bin(xo)) < &,

[t0—4R2 1]
then
(3.17) ‘/Elllﬁlle(Pg(zO)) + RIIVOllLopyiyy < €
and forany 0 < g < 1,
(3.18) sup W@ lcrongy oy + V0l g < CB),
Rr2 C (PR/z(ZO))
1-%-<i<y
Moreover, if
. pM

sup sup E(¢(1); Bor(xo)) < &,

xoeM [t0—4R2,t0]
then
(3.19) Pl 2ot g2 ) W g2 TS9P Willcrnaan < C.

2
to—%SISl‘o

Proof. For simplicity of notation and a better expression of the idea of proof, we assume M C R?
is a bounded closed domain with the standard Euclidean metric.

Step 1: We derive (3.18) and (3.19) from (3.17).

Take a cut-off function n € CS"(P?{ (zo)) suchthat 0 < n < 1, n|pu

3r/4(20) =1, |Vj77| <% Jj=12
and 0] < 5. Set U = n¢, then

RI?

= Rz.

Ur=asysiogs = f, in Py

Ux,t) =0, on  BM¥(zo) x {t =ty — R*};

Ux, 1) = ne, on M x (1o — R*,1p),
where f = f(Vé, ¢, ¥, 0m, V’n, Vi, 1) and

VppVyo
= 6, + 20 — )22
aﬁ?’ By (a )l + |V¢|2
Under the assumption (3.17)), we know f € L. Noting that
02

O =y 5 o

is a parabolic operator when @ — 1 is sufficiently small, by standard parabolic theory, for any
1 < p < oo, we have

||U||W§w1(plag(m)) < C(||f||LP(P§4(ZO>> + ||7790||W§1(aplg4(10))) < C(1 + llgolle2any)
Then forany 0 < 8 =1-4/p < 1, Sobolev embedding tells us,

”Vﬁbllcﬁﬁ/Z(P%M(Zo)) < ”VU”cﬁﬁﬂ(pﬁ‘g(ZO))
(3.20) < CllUNy21 pat ) < CBA + ldollczan)-
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Choose a cut-off function y € Cg’(Bﬁ‘{ (xp)) satisfying 0 < y < 1, x| BY ) = 1 and |V/y| < 1%’ Jj=
1,2. Set V = yy, then we have

vV = h, in By (x);
BV(x) = xByy,  on By (xo),

where
h=xdy+Vy - = xAldd(e,), e, - )+ Vy - € L7,

since the assumption (3.17) holds. By the standard theory of the usual Dirac operator and Sobolev
embedding, we have

||lﬁ||clf2/p(3g§?/4

o) < ClIVIwr s )
< C(”h“Lﬂ(B;‘{(xo)) + ||BV||W1—1/p,p(aB§,}4(x0)))
(3.21) < C(1 + |IBollciom))

for any 2 < p < co. Then (3:20) and (3:21)) tell us dy € C*(BL; 14(20)). By the Schauder estimates
Theorem 4.6 in [9]] and taking some suitable cut-off function as before, we have

(3.22) ||W(f)||cl+u(3%2(x0)) < C(1 + IByollcrsncann )(1 + ligollczan)

for any 1, — RTZ < t < ty. Then the inequality (3.18) follows from (3.20), (3.22) immediately.
For the estimate (3.19), we first rewrite the equation ¢y = A(d¢(e,), e, - ¥) as

W+Q-y=0
where
K K
Q=Y @@l = > (N (Ve )y - (DT, V) e,)
izt 1 i=n+1
and {'}X  is an orthonormal basis of the normal bundle T*N and v = ((')',...,(¥)¥) (see

Remark 2.1 in [9]), then for any 7, — %2 <t, s <ty we have
(ﬁ(lﬁ(, t) - w(a S)) = _Q('a t)(w(a t) - w(a S)) + (Q(’ S) - Q(, t))w(a S) in M’
B(‘ﬁ(? t) - '//(, S)) =0 on OM.

Since dQ = [dv(¢), dv(¢)], with (3.20) and (3.22)), according to Theorem 4.1 in [9], for any 0 <
B < 1, by Sobolev embedding, we have
(-, 2) = o, llesan < CUIRQL 1) = QC, $)llwan) < Cls — 1.

So, we get ||y/]| < C and

B 2
P (Mx110-8- 1))

0,9 — aﬂmf;% e CPRI2(M x [ty — I%Z,to]) for any 0<pB<I;
lom = ¢ € CHH(OM).
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Taking some suitable cut-off function and by standard Schauder estimates for second order para-
bolic equations, when @ — 1 is sufficiently small, we have ¢ € C2#1+*5(M x [f, — %2, t]) and

||¢”C2+ﬂ‘l+%(M><[t0— R2 o)

¢
< C(llat¢ aﬁyﬁ XPOx YHC”I‘/Z(MX[Z() ,to]) + ||¢||C0(M><[t0—%,lo]) + ”‘P”Czﬂl(aM)) <C

So we have proved (3.19).

Step 2: We prove (3.17).

