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ABSTRACT. In this paper we develop a functorial language of probabilis-
tic mappings and apply it to some basic problems in Bayesian nonpara-
metrics. First we extend and unify the Kleisli category of probabilistic
mappings proposed by Lawvere and Giry with the category of statistical
models proposed by Chentsov and Morse-Sacksteder. Then we introduce
the notion of a Bayesian statistical model that formalizes the notion of
a parameter space with a given prior distribution in Bayesian statistics.
We give a formula for posterior distributions, assuming that the under-
lying parameter space of a Bayesian statistical model is a Souslin space
and the sample space of the Bayesian statistical model is a subset in a
complete connected finite dimensional Riemannian manifold. Then we
give a new proof of the existence of Dirichlet measures over any measur-
able space using a functorial property of the Dirichlet map constructed
by Sethuraman.
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1. INTRODUCTION

In Bayesian statistics, we start with a formulation of a model that we

hope is adequate to describe the situation of interest. Unlike in the classical
statistics, where the parameters are deterministic and can be estimated from
the data, the parameters in Bayesian statistics are random variables on the
parameter space. Due to experience, we then formulate a prior distribution
for these parameters of the model, which is meant to capture our beliefs
about the situation before seeing the data. After observing some data we
apply Bayes’ formula to obtain the posterior distribution for these param-
eters. From this posterior distribution we compute predictive distributions
for future observations. In particular, this posterior can then be used as a
new prior before seeing the next data.
While Bayesian parametric statistics, i.e., when the statistical model is finite
dimensional, is very well established, the Bayesian nonparametric statistics,
i.e., when the statistical model is infinite dimensional, became a serious
methodology only after the introduction of the Dirichlet process by Fergu-
son in 1973 [Ferguson1973]. In this paper, Ferguson stated that the most
difficulty in Bayesian nonparameretrics is to choose a good prior in the sense
that the support of the prior should be large and the posterior should be
manageable analytically. In fact, the prior is the theoretically most subtle
part of Bayesian nonparametric statistics. Formally, the prior is a proba-
bility distribution on a family of probability distributions, and to handle
that formally, functional analytic concepts and methods are needed. The
class of most known priors in Bayesian nonparametrics are Dirichlet pro-
cesses/measures which are also introduced in [Ferguson1973]. By using our
setting, we also show in Theorem [4.6]the existence of Dirichlet measures over
any measurable space (also see [Sethuraman1994] for another approach).

Another important problem in Bayesian nonparametrics is if the Bayes’
formula is still true? In [Schervish1997, Theorem 1.31, p. 16|, Schervish
gave out the Bayes’ formula for parametric case and claimed in the footnote
that the result works also for nonparametric case. However, in his result and
most of similar results later (see, e.g., [OT2011]), one needs to impose the
assumption of a dominated measure on Bayesian parameter models which is
not available in many models of Bayesian nonparametrics. In fact, the fam-
ily of posterior distributions of a Dirichlet process on R is not dominated,
see e.g., [Orbanz2008, Remark 60], in particular the family P(R) of all prob-
ability measures on R is not dominated, see also [HS1949] for a necessary
condition for a family of distributions to be a dominated measure family.
To overcome this problem, by using the functorial language of probabilistic
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mappings, we derive a new Bayes’ formula, relaxing the condition of a dom-
inated measure model. The only assumption we pose in our new formula
is that the underlying parameter space of a Bayesian statistical model is a
Souslin space and the underlying sample space X is a subset of a finite di-
mensional complete Riemannian manifold (M™, g) with the induced distance
generated by g on M™. Recall that a Souslin space is a Hausdorff space ad-
mitting a surjective continuous mapping from a complete metrizable space.
In particular, every Polish space (a complete separable metrizable space) is
a Souslin space, and more general, every standard Borel space (a measur-
able space admitting a bijective, bimeasurable correspondence with a Borel
subset of a Polish space) is a Souslin space [Bogachev2007, Corolary 6.6.7,
p. 22, vol.2], see [Bogachev2007), §6.6, vol. 2] for more detailed discussions
on Souslin spaces.

To give an overview of the remainder of our paper let us fix some notations.
For a measurable space X', which sometimes we shall denote by (X', ¥Xy) if
we wish to specify the underlying o-algebra Yy, let S(X) (resp. M(X)
and P(X)) denote the space of finite signed measures on X (resp. the
space of non-negative measures and the space of probability measures on
X). We also set M*(X) := M(X) \ {0} and denote by L(X) E| the space
of measurable bounded functions on X'. Furthermore, we denote by 14 the
indicator (characteristic) function of a measurable set A. For a o-additive
measure u we denote by p* its outer measure.

In the second section we extend the Kleisli category of probabilistic map-
pings proposed by Lawvere [Lawverel962] and Giry [Giry1982] and unify it
with the category of statistical models proposed by Chentsov [Chentsov1965],
[Chentsov1972] and by Morse-Sacksteder [MS1966]. In the third section, us-
ing the results in the second section, we introduce the notion of a Bayesian
statistical model that formalizes the notion of a parameter space with a
prior distribution in Bayesian statistics. Then we give a formula for the
posterior distribution without the dominated measure model condition. In
the fourth section we give a new proof of the existence of Dirichlet measures
over any measurable space using a functorial property of the Dirichlet map
constructed by Sethuraman. This paper also contains an Appendix where
we give a proof of a theorem used in the third section.

2. PROBABILISTIC MAPPINGS AND CATEGORY OF STATISTICAL MODELS

In this section, first, we extend Lawvere’s natural o-algebra on P(X) to
the spaces S(X), M(X), M*(X), L(X). Then we prove their important
properties (Propositions 2.10, [2.11} [2.12)) that shall be needed in later
sections. We extend and survey related results due to Lawvere, Chentsov,
Giry and Morse-Sacksteder (Theorem Remark concerning the

'In [Chentsovi972, p. 74] Chentsov used the notation L(X,Xx) which is equivalent
to our notation, and in [Bogachev2007, p. 371, vol. 2] Bogachev used the notation L%,
instead of our notation L(X).



4 JURGEN JOST, HONG VAN LE, DUC HOANG LUU, AND TAT DAT TRAN

Kleisli category of probabilistic mappings. At the end of this section we em-
bed the Kleisli category of probabilistic mappings into the category of statis-
tical models introduced by Chentsov and Morse-Sacksteder (Definition
Remark . We recall the notion of sufficient morphisms, sufficient prob-
abilistic mappings and their relevance to the notion of equivalence between
statistical models (Definition Examples Proposition m
Remark . Finally we prove a structure theorem on the subcategory
of equivalent statistical models whose morphisms are defined by sufficient

probabilistic mappings (Theorem Remark [2.29)).

2.1. Weak topology and o-algebra on M(X'). Given a measurable space
X, let Fs(X') denote the linear space of simple (step) functions on X'. There
is a natural homomorphism I : Fs(X) — S*(X) := Hom(S(X),R), f — Iy,
defined by integration: Iy(u) := [, fdu for f € Fo(X) and p € S(X).
Following Lawvere [Lawverel962], we shall denote by ¥,, the smallest o-
algebra on S(X) such that Iy is measurable for all f € F (X). We also
denote by ¥, the restriction of ¥, to M(X), M*(X) and P(X). Since
Iy : P(X) — R is bounded, if f is bounded, by the Lebesgue dominated
convergence theorem, the o-algebra ¥,, on P(X) is the smallest o-algebra
on P(X) such that Iy is measurable for all f € L(X).

Remark 2.1. (1) Lawvere [Lawvere1962] and later authors [GHI1989)|, [Kallenberg2017]
Hdeﬁned the o-algebra on P(X') as the smallest o-algebra for which the eval-

uation map evy : P — [0,1], u — u(A), is measurable for all A € Xy. It is

not hard to see that their definition is equivalent to ours, since {I; ,| A € X x}

generate the vector space Fs. The later space leads directly to the space

L(X), which is a good object in the Kleisli category of probabilistic map-

pings as we shall see later.

(2) Any element in S(&X) (resp. in M(X) and in P(X')) can be considered
as an element in the space R¥¥ (resp. in (R>o)** and in [0, 1]*%), which
carries the canonical product o-algebra 1. Clearly the restriction of 1 to
S(X) (resp. M(X) and P(X)) is X. The subsets S(X), M(X) and P(X)
of R¥* satisfy the g-additivity constraint and it is known that P(R) is not
a measurable subset of [0,1]® [GR2003, 2.3.2, p. 64].

For a topological space X we shall consider the natural Borel o-algebra
B(X), unless otherwise specified. Let Cu(X) C L(X) be the space of
bounded continuous functions on X. We denote by 7, the smallest topol-
ogy on S§(X) such that for any f € Cy(X) the map Iy : (S(X),7,) — R
is continuous. We also denote by 7, the restriction of 7, to M(X) and
P(X), which is also called the weak topology. It is known that (P(X), 7,)
is separable, metrizable if and only if X is [Bogachev2018, Theorem 3.1.4,

QKallenberg in [Kallenberg2017, p.1] defined X, on the space of all locally finite mea-
sures on X as in [Lawvere1962].
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p. 104], [Parthasarathy1967, Theorem 6.2, p.43] ﬂ If X is separable and
metrizable then the Borel o-algebra on P(X') generated by 7, coincides with
¥, [GH1989, Theorem 2.3].

In this paper we shall consider only three types of measurable spaces:
e X is a measurable space with a o-algebra Xy,
e X is a separable metrizable space with the associated Borel o-algebra
B(X),
e Souslin spaces, denoted by © with Borel o-algebra B(©), which we shall
consider in Subsection

Example 2.2. Let ; be a discrete topological space with k elements
w1, -+ ,wi. We regard {2 as a measurable space with the Borel o-algebra
B(Q) = 2%. The space (S(Q%), 7,) is homeomorphic to R¥ with the stan-
dard topology. The space (M(Qy),7,) is homeomorphic to the quadrant
RZ, and the space (P(£2),7,) is homeomorphic to the simplex Aj :=
{(z1,--+ ,2) € R¥| 2; > 0 and Zle x; = 1}. Furthermore Fy(Q) =
L(%) = Cyp() = R,
Proposition 2.3. (1) Assume that Xx has a countable generating algebra
Ax. Then M(X) is a measurable subset of S(X), and P(X) and M*(X)
are measurable subsets of M(X).

(2) The addition a : (M(X) x M(X), X, ®3y) = (M(X),Xy), (4, v) —
W+ v, is a measurable map. If X is a topological space, then the map a is
Ty-continuous, i.e., continuous in the 7,-topology.

Proof. 1. The o-algebra ¥,, on S(X) is generated by subsets (A, B*) :=
Il_Al(B*) where A € ¥y and B* € B(R). We have

M(X) = mAG.AX <A7 R20>7

because an element of M(X') has to be nonnegative on every A € Ay. When
Y x has a countable generating algebra Ay, this is a countable intersection,
implying the measurability of M(X'). And since
MH(X) = M(X) N (X, Rs0)
and
P(X) = M(X) N (X, 1)

we then also obtain the measurability of M*(X') and P(X). This proves (1).

2. To prove the measurability of the map a it suffices to show that for any
f € Fs(X) the composition Iy oa : M(X) x M(X) = R>q is measurable.
Using the formula

Ipoa(u,v) =T, (f p)+h(fv),

we reduce the measurability of Iy o a to the measurability of the map a :
R>0 X R>9 — R>o, (z,y) — (z + y), which is well-known.

