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Computing eigenspaces with low rank constraints

Christian Krumnow∗ Max Pfeffer∗ André Uschmajew∗

Abstract

In this work, the task to find a simultaneous low rank approximation of several
lowest eigenpairs of a matrix-valued symmetric operator is considered. This problem
arises for instance in the density matrix renormalization group algorithm (DMRG)
for the accurate simulation of quantum chains. The usual approach is to compute
the desired set of eigenvectors and then to identify a low rank approximation by
truncating the singular value decomposition (SVD). Since SVD truncation is a norm
projection, this yields only sub-optimal results for the eigenvalues. As an alternative,
this article explores a direct trace minimization on the intersection of the Stiefel
and a low rank manifold using a Riemannian optimization method, which gives
better approximations to the eigenspace. A second algorithm based on alternating
optimization is also considered but it is less stable. Compared to SVD truncation, the
proposed Riemannian method can be seen as a more natural choice for a sub-solver
in the DMRG algorithm, and appears to yield better results when applied to spin
chains for which the singular values of the exact eigenvectors decay only moderately.

1 Introduction

The approximation of low lying eigenvectors of Hamiltonians derived or inspired from
the electronic Schrödinger equation is one of the key tasks in modern numerical physics
to which a considerable amount of computation power is assigned worldwide. There
exist several methods to tackle this problem, emphasizing different aspects of it, see
for instance [4, 35, 19, 14, 33]. Among them, the density matrix renormalization group
(DMRG), developed by White [39] and later connected to matrix product states (MPS),
is one of the most reliable methods for the computation of low energies of large systems
with limited entanglement, see the overview articles [34, 36].

In essence, the DMRG can be seen as an algorithm for constructing low rank tensor
approximations to the solutions of high-dimensional eigenvalue problems. In the last
decade, this theory has therefore also aroused interest in numerical mathematics with the
development of similar low rank tensor train (TT) and hierarchical Tucker (HT) formats,
and corresponding tensor calculus for high-dimensional problems [13, 30, 29, 20, 12, 21]. In
this viewpoint, the DMRG algorithm is a modification of the “workhorse” algorithm [23]
called alternating least squares or alternating linear scheme (ALS) when applied to the
Rayleigh quotient, see [16]. While a general convergence theory is still missing or – rather
– unpromising, the benefits of the procedure have not been deminished.
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Many different aspects of the DMRG algorithm and its variants have been investigated
in the literature, see e.g. [40, 34]. In [6], a notable alteration has been made in order to
allow for the computation not only of the ground state, but of a number of excited states
at the same time, which is accompanied by earlier developments and ideas in the physics
community [26, 31]. The algorithm proposed in [6] uses the so-called block TT format
for representing a low rank orthonormal basis of the eigenspace and can be made rank
adaptive even in the single site version. An extension of this approach that also includes
preconditioning has been proposed in [24] by transferring the ideas of the alternating
minimal energy (AMEn) algorithm from [7, 8] to eigenvalue problems.

A common feature of most tensor methods for eigenvalue problems is a procedure
for rank truncation via the singular value decomposition (SVD) during the iteration.
This has the advantage of being easily implemented and computable. However, while
SVD truncation is known to provide optimal low rank approximations with respect to
the Frobenius and other unitarily invariant norms, the same is not necessarily true with
respect to the energy. In this work, we address this potential drawback. We propose a
direct energy minimization of the two site DMRG subproblems on a low rank matrix
manifold with orthogonality constraint.

In the recent work [32], a Jacobi-Davidson type method for the minimization of the
energy function on the fixed rank matrix manifold has been introduced for computing
the minimal eigenstate. A main observation for this is that the manifold of fixed rank
matrices intersects the unit sphere transversally, so that energy minimization can be
performed naturally on the intersection using Riemannian optimization. In this work, we
show that a transversality property also holds in the case of several low energy states,
where the eigenvectors are represented as low rank matrices that are pairwise orthonormal
to each other. This leads to a minimization on the intersection of a Stiefel manifold with
a manifold of fixed rank matrices. We develop a simple Riemannian conjugate gradient
method for trace minimization on this intersection manifold and compare it to alternative
methods that are however inferior. One of these methods consists of a novel variation of
the block ALS [24] where the dependency on the dimension of the eigenspace stays fixed
with one component. This approach seems straightforward, but it leads to complications
both in implementation as well as in the results. The Riemannian approach can be
improved upon in the future, e.g. by incorporating a subspace acceleration like in the
Jacobi-Davidson method, which is not considered here.

Our fixed rank matrix solver is then applied to tensor problems by using it in the
DMRG substeps where we consistently minimize the energy function. In order to choose
the TT ranks adaptively, we propose a heuristic that is based on the residual of the energy
function rather than on the Frobenius norm. While this method does not significantly
outperform the DMRG algorithm in problems of good low rank approximability, we show
that this somewhat natural solver is in principle applicable.

The outline is as follows. In Sec. 2 and 3 a particular low rank format with orthogo-
nality constraints for representing eigenspaces is introduced together with a Riemannian
solver for the energy minimization in this format. These considerations are restricted
to the real case to avoid some technical subtleties of complex analytic manifolds. How-
ever, the methods are expected to be applicable to the complex case without further
obstructions. In Sec. 4 the modified tensor DMRG algorithm is explained, whereas Sec. 5
presents some numerical experiments, both for the matrix and tensor case.
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2 Low rank eigenspaces

We consider a self-adjoint operator H on the linear space of real m× n matrices. Our
goal is to compute the eigenspace belonging to the smallest p eigenvalues λ1, . . . , λp of
H. Such a task arises, for instance, after discretization of an analytic eigenvalue problem
on a two-dimensional rectangular domain with a self-adjoint Hamiltonian. Note that
in the case λp = λp+1, this eigenspace is not unique and we only compute one of the
eigenspaces, the minimization of the energy being the main goal.

After a reordering of the indices, we may treat H as a real symmetric mn×mn matrix.
Then the goal can be achieved by solving the classical trace minimization problem

minimize f(X) =
1

2
tr(XTHX) subject to XTX = Ip (2.1)

for X ∈ Rmn×p, where Ip denotes the p×p identity matrix. Hence this is an optimization
problem on the real Stiefel manifold

St(mn, p) = {X ∈ Rmn×p : XTX = Ip}.

For X ∈ St(mn, p), the function value f(X) will also be referred to as the energy of X.
Note that f is orthogonally invariant in the sense that

f(XQ) = f(X) (2.2)

for any orthogonal Q ∈ Rp×p. This reflects the fact that the energy only depends on the
space X, and not on a particular chosen basis.

The columns of a minimizer X therefore yield an orthonormal basis of the desired
eigenspace, and the minimum function value equals one half of the sum of the p smallest
eigenvalues of H. For computing the actual eigenvectors of H, and not just the subspace
spanned by them, the p× p matrix XTHX needs to be diagonalized, but this additional
step will not be considered here.

For various reasons it can be required that the matrices X1, . . . , Xp ∈ Rm×n repre-
sented by the columns of X, that is, the basis vectors for the eigenspace, have low rank,
or can be well approximated by matrices of low rank. Then, a corresponding constraint
needs to be added to the optimization problem (2.1). In Sec. 4 we consider the DMRG
algorithm in which such optimization problems arise as a substep. Apart from this,
computing the exact eigenspaces can be numerically prohibitive for large m and n and a
restriction on the ranks of the representing basis elements can alleviate this problem.

