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Abstract

Quantum nonlocality characterizes a kind of important quantum correlations like quantum en-

tanglement. We investigate the distribution of quantum nonlocality between two distant particles

that were originally in a separable state. Similar to that separable states can be used to distribute

entanglement [Phys. Rev. Lett. 91, 037902 (2003)], we show that it is also possible to establish

the nonlocality between two distant particles by sending a third ancilla.
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Quantum nonlocality is one of the most astonishing features in quantum physics. It is

of great importance in understanding the conceptual foundations of quantum theory and

is closely related to certain quantum information processing such as quantum protocols for

decreasing communication complexity [1] and secure quantum communication [2, 3], see [4]

for more details.

Consider a bipartite state ρ in Hilbert space HA ⊗HB with subsystems A and B. Alice

performs a measurement P on the subsystem A with an outcome pi and probability Pr(pi|P ).

At space-like separation, Bob performs a measurement Q on the subsystem B with an

outcome qj and probability Pr(qj|Q). ρ is said to be separable if the probabilities Pr(pi|P )

of the measurement outcomes from measuring the subsystem A are independent of the

probabilities Pr(qi|Q) of the measurement outcomes from measuring the subsystem B for

any P and Q. A separable state ρ can be written as ρ =
∑

i pi ρ
A
i ⊗ ρBi , where 0 ≤ pi ≤ 1,∑

i pi = 1, ρAi (ρBi ) are density matrices on subsystems A (B). Otherwise, ρ is entangled.

It has been shown that no entanglement is necessary to distribute quantum entanglement,

namely, two distant particles can be entangled by sending a third particle that is never

entangled with the other two [5]. However, an entangled quantum state may be still a local

one. Hence, an interesting question is if no entanglement is necessary to distribute quantum

nonlocal correlations, that is, two distant particles without quantum entanglement can be

not only entangled, but also of non-local correlations by sending a third particle that is never

entangled with the other two. We investigate this problem in the following.

A quantum state ρ is said to admit a local hidden variable (LHV) model and called local

if all the measurement outcomes can be modeled as a classical random distribution over a

probability space, namely, the joint probability of getting pi and qj satisfies

Pr(pi, qj|P,Q, ρ) =
∫
Ω

Pr(pi|P, λ) Pr(qj|Q, λ) dωρ(λ),

where dωρ(λ) is some distribution over a space Ω of hidden variable λ. All separable states

are local. Nevertheless, there are entangled states which do not admit LHV models. The

impossibility of reproducing all correlations observed in composite quantum systems [6]

was proven in 1964 by Bell [7]. A state admitting LHV models does not violate any Bell

inequalities. And a state that does not admit any local hidden variable models violates at

least one Bell inequality. For pure states the entanglement and the non-locality coincide.

To determine whether a mixed state has non-locality, it is sufficient to construct a Bell
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FIG. 1. (a) Alice has particles a and the ancilla c, while Bob has particle b. Alice entangles a and

c and sends c to Bob through a quantum channel. (b) Receiving the particle c, Bob applies local

operations on both particles b and c.

inequality [8–14] which can be violated by the quantum state. However, generally it is

formidably difficult to judge whether a mixed state admits an LHV model or not [15–17].

In this paper, we consider two distant particles that are in a state admitting LHV models.

We show that it is possible to change this two-particle state into a non-local one by sending

a mediating (ancilla) particle between them via a quantum channel. Suppose Alice and Bob

hold particles a and b, respectively, which are spatially separated. The state of a and b is a

local one initially. Alice applies a unitary operation to the particle a and an ancilla particle c

which was not entangled with both a and b initially, and sends c to Bob through a quantum

channel. Receiving the particle c, Bob applies some unitary operations on b and c and then

measures b and c, see Fig. 1.

Let us consider that initially Alice and Bob share a pair of distant qubits a and b,

respectively, which are in a state

ρab = p|ψ⟩⟨ψ|+ (1− p)

4
I, (1)

where I is the 2× 2 identity matrix, |ψ⟩ = 1√
2
(|0⟩+ |1⟩)⊗ |0⟩. Obviously, ρab is a separable

state and admits LHV models. Let the initial state of the ancilla qubit c to be ρc = |0⟩⟨0|.

