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The symmetries play important roles in physical systems. We study the symmetries of a Hamil-
tonian system by investigating the asymmetry of the Hamiltonian with respect to certain algebras.
We define the asymmetry of an operator with respect to an algebraic basis in terms of their commu-
tators. Detailed analysis is given to the Lie algebra su(2) and its q-deformation. The asymmetry of
the q-deformed integrable spin chain models is calculated. The corresponding geometrical pictures
with respect to such asymmetry is presented.
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I. INTRODUCTION

The symmetry of a physical system plays a central role
in a broad range of problems in physics [1–3]. In Nöthers
theorem [4] symmetries are used to find the correspond-
ing conservation laws of dynamics. The symmetries of
a Hamiltonian also help to obtain the solutions of the
evolution equations, as well as the degeneracy of the en-
ergy levels of the physical systems [2, 5]. Some impor-
tant internal symmetries such as the identity principle of
micro-particles have been also revealed [6]. In studying
the integrable models the theory of Lie groups and Lie
algebras [2, 7, 8], as well as the quantum groups [9–11]
and quantum algebras [12–14] has been effectively used.

The quantification of the symmetry or asymmetry of
a quantum system is of significance. The asymmetry of
quantum states with respect to groups has been studied
in the view of resource, such as coherence [15–21]. In
[22] the cost of symmetrization of quantum states has
been investigated. In [23–25] the authors considered the
asymmetry measure of a Hamiltonian with respect to Lie
group transformations, aiming at revealing some phe-
nomena such as symmetry and spontaneous symmetry
breaking, and quantum phase transition caused by the
symmetry changes of Hamiltonian systems.

It is said that an operator H is symmetric with re-
spect to a given algebra g, if it commutates with all the
generators of g. An example of such H is the Casimir
operator of g. However, if H does not commutate with
all the generators of g, one needs to assure the degree of
asymmetry of H with respect to g. Geometrically, one
may ask what the degree of asymmetry of a deformed
sphere, say ellipsoid, with respect to the standard sphere
is.

In this paper we study the asymmetry of an operator
with respect to algebras including the usual Lie algebras,
Heisenberg algebras [27], Lorentz algebras [28] and Hopf
algebras [26] etc.. We give a definition of the asymme-
try degree, and analyze in detail the systems with SU(2)
symmetry and the deformed SUq(2) symmetry. The har-
monic oscillator systems and the integrable spin chain

systems are also taken into account. The explicit ge-
ometrical pictures associated with the asymmetries are
presented.

II. ASYMMETRY OF OPERATORS WITH
RESPECT TO AN ALGEBRAIC BASIS

Denote {Xj} the basis of an algebra g. The symme-
try of an operator H with respect to g is judged by the
commutation relations between H and the basis {Xj}:
[H,Xj ] = 0, ∀j. If there exists Xj such that [H,Xj ] 6= 0,
H is not symmetric with respect to g. We quantify the
non-commutative extent between H and Xj to charac-
terize the degree of asymmetry of H with respect to g.
Denote ‖O‖2 = tr(O†O) the Frobenius norm of operator
O. We define the asymmetry degree of the operator H
with respect to g as follows,

A(g, H) =
1

‖H̃‖2
∑
j

‖[H,Xj ]‖2, (1)

where H̃ = H − tr(H)
d I, d is the order of the operator H

and I is the identity operator of d orders.
From the definition (1), A(g, H) has the following

properties:
(I). A(g, H) ≥ 0, the equality holds if and only if

[H,Xj ] = 0, ∀j. Namely, A(g, H) = 0 if and only if
H commutates with Xj for all j. We call H symmetric
with respect to g, or H is g-symmetric in this case.

(II). A(g, H) ≥ A(g, THT−1), where T is an invertible
transformation which commutes with g, [T,Xj ] = 0 ∀j.
This property can be seen as following,

A(g, THT−1)

=
∑
j

tr([Xj , THT
−1]†[Xj , THT

−1])

=
∑
j

tr([Xj , H]†(T †T )[Xj , H](T †T )−1)

≤
∑
j

tr([Xj , H]†[Xj , H]) = A(g, H).

