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We study mutually unbiased bases (MUBs) in which all the bases are unextendible maximally
entangled ones. We first present a necessary and sufficient condition of constructing a pair of MUBs
in C? ® C*. Based on this condition, an analytical necessary condition for constructing MUBs is
given. Moreover we illustrate our approach by some detailed examples in C? @ C*. The results are

generalized to C? ® C? (d > 3) and a concrete example in C? @ C® is given.
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PACS: 03.67.Hk, 03.65.Ud
1. Introduction

Quantum entanglement is a central resource in quantum information and quantum compu-
tation. It is one of the most fascinating features in quantum physics and tightly related to some
fundamental problems such as the estimation of the state. MUBs can provide an optimal means
of determining an ensemble’s states stated by Wootters and Fields [1]. It has good applications
such as quantum state tomography [2,3], quantum key distribution [4], quantum teleportation
and quantum superdense coding [5,6]. Let 8;={|¢;)} and Bo={|¢y)}, i = 1,2,--- ,d, be two
orthonormal bases of a d-dimensional complex vector space C¢, (¢;|d;) = 05, (Wi|i) = &ij. By
and B, are said to be mutually unbiased if and only if |(¢;]v;)]| = \/La,‘v’i,j =1,2,---,d. A set
of orthonormal bases {81, 8, -+ ,8,,} in C¢ is called a set of mutually unbiased bases if every
pair of bases in the set is mutually unbiased.

Recent years, there are many constructions of MUBs based on the following bases: product
bases(PBs), unextendible product bases (UPBs), maximally entangled bases (MEBs) and unex-
tendible maximally entangled bases (UMEBs). Consider a bipartite quantum system C¢ ® C¢
with respective dimension d and d’. A state [¢) is said to be a d ® d'(d’ > d) maximally entan-
gled state if and only if for an arbitrary given orthonormal complete basis |i4) of subsystem A,
there exists an orthonormal complete basis |ig) of subsystem B such that |¢)) can be written as
|v) = id Zf:_ol lia)®|ig). A method of constructing MUBs based on MEBs in CY@C*(k € ZF)
was given in [7]. Two types of MEBs and their mutually unbiased property in C¢ @ C? were
presented in [8], as detailed examples, some mutually unbiased maximally entangled bases in

C?®C*, C?® C® and C? ® C® were given. Some explicit constructions in C® @ C3, C* @ C4,



Co®C® and ' @ C'? were presented in [9]. By using any commutative ring R with d elements
and generic character of (R, +) instead of Z; = Z/dZ, the authors presented some construc-
tions of MUBs [10]. Furthermore, a set of states {|¢;) € C?® C¥ :i=1,2,--- ,n,n < dd'} is
called an n-member unextendible maximally entangled basis (UMEB) if and only if: (i) |;),
i=1,2,---,n are maximally entangled; (i) (¢;|¢;) = 5,0, 7 = 1,2,--- ,n; (iii) if (¢;]¢p) =0,V
i=1,2,--- ,n, then |¢) cannot be maximally entangled. The constructions of MUBs based on
UMEBs in C? ® C® and C? @ C* were derived in [11-13]. The authors proved that a complete
set of mutually unbiased bases of a bipartite system contains a fixed amount of entanglement,
independent of the choice of the set [14]. In Ref. [23] a method for constructing the UMEBs
has been also presented. Although some considerable progress has been made on MUBs [15-22],
there are still some problems that have not been resolved.

In this paper, we study mutually unbiased bases based on unextendible maximally entangled
bases. By adding two states to the set of UMEBs from [23], we extend a set of UMEBs to a
set of bases over the whole space. Then we focus on how to construct a set of bases that is
unbiased with this set of extended bases. In Section 2, we present the approach constructing
MUBs in C? ® C* and give some explicit examples. A necessary and sufficient condition and an
analytical necessary condition of constructing a pair of MUBs in C? @ C* are given. In Section
3 we generalize the method to C? ® C%(d > 3) and a pair of MUBs based on UMEBSs have been

presented in C? ® C?® as detailed examples. Comments and conclusions are given in Section 4.