3If X is infinite, then (S(X),7,) is non-metrizable [Bogachev2018, p. 102] (warning:
Bogachev’s M(X) is our S(X)).
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Similarly we prove the continuity of the map a, if X is a topological space.
This proves Proposition [2.3{2). O

By definition, any measure on M(X) (resp. on M*(X) and on P(X)) is
obtained by restricting a measure on S(X) to M(X) (resp. to M*(X) and
P(X)). By Proposition [2.3the restriction of any measure on S(X) to M(X)
(resp. to M*(X) and P*(X)) is a measure on M(X') (resp. on M*(X) and
P*(X)) if Ly is countably generated.

2.2. Probabilistic mappings and associated functors.

Definition 2.4. A probabilistic mapping (or an arrow) from a measur-
able space X to a measurable space ) is a measurable mapping from X

to (P(Y), Xw)-

Remark 2.5. Definition agrees with the definition of morphisms in the
Kleisli category of the Giry probability monad, see Remark below. At
this stage we have not defined the category where a probabilistic mapping
is a morphism, so we choose the word “arrow”. Furthermore we would like
to emphasize that a probabilistic mapping from X — ) is not a mapping
from X to ) but defines an arrow from X to ). A probabilistic mapping is
equivalent to a Markov kernel, see also Remark [2.19]

We shall denote by T : X — (P(Y),X,,) the measurable mapping defin-
ing/generating a probabilistic mapping 7" : X ~» ). Similarly, for a measur-
able mapping p : X — P(Y) we shall denote by p : X ~ Y the generated
probabilistic mapping. Note that a probabilistic mapping is denoted by a
curved arrow and a measurable mapping by a straight arrow.

Example 2.6. (1) Assume that X’ is separable and metrizable. Then the
identity mapping Idp : (P(X),7,) = (P(X),7,) is continuous, and hence
measurable w.r.t. the Borel o-algebra 3,, = B(7,). Consequently Idp gen-
erates a probabilistic mapping ev : (P(X), B(1y)) ~ (X, B(X)) and we write
ev = Idp. Similarly, for any measurable space X', we also have an arrow (a
probabilistic mapping) ev : (P(X),%,) ~ X generated by the measurable
mapping ev = Idp.

(2) Let d, denote the Dirac measure concentrated at z. It is known that
the map 0 : X — (P(X),2y), x — d(x) := J,, is measurable [GR2003|
Proposition 2.2.4, p. 62]. If X is a topological space, then the map § :
X — (P(X),7,) is continuous, since the composition Iy od : X — R is
continuous for any f € Cy(X). Hence, if K : X — Y is a measurable

mapping between measurable spaces (resp. a continuous mapping between

separable metrizable spaces), then the map % : X dog P(Y) is a measurable

mapping (resp. a continuous mapping). We regard k as a probabilistic
mapping defined by d o k : X — P(Y). In particular, the identity mapping
Id : X — X of a measurable space X is a probabilistic mapping generated
by § : X — P(X). Graphically speaking, any straight arrow (a measurable
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mapping) k : X — ) between measurable spaces can be seen as a curved
arrow (a probabilistic mapping).

(3) We would like to present here a non-trivial construction of probabilistic
mappings, which comes from the theory of random mappings [Kif86], [Kif8§].
Consider a probability space (€2, F,P) and a random mapping T, which is a
measurable mapping 7' : Q x X — Y (in case X = ), the random mapping
T is the source to generate a random dynamical system [Arnold1998]).
Such a random mapping T : © x X — ) then generates a measurable
mapping T : X — P(Y), defined by

(2.1) T(z)(B) :=P{w € Q: T(w,z) € B} =P{T"!(,2)(B)}, VB € Xy.

Relation shows that once a probabilistic sample space (2, F, P) is given,
any random mapping would generate a probabilistic mapping. However,
since probabilistic mappings need not be constructed this way, the concept
of probabilistic mappings can be seen as a generalization of random map-
pings.

We are also interested in the inverse problem on the representation of prob-
ability measures, which can be formulated as follows: Given a probabilistic
mapping T : X ~ ), is there a probabilistic sample space (€2, F,P) such
that T' can be written as a random mapping from Q x X to Y7 This question
appears in several contexts in Ergodic Theory [Kif86], [Kif88]. The answer
is affirmative if ) is a compact, oriented, connected manifold of class C?
and X is a C° manifold with some additional assumptions on the decay of
the densities, where one can choose € := ) (see details in [JJRMJPCRI6),
Theorem A)).

Given a probabilistic mapping T : X ~ ), we define a linear map 7™ :
L(Y) — L(X) as follows

(2.2) T*(f)(z) = I;(T L/MT

which coincides with the classical formula (5.1) in [Chentsov1972, p. 66] for
the transformation of a bounded measurable f under a Markov morphism
(i.e., a probabilistic mapping) T'. In particular, if x : X — ) is a measurable
mapping, then we have x*(f)(x) = f(k(z)), since & = § o k.

Further, we define a linear map S (T') : S(X) — S(Y) as follows [Chentsov1972,
Lemma 5.9, p. 72]

(2.3) ST (B) = [ T(@)(B)dn(o)
for any p € S(X) and B € Xy.

Remark 2.7. (1) If k : X — ) is a measurable mapping then «*(Fs())) C
Fs(X). For a general probabilistic mapping 7' : X ~ ), we don’t have the
inclusion T%(Fs(Y)) C Fs(X), since the cardinal #(T*(1p)(x)|z € X) can
be infinite. For example, consider T = ev : X := P(Z) ~ Y := Z for
some measurable space Z and ) # B # Z. Then ev*(1p)(u) = p(B) for
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any p € X = P(Z). Therefore #(ev*(1p)(u)|p € P(2)) = #(u(B)|p €
P(2)) = o0, it Z=1[0,1] and B = [0,1/2].
(2) Lawvere also defined Py (T) : P(X) — P(Y) by for p € P(X).

Definition 2.8. Let X, be the smallest o-algebra on L(X) such that for
any p € P(X) the evaluation function ev, : L(X) — R,h — Ip(p), is
measurable. We shall regard L(X') as a measurable space endowed with the
o-algebra >,.

Example 2.9. Identifying L(Q) = Cp(2) with S(2) via the Euclidean
metric, and noting that the o-algebra 3, on S(€) is the usual Borel o-
algebra on R¥ = S(Q4), cf. [GHI989, Theorem 2.3], it is not hard to see
that the o-algebra ¥, on L(Qz) = R¥ coincides with the Borel o-algebra on
RE.

In [Sturtz2015| §2.3] Sturzt introduced a o-algebra, which we shall denote
by X, on the set Hom(X',)) in the category Meas of measurable mappings
to be the smallest g-algebra such that for all z € X’ the evaluation mapping
evy : Hom(X,Y) — Y, k — k(z), is measurable mapping. Sturzt proved
that the category Meas is a symmetric monoidal closed with the defined
o-algebra X3 on Hom(X,Y). In what follows we shall compare ¥, with the
restriction of ¥, to L(&X'), which we also denote by 3.

Proposition 2.10. For any measurable space X we have g C X, If X is
a separable metrizable space then ¥z = Y.

Proof. Let X be a measureable space and z € X. Since the restriction of the
evaluation mapping ev, to L(X) is equal to the evaluation mapping evs(,),
we obtain immediately the first assertion of Proposition [2.10]

Now assume that X is a separable metrizable space. Then the convex
hull Conv(é(x)|xz € &) of Dirac measures is dense in the space (P(X), 7y)
[Le2017, Lemma 23]. Using the Lebesgue dominated convergence theorem,
we obtain immediately the second assertion of Proposition [2.10 ([

Proposition 2.11. Assume that T : X ~ Y is a probabilistic mapping.

(1) Then T induces a linear bounded map S«(T') : S(X) — S(Y) w.r.t.
the total variation norm || -||7v. The restriction M.(T) of S«(T) to M(X)
(resp. Pi(T) of S«(T) to P(X)) maps M(X) to M(Y) (resp. P(X) to
P)).

(2) If T is a measurable mapping, then Sy(T) : (S(X),Xy) — (S(V), Xw)
is a measurable map. It is T,-continuous if T is a continuous map between
separable metrizable spaces. Hence the maps M, (T) and P.(T) are measur-
able and they are T,-continuous if T is a continuous map between separable
metrizable spaces.

(3)IfTy: X =Y and Ty : Y — Z are measurable mappings then we have

(24) S*(TQ 9} Tl) = S*(TQ) ©) S*(Tl), P*(TQ e} Tl) = P*(Tg) e} P*(Tl)
(4) The map T also induces a linear measurable map T : L(Y) — L(X).
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Proof. 1. Proposition [2.11] (1) is due to Chentsov [Chentsov1972, Lemma
5.9, p.72].

2. Assume that T is a measurable mapping. To prove that S.(T) is a
measurable mapping, it suffices to show that for any f € F4()) the composi-
tion Iy 0 S,(T) : S(X) — R is measurable. The latter assertion follows from
the identity Iy o Si(T) = Ip-y, taking into account that T*(f) € Fy(X). In
the same way we prove that S,(7T) is 7,-continuous, if 7" is continuous map
between separable metrizable spaces. The statement concerning M, (7T') and
S.(T) is a consequence of the first two assertions of Proposition [2.11)(2).
Note that the measurability of P.(7T) has been first noticed by Lawvere
[Lawvere1962].

3. The first identity in is obvious, the second one is a consequence
of the first one.

4. The linearity of 7 and the inclusion 7T%(L(Y)) C L(X) have been
proved in [Chentsov1972), Corollary, p. 66]. Here we provide an alternative
shorter proof of the inclusion relation. Let T™ be defined by and
f € L(Y). Since

sup [T*(f)(z)] < sup|f(y)]
TEX yey

the function T*(f) is bounded on X.

Next we shall show that for any f € L(Y) the map T*(f) : X — R is
measurable, i.e., for any Borel set I C R we have T*(f)~1(I) € x. Note
that

T*(f)"'I) = {z € X|T*(f)(2) € I, ie., I;(T(x)) € I}.
Since Iy : P(Y) — R is measurable, the set If_l(I ) is measurable. Since

T : X — P(Y) is measurable, the set (T*(f))"1(I) = Tﬁl(If*l(I)) is mea-
surable. Thus T*(L(Y)) C L(X).

Finally we shall show that T : L())) — L(X) is a measurable map. It
suffices to show that for any p € P(X’) the composition ev, o T* : L(Y) = R
is a measurable map. Let I C R be a Borel subset. Then

eo (T7)H(1) = {g € L) /X /y 9dT (x) dp(z) € I},
Setting

T, = /X T(x)du € P(Y)

we get

ev;l(T*)_l(I) = ev%i([)

which is a measurable subset of L()). This completes the proof of Proposi-
tion 2111 O

Proposition 2.12. (1) The projection wx : M*(X) — P(X), v pu(X)~L-
W, is a measurable retraction. If X is a topological space then mx s Ty-
continuous.
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(2) If Xy is countably generated, then we have the following commutative
diagram
P2(X) " M(P(X)) "5 S(P(X))

ip*(ip,m) lM*(Zp m) \LS* ip,m)

PIM(X)) 2 M2(X) — "% S(M(X))
iP*(im,S) lM*(zm s) ls* (im,s)
P(S(X)) " M(S(X)) > S2(X)

where all arrows are measurable embeddings. If X is a separable metrizable
space then the arrows are T,-continuous embeddings.

