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ABSTRACT. We study full rank homogeneous valuations on (multi)-graded do-
mains and ask when they have finite Khovanskii bases. We show that there
is a natural reduction from multigraded to simply graded domains. As spe-
cial cases, we consider projective coordinate rings of rational curves, and al-
most toric varieties. Our results relate to several problems posed by Kaveh
and Manon, and imply that the procedure of Bossinger-Lamboglia-Mincheva-
Mohammadi for producing tropical prime cones will not terminate in general.

1. INTRODUCTION

1.1. Setting and Motivation. Let K be an algebraically closed field, and X =
Spec R an irreducible affine variety over K. We will be studying valuations v of
R which are trivial on K, see §211 The image of R under such a valuation forms
a semigroup S(R,v) known as the value semigroup. We say that a valuation v is
Khovanskii-finite (with respect to R) if S(R, v) is finitely generated as a semigroup.

It is an important question as to when v is Khovanskii-finite. For example, when
v is Khovanskii-finite and has full rank, the variety X admits a flat degeneration to
the toric variety associated to S(R,v), see e.g. [And13] Proposition 5.1]. This may
be used to obtain valuable geometric information concerning X. Taking a slightly
different point of view, for fixed R it is interesting to try to produce Khovanskii-finite
valuations v.

When X admits an action by an algebraic torus 7', or equivalently, R is graded by
the character lattice M of T, it is natural to consider only homogeneous valuations,
that is, valuations which are completely determined by their values on homogeneous
elements of R, see Definition For example, when X is the affine cone over an
embedded projective variety Y, homogeneous valuations deliver information about
Y together with its polarization.

When we are in the situation that R is M-graded, we will say that R (or equiv-
alently X) is homogeneously Khovanskii-finite if every full rank homogeneous val-
uation v is Khovanskii-finite. An affine (not-necessarily-normal) toric variety X
is homogeneously Khovanskii-finite for essentially trivial reasons, see Example
N. Ilten and C. Manon have shown that when X is a normal rational variety with
a faithful action by a codimension-one torus, it is also homogeneously Khovanskii-
finite Theorem 5.4].

1.2. Results. We now highlight our main results. We are interested in criteria
when a valuation is Khovanskii-finite, or similarly, when an M-graded domain R is
homogeneously Khovanskii-finite. Our first main result shows that when considering
Khovanskii-finiteness for homogeneous valuations, it is always possible to reduce to
the Z-graded case:

Theorem 1.1 (See Theorem 2T4). Let v be a full rank homogeneous valuation

of an M -graded domain R. Assume that the closure C' of the cone generated by

S(R,v) is polyhedral, and let m denote the natural projection from C to Mg. Then

v is Khovanskii-finite with respect to R if and only if for every ray p < C, v is
1
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Khovanskii-finite with respect to the Z-graded domain

Re(py = @ R,

ueMnNn(p)

and 71 (w(p)) is the closure of the cone generated by S(Ryx(,),v).

An almost toric variety is a rational not-necessarily-normal variety with a faithful
action by a codimension-one torus, see e.g. [Linl6]. In contrast to the result of Ilten
and Manon cited above, such varieties are typically not homogeneously Khovanskii-
finite:

Theorem 1.2 (See Theorem [LH). Assume that K is uncountable. An affine almost
toric variety X = Spec R with Ry = K is homogeneously Khovanskii-finite if and
only if there exists some A € N such that the Veronese subring

P Rau

ueM

is mormal.

The analysis of Khovanskii-finiteness for almost toric varieties follows from the
reduction in Theorem [[I] together with an analysis of Khovanskii-finiteness for
affine cones over projective rational curves. In this setting, we obtain the following
results:

Theorem 1.3 (See CorollaryBI0). Let X be the affine cone over a projective inte-
gral rational curve Y and assume that K is uncountable. Then X is homogeneously
Khovanskii-finite if and only if Y is smooth.

Theorem 1.4 ((See Corollary[B.14). Let X = Spec R be the affine cone over a very
general integral rational projective plane curve of degree d > 3. Then there is no
homogeneous valuation v which is Khovanskii-finite with respect to R.

1.3. Connections to Tropical Geometry. Given X and R as above, one may
seek to construct a full rank valuation v which is Khovanskii-finite. One approach,
due to K. Kaveh and C. Manon, is via tropical geometry [KM]. After fixing an
affine embedding X < A" and intersecting with the torus (K*)”, the tropicalization
map yields a polyhedral fan Trop(X°) whose cones ¢ correspond to certain initial
degenerations In, (Ix) of the ideal Ix of X. Maximal cones ¢ with prime initial
ideal In, (Ix) give rise to Khovanskii-finite full rank valuations [KM) Theorem 1],
and in some sense all ‘reasonable’ Khovanskii-finite valuations may be obtained in
this fashion [KM| Theorem 2].

Kaveh and Manon ask [KM|, Problem 1] if every projective variety ¥ may be
embedded in such a way that the resulting tropicalization contains a maximal
cone with prime initial ideal; this would guarantee the existence of a full rank
Khovanskii-finite valuation for X, the affine cone over some projective embedding
of Y. L. Bossinger, S. Lamboglia, K. Mincheva, and F. Mohammadi propose an
algorithm [BLMMT17, Procedure 1] to produce such an embedding. The algorithm
starts with some embedding of Y in projective space, and then proceeds to repair
the embedding by essentially taking Veronese re-embeddings coupled with projec-
tive changes of coordinates.

Our Theorem [[4] shows that there are examples for which this algorithm will
never terminate, see Remark In particular, to solve Problem 1 from [KM], in
general one will be forced to alter the polarization of Y in a non-trivial fashion, i.e.
one cannot simply take a multiple. In a similar vein, Kaveh and Manon ask [KM]
Problem 2] for an algorithm to construct a full rank Khovanskii-finite valuation v for
a given domain R. Our Theorem [[.4] again shows that this is impossible in general
if one imposes the additional constraint that the valuation be Z-homogeneous.
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1.4. Organization. We now describe the organization of the remainder of the pa-
per. §2.Tlintroduces the central concepts surrounding (homogeneous) valuations and
Khovanskii-finiteness. §2.2] studies the relationship between Khovanskii-finiteness
and proves our first main result, Theorem [[LT1 In §2.3 we show that passing to
the normalization of a domain doesn’t change Khovanskii-finiteness properties. §2.4]
contains a discussion of a sufficient criterion for the valuation cone of a homogeneous
valuation to be polyhedral, an important prerequisite for Khovanskii-finiteness.

In the remaining two sections, we turn our attention to special cases. In §3] we
discuss projective coordinate rings for rational curves and prove Theorems and
[[4l Finally, §4] concerns itself with almost toric varieties, where we prove Theorem
along with other related results.