(2)
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Therefore, the asymmetry degree of H is monotonically
non-increasing under g-symmetric transformations.

(III). A(g, H + λI) = A(g, H) for arbitrary parame-
ter λ ∈ R, which implies that A(g, H) is independent
of constant potential energy, i.e., the asymmetry keeps
invariant under shifting the ground energy of the Hamil-
tonian H of the system.

We now compute several examples in detail.

A. The harmonic and deformed harmonic systems

For a two linear oscillator system, the Hamiltonian has
the form,

H = a†1a1 + a†2a2, (3)

where aj and a†j , j = 1, 2, are the creation and annihila-

tion operators [3], satisfying the commutation relations

[aj , a
†
k] = δjkI, j, k = 1, 2.

Underlying the Hamiltonian system (3) is the su(2)
algebra, with the generators J1, J2 and J3 satisfying

[Ji, Jj ] = εijkJk, i, j, k = 1, 2, 3. (4)

where εijk is the Levi-Civita symbol. In terms of the
creation and annihilation operators, J1, J2 and J3 have
the following explicit representations,

J+ = J1 + iJ2 = a†1a2, J− = J1 − iJ2 = a†2a1,

J3 =
1

2
(a†1a1 − a

†
2a2) =

1

2
(N1 −N2),

(5)

where Nj = a†jaj is the number operator defined by the

creation and annihilation operators a†j and aj , (j = 1, 2).

It is easily verified that the systemH has su(2) symmetry,
[H,Ji] = 0 for i = 1, 2, 3.

In addition to the usual Lie algebras, one also has the
universal enveloping algebras, the quantum (q-deformed)
Lie algebras [29, 30]. With respect to the Lie algebra
su(2), the quantum algebra suq(2) is given by the gener-
ators J ′± = J ′1± iJ ′2 and J ′3 = J3, satisfying the following
algebraic relations,

[J3, J
′
±] = ±J ′±, [J ′+, J

′
−] = [2J3]q, (6)

where [O]q = qO−q−O

q−q−1 .

Correspondingly, one has the q-deformed quantum har-
monic oscillators [11] and the irreducible representation

of suq(2) [12–14, 31, 32]. The q-deformed quantum har-

monic oscillators are given by b†j and bj satisfying

bjb
†
k − q

−1b†jbk = qNjδjk, j, k = 1, 2, (7)

where Nj = a†jaj , j = 1, 2.

From (7) one has the representations,

J ′+ = b†1b2, J ′− = b†2b1,

J ′3 = J3 =
1

2
(N1 −N2).

(8)

It is straightforward to verify that the q-deformed
Hamiltonian H ′,

H ′ = b†1b1 + b†2b2, (9)

is suq(2)-symmetric, i.e., [H ′, J ′i ] = 0 for i = 1, 2, 3.

However, the q-deformed harmonic Hamiltonian H ′ is
no longer su(2) symmetric. In order to calculate the
asymmetry degree of H ′ with respect to su(2), consider

the Fock representations of {a†j , aj , Nj} and {b†j , bj , Nj}
[12–14], respectively,

|m〉 = |m1,m2〉 =
( a†m1

1 a†m2

2√
m1!
√
m2!

)
|0〉,

|m〉′ = |m1,m2〉′ =
( b†m1

1 b†m2

2√
[m1]q!

√
[m2]q!

)
|0〉,

where the vacuum state |0〉 satisfies aj |0〉 = bj |0〉 = 0,
j = 1, 2, and [m]q! = [m]q[m− 1]q · · · [2]q[1]q.

The generators of su(2) have the following representa-
tions,

J+|m〉 = a†1a2|m〉 =
√

(m1 + 1)m2|m1 + 1,m2 − 1〉;

J−|m〉 = a†2a1|m〉 =
√

(m2 + 1)m1|m1 − 1,m2 + 1〉;

J3|m〉 =
1

2
(N1 −N2)|m〉 =

1

2
(m1 −m2)|m1,m2〉.