In this work, we consider a slightly more restrictive but ultimately more relevant
constraint, namely to find an approximate minimal eigenspace in which all matrices
either share a common column space or a common row space of low dimension. Since
these are linear conditions, it suffices to require them for the basis elements X1, . . . , Xp.
We fix a rank r ≤ min(m,n) and denote with [X]npm = (X1 · · · Xp) ∈ Rm×np and
[X]nmp = (XT

1 · · · XT
p )T ∈ Rmp×n the matricizations (reshapes) of X into the indicated

format. We say that

(X1 · · · Xp) = [X]npm = UV T = (UV T
1 · · · UV T

p ), U ∈ Rm×r, V ∈ Rnp×r, (2.3)

is a rank-r column decomposition. Hence in such a decomposition all basis elements
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X1, . . . , Xp share the same column space spanned by U . Likewise, a decompositionX1
...
Xp

 = [X]nmp = UV T =

U1V
T

...
UpV

T

 , U ∈ Rmp×r, V ∈ Rn×r, (2.4)

will be called a rank-r row decomposition, since X1, . . . , Xp share the row space spanned
by V . The existence of such decompositions is equivalent to the conditions

rank([X]npm ) ≤ r or rank([X]nmp) ≤ r, (2.5)

respectively. We note that these are effectively conditions on the first two multilinear
ranks of X when regarded as an m× n× p tensor.

Example 2.1. Let m = n and L ∈ Rn×n be a symmetric matrix with eigenvalues
λ1 < . . . < λn, and corresponding eigenvectors u1, . . . , un ∈ Rn. Then the eigenvalues of
the operator

H = L⊗ In + In ⊗ L ∈ Rn
2×n2

are λi + λj corresponding to rank-one eigenvectors ui ⊗ uj . Note that for example the
discretization of the two-dimensional Laplace operator on a rectangular grid leads to
an operator H of this form. Consider for example p = 3, that is, the three-dimensional
eigenspace that minimizes (2.1). This space is spanned by the eigenvectors u1 ⊗ u1,
u1 ⊗ u2, and u2 ⊗ u1 and the value of the trace is 2λ1 + 2(λ1 + λ2). It can be seen
that u1 and u2 span both the row space and the column space of the eigenspace. Thus,
while the dimension of the eigenspace is three, all matrices in it only have (at most) two-
dimensional column and row spaces. Therefore, any minimizer X of (2.1) will satsify the
rank conditions (2.5) with r = 2 and allow for rank-two column and row decompositions.
If λ1 + λ3 > 2λ2, then the fourth eigenvector will be u2 ⊗ u2, so even in the case p = 4
we can find the solution with r = 2.

If one of the conditions (2.5) is added to the minimization problem (2.1), several
approaches for its solution can be considered. We first discuss two strategies from the
literature (see e.g. [34, 6]) before presenting two new approaches in the next section,
Sec. 3. We conclude this section by discussing the resdiual of the eigenvalue problem as
potential error measure for a given low rank approximation of the desired eigenspaces.

2.1 Truncated eigenspaces

In almost all applications we are aware of, in particular the ones involving the DMRG,
the procedure of choice is to first calculate a basis for the eigenspace, or even the p
eigenvectors, without constraints using a standard solver, and then truncating the rank
in one of the above formats using the singular value decomposition (SVD). This method
of truncated eigenspaces has two immediate drawbacks. First of all, it is necessary to
calculate the full solution in the space Rm×n, which might be prohibitive if m and n
are large. More importantly, even for smaller problems, the rank truncation by SVD is
not a natural method of choice. It constitutes a projection (best rank-r approximation)
for various matrix norms, but does not necessarily yield the minimal energy in the
sense of cost function f under the rank constraint. Note that an SVD truncation of the
matricizations [X]npm or [X]nmp will not preserve the orthogonality condition XTX = Ip
itself, so before evaluating the resulting trace energy an additional reorthogonalization is
required (which does not affect the low rank structure).
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2.2 Block ALS approach

A second approach that is closely related to the block ALS (single site DMRG) method
switches between the column and row decomposition in (2.3) and (2.4). Choosing a
column decomposition of X we keep U fixed and only update V such that f is minimal
for the current U . The optimal V is given as an eigenspace of the p lowest eigenvalues of
the ‘projected’ operator (UT ⊗ In)H(U ⊗ In). Computing an SVD truncation of [V ]rpn of
rank r then allows to switch to a row decomposition in order to update U (for now fixed
V ) accordingly, and so forth.

It should be mentioned that when switching from one decomposition to the other,
one could abstain from truncating the rank at all, or truncating it at a higher rank
r̃ ≤ min(rp, n), thus gaining some kind of rank adaptivity in case p ≥ 2, as noted in [6].

Such a block ALS method produces in every iteration a row or column decomposition
respecting the orthogonality constraint. However, similar to truncated eigenspaces, rank
truncation via SVD is again not optimal and if truncation is omitted when switching
the format, the ranks will grow. In addition, the switching between the two formats
can lead to a non-monotonic behavior of the cost function during the optimization. The
whole procedure is only reasonable if the eigenspace admits both the low rank row and
column decomposition, at least approximately, as is the case for the important class of
(perturbations of) Laplace-like operators in Example 2.1.

For tensor problems in the TT format, the block ALS approach becomes the block TT
method proposed in [6]. Here the switching from column to row rank decomposition in a
subproblem naturally provides initializations for the neighboring subproblem and hence
allows sweeping through the factors when optimizing the energy of the TT decomposition.
This is explained in more detail Sec. 4.2. In the numerical experiments for computing
excited states using TT tensors in Sec. 5.2, we will use this block ALS approach, as it is
a standard benchmark, but we refrain from using it in the matrix case in Sec. 5.1, where
in our experiments it showed inconsistent behavior in switching between the row and
column decompositions.

2.3 Residual

Provided with a (low rank) approximation X ∈ St(mn, p) of an eigenspace basis, we
employ the residual of the eigenvalue problem in order to certify its accuracy. The
residual is defined as

Res(X,H) = HX −X(XTHX). (2.6)

In Sec. 3.1 below, we introduce the tangent space TXSt(mn, p) and a projection PTXSt(mn,p)

onto it. One can then show that Res(X,H) equals the projected gradient of the
initial cost function f onto the tangent space TXSt(mn, p), that is, Res(X,H) =
PTXSt(mn,p)(∇f(X)) = PTXSt(mn,p)(HX). The residual hence vanishes at critical points
of f on St(mn, p), which is the case if and only if the columns of X form an orthonormal
basis of a p-dimensional subspace spanned by eigenvectors of H. The norm of the residual
is thus a possible measure of closeness to such a space. If it remains large in the course of
the algorithm, the rank r of the approximation might be too low and could be increased.
In the Riemannian DMRG pendant of our method for tensors, we use a local residual in
order to decide whether ranks should be adapted, as will be explained in Sec. 4.3 below.
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3 Low rank optimization with orthogonality constraint

In this work we propose two new strategies for the approximation of multiple eigenvectors
under low rank constraints. The first one is close in spirit to the block ALS approach, but
instead of switching between column and row rank decompositions it keeps the chosen
decomposition fixed during the full optimization. The second strategy is a Riemannian
optimization method on the intersection of the low rank manifold with orthogonality
constraint. Such an approach has been proposed in [32] for a single eigenvector, where the
fixed rank manifold is intersected with a sphere. When dealing with several eigenvectors, a
Stiefel manifold needs to be considered instead. Our second method is hence an extension
of the work [32], and in a sense a conflation with [24].

All appearing norms are the Frobenius norm and all orthogonal projections are with
respect to the Frobenius inner product. Additionally, in the remainder of this chapter,
we focus on the low rank column decomposition of X. Everything works analogously for
the low rank row decomposition with interchanged roles of U and V .