Acknowledgements. We thank Bernd Sturmfels for useful discussions, and ac-
knowledge partial support from NSERC.

2. VALUATIONS AND GRADINGS

2.1. Preliminaries. Let R be a finitely generated K-domain of Krull dimension
d, and (I, >) a totally ordered finitely generated free abelian group. We call a
map v: R\ {0} = T a K-valuation with values in T if v(K*) = 0 holds and for
all f,g € R\ {0} we have v(fg) = v(f) +v(g) and v(f + g) > min{v(f),»(9)}.
The image S(v, R) of v in T is a subsemigroup; the so-called value semigroup. The
valuation cone C(R,v) of R with respect to v is the closure in I'g = I' ® R of the
convex cone generated by S(R,v). The convex cone generated by S(R,v) is not
closed in general. For details on valuations, see e.g. [ZS75l VI].

The rank r(v) of a valuation v is the rank of the lattice generated by S(R,v).
By possibly shrinking I', we may (and will) always assume that this lattice is T'.
The rank r(v) is always at most the Krull dimension of R and we call v a full rank
valuation if equality holds.

Remark 2.1. Let R be a finitely generated K-domain and v a valuation. Then
one may extend v to the field of fractions K(R) of R via v(f/g) = v(f) — v(g). In
particular if R’ is a subalgebra of the field of fractions of R, the valuation v gives
rise to a unique valuation on R’ and in the following we denote this valuation also
with v.

We will be particularly interested in homogeneous valuations. For this, let M be
a lattice and R an M-graded finitely generated K-domain.

Definition 2.2. The weight monoid of R is the set
S(R) :={w e M; R, #{0}}
and we call the cone w(R) := cone(S(R)) C Mg = M ® R the weight cone of R.

When R is finitely generated, this cone is always rational and polyhedral. The
lattice generated by S(R) is a sublattice of M; by replacing M by it, we may (and
will) always assume that S(R) generates M.

Definition 2.3 (See [IM| §5.2]). We call a valuation v as above M -homogeneous if
forall fe R

v(f) = min{v(fu)}
holds, where f = > .,/ fu is the decomposition of f in homogeneous elements.

Moreover we call v fully homogeneous if ' = M x I'' and for each u € M and
fu € Ry, 7(v(fu)) = u, where 7 : T' = M denotes the projection.

Example 2.4. Consider the ring R := K[tz, t?z, (1 + t*)z] with grading defined by
deg(f(t)z*) = a. The weight monoid is Z>¢, and the weight cone is R>.
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We consider the homogeneous valuation given by
Voo: R— 77, f(t)2® — (a,deg(f(t))).
A straightforward calculation shows that for k£ > 1, the degree k piece of R has a
K-basis consisting of
2k, TR (4 Rk R 2k (1 4 )

It follows that the value semigroup S(R,v) is minimally generated by the infinite
set {((1,4),(1,2),(1,1),(k,2) | for k > 2}.

The cone generated by this semigroup is not closed. The closure is C(R,v) =
cone((1,0),(1,4)).

We will later see in Example [B.8] that for any full rank homogeneous valuation of
this domain R, the associated semigroup is not finitely generated.

Remark 2.5. Given a fully homogeneous valuation
v: R\ {0} = M x T,

the projection to I'V determines a valuation v’ on the field of homogeneous fractions
of R. On the other hand, the image of S(R,v) under 7 is exactly S(R). Likewise,
the image of C(R,v) under 7 is w(R).

Remark 2.6. We may obtain any full rank homogeneous valuation from a fully
homogeneous one by composing with an isomorphism of semigroups. Hence, when
studying the value semigroups of full rank homogeneous valuations, we will restrict
our attention to fully homogeneous ones.

Not every fully homogeneous valuation has full rank, as the following example
shows:

Example 2.7. Consider the Z-graded ring R := K[tz, t?z, (1 + t*)z] with grading
defined by deg(f(t)z®) = a as in Example 241 Then
viR—Z, f(t)x* —a
is a fully homogeneous valuation that is not of full rank.
We now define the key concepts we will be studying:

Definition 2.8. Let R be a K-domain.
(1) We call a valuation v Khovanskii-finite (with respect to R) if the value
semigroup S(R,v) is finitely generated.
(2) Assume R is M-graded. We call R homogeneously Khovanskii-finite if every
full rank homogeneous valuation v is Khovanskii-finite.

Example 2.9. Let R be the coordinate ring of an affine (not-necessarily-normal)
toric variety X. Then R = K[S] holds for some finitely generated semigroup S. For
any full rank homogeneous valuation v, the value semigroup S(R,v) is isomorphic
to S, in particular it is finitely generated. Hence, R is homogeneously Khovanskii-
finite.

Example 2.10 (Example 2.4 continued). From Example 2.4] we see that
R = K[tz t?z, (1 4+ t*)a]

is not homogeneously Khovanskii-finite.
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Our terminology “Khovanskii-finite” arises from the fact that for full rank val-
uations, Khovanskii-finiteness is equivalent to the existence of a finite Khovanskii
basis, see e.g. [KM]. The following lemma gives a useful criterion for Khovanskii-
finiteness:

Lemma 2.11. Let S be a sub-semigroup of Z™. Then S is finitely generated if and
only if the conver cone o C R™ generated by S is rational polyhedral and closed.

Proof. Assume o is closed and rational polyhedral. Then for each ray p < o there
exists an element u, € S that generates p. Consider the lattice M generated by S;
this is in fact generated by finitely many elements of S, say ui,...,ur. Let S’ be
the semigroup generated by u1,...,ur and u, as p ranges over the rays of o.

The saturation of S’ in M is ¢ N M, which in particular contains S. Since K[S5’]
is noetherian, K[oc N M] is a finitely-generated K[S’]-module, hence so is K[S]. It
follows that S is finitely generated as an S’-module, in particular, it is finitely
generated as a semigroup.

The other direction of the lemma is clear. g

We now recall the connection between S(R,v), Newton-Okounkov bodies, and
degree. Let R be a Z>¢-graded finitely generated K-domain and v: R\ {0} — ZxT
a homogeneous full rank valuation. The Newton-Okounkov body is the convex set

A(R,v) :=m(C(R,v) N 7T1_1(1)),
where 71, o are the projections of (Z x I')g to Zg and I'g.

Remark 2.12 (See [KK12, Theorem 2.31]). Let ¥ C P™ be a projective variety
of dimension d and let R be its homogeneous coordinate ring. Then R comes with
a natural Zx>¢-grading. Consider a homogeneous full rank valuation v. Then the
dimension of the Newton-Okounkov body A(R,v) equals the degree of the Hilbert
polynomial. Its volume is the leading coefficient of the Hilbert polynomial, and thus
1/ dim(Y)! times the degree of Y.