2. MUBs in C?*® C*

Let {]0), [1)} and {|0'), [1"),]2), |3} } be the computational basis of C? and C*, respectively.
The following six states constitute an UMEB in C? ® C* [23]:

1

6ns) = 122 1)"a)|(j s a)), (1)

a=0

where j @3a = (j+a) mod 3and n=0,1,7 =0,1,2.



Adding the following two states to (1),

1 1
V2 V2

then the following eight states constitute a complete orthonormal basis of C? @ C*:

[bos) = —7(10) + 13D, [brs) = —(10) = 1)),

[6n) = 5 Lamo(—1)"Ia)|(j @3 a)'),

1 2)
[Dn5) = 510} + (=1 1)),

where n = 0,1,7 = 0,1,2. Next we construct another complete orthonormal basis based on
UMEBs. Let {|zo),|z1)} and {|z¢),|z1/), |v2r), |23)} be another basis of C? and C*, respec-
tively, S and W be the unitary matrices. We can transform the computational basis {|0), |1)}

and {[0'), [I'),[2),13)} to {lxo), [x1)} and {|zo), [21), [2), |v5)}, respectively,

S(10), 1)) = (o), 1)), (3)
W(0'),119,12),13) = (lzo), [2v), [22), [23))- (4)

According to

ng) = (S @ W)|dn;), (5)
we have another complete orthonormal basis in C? @ C?,

’wn,j> = \/Lﬁ 22:0(_1)na’xa>|x(j@3a)’>7

1 (6)
[Yns) = 5(170) + (1)) ),

where n = 0,1,7 = 0,1,2. The two bases {|¢nm)} and {|,m)} in C? ® C* are mutually
unbiased if and only if they satisfy the following property,

1

’<¢n,m‘¢pﬂ]>’ = ﬁ

(7)

Substituting (5) into (7) we get

|<¢n,mls® W|¢pﬂ>| = ﬁ? (8)



where n,p = 0,1; m,q =0,1,2,3, S = (Sk)ax2, k, 1 = 1,2, and W = (wg)4xa, s,t = 1,2,3, 4.
Eq. (8) implies that the absolute values of the entries of the matrix S®W under the basis

{|¢n.m)} have the following forms:

1 1 1
2V/2 2V2 22
1 1 1
2V/2 2v2 22 (9)
1 1 1
| 2v2 2vV2  2v2

From (2), we can get an unitary matrix F'

(1 1 00 0 0 0 0|
00 1 1 00 0 0
00 0 0 1 1 0 0
s 1000000 1 0
V210 0 0 0 1 -1 0 0
1 =10 0 0 0 0 0
00 1 -10 0 0 0
(0000000 1 -1

transforming the computational basis {|00), |01’),|02), |03'), |10/),]11"),]12"),[13")} to the ba-
sis {|¢nm)}, 1e. F(|00), 017,102, ]03), [107), [11), [12), [13)) = ([doo); [¢o1), -~ »[P13)).
Therefore the matrix S ® W under the basis {|¢nm),n =0,1, m =0,1,2,3} is given by

FY(S®W)F. (11)

Where F' denotes Hermitian conjugate of the F' matrix. From (7)-(11), we have the following

theorem:

Theorem 1. The two bases {|¢nm)} and {|Ynm)} defined as (2) and (6) in C* @ C* are



mutually unbiased if and only if the following condition is satisfied:

|s11wy; + (= 1)%So1wpr1j + (—1) s10wk j41 + (—1) Spowps1 11| = \/5,

511w + (—1)*s21Wps14 + (—1) 510wk 4 + (—1) S20Whs1 4] = \/5,

|s11wyj + (—1)%so1wy; + (—1) s19ws 41 + (—1)%S90wa j 11| = ﬁ,

|s11ws j + (—1)*so1wy; + (— 1)b«5’12w3,j+1 + (—1)%s90wy 11| = \/5,

|s11wes + (—1)*so1wps13 + (—1)°s10wp 1 + (—1) Soawps11| = \/5, (12)
|sj1ws 3 + (—1)%so1wy 3+ (— 1)b512w3,1 + (—1)%sg0wy 1| = \@,

|s11wsa + (—1)%so1w1 4 + (— 1)6512103,4 + (—1)%sg0wy 4| = %,

|s11was + (—1)%s91ws 3 + (—1)°s1pws 1 + (—1)°Sawy 1| = \%,

|s11waa + (—1)%891w4 4 + (—1)°s10ws 4 + (—1)°So0wy 4] = \/5,

where (a,b,c) € {(0,0,0),(0,1,1),(1,0,1),(1,1,0)} and k,j = 1,2.

Next we give some examples to illustrate Theorem 1. Constructing some mutually unbiased
bases, for simplification, we can set the matrix S to be a diagonal unitary matrix. In this
case, |s11| = |s22| = 1 due to the properties of unitary matrix. Therefore one can suppose
§11=€"P1, 599=€"%2 Wy = rye%t where s,t = 1,2,3,4 and ¢ is an imaginary unit, i.e. i2 = —1.
Substituting s11, Ss2, w1, woy and wsz into (12), we can get |r;efPr01) 4 o, eileathoz)| —
|1gge?(P14022)  pageil(@2t033) | — |pgaeilP1H0ss) 4 g eile2tOn)| — \%, therefore cos(¢1 + 611) cos(ps +
052) = sin(py + 011) sin(pg + O22) = cos(p1 + Oag) cos(pa + O33) = sin(p; + o) sin(ps + O33) =
cos(1 + 033) cos(pa + 011) = sin(py + Os3) sin(ps + 611) = 0. So |r11| = |rae| = |rss| = 3. From
|1yt P1+010) 4 gy eilo2t010)| — \/Li and W is a unitary matrix, we can get |ry| = % In a similar
way, we can get |rg| = % and
(1 + Okj) — (02 + Opr1541)| = 5 + I,
|(p1 + Ora) — (02 + Op14)| = 5 + lom,
I )= (
I ) —(

o1+ 04 P2 + 94,j+1)| = % + I3,

01+ 035) — (P2 + 01541)| = § + Iy,

\



[(p1 4+ Or3) — (02 + Okgr1)| = 5 + 157,
|(p1 4 O33) — (02 + 011)| = 5 + le,
(1 + Os4) — (92 + 014)| = § + I7m,
|(p1 + 043) — (02 + 0u1)| = 5 + Ism,
\ |(p1 + Oss) — (02 + Ous)| = 5 + lgm,
where k,j =1,2,1, € {0,1,—1} and n = 1,2,--- | 9. Therefore we obtain a necessary condition

of constructing a pair of MUBs based on UMEBs as follows.

Corollary 1. If the entries of diagonal unitary matriz S and unitary matric W satisfying
Ir| = % and Eq. (13), the two bases {|¢nm)} and {|nm)} defined as (2) and (6) in C* @ C*

are mutually unbiased.

Now we illustrate our construction by some detailed examples according to Corollary 1.
Example 1: According to Corollary 1, we choose ¢1 = 5,92 = 0, 0 = 0 except for 0y, = 0y =
033 =04y = mand ry = %, s,t =1,2,3,4. Therefore

-1 1 1 1
i 0 111 =1 1 1
0 1 211 1 -1 1

The unitary matrix S can transform the computational basis {|0),|1)} to {|zo),|z1)}. From

(3), we have

|zo) = (4,0)", |a1) = (0,1)",

where |¢)7 denotes the transpose of the state |@). According to (4), the unitary matrix W can
transform the computational basis {|0'), |1),(2),]3)} to {|xo), |z1/), |xe), |z3)}, then

