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GLOBAL MINIMIZERS FOR ANISOTROPIC
ATTRACTIVE-REPULSIVE INTERACTIONS

GUNNAR KAIB, KYUNGKEUN KANG AND ANGELA STEVENS

ABSTRACT. We prove existence of global minimizers for a class of attractive-repulsive
interaction potentials that are in general not radially symmetric. The global mini-
mizers have compact support. For potentials including degenerate power-law diffusion
the interaction potential can be unbounded from below. Further, a formal calculation
indicates that for non-symmetric potentials global minimizers may neither be radial
symmetric nor unique.
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1. INTRODUCTION

Energy functionals with attractive-repulsive interaction potentials have received a lot
of attention in the recent years. In most cases, however, the interaction potential is
assumed to be symmetric. To the best of our knowledge there are only few results
available so far for non-symmetric potentials. Examples are [14] and [7]. In this paper
we analyze minimizers for not necessarily symmetric attractive-repulsive potentials and
consider the following energy functional

€

1
(1L1) E(p)=— [ p"(x)dx + —/ W(z —y)p(z)p(y)dzdy , e > 0,m>1,d > 1.
m JRrd 2 R4 JRd

Here p € L™ NP(RY) for € > 0, and p € P(R?) for ¢ = 0, where P(R?) is the set of all
Borel probability measures on R%.
The potential W may be non-symmetric and is not necessarily negative, and there-
fore may contribute to repulsive effects. For symmetric potentials many results on the
existence of minimizers have been obtained.

For € = 0, it was shown in [3] that a minimizer of (1.1) exists if

(H1) W is bounded from below, i.e. W (x) > —C} for a suitable constant C; > 0.
(H2) W € L (R).

(H3) W is symmetric, i.e. W(x) = W (—x) for all z € R%

(H4) lim|go0o W_(2) = W exists, where W_ denotes the negative part of W, and
w.lo.g. Wy = 0. Furthermore, W is unstable, i.e. there exists p € P(R?) such
that £(p) < 0.

(H5) W is lower semicontinuous.

(H6) There exists an Rg > 0 such that W is strictly increasing on R*~1x [Rg, 00) x R4~F
as function of the k—th variable, for all k£ € {1,2,--- ,d}.

3
4

Remark 1. (H6) is needed to obtain compactness of minimizers. (HG6) is weaker than
assuming that there exists an Rg > 0 such that
W(x) > W(y), for all |x| > |y| > Rs.

1
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For ¢ > 0, minimizers of (1.1) are well studied when W is radially symmetric and
purely attractive (see e.g. [11], [10] for details and further related references, [15] for
m = 1 and not necessarily negative W in the periodic setting, and some more recent
results in [6], [4]).

Our main aim in this paper is to prove existence of minimizers for non-symmetric and
not necessarily negative W, and to analyze their characteristics. Thus condition (H3) is
not needed for our considerations, and we have to replace (H6) as indicated in [3, Rem.
2.8] by e.g.
e There exists an Rg > 0 and an 0 < 0, < Ry for every k € {1,...,d} such that

W(x —0) < W(x), for all z € R? with x;, > Ry.

Further W (x + §) < W(z) for all z € R? with x;, < —Rg.

Here § := (0,...,0,6,0,...,0) € R? with the k-th coordinate being dj.
We assume even more generally that

6 ere exists an Rg > 0 and an 0 < 0 < Rg for every k € {1,..., such that

‘H6) Th R d ) Re | k d h th
TW 4+ W)z —6) < 3(W+ W7)(z) for all 2 € R with z, > Rg, where
§:=(0,...,0,0,,0,...,0) € R? with the k-th coordinate being .

Remark 2. An equivalent statement to (H6) would be, that there exists an Rg > 0 and
an 0 < 8, < Rg for every k € {1,...,d} such that (W + W™ )(z +6) < 3(W + W~ )(z)
for all z € R* with z;, < —Rg where § = (0,...,0k,...,0).

Condition (#6) is needed to prove that two separated parts of the support of a minimizer
of £ cannot be arbitrarily far from each other.

For £ > 0, we can relax some of the previous conditions. More precisely, we consider a
not necessarily symmetric potential W which fulfills (H4), (H6) and

(H2) W, € L}, (R?) and W_ € LP>(R?), where p > max {1, 1=},

loc

instead of (H2). Here W, denotes the positive part and W_ the negative part of W.

Remark 3. An example satisfying (H1), (H2), (H4), (H5) and (H6) is

C C
W(z) = al — 26 . 0<B<a0#xz, €RY and constants 0 < Cy < Ch.
2"+ 1 |z -]’ +1
First, we briefly review some known results regarding minimizers of £.
As already mentioned, for ¢ = 0, the existence of a compactly supported minimizer of
(1.1) was proved in [3], assuming (H1)-(H6). See also [16] and further references therein.

