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SHORT-TIME EXISTENCE OF THE o-DIRAC-HARMONIC MAP
FLOW AND APPLICATIONS

JURGEN JOST, JINGYONG ZHU

ABSTRACT. In this paper, we discuss the general existence theory of Dirac-harmonic
maps from closed surfaces via the heat flow for a-Dirac-harmonic maps and blow-up
analysis. More precisely, given any initial map along which the Dirac operator has
nontrivial minimal kernel, we first prove the short time existence of the heat flow
for a-Dirac-harmonic maps. The obstacle to the global existence is the singular time
when the kernel of the Dirac operator no longer stays minimal along the flow. In
this case, the kernel may not be continuous even if the map is smooth with respect
to time. To overcome this issue, we use the analyticity of the target manifold to
obtain the density of the maps along which the Dirac operator has minimal kernel in
the homotopy class of the given initial map. Then, when we arrive at the singular
time, this density allows us to pick another map which has lower energy to restart the
flow. Thus, we get a flow which may not be continuous at a set of isolated points.
Furthermore, with the help of small energy regularity and blow-up analysis, we finally
get the existence of nontrivial a-Dirac-harmonic maps (o > 1) from closed surfaces.
Moreover, if the target manifold does not admit any nontrivial harmonic sphere, then
the map part stays in the same homotopy class as the given initial map.

1. INTRODUCTION

Motivated by the supersymmetric nonlinear sigma model from quantum field theory,
see [§], Dirac-harmonic maps from spin Riemann surfaces into Riemannian manifolds
were introduced in [3]. They are generalizations of the classical harmonic maps and
harmonic spinors. From the variational point of view, they are critical points of a
conformal invariant action functional whose Euler-Lagrange equations are a coupled
elliptic system consisting of a second order equation and a Dirac equation.

It turns out that the existence of Dirac-harmonic maps from closed surfaces is a very
difficult problem. Different from the Dirichlet problem, even if there is no bubble, the
nontriviality of the limit is also an issue. Here, a solution is considered trivial if the
spinor part v vanishes identically. So far, there are only a few results about Dirac-
harmonic maps from closed surfaces, see [I] and [21][4] for uncoupled Dirac-harmonic
maps (here uncoupled means that the map part is harmonic; by an observation of Bernd
Ammann and Johannes Wittmann, this is the typical case) based on index theory and
the Riemann-Roch theorem, respectively. In an important contribution [19], Wittmann
investigated the heat flow introduced in [5] and showed the short-time existence of this
flow; for reasons that will become apparent below this is not as easy as for other
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2 JURGEN JOST, JINGYONG ZHU

parabolic systems. The problem has also been approached by linking and Morse-Floer
theory. See [6][7] for one dimension and [12] for the two dimensional case.

In critical point theory, the Palais-Smale condition is a very strong and useful tool. It
fails, however, for many of the basic problems in geometric analysis, and in particular for
the energy functional of harmonic maps from spheres [9]. Therefore, it is not expected
to be true for Dirac-harmonic maps. To overcome this problem for harmonic maps,
Sacks-Uhlenbeck [I7] introduced the notion of a-harmonic maps where the integrand
in the energy functional is raised to a power o > 1. These a-harmonic maps then
satisfy the Palais-Smale condition. However, when we analogously introduce a-Dirac-
harmonic maps, the Palais-Smale condition fails due to the following existence result for
uncoupled a-Dirac-harmonic maps, which directly follows from the proof of Theorem

E1l

Theorem 1.1. For a closed spin surface M and a closed manifold N, consider a
homotopy class [¢] of maps ¢ : M™ — N™ for which [dimy(kerDy)]z, is non-trivial.
Assume that ¢y € [¢| is an a-harmonic map. Then there is a real vector space V' of
real dimension 4 such that all (¢o,), ¥ € V, are a-Dirac-harmonic maps.

To overcome this issue, in [6][7], the authors add an extra nonlinear term to the
action functional of Dirac-geodesics. As for the two dimensional case [12], we even
cannot directly prove the Palais-Smale condition for the action functional of perturbed
Dirac-harmonic maps into non-flat target manifolds. Instead, we are only able to prove
it for perturbed a-Dirac-harmonic maps, and then approximate the a-Dirac-harmonic
map by a sequence of perturbed a-Dirac-harmonic maps. However, in this approach, it
is not easy to control the energies of the perturbed a-Dirac-harmonic maps, which are
constructed by a Min-Max method over increasingly large domains in the configuration
space.

Due to these two problems, in this paper, we would like to use the heat flow method
to get the existence of Dirac-harmonic maps from closed surfaces to general manifolds
where the harmonic map type equation is parabolized and the first order Dirac equation
is carried along as an elliptic side constraint [5]. As already mentioned, the short-time
existence of the heat flow for Dirac-harmonic map was proved by Wittmann [19]. He
constructed the solution to the constraint Dirac equation by the projector of the Dirac
operator along maps. By assuming that the Dirac operator along the initial map has
nontrivial minimal kernel, he showed that the kernel would stay minimal for small time
in the homotopy class of the initial map. This minimality implies a uniform bound for
the resolvents and the Lipschitz continuity of the normalized Dirac kernel along the
flow. This Lipschitz continuity makes the Banach fixed point theorem available. If one
follows this approach, the first issue is how to deal with the kernel jumping problem.
Observe that if the Dirac operators converge at the jumping time, the symmetry of
the spectrum of Dirac operator guarantees that the limiting Dirac operator has odd
dimensional kernel. Therefore, it is natural to try to extend Wittmann’s short time
existence to the odd dimensional case. However, the eigenvalues in this case may split
at time ¢ = 0. Then the projector may not be continuous even if the Dirac operator is
smooth with respect to time along the flow (see [I3]), which means that the Lipschitz



a-DIRAC-HARMONIC MAP FLOW 3

continuity of the kernel is not available in general. To overcome this issue, we need the
density mentioned in the abstract, which gives us a piecewise smooth flow.

As for the convergence, it is sufficient to control the energy of the spinor field because
the energy of the map decreases along the flow. To do so, one can impose a restriction
on the energy of the initial map as in [I0] and get the existence of Dirac-harmonic
maps when the initial map has small energy. Alternatively, we use another type flow,
that is, the heat flow for a-Dirac-harmonic maps (also called a-Dirac-harmonic map
flow in the literatures). Our motivation comes from the successful application of this
flow to the Dirichlet problem [I1]. Different from there, we cannot uniquely solve the
constraint equation. Moreover, our equations of the flow are different. We never write
the constraint equation in the Euclidean space RY. Instead, we just solve it in the target
manifold N. Last, our flow is not unique due to the absent of a boundary. Instead,
only a weak uniqueness is available. Consequently, we need prove the fact that the flow
takes value in the target manifold NV in a different way. Eventually, we shall obtain the
following results on the general existence of Dirac-harmonic maps.

Theorem 1.2. Let M be a closed spin surface and (N, h) a real analytic closed man-
ifold. Suppose there exists a map vy € C*™*(M,N) for some u € (0,1) such that
dimgkerp*’ = 1. Then there exists a nontrivial smooth Dirac-harmonic map (®, W)
satisfying E(®) < E(ug) and ||V||z = 1.

Furthermore, if (N, h) does not admit any nontrivial harmonic sphere, then the map
part ® is in the same homotopy class as ug and (®, V) is coupled if the energy of the
map is strictly bigger than the energy minimizer in the homotopy class [uy).

Remark 1.3. The analyticity of the target manifold is a sufficient condition which is
used to get the density mentioned in the abstract. In fact, it is easy to see from the
proof that we only need the density of the following set

(1.1)

Y = {e € (mg’, +00)|there ezists at least one map u such that
dimgkerP* = 1 and E* (u) = e}

at the ay;-energy minimizer mg' in the homotopy class [ug] for a sequence a; \( 1 as
17— 00.

In [20], Wittmann discussed the density of those maps along which all the Dirac
operators have minimal kernel. In particular, we have the following corollary.

Corollary 1.4. Let M be a closed spin surface and (N, h) a real analytic closed mani-
fold. We also assume that

(1) M is connected, oriented and of positive genus;

(2) N is connected. If N is even-dimensional, then we assume that it is non-
orientable.