(10)
Since Nj |m〉 = mj |m〉 and Nj |m〉′ = mj |m〉′, the Hamil-
tonian H ′ can be also represented as

H ′|m〉 = (b†1b1 + b†2b2)|m〉 = ([m1]q + [m2]q)|m1,m2〉.

On a finite dimensional subspace with basis {|m〉 =
|m1,m2〉|m1 +m2 = M |1 < M <∞}, we have that
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[H ′, J+]|m〉 =

{√
(m1 + 1)m2([m1 + 1]q + [m2 − 1]q − [m1]q − [m2]q)|m1 + 1,m2 − 1〉,m2 > 0,

0,m2 = 0;

[H ′, J−]|m〉 =

{√
m1(m2 + 1)([m1 − 1]q + [m2 + 1]q − [m1]q − [m2]q)|m1 − 1,m2 + 1〉,m1 > 0,

0,m1 = 0;

[H ′, J3]|m〉 = 0.

(11)

Then the asymmetry degree of H ′ with respect to su(2) is then given by,

A(su(2), H ′) =
1

‖H̃ ′‖2
∑
α=±,3

‖[H ′, Jα]‖2 =
1

R

∑
m1+m2=M

∑
α=±,3

〈m1,m2|[H ′, Jα]†[H ′, Jα]|m1,m2〉

=
2

R

∑
m1+m2=M

(m1 + 1)m2([m+ 1]q + [m2 − 1]q − [m1]q − [m2]q)
2

=
2

R

M∑
j=1

j(M + 1− j)
(cosh γ(M − j + 1

2 )− cosh γ(j − 1
2 ))2

cosh2 γ
,

(12)

where R = ‖H̃ ′‖2 =
∑M
j=1([j]q+[M−j]q)2−

4(
∑M

j=1[j]q)
2

M+1
and γ = log q.

Fig. 1 shows the asymmetry of the operator H ′ with
respect to the algebra su(2) for M = 2. From (12)
and Fig. 1 it is obvious that when q → 1 (γ → 0),
A(su(2), H ′)→ 0, i.e., H ′ → H is su(2) symmetric.
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FIG. 1: The asymmetry degree of the operator H ′ with
respect to the algebra su(2), as a function of the

deformation parameter γ.

B. The geometrical characterization of asymmetry:
SU(2) v.s. deformed SUq(2)

The Casimir operator J of su(2) is given by

J2 = J2
1 + J2

2 + J2
3 . (13)

The q-deformed Casimir operator J ′ with respect to
suq(2) has the form,

J ′2 = J ′21 + J ′22 +
(sinh γJ ′3)2

γ sinh γ
. (14)

Taking Ji (J ′i), i = 1, 2, 3, as three real variables, and the
Casimir operator J2 (J ′2) as a constant, the equation
(13) ((14)) can be viewed as a three dimensional sphere
(deformed sphere). In fact, from symplectic geometry it
has been shown in [32] that Ji (J ′i), i = 1, 2, 3, consti-
tute exactly the Poisson algebra of su(2) (suq(2)), which
give rise further to the algebra su(2) (suq(2)) by geomet-
rical quantization. Therefore, hidden in the symmetry
deformation is the deformation from a sphere (13) to de-
formed sphere (14) which could be ellipsoid like, drum
like, or even cylinder like depending on the deformation
parameter q = eγ , see Fig. 2.

