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We investigate the polygamy relations of multipartite quantum states. General polygamy inequal-
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glement of assistance, and the squared convex-roof extended negativity of assistance (SCRENoA).
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INTRODUCTION

Quantum entanglement is an important kind of quan-
tum correlation, plays essential roles in quantum infor-
mation processing [1–8]. One of the fundamental differ-
ences between classical and quantum correlations lies on
the sharability among the subsystems. Different from
the classical correlation, quantum correlation cannot be
freely shared. Monogamy relation is important in the
sense that it gives rise to the distribution of correlation
in the multipartite quantum system and has a unique
feature of keeping security in quantum key distribution
[9].

For the systems of three qubits, a kind of monogamy
of bipartite quantum entanglement in concurrence [10]
can be described by Coffman-Kundu-Wootters CKW in-
equality [11], EA|BC ≥ EAB + EAC , where EA|BC denotes
the entanglement between systems A and BC. Whereas
monogamy of entanglement shows the restricted shara-
bility of multipartite entanglement, the distribution of
entanglement, or entanglement of assistance [12], in mul-
tipartite quantum systems was shown to have a du-
ally monogamous (polygamous) property. Note that the
monogamy of entanglement inequalities provide an up-
per bound for bipartite sharability of entanglement in a
multipartite system, and the same quantity sets a lower
bound for the distribution of bipartite entanglement in
a multipartite system, i.e., EaA|BC ≤ EaAB + EaAC
for a tripartite quantum state ρABC , where EaA|BC is
the assisted entanglement [12] between A and BC. The
polygamy inequality was first obtained in terms of the
tangle of assistance [12] among three-qubit systems, and
it was generalized to the multiqubit system with the help
of additional entanglement measures [13–15]. In [16–18],
people derived a general polygamy inequality of multi-
partite entanglement beyond qubit based on the entan-
glement of assistance.

Recently, monogamy and polygamy relations of multi-
qubit entanglement have been studied in terms of non-
negative power of entanglement measures and assisted

entanglement measures. In [19–21], the authors have
shown that the xth power of the entanglement of for-
mation ((x ≥

√
2)) and the concurrence (x ≥ 2) satisfy

multiqubit monogamy inequalities. Monogamy relations
for quantum steering have also been demonstrated in [22–
26]. Later, polygamy inequalities were also proposed in
terms of αth (0 ≤ α ≤ 1) power of square of convex-roof
extended negativity (SCREN) and the entanglement of
assistance [27, 28]. In [29], the authors introduced a def-
inition of polygamy relations without inequalities. How-
ever, it is still not clear for the polygamy relation of the
concurrence of assistance ταa (α ≥ 2) and the βth (β ≥ 1)
power of entanglement of assistance Eβa and the SCREN
of assistance (SCRENoA) (Na

sc)
β . In this paper, we study

the general polygamy inequalities of ταa , Eβa and (Na
sc)

β

with α ≥ 2 and β ≥ 1, respectively.

We first recall monogamy and polygamy inequalities
related to concurrence and concurrence of assistance. Let
HX denote a discrete finite-dimensional complex vector
space associated with a quantum subsystem X. For a
bipartite pure state |ψ〉AB ∈ HA ⊗HB , the concurrence
is given by [30–32], C(|ψ〉AB) =

√
2 [1− Tr(ρ2A)], where

ρA is the reduced density matrix obtained by tracing over
the subsystem B, ρA = TrB(|ψ〉AB〈ψ|). The concurrence
for a bipartite mixed state ρAB is defined by the con-
vex roof extension, C(ρAB) = min{pi,|ψi〉}

∑
i piC(|ψi〉),

where the minimum is taken over all possible pure state
decompositions of ρAB =

∑
i

pi|ψi〉〈ψi|, with pi ≥ 0,∑
i

pi = 1 and |ψi〉 ∈ HA ⊗HB .