Then there exists a nontrivial smooth Dirac-harmonic map.

The rest of paper is organized as follows: In Section 2, we recall some definitions,
notations and lemmas about Dirac-harmonic maps and the kernel of Dirac operator. In
Section 3, under the minimality assumption on the kernel of the Dirac operator along
the initial map, we prove the short time existence, weak uniqueness and regularity
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of the heat flow for a-Dirac-harmonic maps. In Section 4, we prove the existence of
a-Dirac-harmonic maps and Theorem [I.2] In the Appendix, we solve the constraint
equation and prove Lipschitz continuity of the solution with respect to the map.

2. PRELIMINARIES

Let (M, g) be a compact surface with a fixed spin structure. On the spinor bundle
Y M, we denote the Hermitian inner product by (-, -)sp. For any X € I'(T'M) and
¢ € I'(XM), the Clifford multiplication satisfies the following skew-adjointness:

(2.1) (X-&mem = —(6X - n)su

Let V be the Levi-Civita connection on (M, g). There is a connection (also denoted by
V) on XM compatible with (-, -)sps. Choosing a local orthonormal basis {eg}s—12 on
M, the usual Dirac operator is defined as @ := eg - Vg, where 3 = 1,2. Here and in
the sequel, we use the Einstein summation convention. One can find more about spin
geometry in [14].

Let ¢ be a smooth map from M to another compact Riemannian manifold (N, h)
of dimension n > 2. Let ¢*T'N be the pull-back bundle of TN by ¢ and consider the
twisted bundle XM ® ¢*T'N. On this bundle there is a metric (-, -)speern induced
from the metric on M and ¢*T'N. Also, we have a connection V on this twisted bundle

.....

section ¢ of XM ® ¢*T'N is written as
Y =1 @0, (9),
where each )¢ is a usual spinor on M. We also have the following local expression of \Y,
Vi = V' @ i(9) + Ty (9) VO v* @ 8,:(9),

where 'y, are the Christoffel symbols of the Levi-Civita connection of N. The Dirac
operator along the map ¢ is defined as

(2.2) Di=eq Vet =P @ 0yi(¢) + Di(0) Ve (€a - UF) @ 0, (9),

which is self-adjoint [9]. Sometimes, we use Iﬁd) to distinguish the Dirac operators
defined on different maps. In [3], the authors introduced the functional

L(¢,v) := %/M(‘CW‘Z + (U, DY) smeeTN)

(2.3) L
1 OP' Oy . .
— 5 | mi@ G S @ D
They computed the Euler-Lagrange equations of L:
(2.4 7(6) ~ SREL V6 Yhma =0,
(2'5) lp¢z = $¢z + Fj‘k(gb)veagbj(ea : ¢k> =0,

where 7(¢) is the m-th component of the tension field [9] of the map ¢ with respect
to the coordinates on N, V¢! -7 denotes the Clifford multiplication of the vector field



a-DIRAC-HARMONIC MAP FLOW 5

V¢! with the spinor 1/, and Ry stands for the component of the Riemann curvature
tensor of the target manifold N. Denote

1 . ,
R(Q?/f) = 5 ij<wl7 v¢l ’ w]>EMaym-
We can write (2.4) and ({2.5)) in the following global form:

(2.6) { 7(9) = R(, ¥),
(2.7) Dy =0,
and call the solutions (¢, 1) Dirac-harmonic maps from M to N.

With the aim to get a general existence scheme for Dirac-harmonic maps, the follow-
ing heat flow for Dirac-harmonic maps was introduced in [5]:
(2.8) { Owu = 71(u) — R(u,v), on (0,T) x M,
(2.9) D'y =0, on [0,T] x M.
When M has boundary, the short time existence and uniqueness of (12.8)-(2.9) was
also shown in [5]. Furthermore, the existence of a global weak solution to this flow in
dimension two under some boundary-initial constraint was obtained in [10]. In [11], to

remove the restriction on the initial maps, the authors refined an estimate about the
spinor in [5] as follows:

Lemma 2.1. [II] Let M be a compact spin Riemann surface with boundary OM,
N be a compact Riemann manifold. Let w € WY*(M,N) for some o > 1 and
v € WW(M, XM @ u*TN) for 1 < p < 2, then there erists a positive constant
C = C(p, M, N, ||Vul|z2«) such that

(2.10) [ llwrnany < CUDYNoan + 1BY lwi-vmsonr)-

Motivated by this lemma, they considered the a-Dirac-harmonic flow and got the
existence of Dirac-harmonic maps. For a closed manifold M, the situation is much
more complicated because the kernel of the Dirac operator is a linear space. If the
Dirac operator along the initial map has one dimensional kernel, Wittmann proved the
short time existence on M whose dimension is m = 0, 1,2, 4(mod 8).

By [16], we can isometrically embed N into R?. Then ({2.6)-(2.7) is equivalent to
following system:

(2.11) { Agu = 11(du, du) + Re(P(S(du(eg), es - ¥); 1)),
(2.12) P = S(du(ep), e5 - ),

where 11 is the second fundamental form of N in R?, and

(2.13) S(du(eg),eg - 1) := (Vu? - pP) @ 11(0,4,0,5),

(2.14) Re(P(S(du(ep), es - ¥);¥)) := P(S(0.c,0.5); d.a) Re((v™, du® - ).

Here P(&;-) denotes the shape operator, defined by (P(&;X),Y) = (A(X,Y),§) for
X,Y € T(TN) and Re(z) denotes the real part of z € C. Together with the nearest
point projection:

(2.15) m: Ns— N,
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where N5 := {z € R?d(z,N) < 0}, we can rewrite the evolution equation (2.8) as an
equation in RY.

Lemma 2.2. [19][5] A tuple (u,v), whereu : [0,T)x M — N and ¢ € I'(EM @u*TN),
is a solution of (2.8)) if and only if

(216) g’ — Aut = 7o (u)(Vu®, Vu©) — mp(u)nlp (u)rge(@P, Ve - oF)

on (0,T) x M, for A = 1,...,q. Here we denote the A-th component function of
w:[0,T]x M — N CR? byu? : M — R, write m5(z) for the B-th partial derivative of
the A-th component function of  : R? — R? and the global sections " € T'(XM) are

.....

V and (-,-) denote the gradient and the Riemannian metric on M, respectively.

For future reference, we define

(2.17) F(u) := —mpe(u)(Vu?, Vu©),

(2.18) F3!(u, ) == —mg(u)gp(w)rgp(”, Vu© - 97,
Note that for u € C'(M, N) and ¢ € T(XM ® v*TN) we have
(2.19) [ (dup(ea), dup(ea))) = —F{ ()04 i),
(2.20) R(&,9)]p = —F5' (u, )0l utr)

for all p € M, where {e,} is an orthonormal basis of T, M.
Next, for every T' > 0, we denote by X7 the Banach space of bounded maps:

(2.21) Xr = B([0,T]; C*(M,RY)),
(2.22) lullxy = max sup (lu(t,-)lleoqan + [Va(t)loogan)-
=he9 (0,7

For any map v € Xr, the closed ball with center v and radius R in Xt is defined by
(2.23) BE(v) = {u € Xr|||u—v| < R}.

We denote by P"'s = P""s(x) the parallel transport of N along the unique shortest
geodesic from 7(u(z,t)) to w(v(x,s)). We also denote by P*"s the inducing mappings

(2.24) (mou)*T'N — (mowg)*TN,

(2.25) SM @ (row) TN — SM @ (10 v,) TN

and

(2.26) Fer(EM @ (mrow) TN) = T'oi(EM ® (mows)*TN).
Now, let us define

(2.27) A(uy) = sup{Alspec(ID™“)\ {0} € R\ (—=A(uy), A(w))}

and () : [0,27] — C as

(2.28) Yi(x) = Me”.

2
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In general, we also denote by v the curve (z) : [0,27] — C as

(2.29) v(z) = %e”

for some constant A to be determined. Then the orthogonal projection onto ker(ZDmut),
which is the mapping

(2.30) T2(SM @ (7o) TN) = Dr2(SM ® (7 0 u)*TN),

can be written by the resolvent by

]- TOUL

G Tt

TOUL

where R(\, P™°") : T2 — I'j2 is the resolvent of I Ty — e,
Finally, the following density lemma is very useful for us to extend the flow beyond
the singular time.