3.1 Semi-Riemannian alternating optimization

In our first approach we decompose X into a low rank column or row format and then
minimize the trace function f in (2.1) with respect to the factors U and V in an alternating
manner, but without switching the dependency on p (that is, without changing the type
of decomposition). For this it is important to understand how to ensure the orthogonality
constraint XTX = Ip. Denoting with [V ]prn =

(
vec(V T

1 ) · · · vec(V T
p )
)
∈ Rrn×p, it can be

seen that the low rank column decomposition is equivalent to

X =
(
vec(X1) · · · vec(Xp)

)
= (U ⊗ In) [V ]prn, (3.1)

where vec( · ) denotes the vectorization operation with a lexicographical ordering of the
indices.1 We can always assume that U has pairwise orthonormal columns, that is,
UTU = Ir. Then the orthogonality constraint XTX = Ip corresponds to the matrices
V1, . . . , Vp being pairwise orthogonal in the Frobenius inner product. Hence, in the
column low rank format (2.3) the global orthogonality constraint XTX = Ip is equivalent
to the two orthogonality conditions

UTU = Ir and ([V ]prn)T[V ]prn = Ip.

Regarding the update rules, it follows from (3.1) that for a fixed U obeying UTU = Ir
the optimal V in (2.1) can be obtained by solving the trace minimization problem for the
‘projected’ operator (UT⊗ In)H(U ⊗ In), e.g. we can choose the optimal V such that the
columns of [V ]prn are the p lowest eigenvectors of (UT ⊗ In)H(U ⊗ In).

The update for U on the other hand, when V is fixed, cannot be turned into an
eigenvalue problem, but it can be posed as an optimization problem on a suitable manifold.
Namely, by the orthogonality constraint, U is an element of the real Stiefel manifold

1We use the lexicographical ordering indicated above troughout the paper. In the alternative Matlab

notation that uses reverse lexicographical order, (3.1) would read

X =
(
vec(X1) · · · vec(Xp)

)
= (In ⊗ U) [V ]prn.

All other expressions involving vectorized quantities can be easily translated correspondingly.
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St(m, r) = {U ∈ Rm×r : UTU = Ir}. For updating U we hence try to minimize the
function U 7→ f((U ⊗ In) [V ]prn) on that manifold, using Riemannian optimization.

Although the Riemannian optimization on Stiefel manifolds is well established, see
e.g. [9], we outline its basics ingredients which we will also need do derive for our
Riemannian method in the next section.

The manifold St(m, r) is an embedded submanifold of Rm×r. For the Riemannian
methods on St(m, r) based on the projected Euclidean gradient, one needs to know the
projection on its tangent space from the ambient space. The tangent space of St(m, r) is
given by

TUSt(m, r) = {ζ ∈ Rm×r : ζTU = −UTζ}. (3.2)

Thus for any ζ ∈ Rm×r, the orthogonal projection PTUSt(m,r)(ζ) on TUSt(m, r) can be
computed according to

PTUSt(m,r)(ζ) = ζ − 1

2
UUTζ − 1

2
UζTU. (3.3)

Furthermore, we need to define a retraction and a vector transport. A retraction is
a smooth map (U, ζ) 7→ RU (ζ) on the tangent bundle TSt(m, r) that maps any ζ ∈
TUSt(m, r) to St(m, r) and satisfies

RU (ζ) = U + ζ + o(‖ζ‖) (3.4)

for ζ → 0. A possible retraction is obtained by noting that every matrix Z ∈ Rm×r
possesses a best approximation PSt(m,r)(Z) in Frobenius norm on the Stiefel manifold
St(m, r), which is given by the orthogonal factor in a polar decomposition of Z, which
itself can be obtained from an SVD of Z:

PSt(m,r)(Z) = Û V̂ T , Z = Û Σ̂V̂ T , (3.5)

see [18, §7.4.4]. This metric projection is unique if Z has full column rank r. In fact,
being a projection on a smooth manifold, PSt(m,r) is a smooth map in a neighborhood
(in Rm×r) of any U ∈ St(m, r). Moreover, it holds for any ζ ∈ Rm×r that

PSt(m,r)(U + ζ) = U + PTUSt(m,r)(ζ) + o(‖ζ‖), (3.6)

see, e.g., [27] for the Stiefel manifold or [2] for a general result. In particular, this shows
that PSt(m,r) can be used as a retraction and thus also allows to define an appropriate
vector transport, as will be explained below.

The resulting procedure for the Riemannian subiteration on a Stiefel manifold is
standard and can be found in many previous works, see e.g. [1, 9]. We employ the manopt
toolbox in Matlab for this task [5].

Since the update for V is an eigenvalue problem, while the update for U requires
manifold optimization, we will refer to this alternating optimization (AO) approach for
finding a low rank column decomposition of (2.1) as the semi-Riemannian AO method.
The corresponding method for a low rank row solution is of course analogous.

3.2 Riemannian low rank optimization with orthogonality constraint

When enforcing the column decomposition with a fixed rank r, our goal is to minimize
the function f(X) = 1

2tr(XTHX) on the intersection

N = S ∩M
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(or its closure), where
S := St(mn, p)

is again the real Stiefel manifold and

M :=Mr = {X ∈ Rmn×p : rank([X]npm ) = r}

is (isomorphic to) a fixed rank matrix manifold. Both are smooth embedded submanifolds
in Rmn×p, with dim(S) = mnp− 1

2p(p+ 1) and dim(M) = mnp− (m− r)(np− r) (for
M see; e.g., [10, p. 27]). We recall from the conditions (2.5) that the intersection N is
not empty if and only if

r ≤ min(m,np),

which is assumed for the rest of this section.
We first show that the submanifolds S andM intersect transversally, implying that N

is itself an embedded submanifold. For this, we recall the tangent spaces of the individual
manifolds. The tangent space of the Stiefel manifold at X ∈ S is given in (3.2). On the
other hand, given an X ∈M, we write its full SVD as

[X]npm = U

(
Σ 0
0 0

)
VT = UΣV T (3.7)

with U =
(
U U⊥

)
∈ Rm×m and V =

(
V V⊥

)
∈ Rnp×np orthogonal matrices and

Σ ∈ Rr×r diagonal with positive descending entries. One can then write the tangent
space of M as

TXM =

{
ξ ∈ Rmn×p : [ξ]npm = U

(
Λ1 Λ2

Λ3 0

)
VT

}
. (3.8)

To see this, note first that the dimension matches. Further, if one sets Λ2 = 0 or Λ3 = 0,
one obtains two subspaces of matrices of rank at most r containing X, which are hence
both subspaces of TXM.

Proposition 3.1. At any point X ∈ N , the orthogonal complement of TXM is contained
in TXS. In particular, the tangent spaces TXS and TXM intersect transversally. As
a result, N is an embedded submanifold of Rmn×r, and the tangent space equals the
intersection of the tangent spaces: TXN = TXS ∩ TXM.

Proof. The normal of TXM of M consist of all matrices of the form ξ = U⊥ZV
T
⊥ . For

such matrices, we obtain ξTX = 0. Therefore, the normal space of TXM is contained in
TXS. This implies TXS + TXM = Rmn×r, which is the asserted transversality condition
and ensures that the intersection is an embedded submanifold; see, e.g., [10, Ch. 1, §5].

The simplest framework to consider in Riemannian optimization is an embedded
submanifold equipped with the metric from the ambient space. When restricting a
smooth function f from the ambient space to the submanifold, its Riemannian gradient
gradf at a point is then just given by the orthogonal projection of the Euclidean gradient
to the tangent space, that is,

gradf(X) := PTXN (∇f(X)).