1 1
|‘T0'> = 2( 17 17 17 1) |$1’> = 5(17 _17 17 1)T7

1 1
|ZL’2/> = 5(1317_171)Ta |‘T3’> = 2(171a17 1)



Therefore we obtain the another basis based on UMEBSs as follows

1 1.
|tho0) = ﬁ(lxoﬂl’o& + [z1)|z1)) = E(ZIOH%O + [D]z1)),
1 1.
Yo1) = E(I?ﬁo)!lﬂ + [z1)|z2)) = ﬁ(@\oﬂlﬂ + [1)]z2)),
1 1.
|tho2) = E(Ifﬁo)lxzﬁ + |z1)|ze)) = E(ll())lxﬂ + [D]zo)),
1 1.
|tho,3) = E(Iw + [z1))|wy) = ﬁ(lm + [1)]zs), (15)
1 1.
Y10) = E(\xoﬂxw) — |zy)|ar)) = E(Z\OH%O — [D]z1)),
1 1.
[Y11) = ﬁ(\ﬂf())lwlf) — |zy)|zy)) = ﬁ(@\())!fﬂlf) — [D)]z2)),
1 1.
|Y12) = E(Ifﬂo)lﬂ@) — |z1)|zo) = E(@I())wa) = [Dzo)),
1 1
[Y13) = E(lfﬁo) — lz)lzy) = —=(l0) = [1))]es),
that is mutually unbiased to the basis given by (2).
Example 2: We choose ¢ = 2@”,902 =5 Tst = %,s,t =1,2,3,4, except for 015 = O3 = 031 =
044 = m all the others Oy = 0. Let wy = ekgi, k=20,1,--- 11, be the twelfth roots of unity,
i.e., w;? =1. Then
1 -1 1 1
wy O 1 1 1 -1 1
S = , W=~ (16)
0 w 21211 1 1
1 1 1 -1

The unitary matrix S can transform the computational basis {|0), |1)} to {|zo), |z1)}, i.e.,
|$0> = <w47O)T7 |£C1> = (Oawl)T

The unitary matrix W can transform the computational bases {|0'), [1), |2'), [3") } to {|zo'), |z1/), |xar),
[2)}. then

1 1
|'T0’> = 5(17 17 _17 1)T7 |$1’> = 5(_17 17 17 1)T7

1 1
|ZL’2/> = 5(13_17171)Ta |[E3/> = 5(171a17_1)T'



Therefore we obtain the another basis based on UMEBSs as follows

oa) = =((o}lao) + [r)lre)) = = (@xl0)law) + e lDle)).

o) = (o) +[lra)) = = (@al0)ler) + e lDle)).

oa) = —(lau)laz) + fon)lew) = —= (@al0) ) + walUlro)

[oa) = (a0} + o))} = = nl0) +al1))fa), 17
fir0) = s(oblao) = [)lred) = = (nl0)lew) —ealDle)).

i) = s (woblar) = [)lra)) = = (@al0)lew) —walDle)).

a2 = s(aoblaz) = rlro)) = = (@al0)law) —salDleor).

Y1) = —=(lzo) — ) ) = —= (w1]0) — 1)) foy),

S

V2

which is mutually unbiased to the basis given by (2).
Example 3: By the Corollary 1, we choose ¢; = %, = —¢ and ry = %, s, t=1,2,3,4, except
for 923 = 932 = 924 = 934 = 042 = 943 = 7 all the others 95,5 = 0. We have

1 1 1 1
Wy O 1|1 1 -1 -1
S = L W= (18)
0 wy 2011 -1 1 -1
1 -1 —1 1

The unitary S can transform the computational basis {|0),|1)} to {|zo), |z1)}. From (3), we
have |20) = (w2,0)", |z1) = (0,w1;)” . According to (4), the unitary W can transform the

computational basis {|0'),[1),]2'),|3")} to {|zo), |z1), |xar), |xs)}, then

1 1
’$0/> = 5(1717171)T> ’x1’> = 5(1717_17_1)T’

1
‘$2/> = (17_171)_]—>T7 |ZE3/> = 5(1,—1,—1,1)T.

