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The absolutely maximally entangled (AME) states play key roles in quantum information pro-
cessing. We provide an explicit expression of the generalized Bloch representation of AME states
for general dimension d of individual subsystems and arbitrary number of partite n. Based on this
analytic formula, we prove that the trace of the squared support for any given weight is given by
the so-called hyper-geometric function and is irrelevant with the choices of the subsystems. The
optimal point for the existence of AME states is obtained.

PACS numbers: 03.67.-a, 03.65.Ud, 03.65.Yz

Multipartite entanglement is not only an interesting phenomenon in quantum physics, but also a key resource
in quantum information theory, which can allow for novel quantum advantages in quantum information processing.
One of the most striking phenomena in multipartite entangled systems is that although one knows the completed
knowledge of the whole system, one can not say all the knowledge of its subsystems [1]. In particular, for a maximally
or genuinely entangled multipartite pure state, its reduced subsystems may be maximally mixed ones.

The family of absolutely maximally entangled (AME) states is the class of n-partite pure states such that all
of the reduced |n/2]-partite states are maximally mixed [2, 3]. AME states play an important role in quantum
information processing like quantum teleportation [4-6] and quantum error correction [10-15]. AME states have also
deep connections with apparently irrelevant areas of mathematics such as combinatorial designs [16] and holography
[17, 18]. Furthermore, AME states are the special cases of k-uniform states for k = [n/2] [19, 20], while the k-uniform
states also play a central role in quantum error correction [21].

A well known related open question is to determine the existence of AME states for given dimension and number of
partites [22]. For multiqubit systems (dimension d = 2), the two-qubit Bell state, the three-qubit Greenberger-Horne-
Zeilinger state are the AME states since all the one-qubit reduced density matrices are maximally mixed. However,
the four-qubit AME states are shown to be not existing [3, 23]. The five and six-qubit AME states are constructed
explicitly in [10, 24, 25]. While it has been shown that AME states do not exist for more than eight-qubit systems
[26, 27], the existence of AME states for seven-qubit systems had been a longstanding open problem. Very recently,
Huber et.al proved that seven-qubit AME states do not exist [28], which completely solves the existence problem of
AME states for multi-qubit case.

For the case that the dimension of each individual subsystem is great than two (d > 2), it has been shown that
the AME states exist for any multipartite systems for suitably chosen d. These states can be constructed from graph
states, and used for various quantum information tasks [4-9]. Partial results have been also obtained for particular
cases such as even number of partite [20] and with minimal support [16]. For general d and n-partite systems, a
necessary condition for the existence of AME states has been presented in [7, 10],

2
< { 2(d* - 1) n even, 1)
2d(d+1)—1 n odd.

For systems such that n and d do not satisfy the above inequality, there will be no AME states.

In this note, from a detailed analysis on the generalized Bloch representation of AME states, we provide explicit
formulae for the operator an /2] +i appeared in the generalized Bloch representation of AME states for arbitrarily n
partite system with each dimension d. We derive two striking things, one is that the critical point for the existence of
AME states is always ¢ = 2 by taking into account the positivity of tr(an /2 Jri), the another is that the eigenvalues
of P|,,/2)+: should always be positive. Our method generalize the one used in [28] and can be used to estimate the
existence of AME states.

An AME state [5, 6] is a pure state of n-partite, P = {1,...,n}, with each dimension d. Let H;, H; =2C% i=1,...,n,
denote d-dimensional vector spaces. Consider a pure state |®) € H; ® ... ® H,. Under a bipartite partition A and
B, AU B = P, the state |®) can be written in the following Schmidt form,

dk
|B) = > Vd |64 @ i) B, © i), ® ... @ [¢i) By,

=1



where B is a k-partite system and A is an (n — k)-partite system such that k < n — k, (¢;|di')a = 0;ir, and |t);) B, is
the local orthogonal base of the subsystem Bj. The (n — k)-partite reduced state p4 is given by

dk
pa = Zd_k|¢i>A<¢i|, -
i=1
which has d* nonzero eigenvalues A\ = d~*. By definition, the reduced state pp needs to be maximally mixed,
dk‘,
pp = dF|o:)p, (¢l @ ... @ i) B, (dil =d FIy
i=1