8



Note that for our cost function f(X) = 1
2tr(XTHX), the Euclidean gradient (i.e., with

respect to the trace inner product) is just

∇f(X) = HX.

In order to derive the orthogonal projection of any ζ ∈ Rmn×p onto the tangent space
TXN , we need the orthogonal projection PTXS(ζ) onto the tangent space TXS given in
(3.3). On the other hand, rewriting

[ζ]npm = U

(
Ω1 Ω2

Ω3 Ω4

)
VT,

the orthogonal projection onto TXM is given by

[PTXM(ζ)]npm = U

(
Ω1 Ω2

Ω3 0

)
VT. (3.9)

The following result is a direct consequence of Proposition 3.1 and shows that the
orthogonal projection onto TXN is readily available in practice through the formulas (3.3)
and (3.9).

Proposition 3.2. Let X ∈ N . The orthogonal projection onto the tangent space TXN is
given by the composition of the orthogonal projections onto the individual tangent spaces,
in any order:

PTXN = PTXS ◦ PTXM = PTXM ◦ PTXS .

Proof. Clearly, both compositions of projections reduce to the identity for elements in
TXN = TXS ∩ TXM. On the other hand, let ξ ∈ (TXN )⊥. Then we can decompose ξ =
ξ1 +ξ2 with ξ1 ∈ TXM∩(TXS)⊥ and ξ2 ∈ (TXM)⊥. This implies (PTXS ◦PTXM)(ξ) = 0.
At the same time, by Proposition 3.1, we have ξ2 ∈ TXS, yielding (PTXM ◦PTXS)(ξ) = 0.
Hence, both PTXS◦PTXM and PTXM◦PTXS equal the orthogonal projection on TXN .

In order to formulate a Riemannian optimization method on N , we are left to define
a retraction and with this a vector transport. Due to the special structure of the problem,
a retraction can again be obtained by composition as follows.

Proposition 3.3. Let RM denote any retraction for the manifold M and PS(Z) the
metric projection of Z ∈ Rmn×p on the manifold S = St(mn, p) obtained from the polar
decomposition; see (3.5). Then

RX(ξ) = PS(RMX (ξ)), X ∈ N , ξ ∈ TXN ,

defines a retraction on N .

Proof. We first show that RX maps TXN to N . For this, it is enough to show that
PS(X) ∈M for every X ∈M. This can be seen from the representation (3.1)

X = (U ⊗ In) [V ]prn,

which is equivalent to X ∈ M. Here U ∈ Rm×r can be chosen to have pairwise
orthonormal columns, e.g. U from the SVD (3.7). Then letting [V ]prn = Q1ΣQT

2 be an
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SVD of [V ]prn, we find that (U ⊗ In)Q1ΣQT
2 yields an SVD of X. Hence, the orthogonal

polar factor of X,
PS(X) = (U ⊗ In)Q1Q

T
2 ,

is of the form (3.1), which means PS(X) ∈M.
Now given that RMX is smooth on the tangent bundle TM and PS is smooth in

a neighborhood of S (as noted in the previous subsection), the required smoothness
properties of (X, ξ) 7→ RX(ξ) follow from the chain rule. Note that ξ ∈ TXN =
TXS ∩ TXM. Then, since RMX (ξ) = X + ξ + o(‖ξ‖) and using (3.6), we have

RX(ξ) = PS(X + ξ + η) = X + ξ + PTXS(η) + o(‖ξ + η‖),

with η = o(‖ξ‖) for ξ → 0. Exploiting ‖PTXS(η)‖ ≤ ‖η‖, this implies

lim sup
ξ→0

‖RX(ξ)−X − ξ‖
‖ξ‖

= 0,

which shows the retraction property (3.4) for RX .

In our implementation, we choose the following retraction for the manifold M. Let

[ξ]npm = U

(
Λ1 Λ2

Λ3 0

)
VT = UΛ1V

T + UΛ2V
T
⊥ + U⊥Λ3V

T

be a tangent vector in TXN ⊆ TXM given the SVD (3.7) of [X]npm . Then we take

RMX (ξ) =
[(
U + U⊥Λ3Σ−1

)(
ΣV T + Λ1V

T + Λ2V
T
⊥
)]p
mn

= X + ξ +
[
U⊥Λ3Σ−1

(
Λ1V

T + Λ2V
T
⊥
)]p
mn

,

as a retraction for M (note that U⊥Λ3Σ−1
(
Λ1V

T + Λ2V
T
⊥
)

= O(‖ξ‖2)). The resulting
retraction for the manifold N is

RX(ξ) = PS
([(

U + U⊥Λ3Σ−1
)(

ΣV T + Λ1V
T + Λ2V

T
⊥
)]p
mn

)
.

Regarding vector transport, it is known that for embedded submanifolds, the pro-
jection onto the tangent space provides the simplest possible vector transport; see [1].
Given ξ ∈ TXN , such a vector transport takes another tangent vector η ∈ TXN (in the
same tangent space) to the tangent space at RX(ξ) by simply projecting it. We also need
to address the orthogonal invariance (2.2) of the function f . In a simple gradient descent
method, the search direction is the Riemannian gradient which is always orthogonal to the
orbit of such orthogonal transformations. However, for more sophisticated methods, one
has to deal with general search directions in the tangent space TXN , and all directions
parallel to the orbits have to be factored out. This is usually done by projecting onto
a horizontal space for the Grassmannian Gr(mn, p) = S/O(p) with O(p) denoting the
p× p dimensional real orthogonal matrices. A possible choice is

HXGr(mn, p) = {ξ ∈ Rmn×p : ξTX = 0} ⊂ TXS

with the orthogonal projection

PHXGr(mn,p)(ξ) = (Imn −XXT)ξ (3.10)

for ξ ∈ TXS.

10



Algorithm 1: A Riemannian nonlinear conjugate gradient method for the compu-
tation of a low rank eigenspace.

input : Symmetric matrix H ∈ Rmn×mn, rank r, dimension of eigenspace M ,
accuracy ε > 0.

output : A matrix X ∈ Rmn×M with rank-r column decomposition.

Set i = 0;

Set initial guess X [0];

Set initial search direction ξ[0] := −gradf(X [0]) = −PT
X[0]N (HX [0]);

repeat
Find stepsize αi = σk via Armijo backtracking, i.e., k is the smallest
nonnegative integer that fulfills

f(X [i])− f
(
RX[i](σkξ[i])

)
≥ −c 〈gradf(X [i]), σkξ〉

for parameters σ ∈ (0, 1), c > 0;
Set

X [i+1] := RX[i](αiξ
[i]);

Update search direction (Hestenes-Stiefel)

βi :=
〈gradf(X [i+1]), gradf(X [i+1])− TX[i],αiξ[i]

(gradf(X [i]))〉
〈TX[i],αiξ[i]

(ξ[i]), gradf(X [i+1])− TX[i],αiξ[i]
(gradf(X [i]))〉

;

ξ[i+1] := −gradf(X [i+1]) + βiTX[i],αiξ[i]
(ξ[i]);

i← i+ 1;

until ‖gradf(X [i])‖ < ε;

Proposition 3.4. If ξ ∈ TXN , then also PHXGr(mn,p)(ξ) ∈ TXN .