The case € > 0:
For d = 3, and m > % it was proved in [1] that a minimizer exists, when (—W) is the
Newtonian potential.
In [13, Prop. IV.1, IV.3 and Rem. IV.8] existence of minimizers was proved for
0 > W € LP*(R?) being radially symmetric, 1 < p < oo, m > ]%, inf E(p) <0

pEL™P
and either m <2 or W(r)d+ W'(r)r > 0 for almost every r > 0.
In [14] existence of minimizers for £(p) with non-symmetric potential W was proved
by showing that every minimizing sequence is relatively compact if and only if strict
subadditivity holds for £(p). This is the case for m < 2, when there exists a p with
negative energy. For m > 2 the result was shown under suitable growth conditions on
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W in [14], Cor. II.1 and Rem. II.5.

In [2], existence of a minimizer was ensured for 0 > W € LP°°(B;(0)) N LY(R?\ B;(0))
being radially symmetric and monotonically decreasing, 1 < p < 0o, 1 < ¢ < 0o, and
either m = 2 and € < ||W/{|L1, or m > 2.

One could consider the critical case m = # too, in case ¢ > C for a suitable
C =C(W) >0, as it was done in [1], [13], and [10]. This is quite technical, since one
roughly has to specify the constant C'. Therefore we do not deal with this case here.

Our main result for possibly non-symmetric potentials W reads as follows:

Theorem 1. (a) € =0:

Let W : RY — RU{oo} satisfy (H1), (H2), (H4), (H5), (H6). Then, there exists a global
minimizer p € P(R?) of € in (1.1). Furthermore, there exists a K = K(W,d) > 0, such
that every minimizer of € has compact support with diameter < K.

(b) € >0 and m > 2:

Let (H2), (H4) and (H6) be satisfied. Then, there exists a global minimizer

p € L™(RY) NP(RY) of E. Furthermore, there exists a constant K = K(W,d) > 0, such
that every minimizer of £ has compact support with diameter < K.

(c) e>0and 1 <m <2

Let (H2) and (Hj) be satisfied. Then, there exists a global minimizer p € L™(R?)NP(R?)
of €. If additionally (H6) is satisfied, then there exists a constant K = K(W,d) > 0,
such that every minimizer of £ has compact support with diameter < K.

Remark 4. (i) Fore >0 and 1 <m < 2, one can show that every global minimizer
has compact support by assuming (H2) and (H4). A uniformly bounded size of

the support is, however, not clear, unless (H6) is assumed (see [3, Rem. 1.6]).
(ii) Suppose that W_ € LP>(RY), W, € LL.(RY), 1 < p < oo, W(z) = 0 as

loc
|z| — oo, (p) <0, and either m > 2 and (H6), or m < 2. Our results

inf &

peEL™NP
do not need radial symmetry as was assumed in [2]. Further, our potential W is
not necessarily negative and may not fulfill all conditions assumed in [14]. We
generalize the results for m > 2 here and recover the cases for m < 2.

(iii) The method of our proof is based on the strategy given in [3], where an attractive-
repulsive energy without a diffusive part is considered. We extend the approach in
[11] where, among others, the method from [3] is used to prove existence of mini-
mazers for € > 0 and W being radially symmetric, bounded and purely attractive.
The ideas in (3| share similarities with the approach in [1], by first reducing the
problem in R? to Bgr(0), the ball with radius R around 0.

(iv) In (H4) it is assumed that W is unstable. For general potentials, this is certainly
not true. We give some conditions for m, € and W such that

inf E(p) <0 (see Lem. 6 and 7).

peL™NP

Our paper is organized as follows. In Section 2, we present the proof of Theorem 1.
Section 3 provides some conditions for unstable potentials. Further, we give a formal
argument for a non-radial minimizer in case of a non-symmetric potential.
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2. PROOF OF THEOREM 1

For convenience define L
f(z) == f(—x) and Pr(R?) := {p € P(R?) : supp p C Bg} for all R > 0.
Case (a) € = 0 in Theorem 1 is the simplest one to prove.

Proof of (a), Theorem 1: First note that a minimizer of the energy £ in (1.1) with
potential W is also a minimizer of the same energy with potential W~ since

L sn@pwis= [ [ wie=powaiade = [ | W= ooy

- /R L W~ (y — x)p(y)p(x) dedy = /R LW p)(y)p(y) dy.