For a tripartite state |ψ〉ABC , the concurrence of as-
sistance is defined by [33, 34], Ca(|ψ〉ABC) ≡ Ca(ρAB) =

max
{pi,|ψi〉}

∑
i piC(|ψi〉), where the maximum is taken

over all possible pure state decompositions of ρAB =
TrC(|ψ〉ABC〈ψ|) =

∑
i

pi|ψi〉AB〈ψi|. For pure states

ρAB = |ψ〉AB〈ψ|, one has C(|ψ〉AB) = Ca(ρAB).

For an N -qubit state ρAB1···BN−1
∈ HA ⊗ HB1 ⊗

· · ·⊗HBN−1
, the concurrence C(ρA|B1···BN−1

) of the state
ρAB1···BN−1

, viewed as a bipartite state under the par-
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tition A and B1, B2, · · · , BN−1, satisfies the Coffman-
Kundu-Wootters inequality [35, 36],

C2(ρA|B1,B2··· ,BN−1
) ≥

N−1∑
i=1

C2(ρABi) , (1)

where ρABi = TrB1···Bi−1Bi+1···BN−1
(ρAB1···BN−1

). Fur-
ther improved monogamy relations are presented in
[19, 21]. The dual inequality in terms of the concurrence
of assistance for N -qubit states has the form [37],

C2(ρA|B1,B2··· ,BN−1
) ≤

N−1∑
i=1

C2
a(ρABi) . (2)

Now, let us consider a bipartite pure state of arbi-
trary dimension d1 × d2, |φ〉AB =

∑d1
i=1

∑d2
k=1 aik|ik〉AB

in Cd1 ⊗ Cd2 . The squared concurrence of |φ〉AB can be
expressed as [38]

C2(|φ〉AB) = 2(1− Tr(ρ2A)) = 4

d1∑
i<j

d2∑
k<l

|aikajl − ailajk|2.(3)

For a mixed state ρAB =
∑
i pi|φi〉AB〈φi|, its concur-

rence of assistance satisfies [39]

Ca(ρAB) = max
{pi,|φi〉}

∑
i

piC(|φi〉)

≤
D1∑
m=1

D2∑
n=1

(max
∑
i

pi|〈φi|(LmA ⊗ LnB)|φ∗i 〉|)

=

D1∑
m=1

D2∑
n=1

Ca((ρAB)mn) := τa(ρAB) , (4)

where

D1 = d1(d1 − 1)/2, D2 = d2(d2 − 1)/2 , (5)

LmA = PmA (−|i〉A〈j|+ |j〉A〈i|)PmA , (6)

LnB = PnB(−|k〉B〈l|+ |l〉B〈k|)PnB (7)

with PmA = |i〉A〈i| + |j〉A〈j| and PnB = |k〉B〈k| +
|l〉B〈l| being the projectors to the subspaces spanned
by {|i〉A, |j〉A} and {|k〉B , |l〉B}, respectively. A gen-
eral polygamy inequality for any multipartite pure state
|φ〉A1···An ∈ Cd1 ⊗ · · · ⊗ Cdn was established as [39],

τ2a (|φ〉A1|A2···An) ≤
n∑
i=2

τ2a (ρA1Ai), (8)

where ρA1Ak is the reduced density matrix |φ〉A1|A2···An
with respect to subsystem A1Ak, k = 2, · · · , n.

POLYGAMY RELATION FOR CONCURRENCE
OF ASSISTANCE

[Lemma 1]. For any real numbers x and t, t ≥ 1,
x ≥ 1, we have (1 + t)x ≤ 1 + (2x − 1)tx.