Proof. In light of Proposition 3.1, since HXGr(m,n, p) ⊂ TXS, we only need to show
that PHXGr(mn,p)(ξ) ∈ TXM. Since ξ ∈ TXM, this follows from (3.10) if we verify

that XXTξ ∈ TXM. This, however, is obvious: By (3.1), XXTξ = (U ⊗ In)[W ]prn
for some W ∈ Rnp×r, where U contains a basis for the column space of [X]npm . Hence,
[XXTξ]npm = UW T , which implies that this matrix is in TXM as given in (3.8).

The vector transport therefore consists of projecting first onto the tangent space at
the new iterate and then projecting onto the horizontal space. We denote this operation
as

TX,ξ(η) = PHXGr(mn,p)

(
PTRX (ξ)N (η)

)
.

Other options for vector transport are possible but more involved.
Having all the ingredients necessary for Riemannian optimization, we can now perform

a gradient descent or even a nonlinear CG method on the manifold N ; see Algorithm 1.
Analysis of this algorithm can be performed within the generic framework of Riemannian
optimization [1]. Basically, if the algorithm produces an accumulation point on the
manifold N , it will be a stationary point of f on N . However, just like in [37], the
manifold N is not closed, and so the existence of such accumulation points cannot be
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guaranteed. The convergence analysis fails when approaching the singularities, where
the rank of [X]npm drops. This issue is intrinsic to low rank optimization and shall not be
further discussed here.

4 A modified DMRG

Our main application is the DMRG algorithm, which in its traditional form uses the
truncated eigenspace method in order to solve its subproblem. This turns out to work
reasonably well in spite of the flawed nature of its solver, as we will see in our experiments.
Nevertheless, we will propose an alternative DMRG algorithm that makes use of our
Riemannian method. We will also introduce a heuristic rank adaptation procedure based
on the residual of the function rather than a less related error in the Frobenius norm.

First, we give a short introduction into the TT format and the DMRG algorithm. For
a more thorough overview, we refer the reader to the review articles [34, 36]. The DMRG
algorithm is traditionally applied to quantum many-body systems. Given a self-adjoint
tensor operator H : Cn1×...×nd → Cn1×...×nd , the aim is to find the lowest energy state
Ψ ∈ Cn1×...×nd , i.e., the tensor that minimizes the Frobenius inner product 〈Ψ,H(Ψ)〉.
In applications, the Hamilton operator can describe systems of distinguishable particles
(for example, spin chains) or indistinguishable particles (e.g. in the context of quantum
chemistry or cold atom systems). In both cases, typically, the physical dimensions
n1, . . . , nd are equal and small, e.g. n1 = . . . = nd = n with n ∈ {2, 4}. But even in
these cases, the computational complexity of the above problem grows exponentially
with the tensor order d. This effect is often called the curse of dimensionality, and many
techniques of overcoming it have been proposed in the recent past.

4.1 Tensor trains

A common approach to overcome the curse of dimensionality is to restrict the tensor
rank of the state Ψ. This is particularly fruitful for systems of low spatial dimension. The
restriction of the ranks is nontrivial since there are many possibilities to define a tensor
rank; see e.g. [12]. We will not go into detail here and only consider the approach that is
most widely used in physics, the matrix product states or TT format [3, 34, 29]. The
tensor Ψ ∈ Cn1×···×nd is decomposed into d components. For each multi-index (i1, . . . , id),
the entry Ψ(i1, . . . , id) is given by a product of matrices Ψ(j)(ij) ∈ Crj−1×rj , i.e.

Ψ(i1, . . . , id) = Ψ(1)(i1) · · ·Ψ(d)(id),

hence the name. Usually, we set r0 = rd = 1, and the first and last matrices are vectors.
By varying ij = 1, . . . , nj , the matrices Ψj(ij) become tensors Ψ(j) ∈ Crj−1×nj×rj of order
3 (respectively, of order 2 in the case the first and last one), which we call the components
of Ψ. The minimal numbers r1, . . . , rd−1 needed to represent Ψ are called TT ranks of Ψ.

In order to facilitate the discussion, we introduce some additional notation: Two
neighboring components Ψ(j) and Ψ(j+1) can be contracted by performing elementwise
the matrix product over the common index(

Ψ(j) •Ψ(j+1)
)
(ij , ij+1) := Ψ(j)(ij) Ψ(j+1)(ij+1)

and yielding a tensor of order 4 denoted by

Ψ(j,j+1) := Ψ(j) •Ψ(j+1) ∈ Crj−1×nj×nj+1×rj+1 .

12



Furthermore, if we contract all tensors up to but not including the j-th component, we
write

Ψ<j := Ψ(1) • · · · •Ψ(j−1) ∈ Cn1×···×nj−1×rj−1

and analogously Ψ>j for the contraction of all tensors to the right of the j-th component.
This way, the TT decomposition of Ψ can be written also as

Ψ = Ψ(1) • · · · •Ψ(d) = Ψ<j •Ψ(j) •Ψ>j

for any j = 1, . . . , d.
The main purpose of the TT format is to break the curse of dimensionality: For

r := max(r1, . . . , rd−1) and n := max(n1, . . . , nd), we only need to store O(ndr2) entries
instead of O(nd) in the full format. Restricting the ground state computation for H to
a manifold of low rank TT tensors [17] therefore only makes sense if we can expect a
reasonable approximation in this space. This is, for instance, fulfilled if H describes a
one-dimensional model with finite interaction length and gapped spectrum. Here it can
be shown that the lowest eigenstate fulfills an area law for the entanglement entropies
[15], which implies that it can be efficiently approximated by a TT tensor with increasing
system size d [38]. Beyond these rigorously established beacons, however, practical
expertise shows that a TT approximation can be successfully applied in much broader
settings, including systems from quantum chemistry or two-dimensional spin systems;
see e.g. [34, ?, 28, 36] for overviews.

4.2 Block TT, DMRG, and modified version

In order to simultaneously approximate p eigenstates, we use the block TT format
introduced in [6]. The tensor Ψ ∈ Cn1×···×nd×p combining the p tensors Ψ` ∈ Cn1×···×nd ,
` = 1, . . . , p, is then decomposed into a block TT format, with one chosen index k ∈
{1, . . . , d} carrying the index `. This means the entries of Ψ are again given by a chain

of tensors Ψ(j) ∈ Crj−1×nj×rj for j 6= k and Ψ
(k)
` ∈ Crk−1×nk×rk such that

Ψ` = Ψ<k •Ψ
(k)
` •Ψ>k.

In essence, this generalizes row and column decomposition of a matrix in (2.3) and (2.4)
in the sense that each eigenstate Ψ` shares with the other states the common subspaces
spanned by Ψ<k and Ψ>k.

In the DMRG algorithm at each subiteration, we fix all but two neighboring compo-
nents Ψ(j) and Ψ(j+1) and only optimize these two components together. Alternatively,
in the block ALS algorithm (also called single-site DMRG), all but one component Ψ(j)

are fixed at a time. Both approaches decompose for each subiteration Ψ as block TT,
where the component k that carries the dependency on ` is chosen as follows: In case of
block ALS, one sets k = j, whereas for the DMRG, one sets k = j+ 1 or k = j depending
on whether we are currently sweeping through the tensors from left to right or from
right to left. This determines whether we require a column decomposition (2.3) or a row
decomposition (2.4) for the combined component Ψ(j,j+1).

We then aim to solve

minimize

p∑
`=1

〈Ψ`,H(Ψ`)〉 subject to 〈Ψ`,Ψ`′〉 = δ`,`′ (4.1)
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by varying one or two components in subsequent subiterations. In the following, we
describe the structure of the DMRG method. The block ALS method can be readily
derived by making the obvious adjustments for optimizing one component in each
subiteration only. Furthermore, we describe the case of a sweep from left to right, i.e.,
k = j + 1, where one has to choose the column decomposition (2.3) for the subproblem.