Hence the initial state of the system is given by ρabc = ρab ⊗ ρc.

Now Alice applies a CNOT operation on qubit a as the control qubit and c as the target
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qubit, which transforms ρabc to

σabc =
p

2
(|000⟩⟨000|+ |000⟩⟨101|

+ |101⟩⟨000|+ |101⟩⟨101|)

+
(1− p)

4
(|000⟩⟨000|+ |010⟩⟨010|

+ |101⟩⟨101|+ |111⟩⟨111|).

Alice then sends the qubit c to Bob. Receiving the qubit c, Bob applies a SWAP operation

on b and c, which gives rise to the following 3-qubit state:

τabc =
p

2
(|000⟩⟨000|+ |000⟩⟨110|

+ |110⟩⟨000|+ |110⟩⟨110|)

+
(1− p)

4
(|000⟩⟨000|+ |001⟩⟨001|

+ |110⟩⟨110|+ |111⟩⟨111|).

Now Bob measures the system of qubit b and c by the projective measurements [18],

εbc(ρ) =
∑

i π
(i)
bc ρπ

(i)†

bc , where the Kraus operators π
(1)
bc = Ib ⊗ |0⟩c⟨0|, π(2)

bc = |0⟩b⟨0| ⊗ |1⟩c⟨1|,

π
(3)
bc = |0⟩b⟨1| ⊗ |1⟩c⟨1|. After the projective measurement, we have

εbc(τabc) =
∑
i

(Ia ⊗ π
(i)
bc )τabc(Ia ⊗ π

(i)
bc )

†

=
1 + p

4
|000⟩⟨000|+ 1− p

4
|001⟩⟨001|

+
1− p

4
|101⟩⟨101|+ 1 + p

4
|110⟩⟨110|

+
p

2
|000⟩⟨110|+ p

2
|110⟩⟨000|.

(2)

Remark It should be noted here that the final state (2) is again separable under the

partition ab and c. Both the initial state and the final state are not entangled between the

ancilla qubit c and the qubits a, b shared by Alice and Bob.

By tracing over qubit c we have the final state of qubits a and b,

ρ̃ab =trc(εbc(τabc)) =
1

2
|00⟩⟨00|+ p

2
|00⟩⟨11|+ p

2
|11⟩⟨00|

+
1− p

4
|10⟩⟨10|+ 1 + p

4
|11⟩⟨11|.

(3)

To study the nonlocality of the state (3), we consider the CHSH inequality [8]. For any

two-qubit density matrix ρ, the CHSH inequality says that

|Tr(ρBCHSH)| ≤ 2, (4)
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FIG. 2. For p ∈ (0.6, 1], B(ρ̃AB) > 0, ρ̃ab violates the CHSH inequality and is nonlocal.

where BCHSH is the CHSH operator

BCHSH = a⃗ · σ⃗ ⊗ (⃗b+ b⃗
′
) · σ⃗ + a⃗

′ · σ⃗ ⊗ (⃗b− b⃗
′
) · σ⃗,

with a⃗, a⃗
′
, b⃗ and b⃗

′
three-dimensional unit vectors, and σ⃗ = (σ1, σ2, σ3) the Pauli matrices.

Denote T the matrix with entries given by tij = Tr[ρ(σi ⊗ σj] for a given two-qubit state

ρ. It has been shown that the maximal violation of the CHSH inequality (4) is given by

[19, 20],

max|Tr(ρBCHSH)| = 2
√
M(ρ),

whereM(ρ) = maxj<k{µj+µk} ≤ 2, µj, j = 1, 2, 3, are the eigenvalues of the real symmetric

matrix T tT , t denotes the transposition. In the following we adopt the conventional measure

B(ρ) =
√
max[0,M(ρ)− 1] to quantify the degree of the nonlocality of state ρ.