N —

Therefore we obtain the another basis based on UMEBs that is mutually unbiased to the basis



given by (2).

ino) = —(laa)la) + fon)ler) = —= (wal0) ) + ol Do),
fina) = s(aoblar) + [an)loa)) = = (al0)law) + wnlDlaz)),
ina) = s(aobla) + [a)lao)) = = (@ald)lew) + wnlDlao))
o) = (o) + 1)) = —= (eal0) +wu 1) ). (19)
fr0) = —s(lma)law) = | ler) = —= (wal0) ) — el Do),
i) = s(aoblar) = m)load) = = (@al0)ler) —wnlDla)),
i) = s(aodla) = 1)lr0)) = = (@al0)lzw) —wnlDlao)),
1

1
[V1,3) = EW@ — |z1))|zs) = 7 (w2[0) — wii[1)) |z37).

3. MUBs in C? @ C%(d > 3)

For the C? ® C* quantum systems, one can easily find the unitary matrices S and W to
construct a pair of MUBs, and get many detailed examples of MUBs. Generalizing the methods
of constructing MUBs to C? ® C¢ quantum systems, one has the difficulties to calculate the
unitary matrices S and W for high dimension d. We now generalize the method to the case of
C?® C% Let {|i)}l_, and {| j’)}?;é denote the computational basis of C? and C¢ respectively.
The following states constitute an UMEB in C? @ C¢ [23]:

1 o . , .
0ns) = = > (10| @41 )}, =01, §=01,-- d =2 (20)
a=0

S

Adding the following two states to (20)
1
V2

then we get a complete orthonormal basis in C? @ C'%:

6ng) = &5 T o(=1)a)|(j Baes ),
[bnat) = 25(10) + (~1)"|1)](d — 1)),

|Ona-1) = —=(10) + (=1)"[))I(d = 1)), n=0,1,

10



where n =0,1,j =0,1,--- ,d — 2. Let {|zo), |z1)} and {|z;),j = 0,1,...,d — 1} be another
basis of C% and C?, respectively. S = (sp)ax2, k,l = 1,2 and W = (wg)axa, s,t = 1,2,--- ,d

be the unitary matrices. We have the following relations

S(10), 1)) = (Jxo), |z1)), (22)
W0, 11, ..., [(d = 1)) = (lzo), lxr), - [w@-1y), (23)
Wn,g) = (S @ W)|n ;). (24)

Similar to the case of C? @ C*, we obtain another complete orthonormal basis in C? ® C%:

1 na
‘wn,j> = \/Lﬁ Za:O<_1) ‘xa>|x(j®d71a)'>7

(25)
[Una-1) = 5 (zo) + (=1)"z1))|z@-1y),

wheren =0,1,5 =0,1,--- ,d—2. The two bases {|¢,.m)} and {|[t,m)} in C?@C? are mutually
unbiased if and only if they satisfy the following property:

‘<¢n,m|¢p,q>‘ = vn7p20717 maqzoala'“ 7d_ L. (26>

1
V2d'
Substituting (24) into (26), we get

1

[ bnm|S @ W |dpa)| = T

(27)

It implies that the absolute values of the entries of the matrix S®W under the basis {|¢nm)}

are all \/Lfd' Let F' be the unitary matrix transforming the computational basis |ij’) to the basis

{|¢i7j>}) Le. F(|00/>’ |011>7 ) |O(d_1)/>v |10/>7 |11/>7 T |1(d_1)/>):(|¢0,0>7 |¢071>7 Ty |¢1,d—1>)7

From (21), we have

F= (28)

1
V2| B |’

11



where

0 0 0 O 0
1100 --- 00 1 -1 0 0 0
0oo11-- 00 0 0 1 -1 0
A: 7B:
0Ooo00¢O0- -+ 11 o 0o 0 0 --- 1
L - dx2d
0 0 0 O 0

Therefore the matrix S ® W under the basis {|¢n.m)} are given by
FI(S®@W)F.