Proof. 1. Clearly mx is a retraction. The map 7y is measurable, since the
mapping 1, : M*(X) = Rsg, p — p(X), is measurable, and hence the
map (I1,)-1: M*(X) = Rsg, p — pu(X)~1, is also measurable. Similarly
we prove that 7wy is continuous in the 7,-topology, if X', ) are topological
spaces.

2. The measurability of the horizontal mappings iy ,, and 4., s follows
from Proposition (1) If X is a separable metrizable space, these maps
are inclusion maps, and hence they are continuous by definition.

The measurability (resp. the continuity) of the vertical mappings S (ipm)
and Sy(im,s) follows from the measurability (resp. the continuity) of the
maps ipm , im,s and Proposition m@) The measurability (resp. the
continuity) of the vertical mappings Py (ipm) and Si(im,s) (resp. M (ipm),
M, (im,s)) follows from the corresponding assertion concerning the functor
P, and the measurability (continuity) for the horizontal mappings.

3. The commutativity of the diagram is obvious. This completes the
proof of Proposition [2.12 O

Let us recall the following result due to Giry.
Lemma 2.13. ( [Giry1982]) Let evp : P?(X) — P(X) be defined by
(2.5) cop(vp)(4) = [ I, (u)dun(r)
P(X)
for all vp € P?(X) and A € Xx.
(1) The composition evp o d : P(X) — P(X) is the identity map.

(2) Assume that k : X — Y is a measurable mapping. Then we have the
following commutative diagrams

P2(x) 2 P2(y)

(
-, e

P(X) ——=P().
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(8) The mapping evp is a measurable mapping. It is T,-continuous, if X
is a separable metrizable space.

Note that Giry considered the smaller category of Polish spaces but his
proof is also valid for the category of separable metrizable spaces.

Theorem 2.14. (1) Probabilistic mappings T are morphisms in the category
of measurable spaces X. Furthermore M, and P, are functors from the
category of measurable spaces whose morphisms are probabilistic mappings to
the category of nonnegative finite measure spaces and the category probability
measure spaces resp., whose morphisms are measurable mappings. If T :
X — P(Y) is a continuous mapping between separable metrizable spaces then
M.(T): M(X) = M(Y) and P,(T) : P(X) — P(Y) are 1,-continuous.
(2) If v < p € M*(X) then M.(T)(v) < M (T) ().

Proof. 1. The statement of Theorem [2.14|(1) concerning the functor P, is a
consequence of Giry’s theorem stating that the triple (Py, d, evp) is a monad
in the category of measurable spaces whose morphisms are measurable map-
pings (resp. in the category of Polish spaces whose morphisms are contin-
uous mappings, see also the remark before Theorem and Remark [2.19]
below) [Giry1982, Theorem 1, p. 70] and his observation that the Kleisli cat-
egory of the monad (P;,d,evp) is the category of measurable spaces whose
morphisms are probabilistic mappings. In other words, Giry’s theorem says
that Theorem [2.14] is valid in the subcategory of measurable spaces whose
morphisms are measurable mappings, § is a natural transformation of the
functor Idy to the functor P, on this subcategory and evp is a natural trans-
formation of the functor P? to the the functor P, on the same subcategory.
Note that the last assertion is equivalent to the statement of Lemma [2.13]2)
(the associativity of evp follows from the identity below).

Taking into account Giry’s theorem, the statement of Theorem [2.14] con-
cerning P, is a consequence of [MacLanel994, Theorem 1, p. 43] on the
structure of the Kleisli category of a monad. Since the proof of [MacLane1994,
Theorem 1, p.143] is only sketched, we shall prove Proposition below,
which proves the functoriality of P.. Since M, (T)(c-p) = c¢- M.(T)(p) for
any ¢ € R>g and p € P(X), the functoriality of M,(T') is a consequence of
the functoriality of P,(7"), and the measurability of M, (T') is a consequence
of measurability of P.(T"). We provide furthermore a new categorical proof
for the associativity of the composition of the Markov kernels (Proposition
2.17)).

Proposition 2.15. Let T; : X; ~ Xjy1 be probabilistic mappings fori = 2, 3.
Then we have

(26) P*(T3 (¢] TQ) = P*(Tg) o P*<T2)

Proof. The proof consists of two steps. In the first step, using (2.3 we

shall prove relations (2.7) and (2.8) below. (If we want to construct the
Kleisli category of a monad, we take these formulas as defining relations
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for the functor P, and for the composition rule of morphisms in the Kleisli
category.) Let T and T; : X; — X, 41 be probabilistic mappings for ¢ = 1, 2.
Then

(2.7) P.(T) = evp o P.(T),

(28) T2 (0] Tl = P*(TQ) OTl,

Note that (2.7]) is a consequence of the following straightforward compu-
tation for any B € ¥y and any p € P(X),

cvpoP.(T)()(B) = | TP = | @) B)nta) = PTI)B).
We leave the reader to verify , which has been verified by Giry
[Giry1982] as we mentioned above, (we prefer to consider as a defining
relation and hence we did not recall the known composition rule for Markov
kernels in this paper).
In the second step we examine the following diagram:

(2.9) P3(Xy)
.
PW iP*(evp)
2 PE(T‘&) 2
P(X3) — P*(Xy)
P.(Ty) i P.(Ts) i
evp evp
P.(T») Py(T3)

P(Xy) — P(X3) —— P(Xy)

e are
ev ev ev
T T> T3

X1~ Xy X3 Xy,

By , , and using , we have
P.(T30Ty) = evp o P(T3 0 Ty)
= evp o Pu(Py(T3) o T5)
(2.10) = evp o P,(evp) o P2(T3) o P.(T5).

Lemma 2.16. (|Giry1982] p. 71]) We have the following identity

(2.11) evp o Pi(evp) = evp o evp.
From Lemma (3) we obtain immediately the following identity
(2.12) evp o PX(T) = P.(T) o evp.

Plugging (2.11)) and (2.12)) into (2.10]), taking into account ([2.7]), we obtain

immediately the first identity of (2.6)), which also implies the second one.
This completes the proof of Proposition [2.15] O
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Proposition 2.17. Let T; : &X; ~ X1 be probabilistic mappings for i =
1,2,3. Then we have
(2.13) T3 o) (TQ o T1) = (T3 o) Tg) e} Tl.

Proof. Proposition follows from known properties of Markov kernels.
Here we give another short algebraic (categorical) proof. Straightforward

computations using (2.8)) and (2.7)) yield

(214) T3 o (TQ (¢] Tl) == P*(Tg) o (TQ (¢} Tl) = P*(Tg) (¢] P*(TQ) OTl;

(215) (Tg o) TQ) e} T1 = P*(Tg o} TQ) o Tl

By Proposition the LHS of (2.14)) equals the LHS of (2.15). This com-
pletes the proof of Proposition [2.1 O

Combining Proposition [2.15| with Propositions and we complete
the proof of Theorem [2.14(1).

2. Theorem[2.14|2) has been proved by Morse-Sacksteder [MS1966, Propo-
sition 5.1]. We also have an alternative proof that is a bit shorter. By the
and the validity of Theorem 2) in the case T is a measurable
mapping, it suffices to verify that evp(r) < evp(u) which is obvious. This
completes the proof of Theorem O

Finally, using relations ({2.7]), we shall prove the following Lemma,
which clarifies formula (2.7)).

Lemma 2.18. For any probabilistic mapping T : X ~» Y we have T = evoT.
Proof. To prove Lemma [2.18] it suffices to show the following identity
(2.16) T=(ewoT).

Applying (2.7) and (2.8)), and noting that P, (ev) = evp by (2.7)), we conclude
that

(2.17) (evoT) = Pi(ev)o ﬁ = evp 0 ﬁ
Using the‘ formula & = § o k from Example (2), we have

(2.18) evp 05261}]3050?.
By Lemma [2.13(2) the RHS of (2.18) is equal to T. This proves (2.16]) and
completes the proof of Lemma |2.18 ([l

Remark 2.19. (1) Lawvere introduced the o-algebra ¥, on P(X) and de-
fined the probabilistic map ev in terms of Markov kernels [Lawverel962]. He
coined the term of a “probabilistic mapping” and noted that it is equivalent
to the notion of a Markov kernel. He also defined P, (T') by a formula equiv-
alent to (2.3). In [Giryl982] Giry considered the category of measurable
spaces whose morphisms are measurable mappings and the category of Pol-
ish spaces X whose morphisms are continuous mappings. He noticed that the
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space (P(X), 7,) is again Polish cf. [GH1989, Theorem 2.3]. He proved The-
orem for the case that P is a measurable mapping and for the case that
X is a Polish space, respectively. The triple (P, J, evp) is now called Giry’s
probability monad. Giry noticed that the Kleisli category of the probability
monad (Py,d,evp) is the category of measurable spaces whose morphisms
are probabilistic mappings. We refer the interested reader to [FP2017] and
references therein for other probability monads, to [Panangaden1999] for an
exposition of a part of Giry’s work [Giry1982], and to [MacLanel994, p.
143] for the Kleisli category of a monad.

(2) Chentsov called the category of Markov kernels the statistical category
and their morphisms - Markov morphisms. Chentsov also showed that S, (T")
is a linear operator with [|S«(T)|| = 1 for any Markov kernel 7" and that
S«(T) sends a probability measure to a probability measure |[Chentsov1972,
Lemma 5.9, p.72]. Markov morphisms S, (7') have been investigated further
in [AJLS2015], [AJLS2017], [AJLS2018§].

(3) Historically, Blackwell was the first who considered probabilistic map-
pings, which he called stochastic mappings, between parametrized statisti-
cal models, which he called statistical experiments[Blackwell1953]. LeCam
[LeCam1964] used the equivalent terminology randomized mapping and Chentsov
[Chentsov1965] used the equivalent notion of transition measure. All of them
are in use today. We decide to use the term probabilistic mapping, since we
consider the o-algebra introduced by Lawvere important for the functorial
language of probabilistic mappings and its application in Bayesian statistics.

2.3. Category of statistical models and sufficient probabilistic map-
pings. Given a probabilistic mapping 7' (in particular a measurable map-
ping k), we shall also use the short notation T (resp. k) for M,(T) (resp.
for M, (k)).

Definition 2.20. A statistical model is a pair (X, Py) where X' is a mea-
surable space and Py C P(X). The category of statistical models consists
of statistical models as its objects whose morphisms ¢ : (X, Py) ~ (Y, Py)
are probabilistic mappings T : X ~ ) such that T, (Py) C Py. A morphism
T :(X,Px)~ (X, Py) will be called a unit, if T, : Py — Py is the identity.
Two statistical models (X, Py) and (), Py) are called equivalent, if there
exist morphisms 7T : (X, Px) ~ (¥, Py) and Ty : (Y, Py) ~ (X, Px) such
that T7 o Ty and T5 o T7 are units. In this case T7 and Ts will be called
equivalences.

Remark 2.21. (1) The Kleisli category of probabilistic mappings can be
realized as a subcategory of the category of statistical models by assigning
each measurable space X the pair (X, P(X)).

(2) The notion of statistical models and their morphisms in Definition [2.20)
is almost equivalent to the notion of statistical systems and their morphisms
introduced by Morse-Sackteder [MS1966], except that Morse-Sacksteder al-
lowed morphisms that need not to be induced from probabilistic mappings,
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and almost coincides with the Markov category of family of probability dis-
tributions introduced by Chentsov |[Chentsov1972, §6, p. 76|, except that
Chentsov considered only morphisms between statistical models whose prob-
ability sets Py, Py are parameterized by the same set ©.