2.2. Veronese Subalgebras. In studying Khovanskii-finiteness of a domain R,
one natural operation at our disposal is that of passing to a Veronese subalgebra:

Definition 2.13. Let R be a finitely generated M-graded K-domain and L C M
a submonoid. The Veronese subalgebra associated to L is

R(L):= @ Ry CR.
weL

If o C Mg is a cone we set for short R, := R(oc N M).

If L is a finitely generated submonoid of M, then R(L) will also be finitely generated,
see e.g. [ADHL15, Proposition 1.1.2.4]. In particular, If o is a rational polyhedral
cone, then R, is finitely generated. By Remark 2.1} if v is any valuation on R, we
may also view it as a valuation on any Veronese subalgebra R(L).

Our main result in this section says that to check Khovanskii-finiteness of a fully
homogeneous valuation, one may essentially reduce to the Z-graded case. Geo-
metrically, this says that instead of considering Spec R, we may consider its GIT
quotients under the torus action induced by the grading.

Theorem 2.14. Let R be a finitely generated M -graded K-domain with Ry = K
and v: R — T a fully homogeneous valuation. Assume that C(R,v) is rational
polyhedral, and let m : I'r — Mg be the projection. Then the following statements
are equivalent:

(1) v is Khovanskii-finite with respect to R.
(2) For all rational rays p C C(R,v), v is Khovanskii-finite with respect to the
Veronese subalgebra R (,) and the valuation cone of Ry, equals 7' (m(p)).
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(8) For all rays p < C(R,v), v is Khovanskii-finite with respect to the Veronese
subalgebra R,y and the valuation cone of Ry, equals 7w (p)).

Proof. Assume v is Khovanskii-finite with respect to R. Then S(R,v) is finitely
generated and thus for every ray p < C(R,v) there exists an element f, € Ry,
such that v(f,) generates p. By considering products of such elements, the same
claim follows for every rational ray p C C(R,v).

For any such ray p, we have

S(Rr(p),v) = S(R,v) N 7T_1(7T(p)).

Since S(R,v) is finitely generated, so is S(R,v) N7~ !(w(p)). This shows that [
implies 2 Condition Bl follows trivially from

Suppose finally that condition [ holds and consider a ray p of C(R,v). Since the
valuation v is Khovanskii-finite with respect to Rr(,) and

C(Ra(p),v) =7 (n(p))

holds, there exists an element f, € Ry, such that v(f,) generates p. The first
condition now follows from Lemma 2.1} O

For an illustration of this theorem at work in a special case, see Example

We will next show that the second condition in Theorem T4 can be weak-
ened somewhat. For Khovanskii-finiteness, it is enough to check the condition
7Y (m(p)) = C(Rx(p),v) only for the rays p with 7(p) Nw(R)® = 0:

Lemma 2.15. Let R be a finitely generated M -graded K-domain with Ry = K and
v: R\{0} > M xT

a fully homogeneous valuation. Consider rational hyperplanes Hy, ..., H, C Mg
such that HyN...N H.-Nw(R)° # 0. Then for R' := R(H,N...N H.NS(R)) we

have
C(R,v) =7 Yw(R))NC(R,v),

where w: C(R,v) — Mg denotes the projection.

Proof. Let S(R) C M be the weight monoid and w(R) the weight cone of R. Let
ai, ..., a, be generators for w(R)NM. Then A\;a; € S(R) holds for suitable \; € Z>1,
since S(R) is pointed and generates M. Setting A := lem(\q,...,\,) we obtain a
saturated submonoid S" := S(R) N AM C S(R) and the Veronese subalgebra R(S’)
of R has the same valuation cone as R. So in the following considerations we may
restrict to the case that S(R) is saturated. Using M = Z™ and T" = Z" for some
m,n € Z>o we may furthermore assume v: R\ {0} — Z™*".

In a first step we show the statement for Veronese subalgebras R’ defined by
an intersection of one hyperplane with the weight monoid. Let H C Q™ be any
hyperplane with H N w(R)° # 0 and fix elements v € Z™, u™,u~ € S(R,v) such
that v is primitive and (v, H) = 0, (v,7(u")) = 1 and (v,7(u~)) = —1. These
exist since S(R) is saturated. We have to show that for any point z in the relative
boundary of

7 Y w(R))NC(R,v))

and any € > 0 there is a point 2’ € S(R,v) and p € Q with |z — pz’| <e.
Let a # 0 be any point in the relative boundary. As Ry = K and v(K*) = 0 holds

we may assume a := (1,a,...,am1n) € QU™ with 7(a) = (1,a2,...,an) € w(R)
the corresponding weight. Fix ¢’ > 0. Then there exists a point (k, a5, ..., a},,,) €

S(R,v) such that |a,—k-a;| < k-€ holds for all i. Let w(a’) = (k,a},...,a,) € w(R)
be the corresponding weight.
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Consider X := —(v,w(a’)); if this is zero, then m(a’) € H and we are done. So
without loss of generality, we assume A > 0. Then 7(a’) + Ar(ut) € HNS(R). We
obtain

0< A= (—v,n(d)) = (—v,7(a') — kn(a))

i v (al — ka;)

m m
< < [vil|a; — ka;| < <Z |vl|> ke
i=2 i=2 i=2
and thus
L —aik u ai u;
—(a+ Mt —ak —a )| < 4 — L Gt
‘k—i-/\uf(l v Aur)| < E+Xuf | |k+X | k4

<& +uf (Y ol +anui (3 uil)e.

k-i-;\u;r
This proves the claim for a single hyperplane.

By using this argument inductively we obtain the statement for Veronese sub-
algebras R’ defined by the intersection of several rational hyperplanes Hy,..., H,
with the weight cone such that Hy N...N H, Nw(R)° # 0. O

As a,v and u™ are fixed we conclude | (a'+Aut)—a| < e for suitably chosen €.

2.3. Normalization. The second natural operation at our disposal is that of pass-
ing to the normalization R of R, that is, its integral closure in its field of fractions.
In general, it is not true that normalization and taking Veronese subalgebras com-
mute. There are some special circumstances where this is however true.

Lemma 2.16. Let R be an M -graded K-domain.
(1) If M’ is a finite index sublattice of M, then

R(M') = R(M").
(2) Suppose R has simplicial weight cone w(R), and is generated by elements
whose weights lie on the rays of w(R). Then for any ray p < w(R),

R(pN M) = R(pn M).

Proof. For the first claim, let @ € R(M’) be a homogeneous element of degree
u € M'. Then a = ay/as for homogeneous a; € R, whose difference of degrees
lies in M’, and after multiplying by an appropriate element of R, we may assume
a; € R(M'). The element a satisfies an integral equation

ak = ck_lak_l +...4+0c

for homogeneous ¢; € R of degree (k — i) - u, so ¢; € R(M’). It follows that

R(M') C R(M'"). The opposite inclusion is straightforward.