Thus assuming (H6) would not be sufficient. We need to control W~ at infinity, therefore
we assume (H6) instead of (H6). The problem can now be reduced to the symmetric
case via the symmetrized potential %(W + W), and thus (following the same procedure
as in [3]) the case € = 0 is also valid for non-symmetric potentials. This completes the
proof. 0O

Now consider € > 0. For any m > 1 a minimizer p,, of £ satisfies

(2.1) epm 4

N | —

(W +W7) % pm = 2E[pm] — / 6(3 - 1)/)2(3/) dy
Rd m

in supp pm (see e.g. [10], [11]). Since in our situation W + W~ is in general not purely
attractive, we have to modify existing techniques in a subtle way. From now on, we
assume any of the hypotheses (H1)-(H6) and (H2), (H6) only, if this is explicitely
stated. We will prove both cases, (b) and (c), in Theorem 1 via a series of lemmas. The
first step is to show that £ is lower semicontinuous. By modifying the proof in [14, Th.
2.1] (also used in [8, Lem. 3.3] and [9]) for our problem in Bg(0), we obtain

Lemma 2. Let W_ € LP>*(RY) with p > 1 and m > 1%. Then the energy € in (1.1) is
weakly lower semicontinuous in L™ (Bg(0)).

Proof. Obviously, the first term of the energy £ is weakly lower semicontinuous. There-
fore, it is left to prove that

[ [ W —sptwpte) vt < timint [ [ W= g)ony)oue) dyda
Rd JRd n—=e0 JRd JRI
for a sequence (p,)nen € L™(Bgr(0)) converging weakly to some p € L™(Bg(0)).

It is sufficient to consider Wy := W x g (o) for some S > 0, which is large enough, e.g.
S > 2R. Rewriting Wy = Wg — Wg_ with Wg,, Wgs_ > 0, being the positive and
negative part of Wy, it holds that

L, [ Westo=ninnt)dds = [ [ We A = p)pul)on(a) dyds
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for all M > 0. Let us define W2 := (Wg A M)V (—M), then we have due to Holder’s
and Young’s inequality for convolutions that

/ (Ws— = Ws— A (M)]) (2 = y) pu(y) pu () dyda
0))”(WS’_ — [Ws— A (M)]) * ppll r2a

[Ws— = [Ws— A (M)]]| o

< n 2 2q

<llp ||L2q71(BR(O))
g p

< Cl|Ws— — [Weo A (M)] || paaro [{z € R | W_(2) > M}| ™ < CM~ 1,

where ’il < g <p,ie p>1, and § > 0 is sufficiently small such that ¢(1 4 J) <

The last expression is getting arbitrarily small by choosing M > 0 large enough.
Hence, it is sufficient to prove for each fixed M > 0 that

L W= wotomte) vz [ [ Wi = otu)ota)dds

Re JRA
for n — oo in order to obtain weak lower semicontinuity of &.
Since W € L' N L>, we know that by weak convergence

(WE % pp)(x) — (WS % p)(x) almost everywhere in z € Bg(0)
for n — oo and that

1
IW" * pall e < WS

1
pmn <C for —+—=1.
m m

e |

We note that the above integral is uniform, since W&’ is bounded and compactly sup-
ported. By Vitali’s convergence theorem, it follows that W x p, — W3 % p in
L™ (Bg(0)). Thus we obtain

[ [ =@ dvde— [ [ W= oot dudo

’/Rd e Wi (@ = y)on(y) (pn(x) — p(z)) dydx’
+‘/Rd e W' (x = y) (puly) — p(y)) p() dydm‘

< I3 ¢ pu = W3 s ol oplloalen + | [ (oula) = o)) WA p)(0)
— 0 for n — oo. O

Remark 5. Due to our assumptions on p and m, the energy &€ is bounded from below.
This follows from Hélder’s inequality and Young’s inequality for convolutions.

Let pr € Pr(R?) be a global minimizer of (1.1), which exists due to Lemma 2 and
Remark 5. Now we prove that (pg)g>pg is uniformly bounded in L*°, by using uniform
boundedness of (pg)p>p in L™ and

22) e+ (G004 W) n) () = 2€lonl - [ (2 - 1)t dy

m

in supp pr. With assumption (H4), there exists an R’ > 0 such that £[pr/] < 0.
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Lemma 3. Let (H2) and (H4) be satisfied. Let (pr)r>r be a sequence of minimizers
in Br(0) and let R’ > 0 be large enough such that E[pr] < K < 0 for some constant K .
Then, there ezists a constant C > 0 such that ||prl||r~ < C for all R > R'.

Proof. Since (pr)p>r is a minimizing sequence for £ in L™(R?) N P(R?), we have that
llpr||Lm is uniformly bounded, i.e. ||pg|rm < Cn.