An interesting question is what the asymmetry de-
gree of such ellipsoid like, drum like, or cylinder like ge-
ometries with respect to a perfect sphere is. This kind
of asymmetries can be characterized by asymmetries of
suq(2) with respect to su(2). To calculate the asymmetry
of the operator J ′2 with respect to the algebra su(2), we
consider the co-product representations [11, 33] of su(2)

J± = σ± ⊗ I + I ⊗ σ±,
J3 = σz ⊗ I + I ⊗ σz,

(15)

and suq(2)

J ′± = σ± ⊗ qσz + q−σz ⊗ σ±,
J ′3 = J3 = σz ⊗ I + I ⊗ σz,

(16)



4

(a)q = 1(γ = 0) (b)q = e(γ = 1)

(c)q = e2(γ = 2) (d)q = e5(γ = 5)

FIG. 2: The q-deformation of the sphere: sphere Fig.
2(a) without deformation, ellipsoid like Fig. 2(b) for
γ = 1, drum like Fig. 2(c) for γ = 2, cylinder like Fig.

2(d) for γ = 5.

where σx = 1
2

(
0 1
1 0

)
, σy = 1

2

(
0 −i
i 0

)
, σz = 1

2

(
1 0
0 −1

)
are Pauli matrices, I is the identity and σ± = σx ± iσy.
With the co-product representations (15) and (16) we
have

J ′2 =


[ 32 ]2q 0 0 0

0 eγ + [ 12 ]2q 1 0
0 1 e−γ + [ 12 ]2q 0
0 0 0 [ 32 ]2q

 ,

where [x]q = xq−x−q

q−q−1 and γ = log q,

[J ′2, J+] =

0 eγ − 1 e−γ − 1 0
0 0 0 1− eγ
0 0 1− e−γ
0 0 0 0

 ,

[J ′2, J−] =

 0 0 0 0
1− eγ 0 0 0

1− e−γ 0 0 0
0 eγ − 1 e−γ − 1 0

 ,

[J ′2, J3] = 0.

(17)

Then the asymmetry degree of J ′2 with respect to su(2)
is derived as

A(su(2), J ′2) =
1

‖J̃ ′2‖2
∑
α=±,3

‖[J ′, Jα]‖2

=
16(cosh γ − 1)

3 cosh γ
.

(18)

In Fig. 3 we show the asymmetry degree of J ′2 with re-
spect to su(2) as a function of the deformation parameter
γ. One can see that under the deformation A(su(2), J ′2)
increases quickly and finally tends to be stable as |γ| in-
creases.
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FIG. 3: The asymmetry degree of the operator J ′2 with
respect to the algebra su(2), as a function of the

deformation parameter γ.

C. The integrable spin chain with boundary
conditions

The Heisenberg spin chain models play important roles
in the study of critical points and phase transitions of
magnetic systems. The Hamiltonian of the standard
XXX 1/2-spin chain model with nearest-neighbor inter-
actions has the form

HXXX =

N∑
j=1

(σxj σ
x
j+1 + σyj σ

y
j+1 + σzjσ

z
j+1). (19)

Generalizing the co-product representation (15) of su(2)
to N -spin case, one obtains

J± =
1

2

N∑
j=1

σ±j , J3 =
1

2

N∑
j=1

σzj , (20)

where the operator σαj means acting σα on the space
of the jth spin, σαj = I ⊗ I... ⊗ σαj ⊗ ... ⊗ I (α =
±, 3). It is easily verified that HXXX is su(2)-symmetric,
[HXXX , J±] = [HXXX , J3] = 0.

Nevertheless, the following integrable spin chain
HamiltonianHq with an extra boundary term is no longer
su(2)-symmetric,

Hq =

N∑
j=1

(σxj σ
x
j+1 + σyj σ

y
j+1 +

q + q−1

2
σzjσ

z
j+1)

+
q − q−1

2
(σz1 − σzN ).

(21)

This Hamiltonian, derived from the solution of Yang-
Baxter equations [34], reduces to HXXX when q goes
to 1.
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Generally, Hq is symmetric with respect to the q-
deformed algebra suq(2). From the co-product represen-
tation (16) of suq(2), for the N -spin case one has the
generators of suq(2),

J ′± =
1

2

N∑
j=1

σ
′±
j , J ′3 = J3 =

1

2

N∑
j=1

σzj ,

where σ′j = q−σz ⊗ . . . ⊗ q−σz ⊗ σj ⊗ qσz ⊗ ... ⊗ qσz . It
is easily verified that Hq is suq(2)-symmetric, [Hq, J

′
±] =

[Hq, J
′
3] = 0.