We assume that the block TT decomposition is chosen such that the TT is left-
normalized for components to the left of Ψ(j) and right-normalized for components to
the right of Ψ(j+1), i.e.[

Ψ<j
]n1···nj−1

rj−1

[
Ψ<j

]rj−1

n1···nj−1
= Irj−1 and

[
Ψ>j+1

]nj+2···nd
rj+1

[
Ψ>j+1

]rj+1

nj+2···nd
= Irj+1 .

This means that for each j = 1, . . . , d− 1, the subiteration step consists of solving

min
rank(Φ(j,j+1))=rj

p∑
`=1

〈
Ψ<j • Φ

(j,j+1)
` •Ψ>j+1,H

(
Ψ<j • Φ

(j,j+1)
` •Ψ>j+1

)〉
subject to 〈Φ(j,j+1)

` ,Φ
(j,j+1)
`′ 〉 = δ`,`′ .

(4.2)

Indeed, thanks to the orthogonalization of the TT, the constraints 〈Φ(j,j+1)
` ,Φ

(j,j+1)
`′ 〉 =

δ`,`′ in this subproblem ensure the global constraints 〈Ψ`,Ψ`′〉 = δ`,`′ from (4.1). Let us
note that for simplicity, we take the liberty to slightly abuse notation, here and in the
following, by writing Φ(j,j+1) and meaning its appropriate matricization. This allows us
to readily transfer the tensor problem to our discussed matrix case.

We also define the local operator

Hj,j+1 : Crj−1×nj×nj+1×rj+1 → Crj−1×nj×nj+1×rj+1,

which acts on Φ(j,j+1), Φ̃(j,j,+1) ∈ Crj−1×nj×nj+1×rj+1 as〈
Φ(j,j+1),Hj,j+1(Φ̃(j,j+1))

〉
=
〈

Ψ<j • Φ(j,j+1) •Ψ>j+1,H
(
Ψ<j • Φ̃(j,j+1) •Ψ>j+1

)〉
is clearly Hermitian and linear if we take the whole domain. In the traditional DMRG
algorithm, the solution of (4.2) is approximated along the lines of the truncated eigenspace
method by first calculating the full solution

Ψ(j,j+1) = argmin
Φ(j,j+1)∈Crj−1×nj×nj+1×rj+1×p

p∑
`=1

〈
Φ

(j,j+1)
` ,Hj,j+1(Φ

(j,j+1)
` )

〉
subject to 〈Φ(j,j+1)

` ,Φ
(j,j+1)
`′ 〉 = δ`,`′ ,

(4.3)

that is, the p lowest eigenvectors of Hj,j+1. Then the ranks are truncated as described in
section 2.1 in order to obtain the low rank approximation

Ψ(j) •Ψ
(j+1)
` ≈ Ψ

(j,j+1)
` .

Alternatively, this last step allows for a rank adaptivity; i.e., a new rank can be chosen
according to some error threshold when projecting to the low rank decomposition.
However, as we have discussed above in detail, this rank truncation and rank adaptivity
is done with respect to the Frobenius norm, whereas the goal is to minimize the energy
of the Hamiltonian Hj,j+1.
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We can hence formulate an alternative DMRG method that uses our Riemannian
optimization method presented in section 3 for solving the DMRG subproblem (4.3)
with a rank constraint directly, which can be written as

Ψ(j,j+1) = argmin
rank(Φ(j,j+1))=rj

p∑
`=1

〈
Φ

(j,j+1)
` ,Hj,j+1(Φ

(j,j+1)
` )

〉
subject to 〈Φ(j,j+1)

` ,Φ
(j,j+1)
`′ 〉 = δ`,`′ ,

(4.4)

exploiting the normalized form of the TT. After a suitable matricization, (4.4) takes the
form of a complex version of (2.1) subject to a rank-rj column decomposition (2.3). This
yields a low rank solution of the reduced eigenvalue problem, which is directly obtained
in two separate factors, thus allowing us to move to the neighboring core without further
rank truncation.

4.3 Rank adaptivity

As mentioned above, the classical DMRG method has a straightforward rank adaptive
extension. Here, the algorithm is provided with a threshold for the error of the low rank
projection of (4.3) performed in each subiteration, and the rank is chosen accordingly.

Our modified DMRG method, however, works with a fixed rank rj that needs to
be chosen in each subproblem (4.4). We therefore propose a rank adaptive strategy
based on the local residual Res(Ψ(j,j+1),Hj,j+1) of the optimization problem, as defined
in (2.6). We define a threshold for the Frobenius norm of the local residual and decide to
increase the allowed rank by one the next time the corresponding pair of components
is optimized if the residual violates the threshold. Technically, for implementing the
rank increase, initial guesses for the subproblems with higher ranks have to be provided.
This can be done entirely randomly or by adding new random vectors to the subspaces
provided by the current solution. In our numerical experiments below, we instead use the
correspondingly truncated eigenspace solution (i.e. the DMRG update of the subproblem)
as an initialization.

Note that many other policies for increasing the rank could be designed, e.g. by
increasing the ranks by more than one and/or based on the size of the singular values
of the residual. Furthermore, as a more adaptable strategy, we can alter the rank rj
and rerun the current subiteration until a rank is found such that the residual does not
violate the threshold. However, we have found that this strategy can overestimate the
necessary ranks.

5 Numerical experiments

In the following, we present two classes of numerical experiments in order to investigate
the performance of the discussed methods. First, we directly consider the matrix
optimization problem (2.1) for different operators H and compare the results of the
truncated eigenspace method, semi-Riemannian AO, and the proposed Riemannian
scheme. Second, we compare the performance of the different DMRG-like methods of
section 4 for a spin chain model. In all experiments, we choose σ = 1

2 , c = 10−4 for
the parameters in the Armijo condition with backtracking to find the stepsizes αi in
Algorithm 1.
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5.1 Computing low rank eigenspaces

We compare the truncated eigenspace method with the two algorithms introduced in
section 3. For this, we generate four different operators H, a symmetric indefinite
operator, a two-dimensional Laplace operator on a grid, and a Laplace operator that is
perturbed by a small potential without and with noise. Our aim is to approximate the
minimal eigenspace using the low rank column format (2.3). All numerical experiments
are done in Matlab R2018a.

As explained in section 3.1, the update for V is a standard eigenvalue problem for
the operator (UT ⊗ In)H(U ⊗ In) and is solved using the Matlab function eigs. The
update for U is an optimization problem on the Stiefel manifold St(m, r) and is solved
using the manopt toolbox [5] with random starting point. The Riemannian method in
Algorithm 1 also uses random initializations. As our implementations have not been
optimized for performance, we refrain from comparing the CPU time of the computations.
The Riemannian method in particular could be presumably improved by implementing it
within the manopt environment as well.

5.1.1 Random symmetric operator

We set m = n = 16 and generate a random symmetric operator H ∈ R(16×16)×(16×16) ∼=
R256×256 with normally distributed entries. In Figure 1, we report on the value of the
function f for the lowest p = 5 eigenvectors on the left. On the right, we display the
distances of the computed spaces to the full rank state. For each rank r = 1, . . . , 16, we
perform the semi-Riemannian AO and our Riemannian method 10 times and average over
the resulting energies. This is done because each of the methods can produce different
results for different starting points due to local minima. The truncated eigenspace
method is strictly deterministic (up to the implementation of the SVD), and therefore
an averaging is unnecessary. Note that in order to measure the energy of the space X
resulting from the truncated eigenspace method, we need to orthogonalize first since the
columns of X after truncation are in general not orthonormal.

