Max-Planck-Institut
fiir Mathematik
in den Naturwissenschaften
Leipzig

Tighter weighted polygamy inequalities
of multipartite entanglement in
arbitrary-dimensional quantum systems

by

Bin Chen, Long-Mei Yang, Shao-Ming Fei, and
Zhi-Xv Wang

Preprint no.: 18 2019







Tighter weighted polygamy inequalities of multipartite entanglement
in arbitrary-dimensional quantum systems

Bin Chen,* ' Long-Mei Yang®  Shao-Ming Fei®  Zhi-Xi Wang"

* School of Mathematical Sciences, Tianjin Normal University, Tianjin 300387, China
5 School of Mathematical Sciences, Capital Normal University, Beijing 100048, China
¥ Maz-Planck-Institute for Mathematics in the Sciences, 04103 Leipzig, Germany

Abstract

We investigate polygamy relations of multipartite entanglement in
arbitrary-dimensional quantum systems. By improving an inequality
and using the Sth (0 < 8 < 1) power of entanglement of assistance,
we provide a new class of weighted polygamy inequalities of multipar-
tite entanglement in arbitrary-dimensional quantum systems. We show
that these new polygamy relations are tighter than the ones given in
[Phys. Rev. A 97, 042332 (2018)].
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1 Introduction

Monogamy of entanglement (MOE) is one of the hot issues in the study of quantum
information theory in recent years. Being an intriguing feature of quantum entanglement,
it is tightly related to many quantum information and communication processing tasks
such as the security proof in quantum cryptographic scheme [1]. Mathematically, MOE

can be characterized by the following inequality:

E(pape) =2 E(paip) + E(pajc), (1)

where papc is a tripartite quantum state with its reduced density matrices pap =
tro(papc) and pac = tre(pasc), E(+) is a bipartite entanglement measure. The first
monogamy inequality was proposed for three-qubit systems by use of tangle as the bi-
partite entanglement measure [2], and later was generalized to the case of multiqubit
quantum systems [3] as well as some cases of higher-dimensional quantum systems using

various bipartite entanglement measures [4, 5, 6, 7].

Besides MOE, polygamy of entanglement (POE) has also attracted much attention,
due to its dually monogamous property in multipartite quantum systems. POE is also

mathematically described by the following inequality:

Eu(pasc) < Ea(pas) + Ea(paic), (2)

where E,(+) is the assisted entanglement [8]. The first polygamy inequality was established
in three-qubit systems by use of tangle of assistance [8]. It was later generalized to
multiqubit systems by using various assisted entanglements [6, 7, 9]. For the case of
arbitrary-dimensional quantum systems, general polygamy inequalities of multipartite

entanglement is also proposed in Ref. [10, 11, 12] by using entanglement of assistance.
In Ref. [8], Gour et al. proposed the first polygamy relation in three-qubit systems.

For a three-qubit pure state |1)) 4pc, the following polygamy inequality holds [8]:

T(|Y) aiBc) < Ta(pag) + Ta(pac), (3)

where 7(|¥) 45¢) is the tangle of the pure state 1)) 4pc under partition A and BC, and
To(pap) = max ) . p;7(|10;) ap) is the tangle of assistance of pap = Tre|¥) apc (1|, with the
maximum taken over all possible pure-state decompositions of pap = >, pi|ti) ap(¢i]. Af-

ter that, inequality (3) was generalized to the case of arbitrary N-qubit quantum systems
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Ta(pA1|A2~~AN) < ZTa(pAlAi>7 (4)

i=2
where pa, a,..4, 1s an N-qubit mixed state, and pa, 4, are reduced density matrices, ¢ =

2,...,n.

For the case of higher-dimensional quantum systems, the von Neumann entropy is
shown to be a good measure to establish polygamy inequalities of multipartite entan-
glement in arbitrary-dimensional systems [10]. For a tripartite pure state |¢)4pc, one
has [10], E([¢)aipc) < Ea(pag) + Ea(pac), where E(|[$)ajpc) = S(pa) = —Trpalnpya is
the von Neumann entropy of entanglement between A and BC, and E,(pag) is the en-
tanglement of assistance (EOA) of pap defined by [14], E,(pap) = max >, p;E(|[¢i) aB),
where the maximization is taken over all possible pure state decompositions of pap =
> i Dili) ap (W] Furthermore, for arbitrary dimensional quantum states pa, 4,..4,, & gen-

eral polygamy inequality of multipartite quantum entanglement was also established [11],
Ea(pajar-a,) <D Ea(paya)- (5)
=2