Lemma 2.3. [20] Let M be a closed spin surface and (N,h) a real analytic closed
manifold. Suppose there exists a map ug € C*T™(M, N) for some pu € (0,1) such that
dimgkerp*’ = 1. Then the kernel of D" is minimal for generic u € [ug], i.e., for a
C>-dense and C'-open subset of [ug).

3. THE HEAT FLOW FOR «&-DIRAC-HARMONIC MAPS

In this section, we will prove the short-time existence of the heat flow for a-Dirac-
harmonic maps. Since we are working on a closed surface M, we cannot uniquely solve
the Dirac equation in the following system:

(3.1) Oyu =
(3.2) D=

The short time existence and its extension are the obstacles. This system (if it con-
verges) leads to a a-Dirac-harmonic map which is a solution of the system

() = (14 dul)") =~ R(u )
Pv=0

and equivalently a critical point of functional

(3.3)

(3.4 ru) =5 [ )+ [ D Dsucer,

where 7 is the tension field.
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3.1. Short time existence. Asin Section 2, we now embed N into R?. Let u : M — N
with u = (u”) and denote the spinor along the map u by ¢ = 14 ® (94 o u), where )4
are spinors over M. For any smooth map n € C5°(M,R?) and any smooth spinor field
€ € C° (XM ® R7), we consider the variation

(3.5) wo=m(u+tn), ¢ =mplu)W® +),
where 7 is the nearest point projection as in Section 2. Then we have

Lemma 3.1. The Euler-Lagrange equations for L are

v2 BV Bv A
Aut = —2(a — 1) pr VAR Vol + o (w)(Vu?, Vu©)
1+ |Vul?
(3.6) A c D E . ,F
4 7TB(U)WBD(U)WEF( P, Vu® - )
a(l + |Vu|?)et
and
(3.7) I = who (W) VP - 4.
Proof. Suppose (u,) is a critical point of L®, then for the variation (3.5 we have
dL”
—<;Ltt’¢t) lt=0 = a/M(l + |Vu?) N Vu?, 75VnP + 15, VunP)
(3.8)

+ / <awA7 ngB + W§0Wg¢BUD>>
M
= I+11I
Then the lemma directly follows from the following computations.

I—a/ (1+ |VulH)*YVu?t, Vi) + /(1~|—|Vu] Y s (Vu®, vu©nt
M

/ (14 |Vul?)* IAun? — ala — 1)/ (1+ |Vu|2)°‘_2(V|Vu|2,VuA>77A
M

V2 uPVubVv. ut
/ (1+ |Vul?)” (AuA+2(a— 1) ﬂw1+|Vu|27 — mpo(u)(Vu? Vuc)>17‘4

»\.
| |

<@¢A_7TBcqu Q/JC A )+ 7T§7TBD w @¢C>

/.
(59?/) —WBCVU +/M7TB7TBD77Z} aTﬂC—WEFVU 7»UF>77A

_I_

I
ST

WgWBDWD 7TEFvu ¢F>77 .
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Lemma implies that (3.1)-(3.3) is equivalent to
V3,uPV5uPV u?
1+ |Vul?

m ( )7T D(u)WEF( )<¢D VUEI/)F>
a(l + |Vul?)et

)
dut = Aut + 2(a — 1) — e (u)(Vu?, Vu©)

(3.9)

(3.10) (D™ =0,

Now, let us state the main result of this subsection.

Theorem 3.2. Let M be a closed surface, and N a closed n-dimensional Riemannian
manifold. Let ug € C***(M,N) for some 0 < p < 1 with dimgker(P™) = 1 and
Yo € ker(ID™) with ||[vol|2 = 1 Then there exists e, = €1 (M, N) > 0 such that, for any
a € (1,14 ¢), the problem (3.1)-(3-3) has a solution (u,v) with

(3.11) {Hwtup -1, vt € [0.7],
uli=0 = o, VP]i=0 = Yo.
satisfying
(3.12) u € OV % [0,T], N)
and
(3.13) Y e CHHEM % [0,T],5M @ uw*TN) N L®([0,T]; C*HH(M)).

for some T > 0.

Proof. Step 1: Solving (3.9)-(3.10]) in RY.
In this step, we want to find a solution u : M x [0,T] - R?and ¢, : M — EM ® (7o

u)*T'N of (3.9)-(3.10) with the initial values (3.11]). We first give a solution to (3.10))

in a neighborhood of ug. For any T" > 0, we can choose ¢, § and R as in the Appendix
such that

(3.14) u(z,t) € Ns
and
(3.15) d¥((mrou)(x,t), (mov)(x,s)) <e< %inj(N)

for all u,v € B := Bk(iy) = {u € X7|||u — tol|x, < R} N{ul=o = uo}, * € M and
t,s € 10,7, Where to(z,t) = up(x) for any ¢t € [0,7]. If R is small enough, then by
Lemma [5.5] we have

(3.16) dimgker(p™") = 1
and there exists A = 1A(ug) such that

(3.17) #{spec(P™) N[\, Al} =
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for any u € B and t € [0,7T], where A(ug) is a constant such that spec([p™) \ {0} C
R\ [=A(ug), Alug)]. Furthermore, for ¢y € ker([p™) with |[¢p]|z2 = 1, Lemma
implies that

3 Tu
(318) V< <

for any u € B}, and t € [0, 7], where Pt = Puotiegh — )% 4 )% with respect to the
decomposition I';> = ker(P™™) @ (ker(P™“))*+ and Ry = Ry(R, €, up) > 0.
Now, for any 7" > 0 and « > 0, we define
VvIi={ve o 2 (M x [0, T))]||v]| oy S v|pxgoy = 0}
Then, there exists kg, := k(R1) > 0 such that
(3.19) up+v € B, Yo e V], Vi < kp,.

Now, we denote kg := kg, and V71 := VRTO.

For every v € VT wug+wv € Bgl, Lemma gives us a solution ¥ (v + ug) to the
constraint equation. Since v + ug € C'*#(M), by LP regularity [I9] and Schauder
estimate [5], we have

(3.20) (v + uo)l|cruary < Cp, M, N, Ko, [[uo|lcr+u(ar))-

For any 0 < t,s < T, we also have

(v + uo)(t) — (v + uo)(s))
™o (v + u)(t))#V(m o (v +uo) (1)) (v + uo)(t)
o (v 4 ) (s))#V(m o (v + uo)(s))#¥ (v + uo)(s)
= —T(m o (v 4 ) (1) #V (m o (v +uo) (£))#(¥"(£) — (v + uo)(s))
—I(m o (v 4 uo) () #(V(m o (v+uo)(t)) = V(mo (v +u)(s))) # (v + uo) ()
— (Lo (v+uo)(t) — I'(mo (v+ug)(s))#V(m o (v+uo)(s))# (v + uo)(s),
that is,

D™ (0 + u0) (£) — ¥ (v + uo)(s))
= —T(m 0 (v + uo) (£))#(V (T 0 (v +up)(t) — V(o (v +1u0)(s)))# (v + uo) (t)
— (D(m o (v +u)(t) — T(m o (v + o) () #V (0 (v + 1) () #eb(v + uo)(s),

where # denotes a multi-linear map with smooth coefficients. For any A € (0, 1), by
the Sobolev embedding, LP-regularity in [19] and Lemma , we have

[ (v + uo)(t) — ¥ (v + uo)(s)llexrary
(3.21) < C(A M, N, ko, [Juollcrany ) (lo(E) — v(s) || ar) + ldo(t) — do(s]| <))
< C(A, M, N, Ko, |[uol|lcrany) |t — s|#/2.
Therefore,

(3.22) (v + wo) |l crzary < Clp, M, N, ko, ||[uollorar)-
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Now, when a — 1 is sufficiently small, for the (v,?¢") above, the standard theory
of linear parabolic systems (see [18]) implies that there exists a unique solution v; €
CHmIr/2(M % [0,T],RY) to the following Dirichlet problem:

( V2 wBV (v + uo) BV, (v + up)t
A A w2 — 1)B B Y
oyw JW + (a ) 1—|—|V(U—|—u0)’2
+ e (v + ) (V(v 4 u0)?, V(v + 1))
(3.23) (TS pm5r) (0 + u0) (VP (v + up), V(v + ug)” - 97 (v + up))
+ 2\a—1 )
a(l+ |V(v+ug)|?)>
V%WUOBVB(U + 1) BV, (v + up)?
14+ V(v +up)l? ’

+ Aguy +2(a — 1)

(3.24) | w(-,0)=0.
satisfying
(3:25)  [orllermimqauxiom < Clt M, N)(Ioslloopomy + lollczsmn + ko).