We follow a similar idea as in [30, 34, 27]. Without loss of generality, we may assume R = 5
Take 0 < p < 1 such that

(1-p)* sup |Vo|* = max {(1 ~0)* sup [Vo[*)

P (z0) P (z0)

and then choose z; = (x1, 1) € Pgl (z0) such that

Vo (z1) = sup Vg :=

PY(z0)
We claim:
(1-p)e<4.
We proceed by contradiction. If (1 — p)?e > 4, we set
u(x,t) := ¢(x; + e_%x, h+e'ty and v(x):= e_%w(xl + e_%x, o+ e ).
Denoting P,(0) = D,(0) x [-r%,0] ¢ R> x R and
S, = P,(0) N {(x,)l(x; + e 2x, 1 + ¢”'1) € PM(0)},

then (u, v) satisfy

VIVulVu Re (P(A(du(e,). ey - v):v))
323)  Om = Aut(@— Do — AU, Vi) -
G:29) - o o= Do g AV Y a(l+eVuly

(3.24) dv = Alduley), e, )
with the boundary data
(3.25) (u(x, ), Bv(x, 1) = (@(x; + € 2x), e iBio(x; + € 2x)), if x +e ix€ M.
Moreover,
sup IVu)? = ¢! sup IVo)* < e sup Vo> < e sup Vo> < 4
S PY ) PY o) PY(2)

I+p

and
IVul(0) = e”'[Vo*(z)) = 1.
Noting that v satisfies the equation dv = A(du(e,), e, - v) and the facts

ldul <2,  sup [Vllpap,) < SUP|W( sy < C,

-1<t<0
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where in the last step we have used Lemma by taking p = %. By elliptic estimates of the usual
Dirac operator and Sobolev embedding, we have

sup [Vllz=ws,) < C sup [Vllwisp,y < C( + [Byollcramy)-
0

—1<<0 -1<t<

Next, we want to show that there exists a constant C > 0 such that

(3.26) 1<C f |Vu|*dxdt.
S3/4

In fact, if such a C does not exist, then there exists a sequence {(;, v;)} satisfying (3.23)-(3.24)
with the boundary data (3.25)) and

(3.27) sup (|Vu| + vi]) < C,
S3/4
(3.28) IVu;*(0) = 1,
5 1
(3.29) |Vu;|“dxdt < —.
S3/4 l

Similar to the argument in Step 1 (since (u;,v;) satisfy (3.23)-(3.24), (3.25) and (3.27)), we
obtain

Vuillcssrs, ) < CB)
forany 0 < B < 1.
Therefore, there exists a subsequence of {i;} (we still denote it by {u;}) and a function u €
C%5(S 1) such that
Vl/tl- - Vu in C6,6/2(Sl/2)

where 0 < § < 8. By (3.29), we know

(3.30) f \Val>dxdt = 0

S

which implies Vu = 0 in S;,,. But, (3.28) tells us [Vu|(0) = 1. This is a contradiction and then
(3.26) must be true. Thus, we have

1<C f |Vu|*dxdt
S3/4

< C sup f Vo[ (t; + e t)dx
—1<t<0 JBM (x)
e2

< C sup f Vo[> (H)dx < Ce;.
BY(z0)

—1<t<0
Choosing e; > 0 sufficiently small leads to a contradiction, so we must have (1 — p)?e < 4 and then

(1 —=3/4)* sup |V¢* < (1 —p)e<4.

P%4(ZO)
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Since y satisfies the equation @y = A(d¢g(e,), e, - ¢) and ||d¢||Lm(P§v§4(ZO)) < 8, Wl < C, by the
elliptic theory for the Dirac operator and Sobolev embedding again, we shall easily obtain

Il et ) < €

Thus we get the inequality (3.17)). This finishes the proof of the lemma. m]

In the end of this section, we prove our first main Theorem@

Proof of Theorem By the short-time existence result Theorem there is a unique solution

2+u,1+5
loc

peC (M x[0,T),N)

and
W € Nocs<r L0, S 1, (-, Dllcronary) N C2(Mx[0,T),EM ® ¢*'TN)

loc

to the problem (I.10)-(L.TT)) with boundary data (1.12) for some 7' > 0.
Next, we will show that the solution (¢, ) can be extended to the time 7. In fact, by Lemma

we have
1
) L(l + Vo) (. NdM < Eo(¢o) + ‘/§||Bl//0||iz(aM)-

Then it is easy to see that, for any 0 < € < €3, there exists a positive constant ry, depending only on

€, a, M, E,(¢y) + \/Elleolliz(aM), such that for all x € M and 0 < ¢t < T, there holds

1 _1
- f V02, )dM < CEo($)"r, " <.
2 Bl (%)

By Lemma [3.4] we can extend the solution (¢(-, 7), ¥(:, ) to the time 7 with (¢(-, T), ¥ (:,T)) €
C>*"(M,N) x C"**(M,*M ® ¢(-, T)*TN). Then the short-time existence result implies 7 = co.
For the limit behaviour as t — oo, by Lemma[3.2] we get

f f 10,0/*dMdt < C,
0 M

which implies that there exists a time sequence #; — oo, such that

f 10,01°(-, t;)dM — 0.
M

By Lemma [3.4] we have

B c2ucary + W (EDc1+ueary < C.
Thus, there exists a subsequence of {#;} (still denoted by {#;}) and an @-Dirac-harmonic map (¢, ¥,)
with boundary data