From (27)-(30), we have the following theorem

dx2d

(30)

Theorem 2. The two bases {|¢nm)} and {|Ynm)} defined as (21) and (25) in C?* @ C? are

mutually unbiased if and only if the following condition is satisfied:

;

\

where (a,b,c) € {(0,0,0),(0,1,1),(1,0,1),(1,1,0)} and k,j =1,2,---

|s11waa + (—1)*so1waa + (—1)°s19wa g + (—1)°So2waa| =

|s11wk.a + (—1) s wri1.a + (—1)°s190wk g + (—1)°Sapwpt1.4] =

\sllwd,j + (—1)“521wd7j + (—1)b512wd,j+1 -+ (—1)‘3522wd j+1’ =

|s11wa—1.4+ (=1)%s91w1 g + (—1)°s10w4_1.4 + (—1)°s90wy 4| =

|s11waa_1 + (=1)%s91waq-1 + (—1)’s10wa1 + (—1)%s9wy 1| =

|stiwe; + (—1)*So1wis15 4+ (— 1) s10wp jy1 + (—1) Sa0wpy1j41] =

|st1wka—1 + (—1)%So1wpr1.4-1 + (—1) s10wr 1 + (—1)Sp0wpi11] =

|s11Wa—1,4-1 + (—1)*sg1w1 41 + (—1)b812wd—1,1 + (—1)%sg0wy 1| =

\/aJ
1
\/(j’
1
\/&7
|s11wa—1; + (—1)*so1wyj + (—1)°sppwa_1 ;11 + (—1)°Saowy j11| = \/37
\/37

\/&7

\/E7

\/87

\/E’

d—2.

(31)

Similar to the case of C? ® C4, for simplification, we set S to be a diagonal unitary matrix

and suppose s11=€%1, s99=€"2 | wy = rye?t, st =1,2,--- ,d, where i is an imaginary unit,

12



i.e. 2 = —1. Substituting them into (31), we get |ry| = 7 and

(o1 + Ok j) — (02 + Okr11)| = 5 + I,

|(p1 + Oka) — (02 + Ori1a)| = 5 + lom,

(o1 + 0a) — (02 + baji1)| = 5 + lam,

(1 + Oka-1) = (2 + Ok11)| = § + lumr,

1 o1+ 0a1;) = (w2 + 01 j41)| = 5 + 57, (32)
(1 + ba—1,0-1) = (w2 + Ou1)| = § + Lo,

|(p1 +0a-1.4) — (2 +014)| = 5 + Irm,

[(p1 + Oga-1) — (902+9d1)|=§+587ﬂ

|(p1 4 Oaa) — (02 + 0aq)| = 5 + Lo,

where k,j =1,2,--- ,d—2,1, € {0,1,—1} and n = 1,2, --- | 9. Therefore we obtain a necessary
condition of constructing a pair of MUBs based UMEBs as follows.

Corollary 2. If the entries of diagonal unitary matriz S and unitary matric W satisfying
Irst] = \/LE and Eq. (32), the two bases {|pnm)} and {|Ynm)} defined as (21) and (25) in

C? @ C?* are mutually unbiased.

Now we present a detailed example in C? ® C® to illustrate our construction.

Example 4: According to (21), we have the basis

[9n) = 5 Lamo(= 110 (j G- a)), )
[fn7) = 510} + (=1)"[1)I7),

where n =0,1,7=0,1,--- ,6.
Then from Corollary 2, we choose ¢ = 5,02 = 0 and 7y = #ﬁ, s, t = 1,2,--- .8,
021 = O3 = Oz5 = Og7 = 033 = O34 = O37 = O3 = 041 = O4g = Os5 = Os3 = 055 = 56 = 57 = U535 =

961 = 063 = 666 = 668 = 973 = 974 = 075 = 976 = 981 = 684 = 986 = 987 =T, and the other 6 = 0.