Since vy (+,0) = 0, we have

(326) ||v1||CO(M><[O,T}) S C’(,u, M, N)T(HUIHCO(MX[O,TD + ||UO||C2+V(M) + lio).
By taking 7" > 0 small enough, we get
(327) ||U1HC’0(M><[O,T}) < C(,LL, M, N)T(”’LLOHC}FV(M) + /<L(]>.

Then the interpolation inequality in [I5] implies that v; € VT for T > 0 sufficiently
small. For such vy, we have (v 4 1) satisfying and (3.22)). Replacing (v, ¢ (v+
up)) in (3:23)-(3-24) by (v1, ¢ (v1 + ug)), then we get vy € VT Iterating this procedure,
we get a solution vg4q of (3.23)-(3.24) with (v, (v + ug)) replacing by (vy, ¥ (vi, + uo)),

which satisfies

(3.28) 14 (Vi1 + wo)llgunrzary < C(p, M, N, Ko, [[uolcrary)-
and
(3:29) [ves1llczenavnrzarxiory < €, M, N)([luol| o2+ (ar) + Fo)-

By passing to a subsequence, we know that v, converges to some u in C*(M x [0,T1])
and Vs converges to some 1) in C°(M x [0,T]). Then it is easy to see that (u,) is

a solution of (3.9))-(3.10]) with wu(-,0) = ug and ¥(+,0) = .
Step 2: u(z,t) takes value in N for any (z,t) € M x [0,T].
Suppose u € C*'(M x [0,T],R?) and ¢p € C**2(M x [0,T],2M @ (7 o u)*TN) N

L>=([0,T); C*#(M)) satisfy (3.9)-(3.10). In the following, we write || - || and (-,-) for
the Euclidean norm and scalar product, respectively. Similarly, we write ||-||, and (-, -),
for the norm and inner product of (M, g), respectively. We define

(3.30) p:R? 5 R
by p(z) = z — w(2) and
(3.31) : M x[0,T] =R
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by p(x,t) = ||p(u(z,t))]|* = Z |pA(u(z,))[%. A direct computation yields

(%_A) ——ZZHV,O ou)(z,1)||
+2<pou —ms(u) F (u))
(3.32) 2 AN B
AT P 0w s W F (1, v)
4(a—1)

TW(P o u, V3, u’Vu®VuP ps(u)),

where F! and F' are defined in (2.17) and (2.18), respectively.
Since powu € TL N and (dm), : R? — Tyo, N, we have

(3.33) (pou, () FF) = (pou,pi(u)Fy) =0.
Together with

4(a—1)
1+ |Vul|?
< Aa = Dlfullczn llp o ull[[V(p o u)|

< 2(a = D)([[ullézane + [V (pow)[[*),

we get (& — A)p(z,t) < Cyp, where C' = C(||ullc2aarxory))- Since ¢(z,t) > 0 and
o(x,0) = 0 for any (x,t) € M x [0,T], we conclude ¢ = 0 on M x [0,7]. We have

shown that u(x,t) € N for all (z,t) € M x [0,T].
Finally, by using the e-regularity (see Lemma [3.7| below), we conclude that

(pou, Vzwucvgucvﬂ,qué(u))
(3.34)

(3.35) u e OV % [0,T],N)
and
(3.36) Y e CHH2(M % [0,T], M @ (m o u)*TN) N L=([0, T]; C*#(M)).

O

Since the equations for a-Dirac-harmonic maps are invariant under multiplying the
spinor by elements of H with unit norm, by uniqueness we always mean uniqueness up
to multiplication of the spinor by such elements. This kind of uniqueness for the Dirac-
harmonic map flow was proved by the Banach fixed point theorem in [19]. However, we
cannot apply the fixed point theorem to the a-Dirac-harmonic map flow. Therefore, it
is interesting to consider the uniqueness of the a-Dirac-harmonic map flow from closed
surfaces. By considering the evolution inequality of ||u; — us|co(ar), We can prove the
following uniqueness which is weaker than that in [19] because when the quaternions
h, are different, we can no longer bound the C°-norm of the difference of the maps.

Theorem 3.3. For any given T' > 0, let (uy, 1) and (uz, 1) be two solutions to (3.1)-
with the constraint [B3.11) and uy,uy € C*HHHR/2(M x [0,T), N). Then there erists
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a time Ty > 0, which depends on R and the O norms of uy and uo, such that
U1, Uy € Bgl and
(3.37) Uiz, t) = () (ua(z,1)), Yoz, t) = ha(t)h(ua(z,t))

for some hy(t), hi(t) € H with unit length, where ¥(u(x,t)) is defined by (5.36]). Fur-
thermore, if hi(t) = ha(t) on [0,T] for some Ty < Ty, then (ui, 1) = (ug,)2) on
M x [O,TQ}

Proof. By the assumptions, we have

(338) ||U,a(',t) — uOHCO(M) — 0, ||Vua(,t) — VUOHCO(M) — 0

Uq

for a = 1,2. Therefore, for small enough T7, uy, us € B? (t10). Since dimg (") =1 for
a = 1,2, there exist h,(t) € H such that

(3.39) Va(,t) = P(ua(z, 1)) ha(t)
for all ¢ € [0, T], where ¥ (u(z,t)) is defined by ([5.36]). Moreover, h,(t) is of unit length
since [|Yall 2y = [|¥(ta) |2 = 1.

Now, let us consider the uniqueness of the flow. First, by subtracting the equations
of u; and us and multiplying by u; — us, we have
1 1
§3t|u1 — UQ‘Q — §A’U1 — UQ‘Z + ]V(ul — Ug)‘2

9 1) V3, ui Vui Vyuy B V2wV b Vous T
1+ |V, |? 14 |[Vul?2 7’
— <II(VU1, Vul) — ].[(VU/Q, VU,Q), Uy — U2>
— (R(¢1, Vuy - ¥1) — R(¢a, Vug - th2), ur — ug).

In the sequel, we will estimate the terms on the right-hand side of the inequality (3.40)).

V2 uiVauiV.u V2 ulV sulVou
2o — >< 5 uiVeuiVour - Vi upVguy 72’u1_u2>

(3.40)

1+ |[Vuy|? 1+ |Vug|?
V2 (uh — ub)Vaui Vo
—9 1 By\H1 2 1V .
(Oé )< 1+|VU1|2 y U1 Uz
+2(a — 1) { V3 ubV aui Vou ( ! - ! )y ur —u
ZAChS 1+|VU1|2 1+|VU2|2 o 2

(3.41)

9 .
+ 2(0& - 1)<W<V7U1 - V,YUQ), uy — UQ>

V2 (ul — ub)VuiVou
B 1 2) VU1 VAUl
<2(a—1)< < T vV ,ul—U2>

+ C(a—1)|V(ug — ug)||ug — usl,
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where we used uy,uy € C*HH#/2(M x [0,T], N). Similar, by the triangle inequality,
we get

’<[[(VU1, Vul) — [[(VUQ, VUQ),Ul — UQH

3.42

(3.42) < Oluy — ug)? + C|V(uy — ug)||uy — us
and

(3az) LV ) = Ry, Ve )~ ua)

S O|U1 — U2|2 + ClV(Ul — ’LL2>||U1 — U2| + Clﬂ)l — 1/12||U1 — U9g|.