[Proof]. Let f(x, y) = (1+y)x−yx with x ≥ 1, 0 < y ≤
1, ∂f∂y = x[(1+y)x−1−yx−1] ≥ 0. Therefore, f(x, y) is an

increasing function of y, i.e., f(x, y) ≤ f(x, 1) = 2x − 1.
Set y = 1

t , t ≥ 1. We obtain (1 + t)x ≤ 1 + (2x − 1)tx.
Notice when t = 1, the inequality is true. �

The following theorem provides a class of polygamy in-
equalities satisfied by the α-power of τa. For convenience,
we denote τa(ρABi) = τaABi the concurrence of assis-
tance ρABi and τa(ρA|B0B1···BN−1

) = τaA|B0B1···BN−1
.

[Theorem 1]. For any tripartite pure state ρABC ∈
HA ⊗HB ⊗HC :

(1) if τaAB ≥ τaAC , the concurrence of assistance sat-
isfies

ταa A|BC ≤ τ
α
a AC + (2

α
2 − 1)ταa AB (9)

for α ≥ 2.
(2) if τaAB ≤ τaAC , the concurrence of assistance sat-

isfies

ταa A|BC ≤ τ
α
a AB + (2

α
2 − 1)ταa AC (10)

for α ≥ 2.
[Proof]. For arbitrary tripartite pure state ρABC , one

has [39], τ2aA|BC ≤ τ2aAC + τ2aAB . If τaAB (τaAC) = 0,

the inequality (9) or (10) are true obviously. Therefore,
assuming τaAB ≥ τaAC > 0, we have

τ2xa A|BC ≤ (τ2aAB + τ2aAC)x

= τ2xa AC

(
1 +

τ2aAB
τ2aAC

)x
≥ τ2xa AC

(
1 + (2x − 1)

(
τ2aAB
τ2aAC

)x)
= τ2xa AC + (2x − 1)τ2xa AB , (11)

where the second inequality is true due to the inequality

(1 + t)x ≤ 1 + (2x − 1)tx for x ≥ 1 and t =
τ2
aAB

τ2
aAC

≥ 1.

Denote 2x = α. We obtain α ≥ 2 as x ≥ 1. Then we
have the inequality (9). If τaAB ≤ τaAC , Similarly we
get (10).
Example 1. Let us consider the three-qubit state |ψ〉

in the generalized Schmidt decomposition form,

|ψ〉 = λ0|000〉+ λ1e
iϕ|100〉+ λ2|101〉

+λ3|110〉+ λ4|111〉, (12)

where λi ≥ 0, i = 0, 1, 2, 3, 4 and
4∑
i=0

λ2i = 1. We have

τaA|BC = 2λ0
√
λ22 + λ23 + λ24, τaAB = 2λ0

√
λ22 + λ24,

and τaAC = 2λ0
√
λ23 + λ24. Without loss of gener-

ality, we set λ0 = cos θ0, λ1 = sin θ0 cos θ1, λ2 =
sin θ0 sin θ1 cos θ2, λ3 = sin θ0 sin θ1 sin θ2 cos θ3, and
λ4 = sin θ0 sin θ1 sin θ2 sin θ3, θi ∈ [0, π2 ].

For λ3 ≥ λ2, i.e. τaAC ≥ τaAB :
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(a) if θ2 = π
2 ,

ταa A|BC − τ
α
a AB − (2

α
2 − 1)ταa AC

= (2λ0)α
[
(λ22 + λ23 + λ24)

α
2 − (λ22 + λ24)

α
2

− (2
α
2 − 1)(λ23 + λ24)

α
2

]
= 2α cosα θ0 sinα θ0 sinα θ1(2− sinα θ3 − 2

α
2 )

≤ 0,

where α ≥ 2 and the inequality is due to sin θ3 ≥ 0.