For the second claim, we proceed similarly with a € R(p N M) homogeneous of
degree u. As the degrees of the generators of R lie on the rays of the simplicial cone
w(R) we conclude a = a1/as for a; € R where deg(a;) € p. Moreover

ak = ck,lak_l +...+c¢o

for homogeneous ¢; € R of degree (k —i) - u. In particular a1,as,¢; € R(pN M) and
thus a € R(p N M) holds. The opposite inclusion is again straightforward. O

Lemma 2.17. Let R be a finitely generated Z-graded K-domain such that Ry = K
holds and let R denote its normalization. Assume R and R are generated in degree

one and set X := Proj(R) and X := Proj(R). Then deg(X) = deg(X) holds.
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Proof. We have the following commutative diagram

Proj(R) = X ¢ P
Proj(R) = X ¢ Pm

where p: X — X denotes the normalization map and 7 is a linear projection. Let
L be a codim(X )—dimegsion@l linear subspace of P™ in general position. Then
deg X = X - L and deg X = X - (7*L) holds and we conclude

deg X = X - (7*L) = (mX) - L = (deg(p)m(X))-L =X - L =deg X
by the projection formula. |

We are now able to show that the valuation cone does not change under normal-
ization:

Proposition 2.18. Let R be an M-graded K-domain with Ry = K, normalization
R and let v be a homogeneous full rank valuation. Then we have

C(R,v) = C(R,v).

Proof. By fixing a positive Z-grading given by a projection A: Mg — Zg we reduce
to the case that M = Z. Fixing minimal sets of generators of R and R, and letting
A be the least common multiple of the degrees of these generators, we replace R
by the Veronese subalgebra R(AZ). After rescaling the grading, this is generated
in degree one, and by Lemma we obtain R(A\Z) = R(A\Z). This is also gener-
ated in degree one. Furthermore, C(R,v) = C(R(M\Z),v) and a similar statement
holds for R. Thus, we may assume that R and R are generated in degree one.
Then the corresponding projective varieties X and X share the same degree due to

Lemma 2171

We may assume that the Z-homogeneous valuation v is of the form
vi R\{0} = Z xT, fi = (k,V'(f¥)),

where fr € Ry for k € Z>p and v/: R — T is a valuation. Denote by m; the
projection of (Z x T')g to Zg. Using [KK12, Theorem 2.31] (see Remark 2.12)) we
obtain

vol(C(R,v) Ny (1)) = vol(A(R, v)) = vol(A(R,v)) = vol(C(R,v) N7 H(1)).
The desired equality follows since S(R,v) C S(R,v) holds. O

Example 2.19 (Example 2.4 continued). Consider the ring R as in Example 241
Then its normalization is given as R = K|z, xt, 2t*, xt, zt*]. In particular the value
semigroup S(R, V) is the saturated semigroup of the cone cone((1,0),(1,4)) =
C(R, Vo).

2.4. When is C(R,v) rational polyhedral? If C'(R,v) is not rational polyhedral,
then S(R,v) cannot be finitely generated, that is, R is not Khovanskii-finite with
respect to v. It thus becomes interesting to obtain a criterion for C(R,v) to be
rational polyhedral. By Proposition 2.I8] we may replace a non-normal R by R
without changing C(R,v), so in the following we will assume that R is normal. We
will give a sufficient condition in this case for C(R,v) to be rational polyhedral.
Assume that R is normal with Ry = K. In this case, R may be constructed as

R= @ HXOUDW)])) -x"
ucw(R)NM

where Y is a normal projective variety and D: w N Mg — Divg(Y) is a so-called
p-divisor, see [AHOG]. This means that D is a piecewise linear concave map taking
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values in semiample Q-Cartier divisors, with D(u) big for « in the interior of w.
Furthermore, D has only finitely many regions of linearity.

A distinguished class of full rank valuations on K(Y) comes from a choice of a
full flag Fo C F1 C ... C Fq =Y of irreducible subvarieties of Y, where the point
Fo is a smooth point in each F; (see [LMta09, §1.1], [KK12l Example 2.13]). For
f € K(Y) one computes the value vz(f) = (a1,...,aq) € Z¢ recursively, where Z?
is endowed with the lexicographic ordering. The first component a; is the order of
vanishing of f along the divisor Fy4_;. If s is a local equation for Fy_; at p, s7* f
can be regarded as a non-zero rational function on Fy_;. This allows the procedure
to be repeated with the divisor Fy_o C Fgq_1 to produce as, and so on until the
process terminates with ag4, the order of vanishing at Fy.

The valuation vx extends naturally to give a full rank homogeneous valuation
on R, which we also denote by vr:

vr: R\ {0} - M x 7%
foxt = (uvr(f))  feKY).

Given a divisor D on Y, one may consider the section ring

S(D):= @ H°(Y,0(kD))x*.

k6220

This is equipped with a natural homogeneous valuation vz p [LMta09]: if fp is a
local equation for D at the point Fy, for a section s € H°(X, O(kD)) we have

vrp(s) = (k,vr(s) + kve(fp)) € Z x Z°.

Let Ni(Y) denote the Néron-Severi space of Y. The global Newton-Okounkov body
A(Y, vF) is a closed convex cone in Ni(Y') x R? such that for any big divisor D, the
fiber of A(Y,vz) over the ray of Ni generated by the class [D] of D is the image
of C(S(D),vr p) under the inclusion induced by (1,a) — ([D],a), see [LMta09l
Theorem BJ for precise details.

Theorem 2.20. Let R be a normal M -graded domain with R = Ko and Y, F as
above. If the global Newton-Okounkov body A(Y,vx) is rational polyhedral, then so
is C(R,vr).

Proof. Set v = vr. We consider the linear extension of the map D to D : wN Mg —
Divg Y. The weight cone w(R) decomposes into finitely many regions of linearity
w;, each of which is still a rational polyhedral cone. Since C(R,v) is the closure of
the convex hull of the C'(R,,,v), it suffices to show that each C'(R,,,v) is rational
polyhedral. Hence, we reduce to the case that D is linear on w.

We have a commutative diagram

Mz x R — %~ NA(Y) x R

Mo —2—— NA(Y)

whose maps we now describe. The map 1 sends u to the class [D(u)]. The two
vertical arrows 7, p are just projections. For u € M, let c(u) = v(fyp())/A, where
A € Nis such that AD(u) is Cartier, and fyp(y) is a local equation for AD(u) at Fo.
This extends to a linear map ¢ : Mz — R?, which we use to construct the linear
map ¢(u,a) = (¢ (u), a+ c(u)).