13



We have

(34)

The unitary matrix S can transform the computational basis {|0),|1)} to {|zo),|z1)}. From

(22), we have

|:L‘0> = (i’ O)Tv |ZL’1> = (O’ 1)T'

According to (23), the unitary matrix W can transform the computational basis {|0'), |1'), - - -

to {|zo), |T1), -+, |xw)}, then
1 T 1 T
lz¢/) = ﬁ(l’_l’l’_l’l’_l’l’_l) ;o |ry) = 2—\/5(1,1,1,1,1,1,1,1) ,
|zgr) = %(1, —1,-1,1,1,-1, -1, )", |ag) = %(1, 1,-1,-1,1,1,—-1,-1)7,
lz4) = %(1, —1,1,-1,-1,1, -1, )", |as) = %(1, 1,1,1,-1,-1,—-1,-1)7,
lzg) = %(1, —1,-1,1,-1,1,1,-1D)", |az) = %(1, 1,-1,-1,-1,-1,1, 1),

70}

Therefore we obtain another basis based on UMEBs which is mutually unbiased to the basis

given by (33) as follows

1 1 .

[%0,0) = EO%)’%/) + 1)) = E(Z\OH%/) + [1)]217)),
1 1 .

[Y0,1) = EU%HJH’) +|z1)|r)) = E(Z|O>|Jf1/> + 1) ]z2r)),
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s} = —(lan)lay) + fon)lae) = Z=(0)lay) + [Dlee))
o) = s(obloa) +[los)) = —=(il0)ler) + [Dlrs))
os) = s((oblas) + [)lrod) = —=(iI0)les) + [Dlro)).
o) = s((odlae) + [)lz0)) = —=(iI0)lee) + [l
o) = —(lan) + |an)er) = —2=(10) + D)l (35
[r0) = 5(aoblao) = [rlad) = —(iI0leo) = [l
i) = s(aobla) = 1)) = —(iI0)le) = [l
) = s(olla) = [m)lred) = (0I0le) = [Dlre))
1) = s(aoblo) = [m)las)) = —(iI0ler) = [Dlrs))
s} = 5(aoblas) = [m)lrod) = —(il0)le) = [Dlro))
fira) = s(aobla) = m)lzod) = —=(iI0)lee) = [Dlro)
1 1

[Ya7) = 5 (leo) = la)len) = 5

Remark: In [7], the authors constructed MUBs comprised of only maximally entangled bases

—~

il0) = [1)|z7).

in C*® C* k € Z*. However we construct the bases in C? ® C? by adding |¢n4-1) =
\%(!(D + (=D)"1)[(d—=1)") ,n=0,1 to a set of UMEBs. Hence our MUBs are not maximally
entangled. So our construction method and the MUBs obtained from it are completely different
from the Ref. [7]. In addition, when the dimension of the first quantum system is 2, MUBs can
only be constructed for C? @ C** in [7]. But using our method, MUBs can be constructed for

the dimension of the second quantum system, no matter odd or even.

4. Conclusion

We have studied the MUBs based on UMEBs. By using unitary matrices S and W, we

present a necessary and sufficient condition of constructing a pair of MUBs in C? ® C*. An

15



analytical necessary condition for constructing MUBs has been given by choosing S to be

diagonal unitary matrix and W be unitary matrix. Some explicit examples are given to illustrate

our approach. Then we generalize the method to C? ® C? for d > 3, a necessary and sufficient

condition and a necessary condition of constructing a pair of MUBs in C? ® C¢ are given. As

a detailed example, a pair of MUBs based on UMEBs has been presented in C? @ C®. These

results can help constructing MUBs. It would be interesting to investigate some applications

in quantum information by these MUBs.
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