In Ref. [13], Kim proposed a tight polygamy inequality of multipartite entanglement
in arbitrary-dimensional quantum systems. Using the Sth power of entanglement of as-
sistance for 0 < f < 1, and the Hamming weight of the binary vector related with the
distribution of subsystems, a class of weighted polygamy inequalities of multipartite en-
tanglement in arbitrary-dimensional quantum systems is derived. These inequalities are
shown to be tighter than the previous ones for some class of quantum states. However, we
claim that these results can be further improved by refining an inequality. In this paper,
we provide a new class of weighted polygamy inequalities of multipartite entanglement
in arbitrary-dimensional quantum systems. We show that our new polygamy inequalities

are tighter than the one given in [13].

2 Tighter weighted polygamy inequalities of multi-
partite entanglement

In this section, we establish strengthened weighted polygamy inequalities for multipartite

entanglement. Suppose that j is a non-negative integer with its binary expansion j =
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Z?:_OI 42", where log,j < n and j; € {0,1} for i = 0,1,...,n — 1. The binary vector of
j is defined as j = (jo, j1,- -, jn_1), and the Hamming weight of 7, denoted as wg/(J), is
defined as the number of 1’s in its coordinates [15]. By using the Sth power of EOA and
the Hamming weight of the binary vector related with the distribution of subsystems, the
author in Ref. [13] provided the following weighted polygamy inequality of multipartite

entanglement in arbitrary dimensional quantum systems:

=

s

[Ea(pA1|BoB1'"BN—1)]ﬁ < BwH(J)[Ea(pAIB]‘)]B' (6)

J

I
o

In the following we show that this inequality can be further refined. We first introduce

the Lemma below [16].

Lemma 1 Suppose k is a real number satisfying 0 < k < 1, then for any 0 < z < k, we

have
(1+ k)% -1

o, (7

(I+2) <1+

for0 < g <1.
We have the following Theorem.

Theorem 1 Suppose that0 < 5 < 1. For any (N+1)-partite quantum state pap, B, By, s
if the subsystems By, By, - -+ , Bny_1 satisfy the following condition,

1 1 1
Ea(paipe) 2 7 Ealpaip) 2 13 Ealpaip) 2 -+ 2 oy Balpaipy 1) 20, (8)
where 0 < k < 1, then
N-1 wrr(7)
(14 k)% —17%"
Bulpnnen P < 3 (S0 Baloan ) )

Il
=)

J

Proof. The prove the Theorem by an approach similar to the one in [13]. We denote
E = Ey(pa,BoBi-By_1), EBj = Ealpays,),j = 0,1,---, N — 1, for simplicity. Since it has
been proved that E# < (Zjvz_ol E;)P [11], we only need to show that

N-1 \? N FRERTt)

j=0 =



We first prove the inequality (10) for the case of N = 2", and use the mathematical

induction on n. For n = 1, using Lemma 1, one can easily get

E
(Eo+ E,)° = Ef (1 + —1>

N
1+ k)P =1 (B
< B 1+%(El) (11)
0
(14 k)P —1
=By +—— 53— 8.

Thus the inequality (10) holds when N = 2, i.e., n = 1.

Assume that the inequality (10) holds for N = 2"7!. We now consider the case of

N = 2", From the conditions of the Theorem, we first have the following fact:

2n—1 2n—1 2n—1

EQn—l S ]{? Eo, E2n71+1 S k El, ctt 7E2"—1 S k,’ E2n71,1. (12)

Summing up the above inequalities, we get
Eopn1 + Egn-141 + -+ + Eon 1 < kznil(Eo + B4+ By ) (13)
<k(Eg+Ey+ -+ Ean-1_4).

Again using Lemma 1, we obtain

on—1 on—1_1 B on—1 B
Zj=2”_1 EJ
(ZE> (Z EJ’) (”zi”;”Ej)
2n—1-1 p 2n—1 A
1+ k)P =17 [ 2Dz Ej
- ( 2 Ej) R (z?ﬁl—lE) "

7=0
B

on—1_1 1~|—k5—1 2n—1
(5') e (B

j:2n71

From the induction hypothesis, we have

2n71_1 ﬁ on— 1 -1 (,7)
(1 k:
<§ Ej> < E: { i ] E;. (15)
=0

On the other hand, it is obvious that
B

2n—1 2n—1 wr (7)—1
1+ k)P —1
AESS {%} B (16)

j=2n— 1 j=2n— 1



Hence we have 5
2n—1 2" -1 wir (7)
1+k5—1 "
(Z Ej> < Z { ] E;. (17)
=0
This indicates that the inequality (10) holds for N = 2",