Due to W_ € LP»*(R?) and (H4), there exists a constant S > 0 such that
(W_)xBg0) € L"(R?) for 1 < ¢ < p, and W_(z) <1 for € R?\ Bg(0). Therefore, for
g2 > p we can see that

1 1
/ W_|® < / a®d (o) < C/ a2 P da < oo,
R\ B (0) 0 0

where A\y_(a) == |{z| [W_| > a}| < Ca?. Thus (W_)Xra\Bs(0) € L2(RY).
In order to obtain a uniform bound in L*°, we extend some ideas of the proofs in
[1, Prop. 5 and Th. A] to our more general case. Due to (2.2) we have

co ) < = (500 + W) wm) (@) = (2 1) ol

(2.3) .

1
<(-w+w)_ —2(= = 1) llprlzn
< (5004w wpm) () = (2 = 1) il
in supp pr. Now we consider integrability.

l<m<2:
Using W_ € LP>°(R?) gives integrability of the convolution term on the right hand side
of (2.3) and thus integrability of p’»~! for 1 < m < 2. More precisely, ||pr||z: is finite
for 1 <1 < m, since pp € L' N L™. In case p > -, choose q; = —"5, then Young’s
inequality for convolutions yields

I[(W +W7)_IXBs) * prllL < |[(W + W) _Ixss©llLa Rl Lm.
Similarly, since for the Holder conjugate we have ¢ < m for go > p, we obtain that
(2.4) I[(W + W) _Ixra\s(0) * PrllLe < [[(W + W) _]xRa\ By (0) || L02 [ PRI 105 -

In case p < ™=, and for go > =, the estimate (2.4) holds as well.

ml’

Next we estimate [(W + W™)_]xpg) * pr, for m =2 and for 1 <m < 2.

m = 2: There exists a 1 < ¢; < p such that
W + W) xsso) * prlle < ([[W +W7)Ixssollen lpglle,

for 1/ae=1/q; — 1/2. Now consider the iterative formula

(25) W +W7)Ixss) * prllLe: < (W + W) Ixss©llzallprllLei-1,
where ay = 2,
q1
—_ ke N\A{0}.
o= \ {0}

Ak —1



GLOBAL MINIMIZERS FOR ANISOTROPIC ATTRACTIVE-REPULSIVE INTERACTIONS 7

The sequence {ay} is strictly increasing as long as its elements are positive. We stop
the iteration in (2.5), when a1 > ¢1/(¢1 — 1) and then obtain by Young’s convolution
inequality that

(26) MW +W7)xssw) * prllee < [(W+W7)Ixps@)llzallorll o -
1 <m<2andp> —=: We have
I[(W + W) IxBs) * rll =y < MW+ W) IxBs0)l, 1 PRl L,

L (m—1)2 — Lm—T

therefore pr € Lm-1. Define mg = m/(m — 1) and consider the iterative inequality

@.7) W +W7)Ixss@*prlleme < [IW+WT) Ixssoll 1 PRl pon-1m. ., where

Lm—T

(2.8) = ! + 2 k=1,2
. = N m — z, = 1,4,
mi  (m—1)myg_q
Repeat the iteration (2.7)as long as the my, are positive.
Obviously we have mg > 1/(m — 1). Now suppose that my_q > 1/(m — 1). Then

1 1 1
=—————4+m—-2<1+m—-2=(m—1), somy >

me (m — 1)my_4 m—1
Further, my > my_1 as long as m; > 0, due to
1 1— 1
Iel=m) e L o <0.
(m —1)mg_y (m —1)mg_y M1

Therefore, also in this case the sequence {my} is strictly increasing as long as all its
elements are positive. Iterating until m; > m and then stopping, gives

(2.9) W + W) IxBs) * prlle < [W + W) Ixssoll 1 ozl 52

L m—T1 LZ=m "

Therefore, from (2.6)-(2.9) it follows due to (2.3) that ||pg|| Lo (re) is uniformly bounded
for m < 2.

m > 2: Here we only consider the set where pf ' (z) > —¢(2 — 1)C", with
Cr, = ||prllpm, and derive (2.9) via an L*>-estimate and integrability of the convolution
term. We have pr € L. If the above set is empty, pg is bounded. Further

(W + W) prllr
< (W + W) s * prller + 110V + W) Jxgamsio # o5l
Using Young’s inequality for convolutions, it follows that

W+ W) Ixss * prller < IIW +W7) xssllen Rl e

v

~1
Withq1<pandr:<%—(1—i>> = —0m _ form < L.