Among equivalences between statistical models there is an important class
of sufficient morphisms, introduced by Morse-Sacksteder, which we reformu-
late as follows.

Definition 2.22. (cf. [MS1966]) A morphism T": (X, Py) ~ (), Py) be-
tween statistical models will be called sufficient if there exists a probabilistic
mapping p : Y ~ X such that for all © € Py and h € L(X) we have

* . “ dT(hu

(219)  Tu(hu) = p (T, e p* () = 2 € L1y 7,34,
dT(p)

In this case we shall call T : X ~» Y a probabilistic mapping sufficient for

Px and we shall call the measurable mapping p : ) — P(X) defining the

probabilistic mapping p : YV ~ X a conditional mapping for T'

Remark 2.23. (1) We call p : Y — P(X) a conditional mapping because
of the interpretation of p as a regular conditional probability in the case T'
is a measurable mapping, see below.

(2) As in Remark (1), we note that to prove the sufficiency of a
probabilistic mapping T' w.r.t. Py C P(X) it suffices to verify for all
1 € Py and for all h = 14 where A € Xy.

Example 2.24. Assume that x : (X, Py) ~ (), Py) is a sufficient mor-
phism, where x : X — ) is a statistic. Let p: Y — P(X), y — py, be a
conditional mapping for x. By (2.2), p*(14)(y) = py(A), and we rewrite
(2.19) as follows

_ dr.(lap)

(2.20) py(4) = =0

The RHS of is the conditional measure of y applied to A w.r.t. the
measurable mapping k. The equality implies that this conditional
measure is regular and independent of p. Thus the notion of sufficiency of
for Py coincides with the classical notion of sufficiency of  for Py, see e.g.,
[Chentsov1972, p. 28], [Schervish1997, Definition 2.8, p. 85]. We also note
that the equality in (2.20)) is understood as equivalence class in L*(), k(1))
and hence every statistic x’ that coincides with a sufficient statistic x except
on a zero pu-measure set, for all ;4 € Py, is also a sufficient statistic for Py.

€ LNV, ka(p))-

Example 2.25. (cf. [Chentsov1972, Lemma 2.8, p. 28]) Assume that p €
P(X) has a regular conditional distribution w.r.t. to a statistic k : X — ),
i.e., there exists a measurable mapping p : J — P(X),y — py, such that

(2.21) ES™) (1aly) = py(A)
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for any A € ¥y and y € Y. Let © C P(X) and P := {1y|0 € O} be a
family of probability measures dominated by p. If there exist a function
h:)Y x O — R such that for all 8 € © and we have

(2.22) vo = h(s(a))p
then k is sufficient for P, since for any 6 € ©
. dr(1avp)
14) = X\ =AY
p*(14) dK«ly

does not depend on 6. The condition (2.22)) is the Fisher-Neymann suffi-
ciency condition for a family of dominated measures [Neyman1935].

Let us assume that 7" : (X, Py) ~ (Y, Py) is a sufficient morphism for
€ P(X). Then for any A € ¥y we have
(2.23)
(12.3) Theorem|2.14)2) dT(1ap
u(4) B 1, (1) () e /y e ar, &3 T, (1),

Comparing with (| ., we conclude that 4 = p_o T( ). Hence
Tiop (Tup) = T*u It follows that (X, ) is equivalent to (Y, Tk (r)). Hence

we get the following

Proposition 2.26. ([MS1966, Proposition 5.2]) Two statistical models (X, Px)
and (), Py) are equivalent if there exists a probabilistic mapping T : X ~ Y
such that T is sufficient for Py and T,(Py) = Py.

Remark 2.27. (1) The converse of Proposition is valid, if Py is a
dominated family [Sacksteder1967, Theorem 2.1], and it is false without the
dominated family condition [Sacksteder1967, §6].

(2) We refer the reader to [Pfanzagl2017, Chapter 2] for the history of the
concept of sufficiency in statistics. As Pfanzagl emphasized, the concept of
sufficiency of a statistic related to the question of the existence of a regular
conditional distribution [Pfanzagl2017, p. 13]. We also would like to refer
the reader to Theorembelow and [Bogachev2007, Chapter 10, vol. 2] for
discussions on the existence of regular conditional distributions. We also do
not discuss the related notion of Bayesian sufficiency in our paper and refer
the interested reader to [Schervish1997, Defintion 2.4, p.84, Theorem 2.20,
p.89].

(3) There are many characterizations of sufficiency of a statistic, see e.g.
[Pfanzagl2017, §2.9, p. 35]. In [AJLS2017, Proposition 5.6, p. 266] Ay-Jost-
Lé-Schwachhofer give a characterization of a sufficient statistic w.r.t. to a
reqular set Py of dominated measures that is parameterized by a smooth
manifold via the notion of “information loss”.

We complete this section with the following theorem on the category of
sufficient morphisms.

Theorem 2.28. (1) A composition of sufficient morphisms between statis-
tical models is a sufficient morphism.
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(2) Assume that T : (X, Px) ~ (), Py) is a sufficient morphism and
T.(Px) = Py. Letp : Y — P(X) be a conditional mapping for T. Then
pP: Y~ X is a sufficient probabilistic mapping for Py and T : X — P(Y)
is a conditional mapping for p.
Proof. 1. Assume that T} : (X, Py) ~ (Y, Py) and Ty : (), Py) ~ (Z, Pz)
are sufficient morphisms with conditional mappings p; : Y — P(X) and
p2 : Z — P(Y) for T1 and T3 respectively. Then we have for any h € L(X)
and p € Py

(T2 0 Th)«(hpp) = (T2)s o (T1)« (hp)
= (T2)«(PY(A)(T1)+ (1)) = p2* o Py (h) (T2 © T1)« (1)

which proves the assertion (1) of Theorem [2.28

2. Assume that T : (X,Py) — (Y, Py) is a sufficient morphism and

Py = Ty(Pyx). Let p: Y — P(X) be a conditional mapping for T, i.e., we
have for any h € L(X) and p € Py

dT(hp)
2.24 p*(h) = L2\

To prove the assertion (2) of Theorem it suffices to establish the fol-
lowing equality

(2.25) b, (L5Tun)(A) = T* (1p)u(A)

for any p € Py, B€ Xy, A€ Xy and h € L(X).
Straightforward computations yield

p_(15Tp)(A) / py(A)d(15Top1)

, B2 / dT.(14p)
/ py(A)d T I

-/ B)dlap

(2.26) = /A T.(B)dpu.
On the other hand we have

(227) T (lp)u(A) = / T*(15) () dy 2 /

Comparing (2.26)) with ( -, we obtain . This completes the proof
of Theorem [2.28] O

Remark 2.29. Theorem [2.28| implies that in the subcategory of statistical
models equivalent to a given statistical model, whose morphisms are suf-
ficient morphisms, every object is a terminal object, so we don’t have the
notion of a “minimal sufficient probabilistic mapping” like the notion of a
minimal sufficient statistic. Note that a minimal sufficient statistic does not
always exist [Pfanzagl2017, §2.6, p. 24].
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3. BAYESIAN STATISTICAL MODELS AND BAYES’ FORMULA

In this section we formalize the notion of a parameter space of a prob-
abilistic model in Bayesian machine learning via the notion of a Bayesian
statistical model (Deﬁnition Example Remark. Then we define
the notion of posterior distributions (Definition and compare it with
the classical notion of a posterior distribution (Remark [3.5)). Finally we give
a new formula for the posterior distributions (Theore. We derive a
consequence (Corollary , compare our new formula with the classical
Bayes’ formula as well as other related results (Remarks [3.15] [3.17] [3.18)
and consider an example (Example .

3.1. Bayesian statistical models.

Definition 3.1. A Bayesian statistical model is a quadruple (0, ue, p, X),
where p : © — P(X) is a measurable mapping and pg € P(0), called a
PTIOT MEASUTE.

Note that we can also regard a Bayesian statistical model as a morphism
p: (O,ue)~ (X, P(X)) of statistical models.
"~ Recall that if X is a topological space then Xy is assumed to be the Borel
o-algebra B(X') and hence P(X') consists of Borel measures, if not otherwise
specified.

Example 3.2. (1) Assume that (0, ue, p, X') is a Bayesian statistical model.
Then (P(X), p«(re), Idp, X) is a Bayesian statistical model.

(2) Let S(X)ry denote the Banach space S(X) endowed with the total
variation norm and dy denote the Hellinger distance on P(X), so the topol-
ogy on P(X) induced by dp coincides with the topology on P(X) induced
from the natural inclusion of ¢ : P(X) — S(X)rv. Assume that (M, par)
is a smooth finite dimensional manifold endowed with a volume element
upyr and p @ M — (P(X),dp) is a continuous map, for instance, if p is a
smooth map, i.e., the composition i op : M — S(X)ry is a smooth map,
see e.g., [AJLS2017, p. 168], [Bogachev2010, p. 380]. We shall show that
(M, ppr, p, X) is a Bayesian statistical model, i.e., we shall show that the
map p: (M,B(M)) = (P(X),X,) is measurable. Denote by 7,the smallest
topology on S(X) such that for all f € Fy(X) the map Iy : S(X) — R is
continuous. Clearly the topology 7, is weaker than the strong topology gen-
erated by the total variation norm. Let 7, also denote the induced topology
on P(X). It follows that the map p : M — P(X) is T,-continuous. Hence
the map p : (M,B(M)) — (P(X),B(7y)) is measurable. It is not hard
to check that 3, C B(7y), and moreover B(r,) C B(7,) with the equality
B(1,) = B(my) if and only if X is countable |[GHI989]. We conclude that
p: (M,B(M)) — (P(X),X,) is a measurable mapping.

(3) Assume that (©, ue, p, X) is a Bayesian statistical model and 7' : X ~»
Y is a probabilistic mapping. Then (0, ug, Tkop,)) is a Bayesian statistical
model. If 7" : ©' ~» © is a probabilistic mapping, then (©’, ug/, (po17), X)
is a Bayesian statistical model for any pg € P(0’).



PROBABILISTIC MAPPINGS AND BAYESIAN NONPARAMETRICS 19

(4) Assume that (O, pue,p,X) is a Bayesian statistical model. Then
(©,ne,d 0p,P(X)) is a Bayesian statistical model.

(5) For any pup € P2%(X) the quadruple (P(X), up, Idp, X) is a Bayesian
statistical model. In particular, for any pu € P(X) (resp. for any v €
P3(X)) the quadruples (P(X),6(u), Idp, X), (P(X), Pi(6)(n), Idp, X) are
Bayesian statistical models (resp. the quadruple (P(X), evp2(v)), [dp, X) is
a Bayesian statistical model).

(6) Assume that (O1, p1,p1,P(X)) and (O2, u2, p2, P(X)) are Bayesian
statistical models. Then (O x Og, u1 X p2,p1 * p2, P(X)) is a Bayesian
statistical model, where

(3.1 P1xpa(b1,02) = Pu(mx) © Po(a)((ip,m)P1(61), (ipm)p2(62)).

Similarly, (61, u1, p?, P(X)) is a Bayesian statistical model, where p?(f) :=
p1*p1(0,0).