for k = [n/2].
It is obvious that if the Schmidt form of |®) holds true for k = |n/2], then it is also true for all k¥ < |n/2|. From
Eq.(2), we can obtain the following projector property

ph=d "pa, (3)

where p4 is any n — k reduced state of |®), 0 < k < |n/2] <n —k.
By Bloch representation any n-qudit state can be written as

p=d" D Taranre @ @ A, (4)
1.0
where o; = 0,1,...,d*> —=1,i =1,...,n, Ta, ., are real coefficients, and \,, are the traceless Hermitian generators

of SU(d). For simplicity, we group the terms in (4) according to their weights, the number of nontrivial SU(d)
generators. Let P; denote the summation of all the terms containing j number of nontrivial SU(d) generators (the
remaining part are all identities), see [28]. We can rewrite the state p as

n

p=d I+ P, (5)
j=1
where, and also in the following, I denotes the corresponding identity operator.

If p is an AME state, then all |n/2]-partite reduced states of p are maximally mixed. Namely, in (5) all P; = 0 for
j < |n/2]. Then the (|n/2] 4+ 1)-partite reduced state of p is given by

p(insarny = d- 2D 4 P o). (6)
On the other hand, from (3) we have

(ln/2]+1))

2 —(n—
Pinsainy = 4 P(ln/2)+1)- (7)

Substituting (6) into (7) and tracing over the whole system, we obtain that for every (|n/2]| + 1)-partite subsystem,
the tr(P?, 5 ) are all equal and is given by

. d2(Ln/2)+1)
tr(Pl, ) 41) = d™/2IH( —— 1)

which means that the term P|, o1 exists in any (|n/2] 4 1)-partite reduced density matrices, and moreover,
tr(an /2)41) is irrelevant with the choices of [n/2] + 1 subsystems.

Now let us consider tr(an/sz) in the ([n/2] + 2)-partite reduced state p(|n/2]+2)- P(|n/2)+2) satisfies the
property (3) and has the Bloch representation with all P; = 0 for j < [n/2]. The terms P, 34 existed in
P(lns2)+1) all appear in p|,/2)42). By tracing the equation p%VL/?H?) =d=(=(n/2+2) p 149y, while noticing that
tr((Plnj2)+2) (X2 Plnj2j+1 ® I)) = 0, we can prove that the term P, 5)42 exists in any ([n/2] + 2)-partite reduced
density matrices and tr(an /2)42) is irrelevant with the choices of [n/2] + 1 subsystems.

By mathematical reduction, we can prove for any |n/2] + i reduced subsystem, tr(PLG /2)+i) are all equal and
irrelevant with the choices of [n/2] 44 subsystems. Moreover, the number of terms like P|,, /241 ®1 in the summations

> Plnj2)41 @1 in p(ns2)4i) is ([LZ;SJJE) We have the following Proposition.



Proposition 1. Let |®) € H; ® ... ® H,, be an AME state. The density matriz |®){|®| is given by

p = d I+ Z PL(il/é--Jj_t;/zHl) ®Im

J1---Jn/2]+1

+ Z P(j1~~~jtn/2J+2) ® I(J&...jm/QHg))

ln/2)+2
J1--J\n/2)+2
+...4+P), (8)
where, e.g., PL(Zl/'Q'ﬁq/wrl)@I(jl---J'Ln/zﬁl) denotes terms with [n/2]4+1 nontrivial generators acting on the ji ... j|n 2|41

subsystems, and TUv-din/2141) represent the corresponding identities I on the remaining subsystems. The value
of tr((PL(il/éﬁ"im“))Q) are all equal and independent on choices of ji...jns2)4+1- There are CEMH terms like

Pﬁl/;fﬁ/zjﬂ) @ IUr-din/2141) in the summation Ejl-..jm/ml PL(Zl/'Q”f_Hm“) ® IU1-din/2141) | gnd CEHT2 terms like
Pfil/éﬂ_’;m“) ® IUr-din/21+2)) i the summation Zjl---jLn/zj+2 Pfil/éﬁgmﬁ) @ [U1-in/2142)) and so on.