q a—(q1—1)m’ q
q1

For m = o we take r = co. Analogously,

W + W) _Ixra\Bs(0) * PrllLr < [[(W 4+ W) Jxra\Bs(0) | 22 || pR| L
with ¢ > p,

q2
r= for m < , and r = oo for m = .
@ — (@ —1)m @ —1 7 —1
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Since ||PR||Lm < O, we have ||[(W +W7)_ * pr||prrey < O, for any r with
p<r<oo ( Tm and m < p . This is due to the following. Since ¢; < p < q2, we have

Q1m < pm < gam
g—(@—-1)m p—@p-1m qg—(—1)m

We also observe that
I[(W +W7)-IxBs) * prllLa < [[[W +W7)_Ixps)llLallprllr < oo,
and thus [((W 4+ W™)_]xBg(0) * pr € L* N L=t Similarly,
W + W) Ixza\Bs(0) * prllLe < W+ W) Ixen\ps(llLellorll o < oo,

and so [(W 4+ W™)_]xgra\Bg(0) * pr € L® N [ (o=
Thus, [(W +W™)_] * pr € L"(RY) with the following range of r:

qrm qam } _ Qm
a—(@—m @—(@—1)m) q—(a—-1m
Since ¢; and ¢y are arbitrary with ¢; < p < g9, we get p < r < = (pml)m
If m > -£, then we already have [|[(W+W™)_xpp|pome) < Cs, and thus |[prl| oo (ra) is

unlformly bounded, due to the following. Take 1 < ¢; < p, so that m = ¢;/(¢1 —1). This
is always possible since ¢;/(q1 — 1) > p/(p — 1). We then have via Young’s inequality.

W + W) IxBs) * prlle < W+ W) Ixsgollpalprl om.

Next, we choose my with 1 < my < p/(p —1). We note that pp € L™ (R?), since
m > p . Taking go > p so that my = g2/(q2 — 1), we have

H (W + W) Ixznss) * prllee < W+ W) Ixenss o) ol orllLme
Therefore due to (2.3) we obtain uniform boundedness of pg.

Consider the case ’%1 < m < 27 There exists § > 0 such that m = 7%1 + ¢ and,
since pgr € L'(R?) and gpf ' < —%(W + W)« pr —e(2 — 1)||pg||Tm, we have that
| P&l Ls(ray is uniformly bounded for s = (m — 1)r and
pm/ (p —(p— 1)1%1) =mp? <r< pm/(p — (p—1)m). This can be seen as follows.
Using the previous range of r, i.e. p <r < z%’
(p+1)/p<m < p/(p—1), we replace m in the denominator by (p + 1)/p, and then
obtain

¢ = max{q1, 2} <r < min{

in case that

m m
p < P =mp?<r< b

We can estimate

| | p+1 p+1
R— _— 2 — — — —
(m—1)r > (m—1)mp ><p—|—(5><1+p+(5>p> p +(2+p)o > p + 26.

Hence, pg is uniformly bounded in L™(R%) where m = p +24. Thus pg is uniformly

bounded in L*(R%) where 5§ = (m — 1)7 and 7 = p_(p"fl)m. In case m > E5, then,
as computed earlier, we have ||[(W + W™)_ x pRHLoo(]Rd) < 00. Therefore ||pgl| Lo ray

is uniformly bounded due to (2.3). In case m < 55, we repeat the above calculations
obtain that pg is uniformly bounded in L (R%) Wlth m= ’%1—#35 . With a bootstrapping
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argument via (2.3), we obtain, after k > 1/(dp(p—1)) iterations, that pr € L'(R?), where
[ = 7%1 + k6 > p%l. This implies that pg is bounded.
U

Now, we prove that the mass cannot become too broadly distributed. This result is
analogous to [3, Lemma 2.6], but in our case the potential W is not necessarily bounded
from below.

Lemma 4. Let (H2) and (H4) be satisfied. Let R’ be as introduced in Lemma 3. Then
there exist constants r = r(W) and ¢ = ¢(W) such that for all R > R' global minimizers

pr of (1.1) satisfy

/ pr(x)dz > c>0  for all zo € supp pgr.
By (zo)

Proof. Since W_ € LP*(R?) with p > max {1, 1<}, we have
MP|{zeR: W_(x) > M}| < C forall M > 0.
Define Sy := {x € R? : W_(z) > M} and S%, := R?\ Sy, then |Sy| < CM 7. Rewrite

(W pr)(z0) = | W(y)pr(zo —y) dy + /sc W(y)pr(zo —y) dy.