(7) Let (©,ne,p, ) be a Bayesian statistical model, where Q. :=
{w1, "+ ,Weo}. Then the map p : © ~ Q. is a random partition of O. If
p is a measurable mapping then it is also called @ measurable partition. In
the later case we compute easily the conditional probability distribution for
any A € Yo [Bogachev2007, p.345, vol.2]

(AN {p=wi})
p(p = wi)

(3.2) pi(A) = pe(Alp = wi) =

if u(p = w;i) # 0, otherwise we set 1;(A) = 0. Therefore ;1 can be regarded
as a mixture distribution:
w(A) = vlw) - i A)
i=1
where we abbreviate p_(u) as v. Let £ : Qp — P(X), r(w;) := p; € P(©),
where p1; # 0 is defined by the LHS of (3.2)). Then (£, v, , ©) also encodes
a measurable partition of (©, ug).

Remark 3.3. (1) We recover the classical (frequentist) definition of a (pa-
rameterized) statistical model from Definition 3.1 by applying the “forgetful
functor” from the category of measurable spaces to the category of sets.

(2) Definition encompasses both parametric Bayesian models, which
usually consist of conditional density functions f(x|0), see e.g. [Berger1993|
p. 4], and nonparametric Bayesian models. It is essentially equivalent to
the concept of a Bayesian parameter space defined in [GR2003, p. 16] but
we use the more compact functorial language of probabilistic mappings.

3.2. A formula for the posterior distribution. Let (O, ug,p, X) be a
Bayesian statistical model. Then we define the joint distribution g on the
measurable space (O x X', Yo ® X y) as follows

(3.3) ,u(B X A) = / pg(A)d/L@ for all B € Yo, A € Xy,
B
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where we re-denote p() by py for interpreting 6 as parameter of the distri-
bution. Let IIg and ITy denote the projections (O x X', Xg®3y) — (0,Xe)
and (Ox X, Ye®Xy) — (X, Xy) respectively. Clearly Ilg and I1y are mea-
surable mappings. Using IIy we express the marginal probability measure
px on X as follows: pxy = (Ilx)«(p). In other words ux(A) := pu(© x A)
for all A € Xy. Clearly pe = (llg)«(1). We note that pye(A[0) := pa(A)
is the conditional probability of the measure pon (0 x X, Yo ® Xx) w.r.t.
the projection Ilg, i.e., we have the following equality

d(TTe)«(loxap)
d(Tle )« p ©);

where the equality should understood as equivalence class of functions in

LY(©, ug), since (3.4)) is equivalent to the identity (3.3)) for B = ©.
Formula (3.4) motivates the following definition.

(3.4) prxje(Al0) =

Definition 3.4. A family of probability measures gy (-|z) € P(0), x € &,
is called a family of posterior distributions of ue after seeing the data x if
for all B € Yg we have

d(TLx)«(1pxx ) (2)
d(ILy ). p ’

where (3.5) should be understood as an equivalence class of functions in
LNX, px).

Remark 3.5. Definition [3.4] coincides with the definition of a posterior dis-
tribution in classical Bayesian statistics see e.g. [Berger1993, §4.2.1, p. 126],
[Schervish1997, p. 16]. Note that in the both definitions of the mentioned
books the authors did not explicitly require that pegx(:|r) must be a o-
additive function on Xg. The last requirement is trivially satisfied when
one considers only Bayesian statistical models of dominated measures, i.e. ,
there exists a measure vy € P(X) such that for all § € © we have p(0) < vy.
In other papers and books, e.g., in [Fergusonl1973] and [GV2017], statis-
ticians also think of posterior distributions as regular conditional distri-
butions, which is equivalent to Definition [3.4] The existence of posterior
distributions is therefore equivalent to the existence of regular conditional
distributions.

(3.5) pelx(Blz) =

Theorem 3.6. Suppose that X is a subset of a connected finite dimensional
complete Riemannian manifold (M"™, g) with the induced metric generated
by g on M™ and (O, ne,p, X) is a Bayesian statistical model, where © is a
Souslin space. Let D,(z) denote the open ball of radius r centered at x € X.
Then there exists a measurable subset S C X of zero pyx-measure, and a
family of posterior distributions pex(-|x) on © after seeing data x € X
such that

— lim pre(Dr(x))d,UG
(3.6) pejx(Blz) = lim oD () dre
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for any B € B(©) = Xg, and for any x € X\ S. For x € S we have
pelx(Blz) :=0 for any B € Y.

Remark 3.7. Applying we conclude that S is also of p/-zero measure
for any marginal measure p/, defined by a posterior distribution gy (|x)
computed by the recipe in Theorem Hence the Bayes rule using the
recipe in Theorem is well-defined, see also [GV2017, p. 6] for a related

discussion on requirements on posterior distributions.

Proof of Theorem [3.6, We shall prove Theorem using the arguments in
the proof for the existence of regular conditional distributions in [Bogachev2007,
Theorem 10.4.5, p. 359, Corollary 10.4.15, p. 366, vol.2], combined with a
formula for differentiation of measures on X' (Proposition .

In what follows we use shorthand notations v for the measure py =
(Ix)«p and vy for (ILy)«(1@xpyp). Then vo < v1. We recall that

(3.7) v1 (D)) = /@ po(D(2))dso,

(3.8) (D)) = [ polD())de

B
For any z € X we set

- s va(Dy()) i i 22D (7))
D, v(x) = ll_r}r(l] sup o1 (D () and D, va(x) := ll_rg(l) inf (D ()
where we set Dy, v3(x) = D, va(z) = 400 if v1(D,(z)) = 0 for some 7 > 0.

Furthermore if Dy, va(x) = D, v2(z) then we set
D, ve(x) = E,,l va(x) = D, va(x)
which is called the derivative of vo with respect to vy at x.

Proposition 3.8. There is a measurable subset S(vi,v2) C X of zero v;-
measure such thaf for any x € X\ S(v1,12) the fungtion D, vy is well-
defined. Setting D, va(x) := 0 for x € S(v1,v2) and Dy, va(x) = Dy, va(x)

forz € X\ S(vi,v2). Then the function D, vy is measurable and serves as
the Radon-Nikodym density of the measure vy with respect to vy.

Proof. We note that the inclusion map X — (M™,g) is continuous and
hence measurable. Hence the measures i,(11) and i,(v2) are Borel measures
on (M™, g) and i.(v2) < ix(v1), since v < v1. Now Proposition [3.8| follows
immediately from Theorem in the Appendix. U

Proposition [3.8] implies that for each B € ¥ there exists a measurable
subset Sp C X of zero puy-measure such that the RHS of is well
defined for all x € X \ Sp and moreover it coincides with the RHS of
as functions in L'(X, px). We express this fact in the following equivalent
statement.
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Corollary 3.9. Let B € Yo. For x € X'\ Sp let p(B,z) := pex(B|z)
and for x € Sp we let p(B,x) := 0. Then the function P(B,z): X — R is
measurable. Furthermore, for any A € Yy we have

(3.9) u(B x A) = /A p(B, z)dpx(x).

To complete the proof of Theorem [3.6] we shall show that there exist a
countable algebra Ug generating B(©), a subset S C X of zero py-measure
such that for each z € X'\ S the RHS of is well-defined for any B € Up,
moreover it is a g-additive set function on Ug. To prove this statement we
need the assumption that © is a Souslin space, namely we shall use the
following

Proposition 3.10. ([Bogachev2007, Theorem 7.4.3, p. 85, vol. 2]) Every
Borel finite measure on a Souslin space © is Radon and concentrated on
a countable union of metrizable compact sets. In addition, for every B €
B(©) and every € > 0 there exists a metrizable compact set K. such that

wWB\ K.) <e.

The strategy of the remainder of the proof of Theorem [3.0]is as follows. By
[Bogachev2007, Corollary 6.7.5, p. 25, vol.2], there exists a countable algebra
Uo generating B(0). In Lemma we shall show the existence of a subset
So C X of zero py-measure such that for any z € X'\ Sy and any B € Ug the
RHS of is well-defined and peg|x(-|z) = p(B, z), moreover ugx(-|z) is
an additive function on Ug. Then in Lemma[3.13 we shall apply Proposition
below to show that there is a subset S; C (X \ Sp) of zero py-measure
such that for all x € &\ (Sp U S1) the function p(B,r) = pex(-|z) is
o-additive on Ug, and hence it defines a probability measure on ©, since
p(©,2) = 1 for all x € X. Since on X \ (Syp U Sy) the function p(B,x)
coincides with pg|x (B, x) this shall complete the proof of Theorem

We recall that a family K of subsets of a set X is called a compact class,
if for any sequence K, of its elements with U? | K, = (), there exists N such
that UY | K,, = () [Bogachev2007, Definition 1.4.1, p. 13, vol.1].

Proposition 3.11. [Bogachev2007, Theorem 1.4.3, p. 13, vol. 1] Let u be a
nonnegative additive set function on an algebra A. Suppose that there exists
a compact class K approximating i in the following sense: for every A € A
and every € > 0, there exist K. € K and A. € A such that A C K. C A
and p(A\ Ae) < e. Then u is countably additive. In particular this is true
if the compact class K is contained in A and for any A € A one has the
equality
p(A) = sup p(K).
KCA,Kek

Continuation of the proof of Theorem[3.6. By Proposition [3.10]any family
K of compact sets in © is a compact class. Propositions and imply
that there exists a countable algebra Ug generating B(©) such that Ug
contains a countable union Kg of metrizable compact sets on which the
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measure jig is concentrated, and for every B € B(0) and every € > 0 there
exists a metrizable compact set K. such that u(B \ K.;) < e. Thus the
condition of [Bogachev2007, Theorem 10.4.5 (ii), p. 359, vol.2] is satisfied
for A =Upg.

Lemma 3.12. There exists a measurable subset Sy C X of zero px-measure
such that for allz € X\ Sy the function peg x(-|x) is additive on Ug, moreover
pex(-lz) = p(B,z).

Proof. Let Ug consist of countably many sets B,,. Let Sy = U;Sp,. Then Sy
is measurable and it has zero measure set. By Corollary peolxa(-lr) =

p(B,x) for any z € X\ Sp. Clearly the RHS of (3.6]) is additive for on Ug
for any z € X'\ Sp. This completes the proof of Lemma O

Now for all x € X’ we define a set function pg|x(-|z) on Ug by setting

0 for z € Sy,
3.10 . =
(3.10) te|x () {p(.’x) for € X\ S

By Corollary and Lemma for any B € Ug the function uegx(B|-) :
X — R is measurable.

Lemma 3.13. There exists a measurable subset S1 C X \ Sy of zero pux-
measure such that for any x € X'\ (So U S1) the set function pex(-|r) is
o-additive on Ug.

Proof. Taking into account Lemma [3.12] and Proposition to prove
Lemma [3.13] it suffices to show the existence of a measurable subset S; C
X\ Sy of zero py-measure such that for any z € X'\ (Sp U S7) the compact
class Kg approximates the additive set function pgx(-|z) on Ug. This will
be proved using arguments in [Bogachev2007, p. 360, vol. 2]. By Proposi-
tion for every n there are sets C,, , € Ko such that

(3.11) Chnk C By and p(By, \ Cr i) < 1/k.