In addition, taking into account that ¢tr(PsP;) = 0 for s # ¢, and
(Y P @ 1)
Ji--Jin/2)+1

(X Popsia e 10w
Ji---Jin/2)+1
= Cp D o (n — (|n/2] +1))!
sd (U2 s P20y,
we have

2y . g(=2n)(gn n n—(|n/2]+1)
tr(p?) d (d +(Ln/2j+1>Xd

2 n n—(|n/2]+2)
wir (o) + () 42) %
xtr(Ph, o 12) + - +tr(P2)), (9)
which is equal to one, as for any pure state p, tr(p?) = 1.
Note that for k > [n/2] + 1, the reduces states still satisfy the Eq.(3). In particular, let us consider the |n/2] +14

reduced states p(|n/2)+i) of p, where i > 1, [n/2] +i < n. Since p is an AME state, similar to Eq. (8), p(|n/2)+i) can
be expressed as

(/210 (1 4

P(lnj2)+i) =
(Grmdinsaiin) o Grdiralis)
D P @ punedinae)

Ji---Jin/2)+1
(J1---Tn/2)+2) G1dins2)+a)
D Pl @ fde)

J1---Jin/2]+2

+---+P(\_n/2j+i))a (10)
It should be noted that the term >3, Pfi?é"ﬁ"{””l) ® IU1Jtn/2141) in (10) are (|n/2] + i)-partite states .

Combining Eq. (9) and (10) we have

tr(pfLny2)4ay) = d 2RO (@l 200 ), (11)
where
2 [n/2] +4Y\ 4 2
= d"tr(P, 12
u <|_n/2J +1 T( Ln/2j+1) ( )

/2] +0\ o, o
" <Ln/2j + 2>d tr(Plua)2)

ot (Pl ) 1)-



Eq.(11) actually gives rise to a set of linear equations,

Aq1mq —T,
A21.731+A22.732 :TQ7 (13)
A1 +Apzot+ - +Ax; =T
where z; = tr(PLQn/QJ+j)a T, = d—(n=(n/2]+0) _ d*([n/QJH)? il=1... i and
—2[n/2]—1—j (n/2]+ ) ]
Ay = (), 1<i<i<i -,
0. 1<l<j<i

Let A denote the coefficient matrix with elements A;;. The inverse matrix A™! can be obtained by substituting d
with (—d)~! for nonzero A;;, and keeping the rest elements zero. For | < j, one easily verifies that (AA~1);; = 0. For
l > j, we have

(AATY); =) ARAL
k=1

l

=ty (e 1)

k=j
l ) 15
:dj—z(L”/2J ‘H) Z(_l)k—j<l_]) (15
n/2) +7) &= ke
— dj*l < LR/ZJ + l) (1 1)l*J
[n/2] +j
= 0.
Thus we have the following theorem
eorem 2. Let e an state given in the form of (8). We have
Th Let |®) b AME he f f We h
tr(Pl,joj4i) = Z(A_l)ijTj
= | (16)
(—1)idi+ln/2] (iﬂ[z//gjj) (1+ [n/2] = 2OF/2D=n(i 4 |n/2])oFy (1,1 — 62 + |n/2]; d?))
B i+ [n/2] ’

where o Fy(a,b; ¢; z) is the so-called ordinary hyper-geometric function [29].

Theorem 2 provide us an explicit formula to characterize the Bloch representation of AME states. For each d and
n, tr(an/zHi) can be calculated easily and can be used to estimate the existence of AME states. For ¢ = 2, we have

(=1 +d)dBT™/2(—1 +2d +2d*> —n), n is odd,

1
r( Ln/2J+2) {;(1 + d?)d>t /2 (=2 4 2d% — n), n is even. (a7)

The positivity of (17) yields the bound (1) given by Scott [10]. If for given n, d and i, tr(PLG/ZJ ;) is negative, then
we can rule out the existence of AME states in this case. For d = 2, by calculating tr(an /2 ;) for different n and i,

an interesting thing shows up that the negative value appears first for i = 2, see Table I.