(¢a’ Bwa)lﬁM = (‘107 Blr//())a
such that (¢(-, t;), ¥(-, 1;)) converges to (@,, ¥,) in C*(M) x C'(M). Since (¢, o) € C***(OM, N) x
C'"*#(dM, ¢*TN), it is standard to obtain

(GasYa) € C**(M,N) X C"*"(M,ZM ® ¢, TN)

from the Schauder theory for second order elliptic operators and Dirac operators. This completes
the proof of theorem. O
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4. BLOW-UP ANALYSIS FOR @-DIRAC-HARMONIC MAP SEQUENCES AND EXISTENCE OF DIRAC-HARMONIC MAPS

In the previous section, it is shown that there exists a sequence of a-Dirac-harmonic maps
{(das¥o)} as @ ™\ 1 with Dirichlet-chiral boundary condition (¢, B, )|ax = (¢, Biy), such that

4.1) Eo($a) < Ea(d0) + V2IBoll32 5,
and
(4.2) allwiran < C(p, M, N, Ea($0) + V2IBoll2 o),

forany 1 < p < 2. In this section, we will study the limit behaviour of the sequence as @ ™, 1 and
show that the limit is just the Dirac-harmonic map we want to find.
First of all, we consider the blow-up sequence under the following more general assumption that

Ea(¢a) + ||wa”L4(M) < A < oo,

Note that the functional L, and the equations of a-Dirac-harmonic maps are not conformally
invariant in dimension two. For example, on an isothermal coordinate system around a point
p € M, if the metric is given by

g = &((dx')? + (dx*)?)
with p(p) = 0, setting

([10(X),5a(1)) 1= ($a(p + raX), ViaWa(p + rax))
for some small positive number r, > 0. By the conformal invariance of the spinor equation, it is
easy to check that (u,(x), v,(x)) satisfies the following system

u, = Vea Voo ol Voot Re(P(A(diia(ey) ey Va)Ta))
(4.3) {qu ua/ - _(a - 1) 0'a+|vg<yﬁn|2 + A(diliom d?/[af) + a(l+0’f,| |Vgaﬁa‘2)a_l 9

ﬁa = ﬂ(dﬁa(ey)7 €y - Va)a
where g, = e*PTe)((dx')? + (dx*)?) and o7, = 72 > 0.
Since a-Dirac-harmonic maps are not conformally invariant, in order to get unified bubbling
equations, we need to add another factor 2! in the rescaling. Setting
(U0 (), Val(2)) = (Ua(2), 757 Ve(0)) = ($a(p + 1a), 75 VFala(p + 1))

and noting that the equation for the spinor part is also invariant by multiplying a constant to the
spinor, then one can verify that (u,(x), v,(x)) satisfies the following system:

_ Voo IV o a2V gy e Re(P(A(dua(ey).eyva)iva))
(4.4) Ag,tte = —(a = D)= + Aldutg, dutg) + —— 05—
(?voz = ﬂ(dua(ey)7 €y - Va),

For a general Riemannian metric g, = e*((dx")? + (dx*)?), p, € C*(D;(0)), p,(0) = 0, and
positive constant 0 < o, < 1, we call (u,,v,) a general a-Dirac-harmonic map if it satisfies the
system (4.3) or it satisfies the system (#.4) with 0 < By < liminf,.; c®! < 1 for some positive
constant 8y > 0.
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Since the spinor equation is conformally invariant, it is easy to check that the system (.3) is
equivalent to

VIV o tial*Vitg

(4.5) Au, =-—-(a- 1)W + A(uy)(dugy, duy) +
ava = ﬂ(dua(ey)’ €y Vo),
and the system (4.4) is equivalent to

Re( P(A(dualey).eyva)iva)) 0
a(1+05 Vg 1!

b

PSRN N Re(P(A(dua(ey).eyva)va))
(46) {Aua = (Q’ 1) 0'a+|Vg(yua|2. + A(M(l)(dl/lm dl/la) + @0tV gy g Py = 0,

e = Aldugle,), ey - v,),

where A = % + &, the derivative V and the Dirac operator ¢ are taken with respect to the

standard Euclidean metric. The {e,} in (4.5) and (4.6) is a local orthonormal basis with respect to
the standard Euclidean metric and hence it is different from the one in (4.3)) and (4.4)), however, for
simplicity, we shall use the same notation. More precisely, the above equivalences of the systems
mean that (u, o Id, e% v, o Id) satisfies (@3)-(@.6), where

Id : (D1(0), (dx")? + (dx*)?) = (D;(0), g,)

is a conformal map defined by /d(x) = x. In the sequel, for simplicity of notation, we shall identify
(uy o 1d, e Ve © Id) with (u,, v,) and use the appropriate forms of the systems.

Let D;(0) c R? be the unit ball centered at 0. Denote
D{(0) := {(x', x*) € D1(0)lx* = 0}, 8°D7(0) := {(x', x*) € D;(0)|x* = 0}.