Claim. There exists a measurable subset S of zero py-measure such that
for all z € X\ S; we have

(3.12) po|x (Bn, ) = sup pig|x (Chk, ) for all n € N.
k
Proof of Claim . We define a function ¢, : X — R by setting g, (x)
equal to the RHS of (3.11)), if x € X'\ Sp and ¢n(z) = 0 otherwise. Then

qn : X — R is measurable, since pg|x(Cn k) : X — R is measurable. Since
Chx C By, for all k and for all z € X'\ Sy we have

(3.13) qn(7) < pojx(Bn,z) for all z € X'\ Sp.

Since pio|x (Cr ks ) < gn(z) for x € &'\ Sp, and Sp is a measurable subset
of zero y-measure, taking into account ([3.9) and (3.10)), we have

B1) G x X) = [ pop(Cora)di < [ au(oin
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Taking into account (3.13]) and (3.11)), we obtain from ([3.14])
(3.15) Sup (Cnp x X) < / an(2)dp < / to|x (Bn, x)dp = p(By x X).
X X

By (3.11), the LHS of (3.15) is equal to the RHS of (3.15). Taking into
account ([3.13]), we conclude that there exists a subset S; C X'\ Sy such that

qn(7) = pejx(x) for all z € &'\ (Sp U S1). Since both the functions g, and
pe|x are measurable, the subset 51 is measurable. This proves Claim (3.12

Claim (3.12)) implies that for all x € X'\ (Sp U S1) the additive function
po|x(-|z) on the algebra Ue has the property that the compact class Ko
approximates p(-,x) on Ug. This completes the proof of Lemma O

Since pg|x(-|7) is o-additive on U, it extends to a measure on ©. Since
pe|x(©,z) =1 for any x € X' this completes the proof of Theorem O

Corollary 3.14. Assume the conditions of Theorem [3.6. Given a point
xg € X\ S assume that pg(xg) = 0 for all 0 € ©. If the condition for
differentiation w.r.t. v at 0 under the integral [, pg(Dr(xo))dpe holds for
C € Ug U{B}, then for any B € Ug we have
_ fB d%n|r=0p6’(Dr($0))d/‘®

f@ d%\rzope(Dr(ﬂfo))dﬂe ’
if the dominator in the RHS of does not vanish.

(3.16) pox (Blzo)

Remark 3.15. If {py| 0 € O} is a family of dominated measures, then

dpe|x
(3.17) u(Bla) = [ S0 0l de
B (S)
where, by Bayes’ formula we have [Schervish1997, Theorem 1.31, p.16]
d 0
(3.18) N®|X<9’x) _ fxje(z]0)
due Jo xje(@|t)due(t)

for py-a.e. x € X. We regard both (3.6)) and (3.18) as recipes for computing
the posterior distribution p(B|z) under different assumptions.

Remark 3.16. Assume the conditions of Theorem Given zp € X'\ S,
assuming that pg(zo) = 0 for all § € O, a sufficient condition for differenti-
ation under the integral sign for any C' € Ug U ©

619 lm [ pa(Do(eo)) die = [ 4 l-one(Ds (o)) due
c c ar

r—07r

is the differentiability in r of the function py(D,(x¢)) of the variable r in
a neighborhood of 0 € [0,1] and the existence of a pug-measurable function
F(0,z0) of the variable 6 such that |%p9(Dr(xo))| < F(0,x0) in this neigh-
borhood, see e.g. [Jost2005, Theorem 16.11, p. 213|, which is also valid for
an arbitrary measurable space ©.
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Remark 3.17. Formula (3.6) for the (regular) posterior distribution pg x (B|z)
is obtained from Proposition which gives a formula for the Radon-
Nykodym derivative dv/du. As a formula for a (not necessarily regular)

conditional distribution, (3.6) is also valid py -a.e. without any assumption
on ©.

Remark 3.18. We can slightly generalize Theorem to the case of a
finite dimensional complete Riemannian manifold with a countable number
of connected components by setting the distance between two points from
different connected components to be oc.

Example 3.19. Assume that X C (M, g) is a closed (resp. open) subset of
(M,g). Then X is a Polish space and P(X) is a Polish space and hence a
Souslin space. Theoremimplies that for any (prior) measure ug € P?(X)
our formula gives a posterior distribution of ug on © := P(X) after
seeing data z € X. If dim X > 1 then P(&X) is not a family of dominated
measures and therefore we cannot apply Bayes’ formula for computing the
posterior distribution of pg after seeing data x.

In some cases, e.g., if p : @ — P(X) is an exponential family, we can com-
pute the posterior distribution pgx(B|r) without using Bayes’ formula, see
e.g., [Amari2016l §11.5. 1, p. 266] for a geometric explanation, or without
using formula e.g., for Dirichlet prior nonparametric distributions on
P(X), which we shall revisit in the last section.

4. DIRICHLET MEASURES REVISITED

In this section, first we discuss some functorial methods of generating
probability measures on P(X’). Then, using the functorial language of prob-
abilistic mappings, we revisit Dirichlet distributions, which are Dirichlet
measures on P(X) where the X are finite sample spaces, see Definition
and the remark thereafter. Finally we give a new proof of the existence of
Dirichlet measures over any measurable space using a functorial property of
the Dirichlet map constructed by Sethuraman (Theorem [4.6)).

4.1. Probability measures on P(X). There are several known techniques
for construction of random measures, i.e., measures on P(X), see [GV2017,
Chapter 3] for an extensive account. In this section we shall use probabilis-
tic mappings for construction of a probability measure on P(X). The most
natural way is to look at a “simpler” measurable space Xs and construct a
probabilistic mapping T : X5 ~ X together with a measure pu € P(Xs),
a measure up € P?(X;), and examine if the measures Pi(T)(u), evp o
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PX(T)(up), P2(T)(up) € P?(X) satisfy our requirement.

) )
XS 4";;‘ P(Xs) W P2(Xs)
J— =% 2 ==
éTy\ lP* (T) P (1) le(T) PAT)
x - p(x) 2> P2(x) 2= P3(X)
ev evp evp

By Lemma (3), evp o P2(T)(up) = P.(T)(evp(up)), hence we need
only to look at P.(T)(u) and P2(T)(up). Both these constructions are
utilized in the proof of Theorem where we give an alternative proof of
the Sethuraman theorem.

Let us recall that the o-algebra on P(X) is generated by the subsets
(A, B*)p := (A, B*)N'P(X) where A € ¥x and B* € B([0, 1]) (see the proof
of Prop . Hence we obtain the following easy Lemma whose proof is
omitted.

Lemma 4.1. Any up € P3(X) is determined uniquely by its value on the
measurable subsets (Ay, BY)pN---N(Ap, B);) p where A; € ¥y, B € B([0,1])
and n € N.

Note that the collection {(A; x B}) x --- x (A, x B})} of measurable
subsets generates the o-algebra in Xypip := (X x [0,1))°,Xx, . = (Zxr ®
B([0,1]))>°), moreover any measure v € P(Xyniv) is determined uniquely by
its values on the subsets in this collection. This suggests that we could take
Xs := Xuniv to define a prior measure on P(X) such that the obtained prior
measure on P(X) satisfies Ferguson’s required properties: the support of
the prior distribution should be large and the posterior distributions should
be manageable analytically. A required probabilistic mapping X,niy — X
has been constructed in Sethuraman’s proof of the existence of Dirichlet
measures [Sethuraman1994] which we shall revisit at the end of this section.

4.2. Dirichlet distributions. Dirichlet distributions are most commonly
used as the prior distribution over finite sample spaces in Bayesian statistics.
In this subsection, following [GR2003, §3.1.1] and [Ferguson1973|, we recall
the notion of a Dirichlet distribution Dir(aq,- -+, ax) on Ap = P(Q), where
a = (a1, -+ ,05) € RE,\ {0} is a parameter of the distribution. Classi-
cally, Dirichlet distributions Dir(«) are defined for a € R’;O but Ferguson’s
definition of a Dirichlet distribution (Definition extends naturally to a
definition of a Dirichlet measure in general case (Definition when X
need not be finite, while the classical definition doesn’t.

Definition 4.2. (cf. |[GR2003 Definition 3.1.1, p. 89], [Ferguson1973] p.
211]) Given a € M*(Q) let Q(«o) = {w; € Qla(w;) # 0}. Let 7y :
Q(a) — Q denote the natural inclusion. Let I(«) := #Q(a). The Dirichlet
distribution Dir(a) € P*(Q) = P(A) is the measure P2(mo)Dir ()
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where Dir(alo)) € P2(Q(c)) is the classical (I(a) — 1)-dimensional Dirich-
let distribution on A, with the following density function with respect to
the (I(a) — 1)-dimensional Lebesgue measure on Ay,:

F(ai1 4+ .+ ail(a))Hl(a)l_aij*1

F(ah) T F(aiz(a)) =1y

(4.1)  Dir(ziy, - Ty )lalo@) =

We summarize important known properties of Dirichlet distributions,
which shall be needed later, in the following

Proposition 4.3. (1) The map Diry : (M*(Q), 7o) — (P?*(Q%), 7v) : @ >
Dir(«) is continuous [GR2003|, 11(a), p. 93].

(2) If p € Ay is distributed by Dir(aq,--- ,ax) then for any partition
Avy oo A of Qg the wector (32, ¢4, Pis D uicn, Pis" 7ZwieAl p;) is dis-
tributed by Dir(a(Ar),--- ,a(4;)) [GR2003, p. 90].

(3) Let a« € M*(Q) and (P(Q), Dir(a), Idp, Q) a Bayesian statistical
model. Then the posterior distribution of the prior distribution Dir(«) after
seeing the data © € Q. is Dir(a + d;) [Fergusonl973, p. 212], [GR2003, p.
92].

Remark 4.4. (1) Let X = Aj;U---UA, be a measurable partition of X
into n disjoint measurable subsets. This partition induces a measurable
map 7 : X — Q, = {A1,--- A}, w(x) := A; if © € A;. We have
M. (m)(a) = (a(A1),- - ,a(Ay)) for any o € M(X). Hence the assertion
(2) in Proposition is equivalent to the commutativity of the following
diagram for any n > k and any surjective mapping m, : €2, — Q

M*(Qn) Diry,

J{M*(ﬂ'nk) lpf(ﬂ'nk)
M*(Qk) Diry,

(2) Let k <l and 7y = Qi — € is an injection. Let my : € — Qi be a
left inverse of mg;. By the definition of Dir(«) it is not hard to see that the
following diagram is commutative

P2(n)

M*(Qk)M*(Wu)M* ) (k)= M ()

lDz’rk

27T
P2(Qy) Pl ()

(
lDim Diry,
9 P2(mik) o
PA(y) —— P=(,).
It follows that for any map mx; : Q2 — €; we have
P*Q(T(‘kl) @) DiT‘k = DiT‘l 9] M*(Trkl).

Hence Diry, : M*(Q,) — P?(,) is a natural transformation of the functor
M, to the functor P? in the category of finite sample spaces €, whose
morphisms are (measurable) mappings.
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(3) The converse statement of Remark [4.4)(2) is also valid, assuming a
normalization condition. Namely for each n € NT there exists a unique
mapping Dir, : M*(,) — P?(€2,) satisfying the following properties.

(i) Normalization: for n =2 we have Dirs(a) = Dir(a).

(ii) Naturality: for any n,k > 1 and any mapping m,; : Q, — Qj the
following diagram is commutative

Diry,
M*(Q2y) S PQ(Qn)
\L(ﬂ-nk)* lpf(ﬂ-nk)
Di
M*(Q) =2 P2(Qp).
4.3. Dirichlet measures.