(b) If θ2 6= π
2 , we denote t1 = sin2 θ2

cos2 θ2
≥ 1, then we have

ταa A|BC − τ
α
a AB − (2

α
2 − 1)ταa AC

= (2λ0)α
[
(λ22 + λ23 + λ24)

α
2 − (λ22 + λ24)

α
2

− (2
α
2 − 1)(λ23 + λ24)

α
2

]
= 2α cosα θ0 sinα θ0 sinα θ1

[
1− (cos2 θ2 + sin2 θ2 sin2 θ3)

α
2

− (2
α
2 − 1) sinα θ2

]
≤ 2α cosα θ0 sinα θ0 sinα θ1

[
1− cosα θ2 − (2

α
2 − 1) sinα θ2

]
= 2α cosα θ0 sinα θ0 sinα θ1

[
1− cosα θ2

(
1 + (2

α
2 − 1)t

α
2
1

) ]
≤ 2α cosα θ0 sinα θ0 sinα θ1

[
1− cosα θ2(1 + t1)

α
2

]
= 2α cosα θ0 sinα θ0 sinα θ1

[
1− cosα θ2

(
1 +

sin2 θ2
cos2 θ2

)α
2 ]

= 0 ,

where α ≥ 2 and the second inequality is due to Lemma
1.

Therefore, we have ταa A|BC ≤ ταa AB + (2
α
2 − 1)ταa AC

for α ≥ 2.

When λ3 ≤ λ2, i.e. τaAC ≤ τaAB , from similar analysis
we can obtain ταa A|BC ≤ ταa AC+(2

α
2 −1)ταa AB for α ≥ 2.

Specially, when θ2 = π
2 , α = 2, θ3 = 0, i.e. |ψ〉 =

cos θ0|000〉 + sin θ0 cos θ1e
iϕ|100〉 + sin θ0 sin θ1|110〉, the

inequality in (9) is saturated. Generalizing the conclusion
in Theorem 1 to N partite case, we have the following
result.

[Theorem 2]. For any multipartite pure state

ρAB0···BN−1
, if τ2aABi ≤

∑N−1
k=i+1 τ

2
aABk

for i =

0, 1, · · · ,m, and τ2aABj ≥
∑N−1
k=j+1 τ

2
aABk

for j = m +
1, · · · , N − 2, ∀ 1 ≤ m ≤ N − 3, N ≥ 4, we have

ταa A|B0B1···BN−1
≤

ταa AB0
+ (2

α
2 − 1)ταa AB1

+ · · ·+ (2
α
2 − 1)mταa ABm

+(2
α
2 − 1)m+2(ταa ABm+1

+ · · ·+ ταa ABN−2
)

+(2
α
2 − 1)m+1ταa ABN−1

, (13)

for α ≥ 2.

[Proof]. From the inequality (8) and Theorem 1, we
have

ταa A|B0B1···BN−1

≤ ταa AB0
+ (2

α
2 − 1)

(
N−1∑
i=1

τ2aABi

)α
2

≤ ταa AB0
+ (2

α
2 − 1)ταa AB1

+ (2
α
2 − 1)2

(
N−1∑
i=2

τ2aABi

)α
2

≤ · · ·
≤ ταa AB0

+ (2
α
2 − 1)ταa AB1

+ · · ·+ (2
α
2 − 1)mταa ABm

+ (2
α
2 − 1)m+1

(
N−1∑
i=m+1

τ2aABi

)α
2

. (14)

Similarly, as τ2aABj ≥
∑N−1
k=j+1 τ

2
aABk

for j = m +
1, · · · , N − 2, we get(

N−1∑
i=m+1

τ2aABi

)α
2

≤ (2
α
2 − 1)ταa ABm+1

+

(
N−1∑
i=m+2

τ2aABi

)α
2

≤ (2
α
2 − 1)(ταa ABm+1

+ · · ·+ ταa ABN−2
)

+ ταa ABN−1
. (15)

Combining (14) and (15), we have Theorem 2. �
In Theorem 2, if τ2aABi ≤

∑N−1
j=i+1 τ

2
aABj

for all i =
0, 1, · · ·N − 2, then we have the following conclusion:
[Theorem 3]. For any multipartite pure state

ρAB0···BN−1
, if τ2aABi ≤

∑N−1
j=i+1 τ

2
aABj

for all i =
0, 1, · · ·N − 2, we have

ταa A|B0B1···BN−1
≤
N−1∑
j=0

(2
α
2 − 1)jταa ABj , (16)

for α ≥ 2.
Example 2. We consider again the pure state (12).