Next, we show a small energy regularity lemma for @-Dirac-harmonic maps. This kind of reg-
ularity theorem was introduced by Sacks and Uhlenbeck for the critical points of functional E, in
[29]. For the interior case, we have

Lemma 4.1. For any 1 < p < oo, there exist two positive constants €, and a«y > 1 depending
only on g,N, such that if (¢o, V) : (D1(0),g,) — N is a general a-Dirac-harmonic map with

Eo(¢o) + Wollsp,0) < A and
E(¢a) <&, | <a<a,

where g, = e ((dx")* + (dx*)?) and p,(0) = 0, p, — p in C®(D(0)) as @ — 1, then there holds
IV@allwio, 0 < C(Ps & A NIIVPallzzp, 0y, IWellwirn, pop < C(ps 8 A NIWellza i, 0)-

Near the boundary, we have

Lemma 4.2. For any 1 < p < oo, there exist two positive constants € and ay > 1 depending
only on g,N, such that if (¢o, o) : (D7(0),8,) — N is a general a-Dirac-harmonic map with
Dirichlet-chiral boundary condition

(Do, BYo)loopr0) = (@, Byo),
satisfying E,(¢o) + Woll+, 0y < A and

E(¢a) < €&, I1<a< @,
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where g, = e*((dx")* + (dx*)?) and p,(0) = 0, p, — p in C*(D7(0)) as a — 1, then there holds

IVgallwiror 0 < CUIV@allzon + IVellc1 @),
Wallwiemr op < CUWallLsw+ + IBYollcr @),

1/2

where C is a positive constant depending on p, g, A, N, ||¢l|c2, [IBYollct-

Since the proof for the interior case is similar to, but simpler than that of the boundary case, we
only prove Lemma 4.2 here and omit the interior case.

Proof of Lemma We prove the lemma for the case that (¢, ¥,) satisfies (4.3)). For the other
case, i.e. (Pa, ) satisfies (@.4) with 0 < By < liminf,.; o' < 1 for some positive constant
Bo > 0, the proof is almost the same.

Without loss of generality, we assume fao o ¢ =0.
1

2
Choose a cut-off function n € Cj’(D") satisfying 0 <n < 1, 77|D§/4 = 1,|Vn| +|V*3| < C. Noting
that the ,-equation is conformally invariant in dimension two, by standard theory of first order
elliptic equations, for any 1 < g < 2, we have

lmallwiapy < C(||($(7Wa)||Lq(D+) + ”Bwa”W“l/‘M(aOD’f))
<C(|IVp - ¢y + UalﬁaHM(Dﬂ + ||Blﬂa||wl-1/q~q(aOD+))
< C (IWallzeory + lldallmalllzons + IBollwi-vss@op)
<C IId%IILz(DﬂII?WaIIL%(D+) + Clallzaps + IBYollwi-1iaaa0p+))
< Cellmpall 20 + Clollapy + IBYollwi-1aag0p+))-
L24q (DY)
Taking €, > O sufficiently small, by Sobolev embedding, we get
4.7 ||77Wa||LL4 < Imallwrap < ClWallLaw+ + IBYallwi-vas@op))-

2—q (D")

In particular, taking g = £, we get

(4.8) ||77Wa||L8(D+) < ||UWQ||W1,§(D+) < C(||lﬁa||L4(D+) + ||BWa||c3/8.8/5(aOD+))-
Noting that
VIV, ¢’V Re (P(A(dpa(ey), ey - ¥a)i o)
A = - )T e R ok )

O-a + |Vg<y¢a/|2 a(]‘ + O-(_yllvgtt(b(llz)a_l

where A = (%)2 + (6%)2 is the Laplace operator of the standard Euclidean metric, computing
directly, we obtain

|A(77¢a)| = |77A¢a + 2V77V¢a + ¢’0A77|
< C (Ial + Il + (@ = DInVal + dd,Inddal + WP indd,)
49) < C(ldg,ldng,)| + (@ = DIV () + C (18l + ddo] + W Pinddal)
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By standard elliptic estimates and the Poincaré inequality, for any 1 < p < 2, we have

I7¢allw2ror < Clldgalldmga)lllrw + (@ = DIV 0¢a)llrp)
+ C(ldallrpry + lellwa-1mp@pe) + Il Mddalllirns)
<C ”d(n‘pa)”L%(D+)”d¢a”L2(D+) + C(a = DIV (ol
+ C(ldpallrpry + el Mddalllrps + llellw2p@op+))
< C(e + a = Dldmo)llwierpry + CUlddollir i+
+ el mddalllrws) + IV @llwr@on).
Choosing ¢ > 0 and «( — 1 sufficiently small, we have
(4.10) IVmg)llwrrory < CldPallr o+ + ||||¢a|2|77d¢a||||LP(D+) +1IVellergop+)-
In particular, we take p = ‘5‘, then

||V¢a||L4(D+%) < C||V¢a||wl,%(D;)
g

< C(lldollr2p+ + ||¢’a||i8(D;/4)”d¢a”L2(D+) + IVeller@on+))
4.11) < Cldgoll2poy + IVeller@on+y)s

where the last inequality follows from (@4.8)).
Applying the W'2-estimate for the usual Dirac operator, we have

”'J’QHWLZ(D*&) < C(”awa”Lz(DE) + ||¢’a||L2(D+§) + |Bollwirz@gop)
* < CUB s Walls, + Wl + IBallyinznn)
< C(||lﬁa||L4(D+)8+ ||BWa||Cgl(aOD+))- 8
By @.9), we get
(4.12) AGI)] < Cla = DIVl + C (16a] + ddal + dpal + 1Wallddal).