Based on these estimates, ([3.40]) becomes

1 1
§8t|u1 — U2|2 — §A|U1 — U2’2

V2 (uh —ul)Vaul Vau
(3.44) §2(a—1)< By 11+|gu,6|’21 Y 1,u1—u2>—w(u1—u2)|2
1

+ Cluy — ug|? + C|V(uy — ug)||ur — ug| + Cly — alluy — us.

Next, we want to bound those terms in the right-hand side of by |u1 — us|? and
|Vuy — Vug|?. Since uy,uy € B (1), there is a unique geodesic between u,(z,t) and
ug(z,t) for any (x,t) € M x[0,T3]. Now, for any (x,t) € P := {x € M x|[0, Ts]|u(x,t) #
ug(z,t)}, we define

(345) US(ZE, t) = eXpul(x,t)(sv(xv t)) = XDy, (z) (SV(I‘, t)/|V(ZL’, t)|)
where s € [0,|V (z,t)|], V(x,t) := exp:“l(m) ug(z,t) and |V (z,t)| denotes the norm of

V(z,t) in the tangent space T, (;.»N. Then we can estimate V*(u; — uz) as follows:

V2, (u — w) (2, t) = Vi upy e (2, 1) — Vi, uo(z,t)
venl g
- /0 %Vmus(x,t)

d (uy(,t), ug(z, 1))

(3.46)

iVQUS
S

< sup
[0,V (,t)[]x P

< Clu(z,t) — ua(z, 1)),

where we used the Lemma 5.1 in the Appendix. Hence, we can rewrite (3.44) as

1 1
§8t|u1 —up|? — §A|U1 — ug]?
V2 (uh — uh)Vui Voyuy
(3.47) < 2(a— 1)< = TV P e u2> — V(g — up))?

+ C|U1 — U2|2 + C|V<U1 — UQ)HUl — UQ| + C|1/11 — ¢2HU1 — UQ|
< Clug — ug)® + Clpr — thol|lur — ua,
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where we used Young’s inequality. It remains to bound |¢ — 9| by |u; — us|. To that

end, we use the Lemma and ((3.39) as follows:

U1 — | = [htp(ur) — hatba(uz)
(3.48) = [¥(u1) — ¥ (u2)]

< fJur — uzl|co(ary,

where we used h; = hy in the second equality.
Last, it is easy to see (u191) = (ug,%2) by considering the following evolution in-
equality

(3.49) Oillur — ual|Zoary < Cllur — ualEoan

with u1(~, O) = UQ(',O).

3.2. Regularity of the flow. In this subsection, we will give some estimates on the
regularity of the flow. Let us start with the following estimate of the energy of the map
part.

Lemma 3.4. Suppose (u, ) is a solution of (3.1)-(3.3)) with the initial values (3.11)).
Then there holds

(3.50) E*(u(t)) + 2 /Ot/Mu + | Vul?)* owul? = E*(u),

where E*(u) == 1 [,,(1+|Vul?)*. Moreover, E*(u(t)) is absolutely continuous on [0, T]

and non-increasing.

Proof. Note that (3.1) can be written as:

(1+ |Vu\2)a_18tu = div((1 + |Vu|2)“_1Vu) — (14 ]Vgu|2)“_1A(du, du)

(3.51) 1
— —Re(P(A(du(ep), e5 - ); ).
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Multiplying the inequality above by d;u and using

0=/t/<w,iww>

// ¢; (O)) + ey - ¢Z®ka8tujduk(e,y))8ym)

= / / R (0™, VuF - ") Opu?

(3.52) / / 3)s S(0yis Oyr))ra — (S(Oym, Oyr ), S(Oyi, Oys ) Yo
(™, Vuk - o) >8 u?

2 / | (S0,m.0,). 80,0, s Re( (™. V- 470
/ | (RePAu(es).cs - v, 0ar),

[ [ aswapytont = [ [ v 19unva).om

(3.53) _ —/Ot/M<(1+|Vgu|2)°‘_1Vu,(9tVu>

1 [td )

which directly gives us the lemma. 0

we get

Consequently, we can also control the spinor part along the heat flow of the a-Dirac-
harmonic map.

Lemma 3.5. Suppose (u, ) is a solution of (3.1)-(3.3) with the initial values (3.11]).
Then for any p € (1,2), there holds

(3'54) |’w('>t)HWl’P(M) <C, Vie [OuT]v
where C' = C(p, M, N, E“(uy)).
Proof. The lemma directly follows from Lemma and the following lemma:

Lemma 3.6. Let M be a closed spin Riemann surface, N be a compact Riemann man-
ifold. Let w € W2*(M,N) for some a > 1 and v € W' (M, XM ® u*TN) for
1 < p <2, then there exists a positive constant C' = C(p, M, N, ||Vu| r2a) such that

(3.55) [llwroany < CUPY I eary + 19 1|eany)-
This lemma follows from applying Lemma[2.1]to 71, where 7 is a cut-off function. [J

To get the convergence of the flow, we also need the following e-regualrity.
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Lemma 3.7. Suppose (u,) is a solution of (3.1)-(3.3) with the initial values (3.11]).
Given wy = (xg,to) € M x (0,T], denote
(356) PR(W()) = BR(I()) X [to — R27t0].

Then there exist three constants €3 = eo(M,N) > 0, €3 = e3(M, N,ug) > 0 and C =
C(p, R, M, N, E*(ug)) > 0 such that if

(3.57) l<a<l4e, and sup FE(u(t); Bor(wp)) < €3,
[to—4R2,to}
then
(3.58) VRl (Prwo)) + BIIV Ul (prgun)) < C
and for any 0 < B < 1,
(3.59) sup |1 (t)||crn (B (w0)) T 1 VUll0s8r2(py 1 w0)) < C(B)-
[to— T2 to]

Moreover, if

(3.60) sup sup  FE(u(t); Bag(wp)) < €3,
M [to—4R2,to]

then
(36]‘) ||u||C2+”’1+”/2(M><[to—%2,to})+||w||C”>”/2(M><[to—%2,to})+ sup ||¢(t)’|cl+M(M) < C.

[to—%27to]
Since M is closed, xg has to be an interior point of M. Therefore, our Lemma is just

a special case of the Lemma 3.4 in [I1]. So we omit the proof here.

4. EXISTENCE OF a-DIRAC-HARMONIC MAPS

In this section, we will prove Theorem by the following theorem on the existence
of a-Dirac-harmonic maps for a > 1.

Theorem 4.1. Let M be a closed spin surface and (N, h) a real analytic closed man-
ifold. Suppose there exists a map uy € C*T™(M,N) for some u € (0,1) such that
dimgker ™ = 1. Then for any o € (1,1 + €), there exists a nontrivial smooth -
Dirac-harmonic map (uq, ) such that the map part u, stays in the same homotopy
class as ug and ||tq ||z = 1.

Proof of Theorem[{.1. Let us denote the energy minimizer by
(4.1) mg = inf{ E*(u)|u € W"*(M, N) N [ug]},

where [ug] denotes the homotopy class of ug. If ug is a minimizing a-harmonic map, it
follows from Lemma that (ug, 1) is an a-Dirac-harmonic map for any ¢y € kerp™.
If E£%(ug) > m§, then Theorem [3.2) gives us a solution

(4.2) u € CPHITHZ (M % [0,T), N)

and

(4.3) e C2A(M x[0,T),SM @ u*TN) N NocserL=([0, s]; CTHH(M)).
to the problem — with the initial values .
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By Lemma |3.4] we know

(4.4) /M(l + | Vul?)* < E*(ug).

Then it is easy to see that, for any 0 < € < €3, there exists a positive constant ro =
ro(€, o, E*(ug)) such that for all (x,t) € M x [0,T), there holds

_1
(4.5) / Va2 < CE(ug)ori ™ < e
Bro(x)

Therefore, by Theorem and Lemma [3.7] we know that the singular time can be
characterized as

(4.6) 7Z ={T € R| th/mT dimgker )" > 1}

and there exists a sequence {t;} T such that

(4.7) (u( 1), (1)) = (u(, T), (-, T)) in C*H(M) x CHH#/2(M)
and

(4.8) [C T2 = 1.