According to the representation (20) of su(2), we get

[Hq, J+] =
1

2

[
(cosh γ − 1)

N∑
k=1

(σzkσ
+
k+1 + σ+

k σ
z
k+1) + sinh γ(σ+

1 − σ
+
N )
]
,

[Hq, J−] =
−1

2

[
(cosh γ − 1)

N∑
k=1

(σzkσ
−
k+1 + σ−k σ

z
k+1) + sinh γ(σ−1 − σ

−
N )
]
,

[Hq, J3] = 0.

(22)

Then the asymmetry of Hq with respect to su(2) can
be obtained,

A(su(2), Hq) =
1

‖H̃q‖2
∑
β=±,3

‖[Hq, Jβ ]‖2

=
N(cosh γ − 1)2 + 4 sinh2 γ

N(2 + cosh2 γ) + 8 sinh2 γ
.

(23)

From the formula (23) we have that the asymmetry
degree ofHq with respect to su(2) depends on the number
of spines as well. In particular, when N →∞, we have

A(su(2), Hq)→
(cosh γ − 1)2

cosh2 γ + 2
.

The asymmetry A(su(2), Hq) vs the deformation param-
eter γ is shown in Fig. 4 for different spin number N .
From Fig. 4 one sees that the asymmetry of Hq with
respect to su(2) varies with γ in the way similar to that
of J ′2. As |γ| increases the asymmetry degree increases
sharply, and eventually tends to be stable. In addition
from Fig. 3 and Fig. 4 we also find that the symmetry
of J ′2 and Hq with respect to su(2) are broken symmet-
rically with respect to deformation parameter γ.

III. DISCUSSIONS AND CONCLUSIONS

In [23] the asymmetry degree A(G,H) of a Hamilto-
nian H with respect to a Lie group G has been defined
in terms of the commutators of the Hamiltonian and the
group elements. Let g be the Lie algebra associated with
the Lie group G. In an infinitesimal neighborhood of
the unit element e of G, one can show that A(G,H) is
proportional to A(g, H) defined in (1). Nevertheless, the
asymmetry A(g, H) of an operator H with respect to an
algebra g defined in (1) is for any algebras g including

-20 -10 10 20
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FIG. 4: The A(su(2), Hq) with N = 3 (blue curve),
N = 50 (orange curve), and N →∞ (green curve) as

the functions of the deformation parameter γ.

Lie algebras and quantum algebras etc.. The relation be-
tween A(G,H) and A(g, H) for general g could be more
complicated.

We have studied the asymmetry degree of operators
with respect to certain algebraic representations. The
asymmetry has been defined and its properties have been
investigated. As detailed applications, the asymmetries
of the q-deformed harmonic Hamiltonian system (9) with
respect to the harmonic operator representation (5) of
su(2), the q-deformed Casimir operator (14) with respect
to the co-product representation (15) of su(2), and the
integrable spin chain Hamiltonian (21) with respect to
the su(2) representation (20) have been computed an-
alytically. In particular, the asymmetry (1) presents a
qualitative characterization of the degree of geometrical
deformation of sphere. As symmetry plays crucial roles
in physics, our results may highlight investigations on
some important topics such as critical phenomena and
phase transitions in physical systems. In addition, the
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PT -symmetric quantum mechanics has been extensively
studied recently. In such pseudo-Hermitian quantum me-
chanical systems, the Hamiltonian are no longer necessar-
ily Hermitian, but may still have real eigenvalues [35–37].
Despite the original motivation to build a new framework
of quantum theory, researchers are also aware of the im-
portance of simulating the PT -symmetric systems with
conventional quantum mechanics [38]. Adapting our pro-
posed asymmetry degree to non-Hermitian Hamiltonians

would be also an interesting open question.
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