Applying the W>2-estimate for the Laplace operator and choosing ay — 1 small enough, by #.8)
and (4.11)), we obtain

(4.13) IV@allwizpr,) ) < Clld@all2p + IVelleror)-
16

By the Sobolev embedding theorem, we know V¢, € LP(Dg /16) and ¥, € LP(D§ /16) for any
1 < p < oco. Then the conclusions of the lemma follow from the standard L”-estimate for the Dirac

operator and the W>?-estimate for the following elliptic operator immediately

2Vﬂ¢ftv7¢a 2

A+ -1 )
= Vo P

O

Applying the above small energy regularity for general @-Dirac-harmonic maps, we can now
show Theorem [I.2] and Theorem [L.4l



DIRAC-HARMONIC MAPS 31

Proof of Theorem[.2; Without loss of generality, let {xi,...,x;} € S be any subset with finite
points. Choosing r > 0 sufficiently small such that BY(x;) N B¥(x;) = 0, i # j, then

I
A > limilnfE(qba; M) > Z limilnfE(qba; Bﬁ”(xl-)) > %I,
a— l:1 a—
which implies I < % Therefore, S is a set with at most finitely many points..
For any xg € M \ S, there exist ry > 0 and a subsequence of « “\, 1, such that
€
E(¢u: By (x0)) < 7.

If xo € M \ OM, without loss of generality, we may assume B% (x0) NOM = 0. By Lemma we
have

r0||V¢a||Lw(B§‘g/2(x0)) + \/r_0||¢a||Lw(Bf(4)/2(xo)) < C(A,M,N).
If xo € M, by Lemmaf.2] we have
rO”V¢w”L°°(Bfg/2(x0)) + \/”_0||l//a||Lw(Bfg/2(x0)) < C(A, M, N, [l¢llc2, IBgoller).

According to the standard theory of Dirac and second order elliptic operators, we can obtain

(4.14) ||¢a||ck(3fg/4(x0)) + ||lﬁa||ck(3’rg/4(x0)) < C(k,ro, A, M,N)

for xo € M \ OM and

(4.15) ||¢a||c2+u(3fg/4(x0)) + ||i//a||c1+u(3ﬂg/4(x0)) < C(ro, s A, M, N, |@llc2+4, [ Bollcr+)
for xy € OM.

Suppose (¢, ) is the weak limit of (¢, ¥,) in WH(M) x L*(M), then by #.14) and @.13)), we
know there exists a subsequence of (¢,, ¥,) (not changing notation) such that

(Pas Wa) = (¢, 0) in CL (M \ S) x C), (M\ S),

where

(¢’ Bw)lﬁM = (907 Blﬂo)
By the removable singularity theory of Dirac-harmonic maps (see Theorem 4.6 in [6] for the in-
terior singularity case and the proof of Theorem 1.4 and Theorem 1.5 in [19] for the boundary
singularity case), we have (¢,¢) € C2(M) x C'(M). Then, (¢,¥) € C**(M) x C'**(M) follows
from the standard Schauder theory. O

Proof of Theorem[I.4; Take r, > 0 such that x, € S is the only energy concentration point in
Bﬁ‘g (x9). By the standard blow-up analysis argument for harmonic map type problems, we can
assume that, for the sequence a \, 1, there exist sequences x, — x, and r, — 0 such that

€

(4.16) E@a: Bl ()= sup  E(go:B() = 7.
xEB%(xo),rSr(Y
BY(x)CB (x0)

where € > 0 is the constant in Lemma[4.1] and Lemma[4.2]
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Step 1: Let xo € OM and we prove the statement (2) under the assumption that

dist(x,, OM
4.17) lim sup L3510 9M) _

a—1 Vo

Without loss of generality, we may assume xo = 0 € D7(0) C R is the only energy concentration
point in D} (0) and
g(x) = &I (dx")’ + (dx*)?),
where p is a smooth function satisfying p(0) = 0.
Setting

(4.18) (0(X), Vo)) = (Pa(Xa + T0), ViaWa(Xe + ).

by (@#I7) and (@.3), it is easy to see that, for any R > 0, (i1,(x), V,(x)) lives in Dg(0) ¢ R? for a
close to 1 and satisfies
VIV, tal’ Vita

Aﬁa = —((1' — I)W + A(dﬁa,ﬂa) +
ﬁa = ﬂ(dﬁa(ey)’ ey Va),

where g,(x) = e?%e*9)((dx")? + (dx*)?) and we used the fact that the second equation, i.e. the
equation for the spinor part, is conformally invariant.

Since (u,(x), v,(x)) is a general @-Dirac-harmonic map, by and the small energy regularity
result Lemma we know there exists a subsequence of {a} (still denoted by the same symbols)
and (T, €) € W.2(R?) x W2(R?), such that E(G; D;(0)) = 2 and

Re( P(A(diia(ey) ey Va)Ta))
a(1+12 Vg, g2yt °

(4.19)

(4.20) (#a(X), V(X)) = (7€) in C}, (R?) X C}) (R?).

loc loc

Next, we make the following

Claim 1:
(4.21) 1 < liminf 727 < lim sup 720 < ptpr < 0.
a\,1 a1
To show this claim, we just need to prove that
lim sup 727 < oo,
a1
In fact, if it does not hold, then there exists a subsequence a; — 1 such that
. 2(1-a))
limr,, "=y = oo.