Setting λ0 = λ1 = 1
2 , λ2 = λ3 = λ4 =

√
6
6 , one has

τaA|BC =
√
2
2 , τaAB = τaAC =

√
3
3 . Let y = ταa AB +

(2
α
2 − 1)ταa AC − ταa A|BC = 2

α
2

(√
3
3

)α
, α ≥ 2, be the

residual concurrence of assistance. From our results, one
can see that y ≥ 0 for α ≥ 2, which is the case that does
not given in [28], see Fig. 1.

POLYGAMY RELATIONS FOR
ENTANGLEMENT OF ASSISTANCE

For polygamy inequality beyond qubits, it was shown
that the von Neumann entropy can be used to estab-
lish a polygamy inequality of tripartite quantum sys-
tems [16]. For any arbitrary dimensional tripartite
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FIG. 1: y is the “residual” entanglement as a function of α
with α ≥ 2.

pure state |ψ〉ABC , one has E(|ψ〉A|BC) ≤ Ea(ρAB) +
Ea(ρAC), where E(|ψ〉A|BC) = S(ρA) is the en-
tropy of entanglement between A and BC in terms
of the von Neumann entropy S(ρ) = −Trρ ln ρ, and
Ea(ρAB) = max

∑
i piE(|ψi〉AB), with the maximiza-

tion taking over all possible pure state decompositions
of ρAB =

∑
i pi|ψi〉AB〈ψi|. Later, a general polygamy

inequality for any multipartite state ρA1|A2···An was es-
tablished, Ea(ρA1A2···An) ≤

∑n
i=2Ea(ρA1Ai) [17].

Recently, another class of multipartite polygamy in-
equalities in terms of the βth power of entanglement
of assistance (EOA) has been introduced [28]. For any
multipartite state ρAB0B1···BN−1

and 0 ≤ β ≤ 1, if

EaABi ≥
∑N−1
j=i+1EaABj for i = 0, 1, · · · , N − 2, then

Eβa A|B0B1···BN−1
≤
∑N−1
j=0 βjEβa ABj , where Ea(ρABi) =

EaABi is the entanglement of assistance ρABi and
Ea(ρA|B0B1···BN−1

) = EaA|B0B1···BN−1
. But, for β ≥ 1

the polygamy relations for the βth power of the entan-
glement of assistance is still not clear.

[Theorem 4]. For any multipartite state ρAB0···BN−1
,

if EaABi ≤
∑N−1
k=i+1EaABk for i = 0, 1, · · · ,m, and

EaABj ≥
∑N−1
k=j+1EaABk for j = m + 1, · · · , N − 2, ∀

1 ≤ m ≤ N − 3, N ≥ 4, we have

Eβa A|B0B1···BN−1
≤

Eβa AB0
+ (2β − 1)Eβa AB1

+ · · ·+ (2β − 1)mEβa ABm

+(2β − 1)m+2(Eβa ABm+1
+ · · ·+ Eβa ABN−2

)

+(2β − 1)m+1Eβa ABN−1
, (17)

for β ≥ 1.