Definition 4.5. (cf. [Fergusonl973, Definition 1, p. 214]) Let X be a
measurable space and a € M*(X). An element D(a) € P?(X) is called a
Dirichlet measure on P(X) parameterized by «, if for all surjective measur-
able mappings 7w : X — . we have
(4.2)

P2(m)(D(a) = Dir(a(my (w), -, alry (wr)) € PAQ) = P(Ay),

where Dir(aq, - - , ay) is the Dirichlet distribution with the parameter (a;, - - -

on Ay defined in Definition If D(«) is defined for all @« € M* we shall
call D a Dirichlet map.

Proposition (2) implies that Dir(aq,---, ) is a Dirichlet measure
on P(Qy,).

Theorem 4.6. For any measurable space X there exists a measurable map-
ping D : M*(X) — P?(X) such that D(a) is a Dirichlet measure param-
eterized by a. Moreover the mapping D is a natural transformation of the
functor M, to the functor P? in the category of measurable spaces whose
morphisms are measurable mappings.

Proof. We shall show that the Dirichlet mapping D : M*(X) — P?(X) con-
structed by Sethuraman [Sethuramanl994] satisfies the condition in Theo-
rem (1) Let us recall the construction of D. First we define a mapping
T : M*(X) — P(Xuniv) as follows

T(a) := (rx(a) x beta(1l,a(X)))> € P((X x [0,1])>).

Here, beta is the usual beta distribution. Since a(X’) > 0, the map T} :
M*(X) — P*([0,1]),a — beta(l, (X)) is a measurable map. Since 7y is a
measurable map by Proposition the map T is measurable.

Let m; : Xyniv — X x [0, 1] denote the projection on the i-factor of Xynis-
Denote by ji (resp. j2) the projection from & x [0,1] to X (resp. to [0, 1]).
The we define for ¢ € N and n € N the following measurable mappings:

o 91 : Xuniv — R7 ez(xumv) = j2 o Wi(xuniv)v
®q;: Xuniv — X, Qi(l'univ) = jl o 7"'i(ﬂ/’univ)’
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® Dy Xuniv = R7 P1 (xunw) = ‘91 (:Euniv)»

® Dn : Xuniv — R, pn(wum’v) = Qn(xunw)n?;ll(l - ez(xunw))a ifn> 27
® Duniv : Xuniv — P(X)a puniv(xuniv) = Zzl pi(l'univ) : 6111‘(331””'1;)

e D: M*(X) — P2X), D(a) := (Puniv)«(Tuniv()).

Remark 4.7. It is not hard to see that for any xunjw € Xuniw We have
o Pi(Tuniv) € [0,1].  Therefore the image of puniv(Xuniv) C M(X).
Furthermore it is known it that there exists a measurable subset X:flfv
of full pypip-measure for any piyni,, = @ (ux X v) € P(Xuniw), where
pux € P(X) and v € P([0,1]) is dominated by the Lebesgue measure on
[0,1], such that the map pyniy(X7Y) C P(X), see e.g. |[GV2017, Lemma
3.4, p. 31]. Thus the expression (puniv)«(T'(«)) should be understood as
(Puniv)s 0T (Quniv) € P2(X) where 7 : P(Xyniv) — P( X9 ) is the restriction
and ayniy = T(@).

Since the mappings p; are measurable, and Y7 pi(Tuniv) = 1 for Typiy €
X% the map D(a) : M*(X) — P2(X) is a measurable map.

unwv?
Now we shall show that Sethuraman’s Dirichlet map D is a natural trans-

formation of the functor M, to the functor Pf.
Let K : X — ) be a measurable mapping. Denote by koo : Xuniv — Vuniv
the induced measurable mapping;:

/ioo((wb 91)7 T ('%'007 900)) = ((’i('xl)a 01)7 T (H(.%'oo), 900))

Clearly we have koo(X, ) C V.9 . Let us consider the following diagram

roT P(Xreg )(puniv)* PZ(X)

(4.3) M () univ
ln* (Koo )% in(/{)
ME () L P, P )
Assume that o € M*(X). Since k. (a)(Y) = a(X) we obtain
roTor(a) =ro((my(rea) x B(1,a(X)))>
(4.4) = (Koo)s7 0 T() € P(Vuniv)-

Let <Al, sz)P S Ep(y). Then
(4.5)
(puniv)*(’{'oo)*(r(auniv))(mi <Az’ BZ<>P) = T(aum’v)(ﬁ_l(punw( <A17 B > )))

( )(pum'v)*(T(aumv))(mi<Ai>B;>P) = T(auniv)(pumy( «) (mz<szB )P))
(4.6) = 7(Quniv) (P (Ni (K™ (A5), B¥) p)).-
Let (A, B*)p € Xp(y). Then we have

(4.7) pumv(<A B* > ) = {yum'v € yumv‘ Zpi(yumv)(sqi(yunw)(A) € B*}
i=1
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Hence

’igol (pqu‘}iv«A? B*)p)) = {ZTuniv € Xuniv| Zpi("100(Cvuniv))(sqi(noo(wunw)) € A}
=1

oo
= {fum'v € Xunw| Zpi(l‘univ)(sqi(;gumv) € K_l(A)
=1

(4.8) = Punio (87 (A), B)p).
It follows from (4.8]), (4.7) and (4.6]) that
(4.9) Fine (Danin(Ni( Az, BY) P)) = Do () ™ (Ni{Ai, B ) p).-
Taking into account Lemma we obtain from (4.9)) the following identity

(410) (pumv)*(ﬁoo)*(r(auniv)) = PE(E) (pum'v)*(r(auniv))-

Hence we deduce from (4.4) and (4.10) the naturality of the transformation
D which is expressed in the following identity

(4.11) D o M, (r)(a) = P%(k) o D(cv).

As in Remark we observe that the functoriality of the map D implies
that D(«) is a Dirichlet measure, since it is known that the restriction of
the map D to the category of finite sample spaces is the Dirichlet map, see
e.g. [GV2017, §3.3.3]. (By Remark [£.43) we need only to show that the
Sethuraman map defined on M, (£22) is the Dirichlet map). This completes
the proof of Theorem

O

Remark 4.8. 1. Let © denote P(X). Assume that D : M*(X) — P(O)
is a Dirichlet map. In [Ferguson1973] Theorem 1, p. 217] Ferguson proved
that the posterior (conditional) distribution Dgx(-|z) with prior D(«a) is
equal to D(a + dy).

2. In [Fergusonl973] Ferguson made use of Kolmogorov’s consistency
theorem. Since P(R,Y,,) is not a measurable subset of [0, 1)3®) see e.g.,
[GR2003, p. 64], the Kolmogorov theorem does not apply directly and we
need a more refined technique [GV2017, Theorem 3.12, p.28]. Ferguson also
suggested a second proof of the existence of a Dirichlet map, which is close
to Sethuraman’s proof [Sethuraman1994].

3. We have shown the benefit of the functorial language of probabilistic
mappings in this paper. In particular, using the compact precise functorial
language of probabilistic mappings, we don’t need to use abstract generators
of random variables.

APPENDIX A. DIFFERENTIATION OF MEASURES ON COMPLETE
RIEMANNIAN MANIFOLDS

Let (M, g) be a Riemannian manifold. By the Nash embedding theorem,
there exists an isometric embedding f : (M, g) — (R", go) where gy denotes
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the Euclidean metric. In general the embedding f is not easy to find ex-
plicitly. Observe that the distance p, on (M, g) induced by g is larger or
equal to the distance py, induced by the embedding f, moreover p, = pgy,
if and and only if f(M) is an affine subset of R™. If (M, g) is complete the
distances p, and py, generate the same topology on M.

In this section we extend Bogachev’ theorem on differentiation of Borel
measures on R"” ([Bogachev2007, Theorem 5.8.8, p. 368, vol. 1]) to the
case of Borel measures on a complete Riemannian manifold (M", g) where
the distance on M" is induced by ¢ (Theorem [A.1). First we need some
notations.

Let 11 and vy be locally finite Borel measures on (M", g) such that v <
vi. For x € M™ we denote by D,(z) the open geodesic ball of radius r in
M with center in z and we set

B i g, 22D (@)

DV11/2($) T }nao P Vl(Dr(x))’
= lim in 22(D: (@)

DVIVQ(J") T }aﬂ f 1/1(D7‘(x))7

where we set D, vo(z) = D, va(z) = 400 if v1(D,(z)) = 0 for some
r > 0. o
Furthermore if D,,vo(x) = D, v2(x) then we set

Dy, v3(x) := Dyyvo(x) = D, v2()
which is called the derivative of vo with respect to vy at x.

Theorem A.1. Let v1 and 1o be two nonnegative locally finite Borel mea-
sures on a complete Riemannian manifold (M™, g) such that vy < v1. Then
there is a measurable subset Sy C M™ of zero v1-measure such that the func-
tion D, vy is defined and finite on M\ So. Setting D,,vs(x) := 0 for z € Sy
and D, vo(x) := D, vo(x) for & € M\ So, the function Dyvy : M — R
is measurable and serves as the Radon-Nikodym density of the measure vo
with respect to vy .

Proof. The proof of Theoremuses the argument in the proof of [Bogachev2007,
Theorem 5.8.8, p. 368, vol. 1] with a slight modification to deal with a
general complete Riemannian metric g and, unlike Theorem 5.8.8 ibid., we
modify D,,vs a bit to get a “better” function Dyl vy on M™.

First we shall show that D,,vs(x) exists and is finite for vj-a.e. x. Let
S :={z: D, va(x) = +o0}. To show v1(S) = 0 we need the following

Proposition A.2. Let 0 < ¢ < oco.
(i) If AC {x: D, vo(x) < c} then v5(A)
(ii) If A C {x : D,,va(x) > c} then vi(A)

Proposition is an extension of Lemma 5.8.7 ibid. and will be proved
in a similar way based on Lemmas [A.3] and [A.4] below. We shall say that

< cvf(A).
> cvf(A).
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an open geodesic ball D,(z) C (M", g) is k-proper, if kr is at most the
injectivity radius of (M, g) at x.

Lemma A.3. Assume that F is a collection of open 4-proper geodesic balls
in a complete Riemannian manifold (M™,g) such that the set A of the cen-
ters of the balls in F is bounded. Then for some finite number N one can find
subcollections Fi,--- ,Fn C F each of which consist of at most countably
many disjoint balls such that A is covered by the balls from F1U---U Fn.

Lemma A.4. Let u be a locally finite Borel measure on a complete manifold
(M™,g). Suppose that F is a collection of open 4-proper geodesic balls in
(M™, g) the set of centers of which is denoted by A, and for every a € A and
every € > 0, F contains an open 4-proper geodesic ball D,(a) with r < e. If
A is bounded then for every nonempty open set U C M™ one can find an at
most countable collection of disjoint balls D; € F such that

U Dj cU and p*((AnU)\ | Dy) =0.
j=1 j=1

Proof of Lemma[A.5 Lemma is a version of the Besicovitch covering
theorem for (R™, gg) [Besicovitch1945], which has been formulated as The-
orem 5.8.1 in [Bogachev2007, p. 361, vol. 1]. There are three differences
between Lemma and Theorem 5.8.1 ibid.: firstly we make the assump-
tion that A is bounded, secondly, the geodesic balls are 4-proper, and thirdly,
the balls are open instead of nondegenerate closed as in Theorem 5.8.1 ibid.