Jj—ooo

By @19) and ([#20), it is easy to see that & : R> — N is a harmonic map such that &,, — o in

C; (R?) as j — oo. Then we have

2A > lim lim Vg, " dvoly,

R—0c0 j—oo ijR(xaj) R—00 j—o0

. . 2 2a; ~ 2a;
lim lim (r,,)"" ™ f |Vgaj Ug,| ’dVOlggj(xaﬁra )
Dg(0)

lim g f IVoPdx = 2u, E(0).
Dg(0)

—00
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which is a contradiction to the fact that E(c) > € > 0 which follows from the well known energy
gap theorem for harmonic spheres, since o : R> — N is a nontrivial harmonic map with finite
energy and hence it can be conformally extended to a harmonic sphere. Thus, the Claim 1 holds
true.

Now setting

(422)  (ua(0),va(0) := (), 757 Va(2)) = (GalXe + raX), 2™ ViaWa(Xa + 703))
since the equation for the spinor part is also invariant by multiplying a constant to the spinor, it is
easy to see that (u,, v, ) satisfies

VIV, tta*Vity 2(1-a
Au, =—-(a- 1)—r2flvg ot A(dug,duy) + 1

&Va = ﬂ(dua(ey)a €y - va)-
From (@.21)), we know that (u,,v,) is a general a-Dirac-harmonic map with o, = 2 > 0.
By (@.16), (#.23)), the small energy regularity result Lemma and the fact that r*~! < 1, we

know there exists a subsequence of {a} (still denoted by the same symbols) and a nontrivial Dirac-
harmonic map (o, ¢) : R — N, such that

(Ua(X), Vo(X)) = (0, &) in C;, (R?) X Cp (R?).

loc

) Re(P(ﬂ(dua(ey>7€y'va);vu))
(t(l+r;2|Vg0[u,llz)”‘1 ’

(4.23) {

Next, we will show that (o, £) has finite energy, i.e.
Vol 2we) + l€llme) < C < o0,
In fact, for any R > 0,

||V0'||L2(DR(0)) + ||§||L4(DR(0)) = }Yi{I}(HV%”LZ(DR(O)) + ||Va||L4(DR(0)))
. -1
= g{%(”V(pa”Lz(DmR(xn)) + 71y ||lﬁa||L4(DmR(xa)))

< (lli{‘r}(”V(Pa”Lz(DmR(xa)) + Wallzao,, ) < C(A) < o0

Step 2: Let xo € OM , then

dist(x,, OM
(4.24) lim sup distxa, OM) _

a—1 Vo

If not, then there exists a converging subsequence of M

. Without loss of generality, we
may assume

. dist(x,,0M)
lim————— =q
a—1 Ty
where a > 0 is a constant.
Denoting

B, := {x eER| xy +r,x € DT(O)} ,
then
B, — Ri = {(xl,xz)lx2 > —a}.
Noting that (i, (x), v,(x)) (see (4.18)) lives in B, and satisfies (4.19)) with the boundary data
(11o(%), BVo(x)) = (0(xq + o), ViaBYo(xy +1oX)), if Xq + rox € 8°D{(0),
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by (@.16), Lemmad.T)and Lemma4.2] we have
(4.25) [t llw2r (Dar)nBa ) + IVallwiear©ns.0) < C(P, R, 8, A, N, ll@llc2en, IBollcron)
for any Dg(0) C R? and p > 1, which implies

do do
[t (x = (0, r—))”WZ-Z(D;R(O)) + Ve (x = (0, r—))||wh2(DgR(0)) <C

[¢

when L=, R are large, where d,, := dist(x,, 8°D").

Then there exist a subsequence of (u,, v, ) (also denoted by (u,,v,)) and

@, V) € W2A(R2Z) x WEA(R2Y)

loc

with the boundary data (i, BV)|zz2+ = (¢(x0),0) where R3* := {(xl, x2)|x* > —a}, such that for any
R >0,

) doy . — . do . —
}grll [t (x — (O, r—)) — u(X)llwr2pz ) = 0, (1}3} v (x = (0, r—)) —V()lzapz 0 = 0.
We set o(x) := u(x + (0,a)) and E(x) :=v(x + (0, a)) and then conclude that, for any R > 0,
(lli_l}} [t (x) — E(x)l|W132(D2R(0)OB[,OR§) =0, (lylf)fll Ve (x) _E(X)HL“(DZR(O)QB(,QR%) =0.

Combining this with (4.25]) and noting that the measures of Dyz(0) N B, \ Rg and D,(0) N Rﬁ \ B,
go to zero, we have

(4.26) }YILTII ”Wa(x)”LZ(DR(O)mBQ) = ||V5(x)||L2(DR(0)mR§), (lxl—r{} |Wa(x)”L4(DR(O)nBQ) = |I& (x)||L4(DR(0)mR§)-

By (#.16), we have E(7; D;(0) NR2) = 2.
Next, similarly to Claim 1 in Step 1, we make the following

Claim 2:

(4.27) 1 < liminf r(zl(l_“) < limsup ri(l_“) < Uppax < 00.
(1/\1 (Z\,l

In fact, if it is not true, then there exists a subsequence a; — 1 such that

. 2(1-a;
lim ra(]. D 5 00

o0
In view of the equation (4.5), it follows from the above fact that (i,,,v,,) — (E,E) weakly in
Wi’f(Rﬁ*) X Wlla’cz(Rﬁ*) as j — oo and o : R2* — N is a harmonic map with boundary data
al orz = @(x0). By a well known result of Lemaire [23], we have that o is a constant map, which
is a contradiction to the fact that E(c; D;(0) N R2) = 2—0. Thus, Claim 2 holds.