Besides the property of the projector an J2)+i0 there is also another important property of AME states,

P(nj2)iy) © 12D N) = d= B g). (18)
Recall that the density matrix of an AME state always has the following form:

Plnj2) iy = d- (/2D

P 1 Y Y e 7. . N (19)
e X A e s S R 6 O ot P
J1d n/2)+1 Jidn/2)+2



TABLE I: tT(an/2J+i) for n-qubit AME states, n = 2, ...,13.

i=11=2 ¢t=3 i=4 =5 1=06 1=17
n=2 12
n=3 4 32
n=4 24 48
n=5 8 48 192
n=6 48 0 1152
n="7 16 64 256 2816
n=38 96 —192 2688 768
n=9 32 64 384 4864 11264
n=10 192 —-768 6912 —12288 141312
n=11 64 0 768 8192 6144 294912
n =12 384 —2304 18432 —61400 405504 —663552
n=13 128 —256 2048 12288 —12288 614400 —98304

(i.e. all operators P; with 1 < j < |n/2] vanish).
Inserting (18) into (19), for any I = 1,--- ,i, we have the following equation,

g (ln/2)+) S P @ [ Tni) g Bga gy | © T80 (/2040 gy 0
20

J1J n/2)+1

_ (d—m—(tn/mm _ d—(Ln/2J+l)> ).

One can see that [¢) is the eigenvector of each P, 2j41) ® 18(=(n/2]+0) - Suppose P In/2)+1) @ I12(=(n/2]+0) ) =
A(ln/2)+0)|¥). Then equations (20) leads to the following linear equations,

Bz =Ry,
Bo1x1+Basxo =Ry, (21)

Biyx1+Bijowot - +Byx; =R;

where ; = A(|n/2)+j), Ri = d—(n=(n/2]+0) _ g=(ln/2]+D) jjl=1,--- i, and

—n/2]—1(n/2]+1 ; -
By = d (/21 15)s l<j=i=sy (22)
0, 1<l<j<i.

Let B denote the coefficient matrix with elements Bj;. The inverse matrix B~! is given by

Bil= [n/2]+s
0, 1<li<j<i

{ (_1)l+jdLn/2J+j(L?“L/QJH)7 1<j<i<i
ly



One can easily verify that for [ < j, (BB~!);; =0, and for [ > j,

l
(BB, = Z BBy}
k=j

k=j
“ (i ) e () <24>
o+ (par) e
= 0y;.

And the constant vector is given as R; = d— (= (l*/21+0) _ g=(17/2]+D (?7?) Thus we have the following theorem

Theorem 3. Let |®) be an AME state given in the form of (8). The eigenvalues of A(|nj2)+i) i P(n/2)+i) @
I8Mm=(1n/2]+0) |y = A(ln/2)+40)|W) are given by

Alnj2j+i) = Y _(B™Y)iR;

j=1 25
(1 N 1+ [n/2) — 2OH2D=0 (4 n/2))a Fy (1,1 — 452 + [n/2];d%)) )

1+|n/2]
i+ [n/2] ’

where o Fy(a, b; ¢; z) is the ordinary hyper-geometric function.

Notice that the only difference between the right hand sides of equations (16) and (25) is the factor d(l*/21+%),
which means that A(|,/2)4i) > 0 for any AME states.

In summary, from the generalized Bloch representation of AME states, we have proved that the trace of the squared
support for any given weight is determined and irrelevant with the choice of the subsystems, that is, tr(an /2] Jri) is
an invariant for any |n/2| + ¢ subsystems. Based on this fact, we have obtained an explicit formula on tr(an /2)+i)
and A(|,/2)+q) for arbitrary AME states given by the so-called hyper-geometric function. A deep connection between
these two quantities is also obtained. Moreover, we find that ¢ = 2 is always optimal on verifying the existence of
AME states. That is, the results obtained in [28] are already the best, where the authors only studied the case of
1 = 2. Further more, it has been also shown that the eigenvalues of the projectors are always positive for any AME
states. Our results improve the knowledge on the non-existence of AME states for given d and n, and may be used
to provide improved criterion on the existence of AME states, as well as benefit to the construction of the so-called
k-uniform (k < |n/2]) states [20].
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