If Z = 0, then, by Theorem [3.2] we can extend the solution (u, ) beyond the time
T by using (u(-,T),%(-,T)) as new initial values. Thus, we have the global existence
of the flow. For the limit behavior as t — oo, Lemma |3.4] implies that there exists a
sequence {t;} — oo such that

(4.9) /M 1Oul?(-, ;) — 0.

Together with Lemma , there is a subsequence, still denoted by {¢;}, and an a-Dirac-
harmonic map (u, ¥) € C°(M, N)xC>®(M,EM®(uy)*T N) such that (u(-,t;), (-, t;))
converges to (U, 1y) in C*(M) x C*(M) and ||ty ]|z = 1.

If Z# 0 and T € Z, let us assume that E%(u(-,T)) > m§ and (u(-,T),¢¥(-,T)) is
not already an a-Dirac-harmonic map. We extend the flow as follows: By Lemma [2.3
there is a map u; € C*"*(M, N) such that

(4.10) m§ < E*(uy) < E*(u(-,T))
and
(4.11) dimgker P = 1.

Thus, picking any 1, € ker)™ with |[¢1]|z2 = 1, we can restart the flow from the new
initial values (uy,11). If there is no singular time along the flow started from (uq,11),
then we get an a-Dirac-harmonic map as in the case of Z = (). Otherwise, we use
again the procedure above to choose (ug, ¥;) as initial values and restart the flow. This
procedure will stop in finitely or infinitely many steps.
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If infinitely many steps are required, then there exist infinitely many flow pieces
{ui(z,t)}ic1, 0o and {T;}i21. o such that

(4.12) Eo‘(ui(t))+20z/0 /M(1+ V)Y Guf2 = B°(w), Vit € (0,T)),

where u;(+,0) = u; € C?*T#(M, N). If the T; are bounded away from zero, then there is
{t;} such that hold for ¢; € (0,7;). Therefore, we have an a-Dirac-harmonic map
as before. If T; — 0, then we look at the limit of E%(u;). If the limit is strictly bigger
than m{, we again choose another map satisfying (4.10) and (4.11)) as a new starting
point. If the limit is exactly m§, then we choose {t;} such that t; € (0,7;) for each i. By
Lemma [3.7] u;(t;) converges in C2(M) x C*(M) to a minimizing a-harmonic map wu,.
If )" has minimal kernel, then for any ¢ € kerD™, (uq,%) is an a-Dirac-harmonic
map as we showed in the beginning of the proof. If )** has non-minimal kernel, we
use the decomposition of the twisted spinor bundle through the Zj-grading G ® id (see
[]). More precisely, for any smooth variation (us)se(—ce) of up, we split the bundle
XM @ u:TN into XM @ uTN = X" M @ u:TN & X~ M ®@u:TN, which is orthogonal
in the complex sense and parallel. Consequently, for any ¢, € ker)™, we have

(4.13) (D™, 0 )2 = (D™ 40y )12 = 0

for 1 = g +1y , where wa—L = 12 Q@uiTN and 1. € X%, Therefore, v := . @uiTN
are smooth variations of 7,/)3:, respectively, such that

d Us |+ +
° — 0.
dt t:()(m s 7ws )L2

(4.14)

By taking ug = u, and ¢y = ¢, € ker)“*, the first variation formula of L® implies
that (uq,®¥F) are a-Dirac-harmonic maps (see Corollary 5.2 in [I]). In particular, we
can choose 1), such that |[¢f ||z =1 or ||[¢, || = 1.

If it stops in finitely many steps, there exists a sequence {¢;} and some 0 < T}, < 400
such that
(4.15) tl%(u(,h),z/;(-,@)) — (Uq, 1) in C*(M) x CH(M),
where (uq,1,) either is an a-Dirac-harmonic map or satisfies E*(u,) = m§. And in
the latter case, u, is a minimizing a-harmonic map. Then we can again get a nontrivial
a-Dirac-harmonic map as above. 0

By Theorem[4.1] for any o > 1 sufficiently close to 1, there exists an a-Dirac-harmonic
map (g, V) With the properties

(4.16) E%(ua) < E%(ug), |[tallz =1
and
(417) ||1/}(X||W1vP(M) S C(pa M7N’ Ea(u()))

for any 1 < p < 2. Then it is natural to consider the limit behavior when o decreases

to 1. Since the blow-up analysis was already well studied in [I1], we can directly prove
Theorem [I.2]
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Proof of Theorem[1.7. By Theorem[4.T] we have a sequence of smooth a-Dirac-harmonic
maps (U, , Yo, ) with (4.16) and (4.17)), where ay N\, 1 as k — oo. Then, by Theorem
2.1 in [11], there is a constant ¢y > 0 and a Dirac-harmonic map

(®, W) € C®(M,N) x C°(M,SM @ ®*TN)

such that

(4.18) (g Yar,) = (@, W) in Cf (M \ S) x Cpi (M \ S),
where

(4.19) § = {x € M|liminf E(ua,; B(v)) %O,Vr > 0}

is a finite set.
Now, taking z¢ € S, there exists a sequence z,, — o, A, — 0 and a nontrivial
Dirac-harmonic map (¢, £) : R?> — N such that

(4.20) (o (Tar + Aay®), Aot ™'/ Ay Yo l“ak + Aam) = (6,€) in CR(R?),
as a« — 1. Choose any p* > 4, by taking p = 2+p , we get

<421) ||¢ak||LP*(M) < C(p 7Ma N7 Eak(u()))

and

(4.22)

« . 2 l_i*
€1l roy = Jim A oyl l14(Ds, nirayy < i, Cllta L an (e )77 = 0.

Thus, £ =0 and ¢ can be extended to a nontrivial smooth harmonic sphere. Since
[¥al|lz2 = 1, the Sobolev embedding implies that |[W[|p2n) = hm1|WaHL2(M) = 1.
o —r

Therefore, (®, V) is nontrivial. Furthermore, if (N,h) does not admit any nontrivial
harmonic sphere, then

(4.23) (U, Vay,) — (@, W) in C*(M) x C'(M).

Therefore, ® is in the same homotopy class as uy. [l

5. APPENDIX

In Section 3, we used some convenient properties of the elements in B%(ig). Those
properties were already discussed in [19]. However, the function space used there is
Bf(vo), where vy(x,t) = [, p(x,y,t)uo(y)dV (y), because the solution there is the
unique fixed point of the following integral representation over B (vo)

(5.1)  Lu(z,t) == vo(z, 1) // (@t — ) (Fu(us) + Fa(un, d(un)))dV (y)dr

where p is the heat kernel of M, F} and F, are defined as in (2.17)) and , respec-
tively. Our proof for the short-time existence is different from there, and the space
B#(ip) is more natural and convenient in our situation. Therefore, we cannot directly
use the statement in [I9]. Although the space is changed, the proofs of those nice prop-
erties are parallel. In fact, one can see from the following that to make the elements
in BL(tg) satisfy nice properties and (5.12)), it is sufficient to choose R small,
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namely, 7" is independent of R. This is the biggest advantage. In the following, we will
give the precise statement of the properties we need in Section 3 and proofs for the
most important lemmas.

For every T > 0, we consider the space Bf(uo) := {u € Xr||ju — tollx, < R} N
{uli=o = up} where ug(x,t) = uo(z) for any ¢t € [0,T]. To get the necessary estimate
for the solution of the constraint equation, we will use the parallel transport along the
unique shortest geodesic between wug(z) and m o uy(x) in N. To do this, we need the
following lemma which tells us that the distances in N can be locally controlled by the
distances in RY.

Lemma 5.1. [19] Let N C R? be a closed embedded submanifold of R? with the induced
Riemannian metric. Denote by A its Weingarten map. Choose C' > 0 such that ||A|| <
C, where

(5.2)  [JA]] == sup{||AX|l| v € TSN, X € T,N, [[v]| =1, [|X|| =1, p e N}.