Then we know (u,,v,) (see (4.22)) is a general a-Dirac-harmonic map. By Lemma [4.2] and
above arguments, there exist a subsequence of {a} (still denoted by itself) and a Dirac-harmonic
map (o, &) : R2* — N with the boundary data (o, B€)|z2- = (¢(x0), 0), such that

(lll_f)l} ”Vua(x)”Lz(DR(O)mB(,) = |[Vo (X)”LZ(DR(O)ng)’ (1113% ||va(x)||L4(DR(O)nB,1) = I¢ (x)||L4(DR(0)nR3)
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for any R > 0, which implies E(co; D;(0) NR2) = < according to (4.16)). However, by Theorem 1.4
in [19], we know o is a constant map and & = 0. This is a contradiction and hence the statement
(2) holds.

Step 3: For the first statement (1), i.e., the case of x) € M \ dM, the argument is almost the same
as in Step 1, so we omit it. The proof of the theorem is finished. O

Finally, we show Theorem

Proof of Theorem By Theorem we know there exists a sequence of a-Dirac-harmonic
maps (@a, ¥o) € C**H(M,N) x C"*(M,EM ® ¢, TN) for @ ™ 1 with the Dirichlet-chiral boundary
condition

(bo BUro)lom = (@, Bio),

satisfying

(4.28) Ea(9e) < Eal¢o) + V2Bl sy,

and

(4.29) Wallwioan < C(p, M. N, Eo(60) + V2IBYolZsp0r):

for any 1 < p < 2. All ¢, are in the homotopy class of ¢.

Now, we claim that if the target manifold N does not admit any harmonic sphere, then the energy
concentration set S defined in Theorem [1.2]is empty.

In fact, if not, taking a point x, € S, then by Theorem [I.4] there exist sequences x, — xo, 7y = 0
and a nontrivial Dirac-harmonic map (o, £) : R — N, such that

(Po(Xa + 10X), 127 o (X + 7o) = (0, €) in Ch (R?),

asa — 1. Forany 4 < g < oo, taking p = 2% € (%,2) in (#29), we have

(4.30) Wallzsan < C(g. M. N, Eo(¢0) + V2Boll 50)-
and for any R > 0,

. —1 . ol_1
s oo = 1im r ™ Wallzsng, o, < 1im Cllgallsn(Rra)* e = 0.

Thus, & = 0 and the Dirac-harmonic map (o, &) : R? — N is just a nontrivial harmonic map
o : R? — N with finite energy, which can be extended to a nontrivial smooth harmonic sphere.
This is a contradiction and hence S must be empty.

By Theorem|[I.2] we have

(basWa) = (9,0 in C*(M) X C'(M), asa — 1,

where (¢, %) € C***(M,N) X C'**(M, XM ® ¢*TN) is a Dirac-harmonic map with Dirichlet-chiral
boundary data
(Gas BYo)lom = (¢, Byo).

Moreover, it is easy to see that (¢, ) is in the same homotopy class as ¢y,. We have finished the
proof. O