Let N be an arbitrary positive integer. Then there exists n such that 0 < N < 2™,
Consider a (2" 4 1)-partite quantum state ya|yB,--Byn 1 = PABoB1~By_1 @ OBy--Bon_;- AS

just proved above we have that

8 17wn()
Ea(vaipope-pn I < Z [ Hk 1] (Ba(Yai5,))”, (18)

where v4/p; are reduced density matrices of YA|ByBy--Byn 4+ J = 0,1,---,2" — 1. Taking
into account that E,(VaByB--Byn_1) = Fa(paBos,.-By_,) and Equ(yas,) = 0, for j =

N,---,2" — 1, we have
B

E

[Ea (pA|BOBl'“BN—1 )]

n

o(YAIBoBy--Bon_y )
—1

{ L+ k) } " B

N

M

(19)

wr (7)
} Eulpan,)V.

N;[a+z;—1

.

where the last equality holds since y4;3, = pajs,, for j = 0,--- ;N — 1. This completes
the proof. [J

Note that when k = 1, the inequality (9) becomes
N—

[Ea(pAﬂBoBl-“BN 1 ﬁ wH ]) (pAlBj)]B’ (20)
]:O

Since 2° — 1 < B for 0 < 8 < 1, this new inequality is tighter than inequality (6). To be
more intuitive, let us consider the three qubit W state, |W)apc = \%(HOO)HOlO)HOOl)).
One has Ey(pajpe) = S(pa) =10gy3 — 3, Ea(pajp) = Ea(paje) = 5 [17]. Then inequality
(20) yields that \/E,(pap) + (V2 — 1)\/Ea(paic) — /Ealpasc) ~ 0.196 when 8 = 1
while \/Eq(pap) + 37/ Ea(paic) — /Ea(papc) ~ 0.272 from inequality (6), which shows

,_\

that our inequality is tighter than the one in (6).

In Ref. [13], the author derived another weighted polygamy inequality which is tighter
than inequality (6):

=

[Ea(pA1|BoB1“'BN_1>],8 < ﬂj [Ea<pA|Bj)]B’ (21)

J

Il
=)



conditioned that E,(pas,) > Zj\:il E4(pa,), fori=0,1,--- , N — 2. Here we can also
establish a strengthened type of the weighted polygamy inequality given in Theorem 1.

Theorem 2 For any (N + 1)-partite quantum state pap,p,-Byx_, and 0 < 8 < 1, if the

following condition is satisfied

E.(paB;) > % Z Ea.(pas;) (22)

fori=0,1,--- N —2, where 0 < k <1, then

0= o 23

N-—1 j
1+k)P—1
[Ea(pAl\BoBl-“BN_J]ﬁ < [L
0

j=

Proof. We follow the proof by Kim [13]. From inequality (5), it is sufficient to show
that

= 5 _
(Z Eq(pas, ) < Z { Hk 1} [Ea(pais,))’. (24)

We use the mathematical induction on N. It is obvious that inequality (24) holds when

N = 2. Assume that it also holds for any positive integer less than N. Consider the state
25'\12711 Eq (PA|Bj)
Ea(paBy)

N-1 B No1 s
(Z Ea(PABj)> = [Ealpaip))” | 1+ Zj:El (E“(pf;'Bf)>

N-1 g
(1+k)7 -1 (Za’z E“(pABj)) (25)

PAByB - By_,- Since 0 < < k, we have

< [FBalpa )V’ |1+ 05

where the inequality is due to Lemma 1. On the other hand, from the induction hypothesis

we get

N-1 5 iqi-l
(Z Eu(paB, ) < Z { c +k 1} [Ealpas,)]’. (26)

Taking in to account (26) and the last equality of (25), we complete the proof. [J



3 Conclusion

We have studied polygamy relations of multipartite entanglement in arbitrary-dimensional
quantum systems. Inspired by the previous work in [13], we have proposed a new class
of weighted polygamy inequalities for multipartite entanglement in arbitrary-dimensional
quantum systems by using the fth power of entanglement of assistance for 0 < 5 < 1. We
have proved that these new inequalities are tighter than the ones given in [13]. Our results
may shed new light on the research of polygamy constraints of multipartite entanglement

and provide finer characterization of the entanglement distributions.
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