Sm

For every p > 0 there exists a sufficiently large M > 0, such that for some ¢ < p we
have

g=1
[ W ontea — 1) da] < Ionlle IV g 1S < Con
M

since pg is uniformly bounded in L*> and [Sy| < CM~P. For each A < 0 there exists
an r > 0 such that W_(z) < —A for all || > r, due to (H4). Therefore

W(y)pr(zo —y)dy = / W (y)pr(zo — v) dy + / W(y)pr(zo —y) dy
Sk $8,1B.(0) S8 \B(0)
> -M pr(zo —y) dy + A/ pr(zo —y) dy
s%,nB,(0) S8 \B.(0)
= -M pr(y)dy + A — A/ pr(zo —y) dy
S8, By (x0) RA{S%\B(0)}

> —(M+A)/ pr(y) dy + A.

BT(Z'O)

Summing up, we obtain

26(m) - [ 2 (2= 1) i) dy ~ o)
= M*PR(wo) > —(M+A)/ pr(y) dy + A—Cp.
2 By (o)

Since £(pr) < K < 0, this implies

(M+A)/

Br(z0) m

pR(y)dyZA—Cu—2K+/

R4

. (3 - 1) PR (y) dy + e (o).
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Testing both sides with pg(z¢)dzg, we obtain

(M+A)/

By (zo)

pR(y)dyZA—Cu—2K+/

Rd

2
: (— - 1) g dy+e [ o) dn
m Rd

2
:A—Cu—ﬂ(—l——g/ pPr(y)dy > A—Cu—2K.
m Jgrd
Thus A_¢o o
R //L J—
pr(y)dy > ——————— =c>0,
/BT(IEO) M + A
since |A| can be chosen small compared to K and p is very small. O

Next, we prove that there exists a uniform bound for the distance between two arbi-
trary disconnected subsets of the support of the minimizers in Bg(0). For 1 < m < 2, we
use the strategy in the proof of [16, Th. 3.2]. We do not need any growth assumption
on W. For m > 2, we use the strategy in [3, Lem. 2.7]. Here we need the growth
assumption (H6).

For 1 < m < 2, we consider one of the disconnected parts, rescale its mass to one,
and prove that its respective energy is smaller than the minimizing one. In this case
the diffusive part of the energy does not grow faster than the interaction part when
considering ap, a > 1 instead of p in &£.

For m > 2, this is not the case, and we need a growth condition for W in order to move
the disconnected parts of the support together. It would be interesting to see, whether
there is another method of proof, which could do without a growth condition like (H6).

Lemma 5. Let (H2), (H4) hold, and pr be a minimizer of £ in L™(RY) N Pr(RY).

1
(i) Let 1 <m <2 and R > 0 large enough such that E[pr| < 5 e}_Jnfm)é'(p). If
p m

PR = Pr1+PR2 With SUpp pr1, supp pra # 0, then there exists a constant D > 0
such that dist(supp pr.1,supp pr2) < D for all R > 0 and for all possible choices
of pr1 and pro.

(ii) Let m > 2 and let additionally (H6) hold. Then, for all R > 0 each coordinate
of the support of pr cannot have gaps larger than 2Rg, where Rg is the constant
in (H6).

Proof. 1 <m < 2:

Suppose there exists a splitting such that dist(supp pr.1,supp pr2) > D for some R > 0.
Define |pp;| := [ga pr,i(x)dx for i € {1,2}. Due to Lemma 4, for D > 0 large enough
we have m < |pg|, [pr2| < 1—m for some 0 < m < 5. In order to rule out dichotomy,
as in the proof of [16, Th. 3.2], we choose D > 0 such that

m

8(1—m)
This is possible due to (H4). Since supp pgr.1 Nsupp pr2 = 0 it holds that

W_ <

inf g(p)( for all |z| > D.

peL™NP

Elpr] = Elpra] + Elpre2) — | inf £].

m
3(1—m)
Elpr,] < Elprol _ Elpr,]
lpral = lpr2l 1 —|pral

Now we assume w.l.o.g. that
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. Elpr.2] 1 < L. >
Since ’ < E + =|inf&| - & ,
L—lpril = 1—I|pral 3] | Elora

we have
1 1 1 1
+ & S—(S +—inf$) . Thus
<|PR,1\ I |pR,1|> Pr 1 —|pra| lpr] 8| |
1 1 1 1 1 1 1
@S[pg,l] < &[pr] + §| inf £| < 5mfg + §| inf £| < 5infg — ginff; < Zinfg.
Since 1 < m < 2, we obtain a contradiction, because pgr is a minimizer and
PR.1 1 1 —|prl m .
220 R R L E e 1) P TR PP
12: 3 ol PR |2 PRl ) 8(1 — m)’ |
1 ( 1 PR :
I ——1>5[pR,1]+—’|1nf€|
PRl N PRl 8(1 = |pral)
< ( ! 1)(1'f8+1|'f8|><0
—_— = —in —|in ,
~ \|pry 4 8