[Proof]. From Lemma 1, we have

Eβa A|B0B1···BN−1

≤ Eβa AB0
+ (2β − 1)

(
N−1∑
i=1

EaABi

)β

≤ Eβa AB0
+ (2β − 1)Eβa AB1

+ (2β − 1)2

(
N−1∑
i=2

EaABi

)β
≤ · · ·
≤ Eβa AB0

+ (2β − 1)Eβa AB1
+ · · ·+ (2β − 1)mEβa ABm

+ (2β − 1)m+1

(
N−1∑
i=m+1

EaABi

)β
. (18)

Similarly, as EaABj ≥
∑N−1
k=j+1EaABk for j = m +

1, · · · , N − 2, we get(
N−1∑
i=m+1

EaABi

)β

≤ (2β − 1)Eβa ABm+1
+

(
N−1∑
i=m+2

EaABi

)β
≤ (2β − 1)(Eβa ABm+1

+ · · ·+ Eβa ABN−2
)

+ Eβa ABN−1
. (19)

Combining (18) and (19), we have Theorem 4. �
As a special case of Theorem 4, if EaABi ≤∑N−1
j=i+1EaABj for all i = 0, 1, · · ·N − 2, we have the

following conclusion:
[Theorem 5]. For any multipartite state ρAB0···BN−1

,

if EaABi ≤
∑N−1
j=i+1EaABj for all i = 0, 1, · · ·N − 2, we

have

Eβa A|B0B1···BN−1
≤
N−1∑
j=0

(2β − 1)jEβa ABj , (20)

for β ≥ 1.
Example 3. Let consider the three-qubit W state

|W 〉ABC = 1√
3
(|100〉 + |010〉 + |001〉). We have

Ea(|W 〉A|BC) = S(ρA) = log2 3 − 2
3 and Ea(ρAB) =

Ea(ρAC) = 2
3 . Set y = Eβa (ρAB) + (2β − 1)Eβa (ρAC) −

Eβa (|W 〉A|BC) = 2β( 2
3 )β− (log2 3− 2

3 )β to be the residual
entanglement of assistance. Fig. 2 shows our polygamy
inequality for β ≥ 1.

POLYGAMY RELATIONS FOR SCRENOA

Given a bipartite state ρAB in HA⊗HB , the negativity
is defined by [41], N(ρAB) = (||ρTAAB || − 1)/2, where ρTAAB
is the partially transposed ρAB with respect to the sub-
system A, ||X|| denotes the trace norm of X, i.e., ||X|| =
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FIG. 2: y is the “residual” entanglement as a function of β
with β ≥ 1.

Tr
√
XX†. For the purpose of discussion, we use the fol-

lowing definition of negativity, N(ρAB) = ||ρTAAB ||−1. For
any bipartite pure state |ψ〉AB , the negativity N(ρAB) is
given by N(|ψ〉AB) = 2

∑
i<j

√
λiλj = (Tr

√
ρA)2 − 1,

where λi are the eigenvalues for the reduced density ma-
trix ρA of |ψ〉AB . For a mixed state ρAB , the square of
convex-roof extended negativity (SCREN) is defined by

Nsc(ρAB) = [min
∑
i

piN(|ψi〉AB)]2, (21)

where the minimum is taken over all possible pure state
decompositions {pi, |ψi〉AB} of ρAB . Similar to the du-
ality between concurrence and concurrence of assistance,
we also define a dual quantity to SCREN as

Na
sc(ρAB) = [max

∑
i

piN(|ψi〉AB)]2, (22)

which we refer to as the SCREN of assistance
(SCRENoA), where the maximum is taken over
all possible pure state decompositions {pi, |ψi〉AB}
of ρAB . For convenience, we denote Na

scABi
=

Na
sc(ρABi) the SCRENoA of ρABi and Na

scAB0···BN−1
=

Na
sc(|ψ〉AB0···BN−1

).

In [27] it has been shown that Na
scA|B0B1···BN−1

≤∑N−1
j=0 Na

scABj
. It is further improved that for 0 ≤ β ≤ 1,

(Na
scA|B0B1···BN−1

)β ≤
∑N−1
j=0 βj(Na

scABj
)β . But, it is

still not clear whether the polygamy relation still holds
for the βth (β ≥ 1) power of SCRENoA. With a similar
consideration to τAB0···BN−1

, we have the following result
of SCRENoA for β ≥ 1.