From (3) we have M(ρ̃ab) = p2 + 1+p2

4
by straightforward calculation, and

B(ρ̃ab) =


0, 0 < p ≤ 0.6;√

5p2 + 2p− 3

2
, 0.6 < p ≤ 1.

(5)

Therefore, for 0.6 < p ≤ 1, ρ̃ab violates the CHSH inequality and does not admit any LHV

models, see Fig. 2.

In the above case we have considered that the communication channel between Alice

and Bob is an ideal one. As a more realistic scenario, now we consider that the qubit c is

transmitted through the depolarizing channel εd: εd(ρ) = (1 − λ)ρ + λ
2
I. Then instead of

σabc, one has

σ
′

abc = (I ⊗ I ⊗ εd)(σabc) = (1− λ)σabc +
λ

2
(σab ⊗ I),
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where σab =
p
2
(|00⟩⟨00|+ |10⟩⟨10|)+ 1−p

4
(I ⊗ I). Bob performs the SWAP gate and then the

projective measurement εbc on qubits b and c. The final sate of qubits a, b and c is given by,

ρ′abc =(1− λ

2
)
1 + p

4
|000⟩⟨000|+ (1− λ)p

2
|110⟩⟨000|

+
(1− λ)p

2
|000⟩⟨110|+ 1− p

4
|001⟩⟨001|

+
λ(1 + p)

8
|010⟩⟨010|+ λ(1 + p)

8
|100⟩⟨100|

+
1− p

4
|101⟩⟨101|+ (1− λ

2
)
1 + p

4
|110⟩⟨110|,

(6)

which shows again that the ancilla qubit c is not entangled with the qubits a and b.

From (6) we get the final sate of qubits a and b,

ρ̃′
ab =(

(1 + p)(2− λ)

8
+

1− p

4
)|00⟩⟨00|

+
p(1− λ)

2
|00⟩⟨11|+ λ(1 + p)

8
|01⟩⟨01|

+ (
λ(1 + p)

8
+

1− p

4
)|10⟩⟨10|+ p(1− λ)

2
|11⟩⟨00|

+
(1 + p)(2− λ)

8
|11⟩⟨11|,

(7)

for which the three corresponding eigenvalues of T tT are (1+p)2

4
(1− λ)2 and p2(1− λ)2 with

multiplicity two. Hence

M(ρ̃′
ab) = (

5p2 + 2p+ 1

4
)(1− λ)2.

Therefore, B(ρ̃′
ab) = 0 for 0 < p ≤ 0.6 and any λ, and

B(ρ̃′
ab) =

√
(
5p2 + 2p+ 1

4
)(1− λ)2 − 1

for p > 0.6 and λ < 1 − 2/
√

5p2 + 2p+ 1. It can be seen that for any p > 0.6, there exit

noisy channels, characterized by parameter λ, such that the nonlocality between Alice and

Bob can be established from the initial separable state, see Fig. 3.

In conclusion, we have first time shown that the nonlocality between two distant qubits

in an initial separable state can be established by sending an ancilla qubit which is not

entangled with the two distant qubits both initially and finally. Similar scenario has been

discussed in [5] for distributing entanglement. Nevertheless, the nonlocality is more subtle

than entanglement in the sense that not all entangled states violate Bell inequalities. More-

over, nonlocality can be activated by local filtering [21] and by using multicopies [22]. There
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FIG. 3. B(ρ̃′
ab) increases with p. For any given p ∈ (0.6, 1], B(ρ̃′

ab) increases when λ decreases,

while a λ exits always such that B(ρ̃′
ab) > 0, namely, ρ̃′

ab violates the CHSH inequality.

are also bond entangled states which violate certain Bell inequalities [23]. Here in our case,

the initial two-qubit state is a separable one. In fact, generally one may also consider the

initial state to be an entangled one that admits LHV models, and transform the state to be

one that admits no LHV models via an ancilla.
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[23] T. Vértesi and N. Brunner, Disproving the Peres conjecture by showing Bell nonlocality from

bound entanglement. Nat. Comm. 5, 5297 (2014).

9