Let o denote the closure of the cone of big divisor classes in Nj(Y). Then 9(w)
is contained in o. By the construction of A(Y,v) and the description of ¢ we have
that for any rational ray p in w,

(2.1) C(Rp,v) € {(u,a) € px R? | ¢(a) € p~ (v (u)) N A(Y,v)}
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with equality if p is in the interior of w. If A(Y,v) is polyhedral, so is

{(u,a) €0 xR | ¢(a) € p~ (& (u)) NA(Y,v)}
and by (ZI)) this must equal C(R,v). O

3. RaTioNnaL CURVES

As a simplest case of the Z-graded domains arising in Theorem 2.14] we will
consider in this section finitely generated Z-graded domains R with Ry = K, and
with the field of homogeneous fractions of R a rational function field. Geometrically,
this means that we are considering Z-graded domains R such that Proj(R) is a
(possibly singular) rational curve. Such curves have been studied from a different
point of view in e.g. [CI15].

Since we are interested in Khovanskii-finiteness properties of R, we may always
replace R with a Veronese subalgebra R(AZ) for some A € N to ensure that R is
generated in degree one. By considering the inclusion of R in its normalization R,
it is straightforward to show that all such domains may be constructed as follows:

Construction 3.1. Consider an m-dimensional linear subspace L C Sym*(K?) =
K[s,t], and define
R(L) := @ L* < P sym*(K?),
k>0 k>0

where LF denotes the linear span of elements of the form Iy ---1; for I[; € L. We
endow R(L) with its natural K-algebra structure.

The space Sym®(K?) has dimension a + 1 and thus m < a + 1. Moreover, if m =1
then R(L) = K[z] and if m = 2 then R(L) = K]z, y]. Henceforth, for any further
considerations we will assume m > 3.

Definition 3.2. Let L C Sym®(K?). The degree of L is the leading coefficient of
the Hilbert polynomial of R(L) i.e. the degree of Proj R(L). The arithmetic genus
of L is 1 — ag, where ag is the constant coefficient of the Hilbert polynomial, i.e., it
is the arithmetic genus of Proj R(L).

Setting Y = Proj R(L), the arithmetic genus of L equals the arithmetic genus of
Y. In particular, Y is smooth if and only if L has arithmetic genus 0.

Lemma 3.3. Let L C Sym®(K?) be a very general linear subspace of dimension m,
where 3 <m < a+ 1. Then the degree of L equals a.

Proof. For each k, the condition dim(L*¥) < j is a closed condition in
Gr(m, Sym®(K?)). Let Zx ; denote the corresponding subvariety and set

Zk(d,g) = ﬂ ki, d(k+i)—g+1-

1€L>0
The locus in Gr(m, Sym®(K?)) such that deg(L) < d is the countable union of the
Zi(d, g) as k, g vary.
To conclude the proof we show that for every m there exists an m-dimensional
linear subspace L of degree a. Consider the following m-dimensional linear subspace

L= (7,870, 722, 19) C Ks, ],

)

A straightforward computation shows that R(L) has degree a and the assertion
follows. O

Remark 3.4. If L is a 3-dimensional linear subspace of Sym®(K?), then Proj R(L)
is a rational plane curve and hence has arithmetic genus

_[d-1){d-2)

= 5 ,
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where d is the degree of L.

Furthermore, since R(L) = K|xz,y,z]/f for a degree d form f, we have
dim(L¥) =k-d+1—g as long as k > d. This means that d = a if and only if
L is not in the variety Z; 42_441 from the proof of Lemma In particular, any
general L in Gr(3,Sym®(K?)) has degree d and genus g.

Let L C Sym®(K?) be a linear subspace and @ € P! any point. Then the
following assignment defines a homogeneous full rank valuation on R(L):

vo: R(L) = 7%, fw~ (k,ordg(f)) for f e L¥,

where Z? is order lexicographically. Any full rank homogeneous valuation on R(L)
will have value semigroup isomorphic to S(R(L),vq) for some Q € P! [IM] §5.2],
so in the following we may restrict our attention homogeneous valuations of the
form vq.

Theorem 3.5. Let L C Symd(Kz) be a linear subspace of degree d. Then for
Q = (a: B) € P, vg is Khovanskii-finite with respect to R(L) if and only if there
exists k > 0 such that L* contains (Bs — at)*.

Proof. Since R(L) has degree d and v is of full rank, the valuation cone C'(R,vq)
equals cone((1,0),(1,d)), see Remark Suppose that vg is Khovanskii-finite
with respect to R(L). Then by Lemma [2.17] the value semigroup S(R, vg) contains
ray generators (k1,0), (k2, ked) for ki1,ka € Z>o. Setting k := ki - ko we obtain
(k,0), (k,kd) € S(R,v). Thus there exists f € L* such that vo(f) = (k, kd), that
is, f is divisible by (3s — at)?, which implies (8s — at)® € L*.

Conversely suppose that (8s — at)?™ € L* holds. Then (k,dk) € S(R,v(q,p))-
Now let by be the smallest integer such that (1,b1) € S. Then, since R(L) is
generated in degree one, (k,be) € S implies bo > kby. As deg(R(L)) = d holds it
follows that b; = 0. By Lemma[ZTT] this implies that R(L) is Khovanskii-finite with
respect to vg. O

Remark 3.6. Viewing P! as P(K[s, t]1) and P¥¢ as P(K([s, t]xa), the rational normal
curve Chq of degree kd is the image of

ke Pt PR (Bs — at) — (Bs — at).

We may rephrase the above theorem in the following way: the valuation vg is
Khovanskii-finite with respect to R(L) if and only if there exists & > 0 such that
L* C Sym"(K?2) contains the image of Q in Ciq. We conclude that R(L) admits a
Khovanskii-finite homogeneous valuation if and only if L¥ C Symkd(K2) intersects
Ciq non-trivially for some k.

Example 3.7. Consider the 3-dimensional linear subspace L of Sym®(K?) gener-
ated by

33, szt, 3.
For each k > 0, LF = R(L)j has the basis

§3 Ry 2yBk2 43k
Then by looking at the coefficient of st>* =1 we observe that (8s—ak)3* € L* if and
only if fa®k~1 = 0, that is, « = 0 or B = 0. From Theorem .5 we infer that v is
Khovanskii-finite with respect to R = R(L) if and only if @ = (1: 0) or Q@ = (0 : 1).

Observe that R is actually a toric algebra: it is isomorphic to the semigroup
algebra K[S], where S is generated by (0, 1), (1,1), (3,1). So despite being homoge-
neously Khovanskii-finite with respect to this Z2-grading, it is not homogeneously
Khovanskii-finite with respect to the Z-grading from above.
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Example 3.8. For d > 4, consider the (d — 1)-dimensional linear subspace L of
Symd(K2) generated by
sdilt, cee s2td72, 5?4+ ¢4
For k > 1, R(L); may be described as follows:
Case d = 4 (see also Example 24): R(L)y has a basis
shd=242  Aykd—d (Bykd=3 | kd—1y 24kd=2 okd 4 4kd

Case d > 5: R(L)j, has a basis
ghd=1y | g2kd=2 kd | kd

We immediately see that in all cases, L has degree d.