36 JOST, LIU, AND ZHU

REFERENCES

[1] B. Ammann and N. Ginoux, Dirac-harmonic maps from index theory, Calc. Var. Partial Differential Equations
47 (2013), no. 3-4, 739-762.
[2] C. Bér and W. Ballmann, Boundary value problems for elliptic differential operators of first order, Surveys in
differential geometry. Vol. XVII, Surv. Differ. Geom., vol. 17, Int. Press, Boston, MA, 2012, pp. 1-78.
[3] V. Branding, On the evolution of regularized Dirac-harmonic maps from closed surfaces, arXiv:1406.6274.
[4] K. C. Chang, Heat flow and boundary value problem for harmonic maps, Ann. Inst. H. Poincare Anal. Non
Lineaire 6 (1989), no. 5, 363-395.
[5] Q. Chen, J. Jost, J. Li, and G. Wang, Regularity theorems and energy identities for Dirac-harmonic maps, Math-
ematische Zeitschrift 251 (2005), no. 1, 61-84.
[6] Q. Chen, J. Jost, J. Li, and G. Wang, Dirac-harmonic maps, Mathematische Zeitschrift 254 (2006), no. 2, 409—
432.
[71 Q. Chen, J. Jost, G. Wang, The maximum principle and the Dirichlet problem for Dirac-harmonic maps, Calc.
Var. Partial Differential Equations, 47 (2013), no.12, 87-116.
[8] Q. Chen, J. Jost, G. Wang and M. Zhu, The boundary value problem for Dirac-harmonic maps, J. Eur. Math.
Soc. (JEMS). Volume 15, Issue 3, 2013, 997-1031.
[9] Q. Chen, J. Jost, L. Sun and M. Zhu, Estimates for solutions of Dirac equations and an application to a geometric
elliptic-parabolic problem, arXiv:1707.03151, to appear in J. Eur. Math. Soc. (JEMS), 2017.
[10] Q. Chen, J. Jost, L. Sun and M. Zhu, Dirac-harmonic maps between Riemann surfaces, MPI MIS Preprint
76/2015, to appear in Asian J. Math. (2017).
[11] P. Deligne, Quantum fields and strings: a course for mathematicians, vol. 2, Amer Mathematical Society, 1999.
[12] J. Eells, J. H. Sampson, Harmonic mappings of Riemannian manifolds, Amer. J. Math. 86 (1964) 109-160.
[13] G. W. Gibbons, S. W. Hawking, G. T. Horowitz, and M. J. Perry, Positive mass theorems for black holes, Comm.
Math. Phys. 88 (1983), no. 3, 295-308.
[14] R. Hamilton, Harmonic maps of manifolds with boundary, Springer LNM 471, 1975
[15] O. Hijazi, S. Montiel, and A. Roldén, Eigenvalue boundary problems for the Dirac operator, Comm. Math. Phys.
231 (2002), no. 3, 375-390.
[16] M. Hong, H. Yin, On the Sacks-Uhlenbeck flow of Riemannian surfaces, Comm. Anal. Geom. 21 (2013), no. 5,
917-955.
[17] J. Jost, Two-dimensional geometric variational problems, New York, Wiley, 1991.
[18] 1. Jost, Geometry and physics, Springer, 2009
[19] J.Jost, L. Liu, and M. Zhu, A global weak solution of the Dirac-harmonic map flow, Ann. Inst. H. Poincare Anal.
Non Lineaire, 34 (2017), no. 7, 1851-1882.
[20] 1. Jost, L. Liu, and M. Zhu, Blow-up analysis for approximate Dirac-harmonic maps in dimension 2 with appli-
cations to Dirac-harmonic heat flow, Calc. Var. Partial Differential Equations 56 (2017), no. 4, 56:108.
[21] J. Jost, L. Liu, and M. Zhu, Geometric analysis of a mixed elliptic-parabolic conformally invariant boundary
value problem, MP1 MIS Preprint 41/2018.
[22] H. Lawson and M. Michelsohn, Spin geometry, vol. 38, Princeton University Press, 1989.
[23] L. Lemaire, Applications harmoniques de surfaces riemanniennes, J. Differ. Geom. 13 (1978) 51-78.
[24] P.Li and L. Tam, The heat equation and harmonic maps of complete manifolds, Invent. Math. 105 (1991), no. 1,
1-46.
[25] Y.Liand Y. Wang, A weak energy identity and the length of necks for a sequence of Sacks-Uhlenbeck a-harmonic
maps, Adv. Math. 225 (2010), no. 3, 1134-1184.
[26] Gary M. Lieberman, Second order parabolic differential equations, World Scientific Publishing Co., Inc., River
Edge, NJ, 1996. xii+439 pp.
[27] F. Lin, C. Wang, The Analysis of Harmonic Maps and Their Heat Flows, World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, 2008, xii+267 pp.
[28] L. Liu, No neck for Dirac-harmonic maps, Calc. Var. Partial Differ. Equ. 52 (2015), no. 1-2, 1-15.
[29] J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres. Ann. Math. 113 (1981), 1-24.



DIRAC-HARMONIC MAPS 37

[30] R. Schoen, Analytic aspects of the harmonic map problem, Math. Sci. Res. Inst. PUBL.2 (1984), Springer-Verlag,
New York, 321-358.

[31] B. Sharp and M. Zhu, Regularity at the free boundary for Dirac-harmonic maps from surfaces, Calc. Var. Partial
Differ. Equ. 55 (2016), no. 2, 55:27.

[32] B. Sharp, Compactness of minimal hypersurfaces with bounded index, J. Differential Geom. 106 (2017), no. 2,
317-339.

[33] M. Struwe, On the evolution of harmonic mappings of Riemannian surfaces, Commun. Math. Helv. 60 (1985),
558-581.

[34] M. Struwe, On the evolution of harmonic maps in higher dimensions, J. Differ. Geom. 28 (1988), 485-502.

[35] J. Wittmann, Short time existence of the heat flow for Dirac-harmonic maps on closed manifolds, Calc. Var.
Partial Differential Equations 56 (2017), no. 6, Art. 169, 32 pp.

[36] L. Zhao, Energy identities for Dirac-harmonic maps, Calc. Var. Partial Differential Equations 28 (2007), no. 1,
121-138.

[37] M. Zhu, Regularity of weakly Dirac-harmonic maps to hypersurfaces, Ann. Global Anal. Geom. 35 (2009), no.4
405-412.

Max PrLanck INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTRASSE 22, 04103 Lerpzic, GERMANY
Email address: jost@mis.mpg.de

Max PLANCK INSTITUTE FOR MATHEMATICS IN THE SCIENCES, INSELSTRASSE 22, 04103 LEIPziG, GERMANY
Email address: 1eiliu@mis.mpg.de

ScHOOL OF MATHEMATICAL SCIENCES, SHANGHAI J1A0 TonG UNiversiTy, 800 DoNGcHUAN Roap, SuangHAL 200240,
CHINA
Email address: mizhu@sjtu.edu.cn



	1. introduction
	2. Euler-Lagrange equations
	3. Global existence of -Dirac-harmonic map flow
	4. Blow-up analysis for -Dirac-harmonic map sequences and existence of Dirac-harmonic maps
	References