where we used in the last inequality that [pr | < 1 and inf £ < 0. And also for m > 2 we
assume, as in [3, Lem. 2.7], that the claim is not true. Consider Hz C R and Hy, C R?
with gap in k-direction of at least Rg. Hereby, Hi denotes the “right side”, and H the
“left side”, respectively. Assume that the support of some minimizer is split into two
parts such that we can write p = p|u, + plu,. Use 6 from (H6) to move p|p, towards
plm,, i.e. consider ps(z) = ps|u, () + ps|uy(z), where

p(slHL('r):p|HL<x>7 P6|HR($)ZP|HR($+5)7 5:(0775k770>

Direct computations show that
€
Elpri+ PRr—8] — —/ ps'
m Jgrd
1 1
= 3 / Wz = y)pu, (y)pu, (z) dydz + - / Wz = y)pup(y + 6)puy (v + 0) dydz
2 R4 JRA 2 R4 JRd

1 1
+ = / Wiz —y)pm, (y)prg(x + 0) dyds + 5 / Wz —y)puy(y + ) pu, (x) dydx
Rd JRd R4 JRE

2
1 1

= 2 / W(x —y)pu, (y)pu, (z) dydr + - / Wz —y)puy(y)pmy, (v) dydx
2 R4 JRA 2 R2 JRE
1 1

+ = / W(z —y—0)pu, (y)pus(x) dydz + = / W(x —y+0)pu,(y)pu, (x) dydzx

2 Rd Rd 2 Rd Rd
1 1

= 2 / W(x —y)pu, (y)pu, (z) dydr + ~ / Wz —y)puy(y)pmy (v) dydx
2 Rd JRd 2 R4 JRA

1
5 [ [ Wy =)+ Wty S, (o (o) dyd
R4 JRR4

€
< £ - — I
[oR] m/deR
since v € Hp and y € Hy, ie. x, —yp > Rs. Due to ||psll;m = ||prllm, We obtain

Elps| < E[pr]. Thus we have a contradiction, since pg is a minimizer. O
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The above computations also work for the case ¢ = 0, which is a part of the proof for
Theorem 1 (a). There details were omitted.

Proof of (b) and (c) in Theorem 1 Using Lemma 4 and 5 we conclude that there
exists a constant S > 0 such that the global minimizers pr in L™ NP are identical for
all R > S, and thus a minimizer belongs to L™ NP (see [3, Lem. 2.10] or [11, Lem. 16]).
Hence, there exists a global minimizer of £ in L™ N P which is compactly supported.
Since the support of pr is independent of R we can use the analogous result for p in
Lemma 4 to conclude that every global minimizer of £ in L™ NP with negative energy
has compact support (compare [3, Cor. 1.5]). This completes the proof. 0

3. CONDITIONS FOR UNSTABLE POTENTIALS

Now we provide some conditions for (H4) to be satisfied, i.e. there exists
p € L™(RY) NP(R?Y) with E[p] < 0. For m > 2 we extend the approach in [2, Lem. 1].

Lemma 6. Let W_ € LP>(R?), W, € L*(RY) and [u, W (z)dx < 0. Suppose either
m>2ande >0, orm=2and 0 <e < — fRd W (z)dx. Then, there exists a function
p € L™(RY) NP(RY) with E[p] < 0.

Proof. Let p € L™(R%) NP(RY), then py(x) := Mp(A\z) is also an admissible function
for A > 0. It holds that

_ \d( \(md—2d) & || m l—d rT—Y
elpa) = M (A Z i+ o3 [ w () olwplo) ).

Splitting up the second term into its positive and negative part, we consider

A /Rd /Rd W+<x 5 y)ﬁ(y)p(w) dydz — ™ /Rd /Rd W (z 5 y)ﬂ(y)p@) dydz,

with W =W, —W_ and W_, W, > 0. Then

— T — y
A d/ / W+< ) )p(y)p(x) dydz < [|[Wy | 1|lpll72 , and
Rd JRd

A /Rd /Rd W—<$ 5 y)ﬂ(y)p(w) dydz

<t [ W () e e = o)) dyd
[ W (5 X e = o) (o) = pta)) ) dyda

- Y
=~ IWxollolts =3 [ [ W () s l) (oo = o) = p(o)pla) dyda
R4 JR4
= Ay + As.