Applying Theorem we obtain that there exists no homogeneous valuation
that is Khovanskii-finite with respect to R(L). Indeed (8s — at)?* has either a
non-zero st*=1 component if o # 0 or equals 8%t In particular, for every k > 0
we obtain LF N Cyy, = 0, where Cgj, denotes the rational normal curve of degree dk.

Consider the linear subspace L’ := (s~ 1t, s772t2 5% 4 t4) C L. Then

R(L) = K[sdilt, 597242 ¢4 4 td] >~ Kz, 2, a@,]/(a:il + xg - xf72x2x3>

holds and thus R(L') is of degree d. Note that L* NCyy = () implies (L')*NCq =0
and thus there exists no valuation which is Khovanskii-finite with respect to R(L’).
In particular for every integer d > 4 there exists a rational plane curve C' of degree
d admitting no Khovanskii-finite homogeneous valuation.

Theorem 3.9. Let L C Sym®(K?2) be of degree d and arithmetic genus g. If g < 1
then there exists a homogeneous valuation that is Khovanskii-finite with respect to
R(L). Furthermore, R(L) is homogeneously Khovanskii-finite if g = 0, and the
converse is true as long as K is uncountable.

Proof. If the genus of L equals one then for & > 0 we have dim(LF) = kd =
dim(Sym"**(K?)) — 1. In particular L* has codimension one in Sym"®(K?) and thus
intersects the rational normal curve Cjq of degree kd non-trivially. Hence Theorem
implies that R(L) has a Khovanskii-finite valuation. If the genus of L is equal
to zero there exists a k > 0 such that the vector space L* equals Symd(KQ).
In particular L* includes the rational normal curve of degree dk and thus R is
homogeneously Khovanskii-finite.

Suppose instead that g > 1. Then for each k, Cjq intersects L* in at most finitely
many points. This implies that there are at most countably many @ for which vg
is Khovanskii-finite with respect to R(L). Assuming K is uncountable, this shows
that R(L) cannot be homogeneously Khovanskii-finite. |

Corollary 3.10. Let X be the affine cone over a projective integral rational curve
Y and assume that K is uncountable. Then X is homogeneously Khovanskii-finite
if and only if Y is smooth.

Proof. 1f X is Spec R, then R is generated in degree one and has degree say d.
Embedding R into its normalization R = @, Sym"(K?) we set L = R;. Then
a = d by Proposition ZI8 and R = R(L). We now apply the above theorem. |

Remark 3.11. Corollary [3.10 applies to any X = Spec R for which ProjR =Y,
not just those with R generated in degree one. Indeed, since passing to a standard
Veronese subalgebra changes neither the value semigroups nor the curve Y = Proj R,
we may assume that R is generated in degree one.

Example 3.12. Even if R is not Khovanskii-finite, there may be an infinite number
of valuations of the form vg which are Khovanskii finite. For example, consider the
domain

R(L), L = (s*t, st 5% +1°).
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It is straightforward to show that the degree k piece L* of R(L) has basis
§hlp P22 Bkl Bk g3k

Using this basis of L*, it follows that the condition (3s — at)®* € L* is equivalent
to

ﬁ3k — (_Q)Sk.
By Theorem B3 vg is thus Khovanskii-finite with respect to R if and only if
Q = (1 : n) for some root of unity n. In particular, R is not Khovanskii-finite, but
there are infinitely many Khovanskii-finite valuations.

Theorem 3.13. Let L C Symd(KQ) be a very general 3-dimensional linear subspace
for d > 4. Then there exists no homogeneous valuation which is Khovanskii-finite
with respect to R(L).

Proof. Setting

we consider the incidence variety
Wi ={(V,P) € Gr(kd+1—g,kd+1) x Crg | P€V}

inside of
Gr(kd+1—g,kd+ 1) x Ciq.

This incidence variety is closed as it is locally given by the vanishing of minors, and
hence projective. So its image Y}, in Gr(kd + 1 — g, kd + 1) is closed.
For k > d, consider the rational map

ér : Gr(3,Sym?(K?)) — Gr(kd + 1 — g, kd + 1)

sending L to L*. The indeterminacy locus of this map is contained in a fixed proper
subvariety Zg qx—g+1, see Remark 341

Let Y{ be the preimage in Gr(3,Sym?(K?)) of Y; under the rational map ¢.
By Example B.8 above the inclusion ?k’ C Gr(3,Sym?(K?)) is proper. Thus
Gr(3, Symd(K2)) properly contains A = Ukzoﬁ- Choosing L in the complement
of A and Zg qi—g+1, it follows that there exists no homogeneous valuation which is
Khovanskii-finite with respect to R(L). O

Corollary 3.14. Let X = Spec R be the affine cone over a very general integral
rational plane curves of degree d > 3. Then there is no homogeneous valuation v
which is Khovanskii-finite with respect to R.

Proof. This is just a geometric reformulation of Theorem [3.13] 0

Example 3.15. While Corollary [3.14] guarantees that the affine cone over a very
general rational plane curve of degree at least four has no homogeneous Khovanskii-
finite valuations, there do exist special rational plane curves of arbitrary degree with
homogeneous Khovanskii-finite valuations. Consider for example the toric variety
ProjK[s%, s3¢, 4], which is a plane projective curve of degree 4 and genus 3. We
consider the valuation vg on R := K[s%, s3,t4] for Q = (0,1). The value semigroup
is generated by (4, 1), (3,1), and (0, 1), in particular it is finitely generated.

Remark 3.16. In [BLMMIT, Procedure 1], an algorithm is proposed which, given
a presentation Klzg,...,x,]/I of a finitely generated K-algebra A, attempts to
compute a new presentation such that the corresponding tropicalization has more
so-called prime cones. By [KM], this will lead to a Khovanskii-finite full rank
valuation v on A.

The algorithm proceeds by adding certain new generators y1,...,ys to the al-
ready existing generators xo, ..., Z,. In the case that A is M-graded and the gen-
erators x; are homogeneous with respect to M, then the new generators y; the
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algorithm produces will also be homogeneous. This implies that, should the algo-
rithm produce an embedding with a new prime cone, the corresponding valuation
will be M-homogeneous.

From this we conclude: if A is M-homogeneous, and has no full rank homoge-
neous valuations which are Khovanskii-finite, then the algorithm [BLMMI17, Pro-
cedure 1] will not terminate if its input is any homogeneous presentation of A. In
particular, Corollary B.14] shows that for any very general plane curve of degree at
least four, this algorithm will not terminate.