We recall that the distance of two linear spaces V and W can be measured via the
distance of the orthogonal projections PV and PW . In our case, let X0 ∈ St(mn, p) be
the matrix that has the orthonormal basis of the full rank eigenspace as its columns (this
is computed using the eigs routine of Matlab for the matricization [H]mnmn ∈ Rmn×mn;
i.e., it will actually consist of the lowest eigenvectors). Then we measure the distance
of the linear spaces span(X0) and span(X) using the Frobenius error for the orthogonal
projectors

dist(span(X0), span(X)) = ‖X0X
T
0 −XXT‖.

Note that the Frobenius error is at most
√
p times larger than the classical distance

measured in the spectral norm.
We can see that the truncated eigenspace method produces the worst results in terms

of energy. However, as expected, the computed eigenspace is closest to the actual one
in the Frobenius norm. The other two methods perform equally well in terms of the
Frobenius distance to the full rank eigenspace, and they all find the correct space once
we allow full rank. In terms of energy, they produce the same results on average.
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Figure 1: Left: Function values for the different methods for p = 5 and r = 1, . . . , 16 for
a random symmetric operator. The black line corresponds to the exact energy. Right:
Distance in the Frobenius norm of the computed low rank eigenspaces to the actual
eigenspace.

5.1.2 Discretized Laplace operator in two dimensions

Next, we tested the setting from Example 2.1 for the two-dimensional discrete negative
Laplace operator

H = L⊗ In + Im ⊗ L (5.1)

on an equidistant grid of m = n = 128 with zero boundary condition. Here L is the
one-dimensional finite difference matrix h−2 · tridiag(−1, 2,−1) with h = 2/129. We
compute the eigenspace to the lowest p = 22 eigenvalues. As explained above, the
eigenvectors share column spaces, and one can check that for the lowest 22 eigenvectors,
the common column space is spanned by the five lowest eigenvectors of L only. Hence, the
minimal eigenspace can be represented by a matrix X ∈ R16384×22 with rank([X]2816

128 ) = 5.
We investigate the behavior of the different algorithms for the rank values r = 1, . . . , 6.
It should be noted that full convergence is usually not necessary, as the function value
does not change significantly for a small gradient. Thus, we consider both iterative
algorithms to be converged once the norm of the projected gradient is small enough,
‖gradf(X)‖ < 10−2.

The results are depicted on the left of Figure 2. For every rank r = 1, . . . , 6, we report
the relative energy error at termination, i.e., (f(X) − f(X0))/|f(X0)| with X0 again
consisting of the exact lowest eigenvectors. The Riemannian method consistently finds
the lowest energy. The truncated eigenspace method performs worse, but both algorithms
find the exact solution once the rank is high enough. In contrast, semi-Riemannian AO
does not find the exact solution. In fact, after one sweep, it finds a critical point, i.e., a
point at which the projected gradient is zero, which turned out to be a saddle point, that
is, a different exact eigenspace that has a higher energy. We observed that this happens
frequently when multiples of eigenvalues are present, and we suspect that this is due to
the alternating nature of the algorithm.

As a third experiment, we investigate again the case of a two-dimensional discrete
Laplace operator but now perturbed by a Newton potential. The Hamiltonian H is a
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Figure 2: Left: Relative energy error for the different methods for p = 22 and r = 1, . . . , 6
for a two-dimensional Laplace operator in (5.1). Center: Relative energy error for the
different methods for p = 22 and r = 1, . . . , 12 for a two-dimensional Laplace operator
plus a potential. Right: Relative energy error for the different methods for p = 22
and r = 1, . . . , 15 for a two-dimensional Laplace operator plus a potential plus a small
perturbation with a Kronecker product operator.

discretization of the operator

H = −∆x +
1

‖x‖
.

We again approximate this operator with 128 equidistant grid points on the interval
[−1, 1] in each dimension. For the approximation of the potential, we use an exponential
sum with 8 terms [11, 12] for an accuracy of 1.82 · 10−2 measured in the L∞-norm. The
whole discretized operator then can then be written as a sum of 10 Kronecker product
operators. Again, we compute the eigenspace to the lowest 22 eigenvalues exactly. Due to
the perturbation, the exact solution [X0]npm does not have rank 5, but only approximately;
see the singular values of the solution to the two problems in Figure 3 on the right.

The results of this experiment can be seen in the center of Figure 2. Here, the
Riemannian method produces approximately the same energy as the semi-Riemannian
AO, which is lower than the one obtained with the truncated eigenspace method for r < 5.
As seen in Figure 3, even in the presence of the potential, the singular values of the exact
solution drop, allowing for an effective low rank approximation for r ≥ 5. Accordingly,
we find that for r ≥ 5, all three methods produce similar results. We also report on the
development of the residuals of the three methods for the case with an added potential;
see Figure 3 on the right. It can be seen that the residuals shrink with better accuracy
of the solution, and they are therefore a reasonable error estimator. As expected, the
residuals of the iterative methods are lower than for the truncated eigenvalue solver.

The most significant difference between the algorithms occurs when we add a noise
term to the operator. Here, we take the operator of the previous experiment and add
a symmetric Kronecker product operator εAT

1A1 ⊗AT
2A2, where ε is chosen to be 10−1

and the entries of A1 and A2 are normally distributed. The singular values of the full
rank result of this operator decay much slower than before; see Figure 3. Heuristically,
this signifies that it is not well approximable by a low rank matrix. However, as can be
seen on the right of Figure 2, the Riemannian method somewhat alleviates this problem
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Figure 3: Left: Norm of residual for the different methods for p = 22 and r = 1, . . . , 12
for a two-dimensional Laplace operator plus a potential. Right: Singular values of the
exact solution [X0]npm to the Laplace operator and the Laplace operator plus potential
without and with a small perturbation with a Kronecker product operator. Again, p = 22.

and clearly outperforms the truncated eigenspace method. This supports the results
from our experiments with random operators: If the singular values of the exact solution
indicate bad approximability, it can be helped by minimizing the energy rather than the
Frobenius norm. The semi-Riemannian AO proved to be again unstable in this setting.

5.2 Computing excited states

We compare the three methods discussed in section 4 for the approximation of the
eigenstates of a quantum system: block ALS, DMRG, and our alternative Riemannian
strategy. As we found in section 5.1 that the Riemannian method of section 3.2 yields more
stable results for the subproblems than the semi-Riemannian AO method of section 3.1,
we refrain from using the latter here. We discuss the chosen system below and compare the
three methods based on their accuracy for fixed maximal ranks as well as their efficiency
in the context of adaptive ranks. Unlike in the matrix experiments in section 5.1, where
the Riemannian solver was initialized randomly, we now take the truncated eigenspace
solution, i.e. the DMRG subsolution, for its initialization, which we observed to work
better in this problem. Hence, the Riemannian solver acts here as a local improvement of
the truncated eigenspace/DMRG approach for further decreasing the energy. It is then
also easy to implement the rank-increasing strategy from section 4.3 by simply using a
truncation to higher rank.