Then there exists 0 < 6y < % such that for all 0 < 6 < g and for all p,q € N with
lp — qll2 < 0, it holds that

1
N < _
(5.3) A" (p,a) = 75l —dllz,

where we denote the Euclidean norm by || - ||2 in this section.
In the following, we will choose d and R to ensure the existence of the unique shortest

geodesics between the projections of any two elements in B%(ig). By the definition of
B%(ip), we have

(5.4) u(z, t) — to(x,t)|]2 = |[u(z,t) —uo(z)||2 < R
for all (z,t) € M x [0,T]. Then taking any R < §, we get
(5.5) d(u(z,t), N) < ||u(z,t) — up(z)||2 <9

for all (z,t) € M x [0,T]. Therefore, u(x,t) € N;. In particular, 7 owu is N-valued, and
(5.6) [l(mou)(w,t) —uo(x)[l2 < |[(m o u)(x,t) — ulz, D)2 + [[ulz, t) — uo(z)[|2 < 20.
Now, we choose € > 0 with 2¢ < inj(N) and § such that

1
4
where 0y, C' > 0 are as in Lemma From (5.6), we know that for all u,v € B%(u),
it holds that

(5.8) [|[(mowu)(x,t) — (mowv)(z,s)||ls < 40 < dy.
Then Lemma and (5.7 imply that

. 1
d¥((x o w)(z,1), (wov)(w,9)) < T4

(5.7) 5 < min{iéo, (1 — 6,C)}

[(mou)(x,t) — (mowv)(,s)l2
(5.9)

1
< —inj .
< 1_6004(5< €< 2111J(N)



22 JURGEN JOST, JINGYONG ZHU

To summarize, under the choice of constants as follows:

e>0, s.t. 2€e<inj(N),

(5.10) 6>0, s.t.d<min{id, te(1—00C)},
R <,

we have shown that

(5.11) u(z,t) € Ns

and

(5.12) dN((mou)(z,t), (mov)(z,s)) <e< %inj(N)

for all u,v € B:(iy), x € M and t,s € [0, 7).
Using the properties (5.11]) and (5.12)), we can parallelly prove two important esti-
mates as in [19]. One is for the Dirac operators along maps.

Lemma 5.2. Choose ¢, § and R as in (5.10). If € > 0 is small enough, then there
exists C' = C(R) > 0 such that

(13) (P B B (@] < Ol — vz 16|

for any u,v € B}(ug), ¥ €Tecn(EM & (movg)*TN), x € M and t,s € [0,T).

Proof. We write fo:= mowv,, fi := 7ou; and define the C! map F : M x [0,1] — N by
(5.14) F(x,t) == expy,(, )(texpf0 fi(z))

where exp denotes the exponential map of the Riemannian manifold N. Note that
F(-,0) = fo, F(-,1) = f1 and t — F(x,t) is the unique shortest geodesic from fy(z) to
fi(x). We denote by

(5'15) Pt17t2 = Ptth (.CI?) : TF(w,tl)N - TF($¢2)N

the parallel transport in F*TN with respect to VTV (pullback of the Levi-Civita
connection on N) along the curve 7,(t) := (x,t) from ~,(t1) to V. (t2), * € M, t1,t5 €
[0,1]. In particular, Pyq = P, Let ¥ € T'ci(EM @ (fo)*TN). We have

((770,1)_1$f1730,1 — lpfo)l/)
= (o ¥") @ ((Po1) VTN Py 1 — VETN) (b 0 fo))

where ¢ = 1" @ (b; o fo), {b;} is an orthonormal frame of T'N, ¢)* are local C! sections
of XM, and {e,} is an orthonormal frame of TM.
We define local C* sections ©; of F*T'N by

(5.17) O;(x,t) := Po(x)(b; o fo)(x).
For each t € [0, 1] we define the functions Tj;(-,t) := T3(-, t) by

(5.18) (Poe) " ((VETNO,)( ZTaxt )by o fo) ().

(5.16)
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So far, we only know that the T}; are continuous. In the following, we will perform some
formal calculations and justify them afterwards. By a straightforward computation, we
have

1((Po,) ™' VI Poy = VETY)(bi o fo) (@)]]7
= [1(Po) ™" ((Ve, "V 0i)(, 1)) = (Poo) ™ (Ve, " ©:)(x, 0)];

_||Zﬂjx1 )(bj 0 fo)(@ Zwao )(bj 0 fo)(@)][7
_Z Tij(x, 1) — T;;(,0))?

22(/0@

Therefore we want to control the first time-derivative of the 7;;. Equation (5.18)) implies
that these time-derivatives are related to the curvature of F*T'N. More precisely, for
all X € I'(T'M) we have

(5.19)

2
T (z, t)dr) :

DL (o) (VETV6,)(2.1)))

((Posr) ™" (VX TV 0:) (@, + 1))

T dt|,,

(5.20) _4d
dt|,_,

= (730#)71

((Por) ™ (Prse) ™ (VX TV 00 (.t + 1))

4
dt|,_,

= (Po,) " ((VE YO0 (1))

((PMH) ((VF ™o (z,t+ r)))

Now, let us justify the formal calculations (5.19)) and ([5.20). Combining the definition
of ©; as parallel transport and a careful examination of the regularity of F we deduce
that (VETNVETNG,)(z,r) exists. Then (5.20) holds. Together with (5.18)), we know

ot
that the T;; are differentiable in ¢. Therefore (5.19)) also holds. We further get

VF TNVf( TN@ — RF*TN( 8 )@ + VF TNVF*TN@ VF TN@
(5 21) ot at [8t
' ) a
= RF TN(at X)0; = RTN(dF(a ), dF(X))6;,

since V5 TNO,; = 0 by the definition of ©; and [2, X] = 0.
ot
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This implies
Z ( d
— \ dt
j

(5.22) = || (VE™VETN) (. m)lI}
0
= B (dF (a1 (), B (ea) Ol 7)1

< Ci||dF (001711 dF e (€a))] 7,

Te.0) =g (P (T 6w ) I

t=r

where (' only depends on N.
In the following we estimate ||dF(;,)(0;)||n and ||dF (4 (ea))||n. We have

0 - /
(5.23) AF ) (Dl@n) = 57| (X0 (Eexpp) fix)) = (1),

t=r
where c(t) 1= expy, ) (t exp;ol(gc) fi(z)) is a geodesic in N. In particular, ¢ is parallel
along ¢ and thus || ()| = || (0)||n = || exp}ol(x) fi1(@)||n. Therefore, we get

(5:24)  |dFwr (0)ln = [lexpy ) fr(@)lln < @ (fo(@), fi(2)) < Collue — villeogarrs),

where we have used Lemma [5.1] and the Lipschitz continuity of 7. Moreover, there
exists C3(R) > 0 such that ||dF, ) (eq))||n < C3(R) for all (z,7) € M x [0,1].
We have shown

(5.25) > (%

J

2
ﬂj<x,t>) < CL 2Rl — vl Pz

t=r
for all (z,t). Combining this with (5.16)) and (5.19)), we complete the proof. O
The other one is for the parallel transport.

Lemma 5.3. Choose ¢, § and R as in (5.10). If € > 0 is small enough, then there
exists C' = C(€) > 0 such that

(5.26) ||pretoprete prott 7 — Z|| < Clluy — vsllcora |1 2]
for all Z € Ty)N, u,v € Bh(ug), x € M and t,s € [0,T].
Consequently, we also have

Lemma 5.4. Choose ¢, § and R as in (5.10). For u,v € BL(uy), s,t € [0,T], the
operator norm of the isomorphism of Banach spaces

(5.27) P4 Ty (XM @ (movg)"T'N) — Dy (EM @ (mouy)*T'N)
is uniformly bounded, i.e. there exists C'= C(R,p) such that

(5.28) [P | Lo wiey < C

for all u,v € Bk(uy), x € M and t,s € [0,T).
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The proofs of these two lemmas only depend on the existence of the unique shortest
geodesic between any two maps in B%(iy), which was already shown in . There-
fore, we omit the detailed proof here. Besides, by Lemma [5.2] one can immediately
prove the following Lemma by the Min-Max principle as in [19].

Lemma 5.5. Assume that dimgker([)™) = 21 — 1, where | € N and

K — C, ifm=0,1(mod 8),
| H, if m=2,4(mod 8).