Remark 3.17. One might instead ask about Khovanskii-finiteness properties for
affine cones over smooth, non-rational curves Y. Here, the homogeneous valuations
one must consider are not as straightforward as in the rational case. However,
we do remark that every smooth projective curve Y admits an embedding such
that there exists a homogeneous valuation v which is Khovanskii-finite with respect
to the corresponding homogeneous coordinate ring. Indeed, let g be the genus
of C, let P € C be any point and consider the divisor D := (29 + 1)P. Set
R=@cz., H°(Y,0(kD)). Since deg D = 2g+1, D is very ample, R is generated
in degree one, and Y = Proj R. We consider the homogeneous valuation v sending
a section f of HO(Y,O(kD)) to (k,vp(f)) € Z?, where vp denotes the order of
vanishing at the point P.

We consider the valuation v sending a section f of H(Y,O(kD)) to (k,vp(f).
As D is basepoint free there exists an f € H°(Y,O(D)) with ordp(f) = —d, and as
D — P is base point free there exists an f’ € H(Y, O(D)) with ordp(f’) = —d + 1.
Note that 1 € H°(Y, O(D)) holds. So the value semigroup S = S(R(D),v) contains
(1,0),(1,—d) and (1,1 — d). Since deg(R(D)) = d holds these are ray generators
for the valuation cone and thus by Lemma 2IT] S is finitely generated.

While Theorem gives a criterion for checking whether the affine cone over a
rational curve admits a homogeneous Khovanskii-finite valuation, it is not effective:
one must check countably many conditions to show that the ring R admits no such
valuation. It would be interesting to solve the following problem:

Problem 3.18. Find an effective algorithm to determine whether an affine cone
over a rational curve admits a homogeneous Khovanskii-finite valuation.

One might naively hope to show that the degree and genus of a curve give an upper
bound on the values of k for which one must check the criterion of Theorem
for any fixed valuation vg. However, Example shows that this is impossible.
Nonetheless, one could hope for a bound of k in terms of degree and genus such
that if LF N Cyp = 0, then L N Cyy = 0 for all &’ > k.

4. ALMOST TORIC VARIETIES

Recall that an almost toric variety is a rational not-necessarily normal variety
X equipped with a faithful action by a codimension-one torus. Any affine almost
toric variety is parametrized by functions which are products of monomials with
univariate rational functions. As such they are a natural generalization of toric
varieties, and appear naturally in more applied settings such as algebraic statistics,
see e.g. [SZ13, Equation (18)].

In this section, we will study Khovanskii-finiteness for almost toric varieties. As
a first step, we improve on Theorem [Z.14] in this special case. See §2.2] for notation
on Veronese subalgebras.

Theorem 4.1. Let R be a rational finitely generated M -graded K-domain of com-
plexity one with Ry =K and v: R — T a fully homogeneous valuation. Let w denote
the projection C(R,v) — Mr. Then C(R,v) is rational polyhedral and the following
statements are equivalent:
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(1) v is Khovanskii-finite with respect to R.
(2) v is Khovanskii-finite with respect to the Veronese subalgebras Ry (,), where
p runs over all rays of C(R,v).

Before proving the theorem, we illustrate with an example:

Example 4.2. Consider the Z2-graded domain
R =Kz, (t — Dz, (t — 1)%z, ty, %y, (1 + t3)y]

with deg(z) = (1,0) and deg(y) = (0,1). This has weight cone R% ;. Using Theorem
A1 we will see that a full rank homogeneous valuation v is Khovanskii-finite with
respect to R if and only if the restriction of v to K(¢) is equivalent to the valuation
11 with Vl(t — 1) =1.

In order to apply the theorem, we need to know the rays of the valuation cone.
Following [Lan13], we may describe R as

B HELODW)) X"
uEwNM
for D(u) = 3(u1 + ug) - {oo} € Div(P!), where we are viewing ¢ as a local pa-
rameter on P! whose principal divisor is {0} — {0}, and we are identifying x
with Y9 and y with x(®Y. Alternatively, an explicit calculation shows that
R = Kz, tz, t?z, 3z, y, ty, t2y, t3y).
However, the previous description in terms of D is more useful for us. From this
description and [IM| Corollary 5.5], it follows that for any full rank homogeneous
valuation v, the valuation cone C(R,v) is lattice equivalent to

cone{(1,0,0), (1,0,3), (0,1,0),(0,1,3)} C Mg x R.

In particular, any ray of C'(R,v) projects to the ray p; generated by (1,0) or ps
generated by (0,1) in w.
Thus, to apply the theorem, we must consider the Veronese subalgebras

RPl :K[Ia (t - 1)175 (t - 1)3$]
Ry, =K[ty, t*y, (1 +*)y]

For R,,, we obtain Example 37 after homogenization and change of coordinates,
so v is Khovanskii-finite with respect to R,, if and only if the restriction of v to
K(¢) is equivalent to 11 above, or Ve, the valuation with v (t) = —1.

For R,,, we obtain Example[B.I2after homogenization and change of coordinates,
so v is Khovanskii-finite with respect to R,, if and only if the restriction of v to K(¢)
is equivalent to v, for some root of unity 7, where v, (t —n) = 1. Combining these
two criteria, it follows from Theorem [4.J] that v is Khovanskii-finite with respect to
R if and only if its restriction to K(¢) is equivalent to vy.

Proof of Theorem 7.1} Due to Proposition 218 we have C(R,v) = C(R,v), where
R denotes the normalization of R. Thus C(R,v) is rational polyhedral due to [IM,
Theorem 1.3] and Lemma 2111

The second condition follows from the first by Theorem .14l Likewise, to show
that the second condition implies the first, we may use Theorem 2.14 and Lemma
to reduce to showing that for any ray p of C'(R,v) with 7(p) in the relative
boundary of w = w(R), 7~ (n(p)) = C(Ry(,),v) holds. If w is one-dimensional,
there is nothing to show, so we assume that dim(w) > 2. We will prove the claim
by a series of reductions. First, we reduce to the case that dim(w) = 2, then we
reduce to the case that the degrees of the generators of R lie on the rays of w, from
which we then reduce to the case that R is normal.

Consider a ray p with 7(p) in the relative boundary of w. Then there exists
an intersection of hyperplanes Hi,..., H, with H; N...N H. Nw(R)° # @ such
that Hy N ... N H, is two-dimensional and contains 7(p). In particular m(p) =
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Hin...NH,Nw(R). Using Lemma 2.T5 we thus may reduce to the case that w is
two-dimensional.

P2

Set p1 = w(p). Let x1,..., 2,41, - ..,y be be homogeneous generators of R such
that deg(x;) € p1 holds and deg(y1) generates the ray ps that is the closest to p;
among all rays generated by deg(y;). Consider the subcone w’ generated by p; and
p2 and note that 7= (7 (p)) = 7~ (p1) € C(R.,v) holds.