We use a python implementation for the DMRG as well as the Riemannian optimiza-
tion method of section 3.2 utilizing numpy 1.16.4 and scipy 1.2.2.
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5.2.1 Considered operator and reference energy

As a test case, we present an exactly solvable, real spin chain model on d sites. For this,
define the Pauli operators

S(x) =

(
0 1
1 0

)
, S(z) =

(
1 0
0 −1

)
as well as the notation S(x)

k =
⊗k−1

j=1 I2 ⊗ S(x) ⊗
⊗d

j=k+1 I2 and S(z)
k accordingly. We

then construct the so-called transverse field Ising Hamiltonian

H = −
d−1∑
k=1

S(z)
k S

(z)
k+1 − t

d∑
k=1

S(x)
k , (5.2)

with t ∈ R. This Hamiltonian has four notable properties. First, its eigenvalues can be
efficiently computed by diagonalizing a 2d×2d matrix and some combinatorial arguments
because it maps to a free fermionic model by virtue of the Jordan–Wigner transformation.
Second, the model displays a quantum phase transition at t = 1, rendering the low-
lying eigenstates harder to approximate with growing system size d due to logarithmic
corrections to the area laws of the entanglement entropies; see e.g. [25]. Third, note
that H has a TT operator decomposition with rank 3 independent of d (which can be,
for instance, derived from [34, section 6]), allowing for an efficient implementation of
all methods. Finally, it is a real symmetric operator such that all eigenvectors are real,
allowing us to discuss this example within the scope of this work.

5.2.2 Results for fixed ranks

We set d = 256 and perform 4 sweeps for each method in order to approximate the
p = 4 lowest eigenstates of H for t = 1 and various maximal ranks r of the TT. In the
Riemannian solver, we set the tolerance for the gradient to 10−4 where in the case of
block ALS and DMRG, the lowest eigenstates are computed with scipy, which wraps
into a Lanczos method of ARPACK.

In Figure 4, we report on the left the minimal relative energy error encountered
during each run. For the DMRG, we show both the minimal value encountered before
and after truncation of all subiterations, where it is important to note that the former
corresponds to a TT approximation where one rj usually exceeds r. On the right, we
show the norm of the global residual of the optimization problem (4.1) as well as the
local residual of the optimization problem (4.2) that occurs when the energy is minimal.
Concretely, we show the Frobenius norm of Res(Ψ,H) and Res(Ψ(j,j+1),Hj,j+1), where
the former can be efficiently computed by exploiting the low rank structure of H.

We find that the Riemannian method yields better approximations for the eigenvalues
ofH than the block ALS and DMRG algorithms over the range of tested ranks. In addition,
it usually yields the lowest residuals, as expected. It is noteworthy that the Riemannian
scheme also outperforms the eigenvalues obtained from DMRG before truncation, i.e., a
TT approximation that violates the rank constraint in one component. However, in many
smaller cases that we considered, the energy produced by the Riemannian method was
lower than the one computed by the DMRG, but not before the truncation is performed.
In general, we found only very small gains for the Riemannian scheme over block ALS
or DMRG, and it is notable how well these algorithms perform in practice despite their
flawed nature.
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Figure 4: Left: Minimal relative energy error for the p = 4 lowest eigenvalues of (5.2) for
d = 256 with increasing rank r, obtained with block ALS, DMRG, and the Riemannian
scheme. For the DMRG, we additionally show the minimal value before the truncation
obtained from (4.3), indicated as ‘DMRG min’. Right: Norm of the global residual for
block ALS, DMRG, and the Riemannian method as well as the local residual for the
latter two.

5.2.3 Results for adaptive ranks

Finally, we present experiments on the adaptive rank strategy discussed in section 4.3.
The Hamiltonian is chosen as above, and we approximate the p = 16 lowest eigenstates.
Note here that the tolerances εDMRG chosen for the truncation error in the DMRG
algorithm and εRiemann for the norm of the residual of the subiteration problem (4.2) are
not directly comparable. We therefore choose two different ranges for the tolerances and
report on the corresponding result in joint plots. The results are in Figure 5, where in all
three subplots, the tolerance εRiemann is displayed on top and εDMRG is displayed at the
bottom. Since in each sweep the ranks of the Riemannian method with rank adaption
can grow at most by 1, we perform 20 sweeps for each configuration. The Riemannian
iteration in the subproblem is performed until the norm of the Riemannian gradient is
smaller than 10−2εRiemann. This ensures sufficient accuracy of the solver.

In the left plot of Figure 5, we show the minimal relative energy error encountered in
the corresponding configuration during the 20 sweeps; for the DMRG before and after
truncation, respectively; and for the Riemannian method. For the DMRG, we again show
the error for the energy (4.1) before and after truncation. The middle plot displays the
global and local residual of the DMRG algorithm and the Riemannian method for the
lowest energy.

In the right plot of Figure 5, we indicate as a measure of complexity the number of
parameters of the TT solution with minimal energy, that is,

∑d
j=1 njrjrj+1. However,

the ranks in the DMRG method fluctuate strongly in the course of one sweep, while the
ranks of the Riemannian scheme stay essentially constant once convergence is achieved.
As the algorithms have to pass through points of potentially large ranks in order to
achieve the energy error displayed in the left of the figure, we also plot the minimal and
maximal value of the number of parameters used during the sweep where the minimal
energy was found (indicated as the shaded region in Figure 5 for both methods).
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Figure 5: Left: Minimal relative energy error of the rank adaptive schemes for the
p = 16 lowest eigenvalues of (5.2), d = 128, with respect to the tolerance for the TT
approximation based on DMRG (tolerance indicated at the bottom) and Riemannian
method (tolerance indicated at the top). For the DMRG, the minimal energy value
obtained before the truncation is indicated as ‘DMRG min’. Middle: Norms of the global
and local residuals computed for the subiteration with minimal energy. Right: Summed
number of degrees of freedom of the TT approximation with the lowest energy for the
given tolerance (indicated by the corresponding markers). Additionally, minimal and
maximal values for the used degrees of freedom during the sweep in which the minimal
energy was found are indicated as the shaded region.

We find that for the chosen ranges of tolerances, the relative energy error is comparable
for both methods and decreases monotonically with decreasing tolerance, respectively.
Similarly, the norms of the residuals, global as well as local, are comparable and decrease
with the tolerance. As expected, the number of degrees of freedom increases with
decreasing tolerance. At the configuration with minimal energy, the number of degrees
of freedom is usually significantly smaller for the DMRG as compared to the Riemann
method with similar energy error, but its maximal value encountered during the best
energy sweep lies always above the maximal value encountered with the Riemann method,
meaning that the computational complexity of the DMRG algorithm can be significantly
larger at stages where it has not converged yet.

In conclusion, both methods allow us to preset the accuracy of the computation using
an appropriate tolerance and to adapt the ranks correspondingly. Comparing maximal
ranks, we find that the Riemannian scheme here shows a visible advantage over the
DMRG method. However, this is compensated when typical ranks are considered.

6 Conclusion

We have proposed a Riemannian approach for approximating eigenspaces of symmetric
operators on matrix and tensor spaces subject to low rank constraints. One is a semi-
Riemannian alternating optimization approach, and the other is a nonlinear Riemannian
CG method on a low rank manifold. Compared to the SVD truncation of the eigenspace
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or a block ALS method, which also employs SVD truncation, our methods minimize
the trace energy (2.1) directly subject to the rank constraint. They produce in all
iterations low rank approximations that respect the orthogonality constraint and yield a
monotonically decreasing cost function. They can be used for improving the SVD-based
solutions. This is in particular useful in the DMRG method where our methods can
provide lower energies for the DMRG subproblems.

In the current implementation, the Riemannian methods are slower compared to the
truncated eigenspace or the block ALS method. We expect that a dedicated Riemannian
Jacobi–Davidson method, as in [32], can compete with the default methods also in terms
of computational cost. Another goal could be to incorporate ideas of more complex
but faster iterative eigenvalue solvers, like, for instance, preconditioning and subspace
acceleration as in LOBPCG [22], into the manifold-based methods.
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