[Theorem 6]. For any multipartite state ρAB0···BN−1
,

if Na
scABi

≤
∑N−1
k=i+1N

a
scABk

for i = 0, 1, · · · ,m, and

Na
scABj

≥
∑N−1
k=j+1N

a
scABk

for j = m + 1, · · · , N − 2, ∀

1 ≤ m ≤ N − 3, N ≥ 4, we have

(Na
scA|B0B1···BN−1

)β ≤ (Na
scAB0

)β

+(2β − 1)(Na
scAB1

)β + · · ·+ (2β − 1)m(Na
scABm

)β

+(2β − 1)m+2
(

(Na
scABm+1

)β + · · ·+ (Na
scABN−2

)β
)

+(2β − 1)m+1(Na
scABN−1

)β , (23)

for β ≥ 1.

[Proof]. From Lemma 1, we have

Eβa A|B0B1···BN−1

≤ (Na
scAB0

)β + (2β − 1)

(
N−1∑
i=1

Na
scABi

)β
≤ (Na

scAB0
)β + (2β − 1)(Na

scAB1
)β

+ (2β − 1)2

(
N−1∑
i=2

Na
scABi

)β
≤ · · ·
≤ (Na

scAB0
)β + (2β − 1)(Na

scAB1
)β + · · ·

+ (2β − 1)m(Na
scABm

)β

+ (2β − 1)m+1

(
N−1∑
i=m+1

Na
scABi

)β
. (24)

Similarly, as Na
scABj

≥
∑N−1
k=j+1N

a
scABk

for j = m +
1, · · · , N − 2, we get(

N−1∑
i=m+1

Na
scABi

)β

≤ (2β − 1)(Na
scABm+1

)β +

(
N−1∑
i=m+2

Na
scABi

)β
≤ (2β − 1)

(
(Na

scABm+1
)β + · · ·+ (Na

scABN−1
)β
)

+ (Na
scABN−1

)β . (25)

Combining (24) and (25), we have the Theorem 6. �
Particularly, the equality in (23) can be established

for 4-qubit generlized W -class states |W 〉AB1B2B3
=

1
2 (|1000〉+|0100〉+|0010〉+|0001〉), with β = 1, which can
be seen clearly in example 4 below Theorem 7. Specially,
from Theorem 6 we have

[Theorem 7]. For any multipartite state ρAB0···BN−1
,

if EaABi ≤
∑N−1
j=i+1EaABj for all i = 0, 1, · · ·N − 2, we

have

(Na
scA|B0B1···BN−1

)β ≤
N−1∑
j=0

(2β − 1)j(Na
scABj

)β (26)

for β ≥ 1.
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FIG. 3: The “residual” entanglement y as a function of β
(β ≥ 1).

Example 4. Let us consider the 4-qubit generlized W -
class states,

|W 〉AB1B2B3 =
1

2
(|1000〉+ |0100〉+ |0010〉+ |0001〉).(27)

We have Na
scA|B1B2B3

= 3
4 , Na

scABi
= 1

4 , i = 1, 2, 3. Let
y be the difference between the right and left hand of
inequality (26). One has y = [2β + (2β − 1)2]( 1

4 )β − ( 3
4 )β ;

see Fig. 3.

CONCLUSION

Entanglement monogamy and polygamy are funda-
mental properties of multipartite entangled states. We
have investigated in this work the polygamy relations re-
lated to the concurrence of assistance, entanglement of
assistance, and SCREN generally for multipartite states.
We have found a class of polygamy inequalities of multi-
partite entanglement in arbitrary-dimensional quantum
systems in the αth (α ≥ 2) power of concurrence of assis-
tance, a case that has not been studied before. Moreover,
the βth power of polygamy inequalities have been ob-
tained for the entanglement of assistance and SCRENoA
for β ≥ 1. The approach developed in this work is ap-
plicable to the study of monogamy properties in other
quantum entanglement measures and quantum correla-
tions.
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