The subalgebra R, is finitely generated by homogeneous elements

t T

. ajq bk

Tlyeees Tty Y1, 21,---,2s With Zj:H%‘] -Hykj
i=1 k=1

for some a;;, bjr € Z>o. Furthermore, we may find rational numbers ;1; € Q>¢ such
that deg(z;) — >, pjaj; deg(x;) € p2 and 0 < p; < 1 holds.

Let a € N be such that a-p; € Z>¢. Consider the subalgebra R’ of R,/ generated
by the elements x1,...,x:,y1 and

t t T
I jagi-oy a(l—pj)aj; ab;
g= /(L = [T [T we™
i=1 i=1 k=1
for j =1,...,s. The degree of each Z; lies on pa, so R’ is generated by elements

whose degrees lie on the rays of w’. Moreover, R’ contains the ath Veronese sub-
algebra of R/, so C(R',v) = C(R.,v). Thus, replacing R by R’ and w by w’, we
may assume that R is generated by elements whose degrees lie on the rays of w.
In this situation, we may apply Lemma[2.I6land PropositionZ.I8 to conclude that
C(Rr(p),v) = C(Rﬂ(p), v). Hence, we may replace R by R, that is, we may assume
that R is normal. But by [IM| Theorem 1.3] R is homogeneously Khovanskii-finite.
In particular 7= (7(p)) = C(Rx(p), v) holds for every ray p < C(R,v). O

Remark 4.3. It is straightforward to adapt Theorem [£.] by replacing the assump-
tion that R is rational of complexity one with the assumption that (the extension
of) v is Khovanskii-finite with respect to R.

In the remainder of this section, we provide two characterizations of homogeneous
Khovanskii-finiteness for almost toric varieties. The first characterization has to do
with GIT:

Let R be a finitely generated M-graded K-domain with Ry = K. Then the
torus H := Spec(K[M]) acts on the affine variety X := Spec(R). For any weight
w € w(R) the set of semistable points with respect to w is the H-invariant open
subset

X*(w):={x € X | f(z)#0 for some f € Ryy,n >0} C X,

and the H-action on X*¥(w) admits a good quotient X**(w) — X*(w)/H =:
Y (w). Moreover

Y (w) = Proj(R(w)) = Proj @Rkw
k>0

holds and Y (w) is a projective variety. Note that there are only finitely many
different varieties Y (w); see e.g. [ADHL15] Section 3.1] for details.
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Corollary 4.4. Let X be an affine almost toric variety with coordinate ring R such
that Ro = K holds, and assume that K is uncountable. Then X is homogeneously
Khovanskii-finite if and only if the GIT-quotients Y (w), where w € w(R), are all
smooth.

Proof. Let v be any homogeneous full rank valuation on R. Then v is fully ho-
mogeneous and we denote the projection C(R,v) — Mg with 7, where C(R,v)
is rational polyhedral due to Theorem Il For each ray p < C(R,v) we have
Rr(p) = R(w) for some w € w(R). Theorem AT and Theorem 214 imply that v is
Khovanskii-finite with respect to R if and only if it is Khovanskii-finite with respect
to R(w) for each w. But by CorollaryB.I0land Remark[B.11], R(w) is homogeneously
Khovanskii-finite if and only if Y (w) is smooth. O

The results of [IM] show that normal almost toric varieties are homogeneously
Khovanskii-finite. The following characterization shows that after taking appropri-
ate Veronese subalgebras, these are in fact the only homogeneously Khovanskii-finite
almost toric varieties:

Theorem 4.5. Assume that K is uncountable. An affine almost toric variety X =
Spec R with Ry = K is homogeneously Khovanskii-finite if and only if there exists
some A € N such that the Veronese subring

P Rau

ueM

is mormal.

Proof. Let A € Z>o be any positive integer such that R’ := @, Rx.v is a nor-
mal almost toric variety. Then due to [IMl Theorem 1.3] R’ is homogeneously
Khovanskii-finite and thus S(R’, v) is finitely generated for every homogeneous val-
uation v. Due to Lemma 2Tl this implies that cone(S(R’,v)) = C(R',v) = C(R,v)
is rational polyhedral and for each ray p < C(R/,v) there exists a homoge-
neous element f, € R’ such that v(f,) generates p. As R’ C R we conclude
cone(S(R,v)) = C(R,v) and applying Lemma 21T once more the assertion follows.

Assume instead that R is homogeneously Khovanskii-finite and let R be its nor-
malization. As discussed in §2.4] R has the form

R= @ HE.O(0W)) X
uweEw(R)NM

for some p-divisor D. Consider any smooth subdivision ¥ of the weight cone of

w(R) = w(R) such that the map
D: w(R) — Divg(P'), u+ D(u)

is linear on each of the cones ¢ € ¥. As R is homogeneously Khovanskii-finite
Theorem [2.14] implies that for each ray p € X(1) the Veronese subalgebra R, is
homogeneously Khovanskii-finite and due to Theorem there exists an integer
Ap € N such that R,(), - Z) is normal. Set A := p[] 54 Ap With g > 1 such that

D(u) € Divyz(P') for each u € p N AM, where p € 3(1). We claim that
R(AM) =R(AM)= P H°[P',0(D(u)))
uEAMNw

and thus R(AM) is normal. Note that by the choice of A\ we have R, = R, for all
u € pNAM with p € X(1). Consider any u € cNAM with o € 3. Then there exists
a unique decomposition u = w3 + ... + u,, where u; € AM are generators of the
rays of o and as D is linear on o we obtain D(u) = D(u1) + ...+ D(u,) € Divy(P1).
Since the map

HO (P!, Op1(Dy)) x HY (P!, Op1 (D)) — H°(P, Op1 (Dy + D3))
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is surjective for any two divisors semiample divisors D1, D3 € Divg (P1) we conclude
Ry =Ry, - Ry, - Ry, = R, for each u € AM and the assertion follows. O

Remark 4.6. Let R be a Z-graded domain with Ry = K. Then there exists some
A € N such that R(AZ) is normal if and only if the projective variety Proj(R)
is normal. Indeed, if R(AZ) is normal, then so is Proj(R) = Proj(R(AZ)). The
converse follows by e.g. [Har77, IT Ex 5.14(c)].

We apply this in our setting as follows: let X be the affine cone over a projective
almost toric variety Y. Then Theorem coupled with this remark imply that X
is homogeneously Khovanskii-finite if and only if ¥ is normal.

Remark 4.7. It would be interesting and useful to have an effective algorithm for
determining if an affine almost toric variety X admits a full rank Khovanskii-finite
valuation. Using Theorem [£.1] together with a description of all possible valuation
cones from [IM], it is possible to reduce to the case of an almost toric surface.
Solving Problem B.I8 would then deliver such an algorithm.
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