Here the first equality follows from Fubini and since p does not depend on y.
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Following the strategy in the proof of [12, Th. 2.16], and using Holder’s inequality
and a change of variables, we obtain

1

Ax < ol 3 [ (W (3 xmao (ublota =) = pta)| dy) o]
- xsoll [ W-wmash [ (o) = e = 2)* dry]
< ol :HWfXBR(O)HLl /Rd W(y)XBRm)(\yI)(/Rd (p(x) = plz = Xy)) pla) dudy

< el

1

= [ (0lo) = plo -+ ) ole) )

Hence, by dominated convergence, this term converges to zero for A — 0. Therefore, for
every ¢ > 0 there exists 1 >> A > 0 such that for large R > 0 we have

md—2d € m 1 1
Elpal < N (X2 = pll + SIWellallollEz = S IW-Xawo 12 ol + )

md—2d € m 1
<N ol + 5 [ Vo)) dalolfs +25)

Remark 6. For m =2 and W_ ¢ LY(R?), the potential W is unstable for all ¢ > 0.

Lemma 7. Let 1 <m < 2, p > 1, and W_ € LP®(R%), W, € Lw1(RY). Let q < p.
If m > % and W_(z) > C’|x|_§ for all |x| > R > 0, then there exists a function
p € L™(RY) NP(RY) with E[p] < 0 for all € > 0.

Proof. As in the proof of Lemma 6, consider the rescaled function p, and split up W

into its positive and negative part. Denoting W, \(z) = Wy (z/\) and using Holder’s
inequality, we obtain

/Rd R W (x ; y)ﬂ(wﬂm”(x)p?*m(x) dydz

1 2—
< HWJr*p“Lﬁ || " HLm T H M||L2 m
<o =l o Dol U™ < Wl o, ol
S APVUWL 1 ol

Here we used Young’s inequality and a change of variables in the last inequality. More-
over, for A < 1 it holds that

/R d Rdw_ (259 pla)pla) dye

/w_

R4 JRA
e / / 1~y xmamyo) (7 — y)p()p(e) dyde,
R4 JRA

Rd\m(m(lm —y)p(y)p(z) dydx

IN
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Therefore, we have

m— € m 1 m 4 =~
Elpal < AVl + SIWll, o, el ) = A7 Clp, Rog).

For A > 0 sufficiently small this gives our statement, since (m — 1)d > g and choosing p

not only being concentrated in Br(0). This completes the proof. U

Appendix:

Generally it is an open question, whether or not global minimizers are radial, even
for radial symmetric potentials. Some specific cases for existence and non-existence of
radial minimizers for radial symmetric potentials are given in [8], [5], and [6]. We expect
that global minimizers are not radial for non-symmetric potentials W with non-radially
symmetric, symmetrized potential %(W + W), in two and higher dimensions, but do
not have a rigorous proof yet. Below, we give a formal example in the limiting case
where the potential is non-symmetric and the interaction is local, i.e. a dirac delta.

Let e; = (1,0,---,0) € R% d > 2. Consider

(3.1) £p) =5 / W eddote)dpty)

where W (x) = —dy. First note that for

&olp) = %/Rd g Wz —y)dp(x)dp(y),

and with W (z) = —dy, the minimizer is the dirac mass at the origin (up to translation),
i.e. Pmin = 50 and So(pmin) = —1.

On the other hand, for the above given asymmetric potential £, we look for minimizers
that are compactly supported. It turns out that the minimizers are

1 1
(3.2) Pmin = Q0_e, + 5(50 + (5 — a) ey s

where a € [0,1/2] (up to translation), and £(pmin) = —1/8. Thus minimizers are neither
radially symmetric nor unique.
Indeed, if compactly supported, minimizers must be of the form

k k
Pmin = ij§z0+jel ) ij =1, 0<m<l.
j=1 =1

Therefore, we have the following minimizing problem

k—1 k
g<pmin) = — ijmj+1 , ij =1 , 0< m; <1
j=1 j=1

This can be reformulated as a maximizing problem in the following way:

k—1 k
maximize E m;mjipr E m; =1, , 0<m<L
=1 j=1

Due to the method of Lagrange multiplers, there exists a constant A such that

)\(1, 1, cee ,1> = <m2, (m1 +m3), (m2 +m4), cee ,(mk,g +mk),mk,1>.
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If £ > 4, then my = X\ = my + my, therefore my = 0, which contradicts our hypothesis
that m; > 0. Therefore, £ < 3. The case k = 2 implies

1
(3.3) M1, 1) = (mg,my) = my =mg= 3"
This is a special case of (3.2). For k = 3, we obtain
1 1
(3.4) ML, 1,1) = (mg, my +m3, my) = mg= 3 M +mg = 3

From (3.3) and (3.4), we obtain (3.2).
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