Choose €, § and R as in Lemma[5.3 If R is small enough, then

(5.29)

(5.30) dimgker(p™") =1
and there exists A = $A(ug) such that
(5.31) #{spec(DP™" )N [-A A} =1

for anyu € BL(1g) andt € [0,T), where A(ug) is a constant such that spec(Ip*°)\{0} C
RA (=A(uo), Aluo)).

Once we have the minimality of the kernel in Lemma [5.5] we can prove the following
uniform bounds for the resolvents, which are important for the Lipschitz continuity of
the solution to the Dirac equation.

Lemma 5.6. Assume we are in the situation of Lemmal[5.5. We consider the resolvent
ROAD™") T2 = T2 of D™ : T2 — T2, By the LP estimate (see Lemma 2.1
in [19] ), we know the restriction

(5.32) ROD™) : T — Tyis

i1s well-defined and bounded for any 2 < p < oo. If R > 0 is small enough, then there
exists C' = C(p, R) > 0 such that

(5.33) sup ||R(A, ]ﬁmut)HL(Lng,p) <C

N=4
for any u € B} (), t € [0,T).

Now, by the projector of the Dirac operator, we can construct a solution to the
constraint equation whose nontrivialness follows from the following lemma.

Lemma 5.7. In the situation of Lemma for any fived uw € BE(uy) and any ¢ €
ker(1D"°) with ||| 2 = 1, we have

1 -
(5.34) \g < [l <1,

where i = PUotitgy = )% 4 @” with respect to the decomposition T2 = ker(ID

(ker(™"))*

In Section 3, to show the short-time existence of the heat for a-Dirac-harmonic maps,
we need the following Lipschitz estimate.

7T0ut)

D
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Lemma 5.8. Choose ¢ as in , €4S 1N Lemma- and Lemma. R as in Lemma
. and Lemma . For any harmomc spinor 1 € ker(Ip™), we define

(5.35) O(uy) =Pt = —L_ RO\, D™ o (ug)dA

271 .

for any u € BE(uo), where y is defined in the Section 2 with A = $A(uo). In particular,
Y(uy) € ker(P™) C Teo(BM @ (7 0 w)*T'N). We write

()

5.36 ;) = 1) = ———.

(5.36) U(ue) = Y(u(: 1)) D)

Let 9 (u;) be the sections of XM such that

(5.37) W(ug) = v (uy) @ (04 0o uy)
for A=1,--- q. Then there exists C' = C(R,€,1) > 0 such that
(5.38) [P (ue) (@) = (ue) (@) < Cllue = vslleoqar oy
and

(5.39) [ (ue) () — ¢ (vs) (@) < Cllue — vl eo s ra)

for all u,v € BL(uy), A=1,---,q, x € M and s,t € [0,T].
Proof. Using the following resolvent identity for two operators Dy, Do
(5.40) R(\, Dy) — R(\,D3) = R(A\,Dy) o (Dy — D3) o R(X, Ds),

we have

P ) (uy) — (uy)

1 TOoUL —
= ( / R()\, Put,vsw (Putﬂ)s) 1)Put,fus Puo,utd)o
21 -

)

v
]- TOoUL
= —— R()\, PUvs I P“t ”9 (P"t Vs PUOttahy — P9y >
271 .
5.41 1 rous o
oA L <R(/\,P“’f’”5lﬁ (PU)™Y) — R(\ P S))puo»vswo
21 .
1 TOUL
= —— R()\, P““’SID P“t ”S (P“t Vs PUOtta)y — PO Usq)y >
211 .
1 TOUL Ut Ve \ — ) TOUL Wt Ve \ — TOVg
2 (R(A’P““”Sl” (Prete) Tty o (P ot (P — P o
i J,

R()\’ lD’Tl'O'Us )> PU(),’US,IZJO’
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where v is defined in (2.29) with A = %A(uo). Therefore, for p large enough, we get

||Put,vsqﬁ(ut)(aj) — QZ(ut)(x)H < Cl||Put’v31;ut _ '(ZUSHWLP(M)
S CQ /R()\’ Putmslpﬂout(Put,vs)—l) (Put,vspuo,utwo _ Pu07v5w0) H
! Wwhp(M)
+02 /(R(/\, PutsUs Ewout(Put,vs)—l) o (Put,ys lDWOUt(Put’vS)_l . lpwovs) °
5

R()\, ]'DWOUS))PUOWS@DO

WL.p(M)

RO P ) (o prosegy — e, )|
Wp (M)

(5.42) 02/7

s [
v

(R(A, puets P (Pues) Ty o (PUet PR (P ) T — DT o
R()\, lDﬂ'OUs)> Puo,vswo

WLp(M)
< G sup [|[R(A, PU% D™ (P) ) || e waey [ P10 PO ahy — P04y | 1o
Im(v)
+ 03 su(p) ||R()\, Puz,vslpwout (Put,vs)—l)”L(Lp’Wl,p) su(p) ||}%(/\7 lpﬁovs) L(LP,WLP)
Im(y Im(vy

||P’ut,’l}s ]Dﬂout (Putﬂ)s)*l _ lDWOUS

L(WLp, Lp) ||Pu0,vsw0 ||Lp.

Now, we estimate all the terms in the right-hand side of the inequality above. First,
by Lemma and Lemma [5.4], we know that all the resolvents above are uniformly
bounded. Next, by Lemma [5.2, we have

(543) ||Pui’vslpﬂout(Put’vs)_1 — lDﬂ-OUS LWL L) < C’(R)Hut — UsHCO(M,Rq)-
Finally, by Lemma [5.3] we obtain
(5.44) "Put,vsPuO,ut¢0 _ PUO,vstHLP < C(e7 wO)Hut — 'UsHCO(M,]R‘Z)'

Putting these together, we get ((5.38)).
Next, we want to show the following estimate which is very close to ([5.39).

(5.45) 1% (ur) () — 9 (vs) (@) < C(R, €,300) [l — vslleoqur o).
In fact, we have
1% () (x) — 7 (vs) ()]
< [P (ue) (@) = P (vs) (@), mera

< [P (ue) () — ¥ (vs) (@)l|s,areme + [P (ur) (@) — ¥ (ue) () |5, arem
= [P 1) (ug) () = 9 (03) () |20 M&T o oy ¥ [P () () = 0 (ue) (@) |2, prom
< O(R, €, ¥0)llur — villcoarrey + [P (ue) (@) — ¥ (ur) (@) |z, 2r0me.
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It remains to estimate the last term in the inequality above. To that end, let v(r) :=
XD (rous) () (T exp@rlout)(lj) (mouy(x))), r € [0, 1], be the unique shortest geodesic of N from
(mowu)(x) to (mows)(x). Let X € T,y be given and denote by X (r) the unique
parallel vector field along v with X (0) = X. Then we have

(5.46) P“””SX—X:X(I)—X(O):/ e dg:/ [1(y/(r), X () dr-
0 =t 0

Therefore,

(547) [P X = X|lgs < Cy sup [|7(r)]|n sup IX() v = Cully (O v | X v

rel0,1] rel0,1

where /1 is the second fundamental form of N in R? and C only depends on N. Using
(5.9) and the Lipschitz continuity of = we get

(5.48) 17/ (0) |5 < @V ((m 0 ) (), (m 0 v,)(x)) < Collur(w) — vs(2)]]|ra
and
(5.49) [P X — Xllre < Csllug(z) — vs(2)|[|ra | X || -

This implies
(5.50) [P () () = () (@) |z, s < C(R, € %0)||ue(a) — vs(2)]||Ra-

Hence, holds
Now, usmg ) and - we get

D)) P u)@) | Pu)) A (w)@)
R N N I

= [ (ue) (@) — &% (vs) ()

6 () () — ¥ (0 ()| = ’

0 () ()
||w<ut>umrw< i

L )@
EDIEE

. wA(u»@

= o)l 19w, 2
94 (ug) () I

= (||@<ut>||y||1z<us>up i w@s)HLg)C(R’ Wo)l[ue = villeoa g

Then the inequality (5.39) follows from Lemma and (5.45). This completes the
proof.

1 (vs) |2 = Il (ue)ll2 | +

[9:(v) 122 )IILz
1 (vs) |2 = I[Pt () || 2

1P (ur) — (vl 2 + = [l (ur) () — ¥ (v5) ()

(v >||L

O
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