A

Denote by A the set of the centers of the balls in F. Let R := sup{r :
D,(a) € F}. We can find Dy = D,,(a1) € F with r;1 > 3R/4. The balls
Dj,j > 1, are chosen inductively as follows. Let A; := A\Ug;ll D;. If the set
Aj is empty, then our construction is completed and, letting J = j — 1 we
obtain J balls Dy, -+, D;. If A; is nonempty, then we choose D; : D, (a;) €
F such that

3
aj € Aj and rj > Zsup{r :Dy(a) € F,a € Aj}.
In the case of an infinite sequence of balls D; we set J = oo.

Claim 1. The balls D, (a;) satisfy the following properties

(a) if j > i then r; < 4r;/3,

(b) the balls D, /3(a;) are disjoint and if J = oo then r; — 0,

(c) A C U/ Dy, (aj).

Proof of Claim 1. Property (a) follows by the definition of r; and the
inclusion a; € A; C A;.

4The version of Besicovich’s theorem for open balls seems known [Bogachev2007, p.
344, vol2].
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Property (b) is a consequence of the following observation. If j > i then

a; ¢ D; and hence by (a) we have
reoor

(A1) pglai,az) > r; > §+§’
Since A is bounded, r; goes to 0 if J = oo.

Finally (c) is obvious if J < co. If J = oo and D;(a) € F then there
exists r; with 7; < 3r/4 by (b). Hence a € Ug;ll D; by our construction of
rj. This completes the proof of Claim 1.

We fix k£ > 1 and let
(A.2) I, = {j 1] <k, Dj N Dy # @}, M =1, N {j i1y < 3Tk}.

Claim 2. There is a number ¢(A) independent of k such that #(Mj) <
c(A).

Proof of Claim 2. 1f j € My, and « € B(aj,r;/3) then the balls D; and
Dy, have nonempty intersection and r; < 3ry, hence
rj
3

It follows that D, s3(a;) C Dsy,(ar). Denote by voly the Riemannian
volume on (M", g). By the disjointness of B(a;,;/3) and the boundedness
of A, taking into account the Bishop volume comparison theorem [BC1964,
Theorem 15, §11.10], see also [Lel993| for a generalization, there exists a
number ¢1(A) such that

pg(x,ar) < pg(z,a5) + pglaj, ar) < = + 1 + 1) < 5ry.

(A.3) volg(Dsp, (ar)) > Y woly(Dy,s3(a;)) = e1(A) D '(%)”-
JEMj JEMj,
Using property (a) in Claim 1, we obtain from
(A4)  woly(Dsr (@) = Y el(A)(F)" = #(M)ea (A) ()"

JEM)

By the Bishop comparison theorem there exists a number ca2(A) such that
volg(Dsy, )(ax) < c2(A) - (5r)™. Combining with (A.4) we obtain

2(A) o
(A.5) #(M,,) < Cj ( A)20 .

This completes the proof of Claim 2.

Claim 3. There exists a number d(A) independent of k such that #(Ij \
My) < d(A).
Proof of Claim 3. Let us consider two distinct elements i, j € Iy \ My. By

(A.2) we have
(A.6) 1<i,j <k, D;NDy#0, DjﬂDk#Q, ri > 3rg, T > 3.
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For notational simplicity we shall redenote py(ak,a;) by |a;|. Then (A.6)
implies

(A.7) la;| <7 + 11 and |aj| < 75 + 7.

Let Ogcf(ai,a;) € [0,7] be the deformed angle between the two geodesic
rays (ak,a;) and (ax,aj), connecting aj with a; and a; respectively, which
is defined as follows
|ail” + la;* — py(ai, a;)®

2|ag|ay|

O4ef(ai, aj) := arccos

We shall prove the estimate
(A.8) Odef(ai,a;) > 6p := arccos61/64 > 0.

By the construction, see also (A.1]), we have 0 = a;, ¢ B; U Bj and 7; < |a;|,
rj < |aj|. W.Lo.g. we assume that |a;| < |a;|. By (A.2)) and (A.7]) we obtain

(A9)  3Brp <1 <lag| <141k, 3rp <1y <laj| < i+, |ail < aj)

We need two more claims for the proof of (A.8]).

Claim 4. If cos O4er(ai,aj) > 5/6 then a; € Bj.

Proof of Claim 4. It suffices to show that if a; ¢ B; then cos0gcr(a;, a;) <

5/6. Assume that a; ¢ Bj. We shall consider two possibilities, first assume

that pg(a;,a;) > |aj|. Then our assertion follows from the following esti-
mates

_ lail* +1a” = pglai a;)* _ ail _

(A.10) o8 Ogef(a, aj) 2ladlla;| < 2] <

Now assume that pg(as;,aj) < |a;|. Then

|2 |12 — )2
cos Oger(a;, a;) = lai|* + |a;|* — pg(ai, aj)

2[ai||a;] -
il (lajl = py(ai, a;))(aj] + pg(ai, a))
2[a;| 2[ail|a;]
21 lagl = py(ais ay)
T2 |aj]
(A.11) S By Sk
2 r; 6

where in the second inequality we use the assumption |a;|+pg4(as, a;) < 2|a;l,
in the third inequality we use |a;| < r; 4 rj and taking into account a; € B;
we have r; < pg(as, a;j), we also use r; < |a;| from (A.9), and in the last
inequality we use 3r; < r; from . This completes the proof of Claim
4. O
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Claim 5. If a; € Bj; then
8
(A.12) 0 < pglas, aj) + |a;| — |aj| < g(l — 08 O4er(ai, ajz))|aj|.

Proof of Claim 5. We utilize the proof of [Bogachev2007, (5.8.3), p. 363, vol.
2] . Since a; € Bj we have i < j. Hence a; ¢ B; and therefore py(a;, a;) > ;.
Keeping our convention that |a;| < |a;| we have

polai, aj) +ai| —laj| _ pglai, a;) + |ail — |aj| pg(ai, a;) — |ail + |aj|

0< <
|a;] ;] pg(ai, aj)
_ pglai,a5)? — (Jaj| — as])? _ 2|ai|(1 — cos Oyes(ai, a;))
|ajlpg(ai, aj) pg(ai; a;)
2(r; 1 — cos Ogef(ai, a;)) _ 8
< 2t L= 0osBuef O ) o B3 con ey on, ).
T

Here in the inequality before the last we use the above inequality r; <
pg(ai,aj) and |a;| < r; + 7 from (A.9). This completes the proof of Claim
5.

Continuation of the proof of . If cos Oge (as, aj) < 5/6 then cosbger(ai, a;) <
61/64. If cosOgef(a;, a;) > 5/6 then a; € B; by Claim 4. Then ¢ < j and
hence a; € B;. It follows that r; < py(ai,a;) < rj. Recall by Claim 1 (a)
rj < 4r;/3. Taking into account r; > 37y, from we obtain

Ty 1 1
pgai,a;) + lai| —laj| > ri+ri—r;j—rp > 5 k2 g(rj + 1) > é\aﬂ

which in combination with (A.12)) yields |a;|/8 < 8(1—cos O4ef(ai, aj))|a;]/3.
Hence cos f4cf(as,a;) < 61/64. This completes the proof of estimate (A.8]).

In the next step we shall prove the existence of a lower bound for the
angle 0, (a;,a;j) between the two geodesic rays (ax,a;) and (ag, a;), namely
84, (a;,a;) is the angle between two vectors d; and dj on the tangent space
1o, M™ provided with the restriction of the metric g to T, M"™, where a;
(resp. aj) is the tangent vector at aj of the geodesic (ax,a;) (resp. of the
geodesic (ag,a;).)

Claim 6. There exists a positive number «(A) independent of k, i, j such
that 0,4, (a;,aj) > a(A).

Proof of Claim 6. Since A is bounded, by the Bishop comparison theorem,
there exists a constant b(A) independent of a;, aj, ai such that 04, (a;,a;) <
b(A) - 4 (ai, a;). Combining this with this implies Claim 6.

Continuation of the proof of Claim 3.
e Let §(A) be the largest positive number such that:
(i) 6(A) <7a/8,
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(ii) For any = # y # z # x € A satisfying the following relations
TA
pg(z,y) < - and pg(y, 2) < py(2,y) - 6(A4)

we have 0,(y, z) < a(A).

The existence of 6(A) follows from the boundedness of A and Bishop’s
comparison theorem.

e Let d(A) be the smallest natural number such that for any x € A
and any r € (0,74/4) we can cover the geodesic sphere S(z,r) of radius r
centered at x by at most d(A) balls of radius - §(A4). The existence of d(A)
follows from the boundedness of A and Bishop’s comparison theorem.

Claim 6 implies that that # (I \ My) < d(A). This completes the proof
of Claim 3.

Completion of the proof of Lemma [A.3 Claims 2 and 3 imply that
#(Ix) < c(A) + d(A). Now we make a choice of F; in the same way as
in the proof of Theorem 5.8.1 ibid. so we omit the details and refer the
reader to [Bogachev2007, p. 363, vol. 1]. O

Proof of Lemma[A.]} The proof of Lemma [A-4]is based on Lemma [A-3] and
can be produced by repeating the proof of Corollary 5.8.2 ibid. word for
word so we omit it here. (]

Proof of Proposition[A.9. By the property of outer measures it suffices to
prove Proposition for bounded sets A. Now we derive Proposition
from Lemma as in the proof of Lemma 5.8.7 ibid. and we leave the
details to the reader. ([

Completion of the proof of Theorem Proposition implies that
vi(S) = 0.
Next let 0 < a < b and set
S(a,b) : {z: D, 1n(x) < a < b < Dyva(x) < +o0.
Proposition implies that
bri(S(a,b)) <wva(S(a,b)) < arvi(S(a,b)).

Hence v;(S(a,b)) = 0 because a < b. The union S; of S(a,b) over all
positive rational numbers a, b also has zero vj-measure. Hence there exists
a measurable subset Sy C M of zero v;-measure such that SUS; C Sp. This
proves the first assertion of Theorem

Now let us show that Dl,l vo(z) is measurable. Clearly, it suffices to show
that Dy, vo : M™\ Sy — R is measurable.

Lemma A.5. For each r > 0 the function f,(x) :=v1(Dy(x)): M™ — R is
lower-semi continuous and hence measurable.
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Proof. Since limy_,oo v1(Dy—1/5(7)) = v1(Dy(x)), taking into account that
D,_yi(z) C Dy(y) if [z — y| < 1/k, we obtain
lim inf v1 (D, (y)) > v1(Dy(x))

Yy—x

which we needed to prove. [l

Since Sy is measurable, we obtain immediately from Lemma the fol-
lowing

Corollary A.6. For each v > 0 the restriction f;|yps, is a measurable
function.

In the same way, the restriction of function f/.(z) := va(D,(x)) to M \ Sy
is measurable. For k € N* and z € M \ Sy we set

(@) = V2(D1/k($))
F ' V1<Dl/k($))'

It follows that the function 7, : M \ Sy — R is measurable. Hence the
function Dy, va(x) : M \ Sop — R is measurable, which we had to prove.
Finally we prove that D,,l vy serves as the Radon-Nikodym derivative of
vy w.r.t. v by the same argument as for the case (M,g) = (R", gp) in
[Bogachev2007, p. 368, 369, vol. 1], noting that our function Dyl V9 coincides
with the function D,, v, defined in [Bogachev2007, p. 368, vol.2] up to a zero

vi-measure set, and hence we omit the details. This completes the proof of
Theorem [A]
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