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Interactions between discrete and continuous optimization and
critical point theory via multi-way Lovasz extensions

Jiirgen Jost? Dong Zhang'

We introduce and systematically study general discrete-to-continuous extensions, with several
applications for combinatorial problems and discrete mathematics. This provides new perspec-
tives for understanding relations and interactions between discrete and continuous worlds via
multi-way extensions.

We propose a family of one-homogeneous and piecewise linear extensions inspired by the Lovész extension

in order to systematically derive continuous analogs of problems from discrete mathematics. This will take
place in the following context:

For combinatorial optimization problems, we systematically develop equivalent continuous versions, thereby
making tools from convex optimization, fractional programming and more general continuous algorithm like
the stochastic subgradient method available for such optimization problems. Among other applications, we
present an effective iteration scheme combining the inverse power and the steepest decent method to relax
a Dinkelbach-type scheme for solving the equivalent continuous optimization.

Submodularity and convexity are studied in multi-way settings, in particular, a necessary and sufficient
condition for a continuous function to be a multi-way Lovasz extension of some function is provided, which
generalizes a recent result of Chateauneuf et al [17].

We establish an equivalence between Forman’s discrete Morse theory on a simplicial complex and the con-
tinuous Morse theory (in the sense of any known non-smooth Morse theory) on the associated order complex
via a Lovasz extension. Furthermore, we propose a new version of the Lusternik-Schnirelman category on
abstract simplicial complexes to bridge the classical Lusternik-Schnirelman theorem and its discrete analog
on finite complexes. More generally, we can suggest a discrete Morse theory on hypergraphs by employing PL
Morse theory and Lovész extension, hoping to provide new tools for exploring the structure of hypergraphs.

This theory has several applications to quantitative and combinatorial problems, among them the following:

(1) Resorting to the multi-way extension, the equivalent continuous representations for the max k-cut problem,

variant Cheeger sets and isoperimetric constants are constructed. This also initiates a study of Dirichlet
and Neumann 1-Laplacians on graphs, in which the nodal domain property and Cheeger-type equalities are
presented. Among them, some Cheeger constants using different versions of vertex-boundary introduced
in expander graph theory [3§|, are transformed into continuous forms, which reprove the inequalities and
identities on graph Poincare profiles proposed by Hume [27-29].

(2) Also, we derive a new equivalent continuous representation of the graph independence number, which can

be compared with the Motzkin-Straus theorem. More importantly, an equivalent continuous optimization
for the chromatic number is provided, which seems to be the first continuous representation of the graph
vertex coloring number. Graph matching numbers, submodular vertex covers and multiway partition
problems can also be studied in our framework.

Keywords: Lovész extension; submodularity; combinatorial optimization; discrete Morse theory; Lusternik-
Schnirelman theory; Cheeger inequalities & isoperimetric problems; chromatic number
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1 Introduction and Background

The Lovéasz extension is a basic tool in discrete mathematics, especially for some combinatorial
optimization problems and submodular analysis [1]. It was introduced in the study of submodu-
lar functions which appear frequently in many areas like game theory, matroid theory, stochastic
processes, electrical networks, computer vision and machine learning .

In fact, a special form of the Lovasz extension appeared already in the context of the Choquet
integral which has fruitful applications in statistical mechanics, potential theory and decision
theory. Since the Lovasz extension does not require the monotonicity of the set function in finite
cases of the Choquet integral, it has a wider range of applications, for instance in combinatorics,
for algorithms in computer science. Recent developments include quasi-Lovasz extension on some
algebraic structures and fuzzy mathematics, applications of Lovasz extensions to graph cut problems
and computer science, as well as Lovasz-softmax loss in deep learning.

We shall start by looking at the original Lovéasz extension. For simplicity, we shall work through-
out this paper with a finite and nonempty set V"= {1,--- ,n} and its power set P(V'). Also, we shall
sometimes work on P(V)¥ := {(Ay,--- ,Ax) : A, C V,i=1,---  k} and Pp(V) := {(A1,--- , Ap) €
P(V)k: AN A; = @, Vi # j}, as well as some restricted family A C P(V)*. We denote the car-
dinality of a set A by #A. Given a function f : P(V) — R, one identifies every A € P(V) with
its indicator vector 14 € RY = R”. The Lovdsz extension extends the domain of f to the whole
Euclidean spaceEl RY. There are several equivalent expressions:

e For = (z1,...,7,) €R", let 0 : VU{0} — V U{0} be a bijection such that x,1) < x50 <
o+ < X4y and 0(0) = 0, where xg := 0. The Lovdsz extension of f is defined by

n—1

FH@) = @iy — o) F (V7 (@), (1)

=0

where VO(z) =V and Vo (z) == {j € V : 2; > To@)f, 1= 1,---,n—1. We can write

in an integral form as

i@ = [25 f @)+ £V) min o 2)

!Some other versions in the literatures only extend the domain to the cube [0, l}V or the first quadrant R‘z/o- In
fact, many works on Boolean lattices identify P (V) with the discrete cube {0,1}".



and if we add the natural assumption f(@) =0,

—00

0 +oco
fL(w)==L/1 (f(Vﬁ(w))—-f(VW)dt+-j/ F(Vi(a))dt, (3)
0
where Vi(z) = {i € V : x; > t}. If we apply a Mdbius transformation, this becomes

A—
fra) = Y 30 (CUF B f() o o
ACV BCA €A
where A z; is the minimum over {z; : i € A}.
€A

In the above formulas, f” is the unique function that is affine on each polyhedral cone R? := {x €
R™ : 2,1y < To2) < -+ < Ty(n}, for any permutation o on V. It is known that f is positively
one-homogeneous, PL (piecewise linear) and Lipschitzian continuous [1,/2]. Also, f¥(x + t1y) =
fi(x)+tf(V), vt € R, V& € RY. Moreover, a continuous function F : R — R is a Lovész extension
of some f : P(V) — R if and only if F(xz + y) = F(x) + F(y) whenever (z; — z;)(y; — y;) > 0,
Vi,jeV.

In this paper, we shall use the Lovasz extension and its variants to study the interplay between
discrete and continuous aspects in topics such as convexity, optimization and Morse theory.

Submodular and convex functions

Submodular function have emerged as a powerful concept in discrete optimization, see Fujishige’s
monograph [22]. A Lovész extension turns a submodular into a convex function, and we can hence
minimize the former by minimizing the latter:

Theorem 1.1 (Lovész [1]). f:P(V) — R is submodular < f* is convex.

. Lova tensi .
{Submodulamty} ovasy exoneen Convexity

Theorem 1.2 (Lovész [1]). If f: P(V) — R is submodular, then

. . L
min f(A) = min x).
min f(4) weMHVf (z)
N Lova tensi .
Submodular optimization O, Convex programming

Thus, submodularity can be seen as some kind of ‘discrete convexity’, and that naturally lead
to many generalizations, such as bisubmodular, k-submodular, L-convex and M-convex, see [22.|53].
Recently, a necessary and sufficient condition for a continuously submodular functiorﬂ defined on
R™ to be representable as a Lovész extension of a submodular function defined on P(V') has been
obtained [17].

Theorem 1.3 (Chateauneuf & Cornet [17]). A one-homogeneous function F : RV — R is a Lovdsz
extension of some submodular function if and only if F(x+11y) = F(z) +tF(1y), Vt € R, Vo € RV,
and F(x)+ F(y) > F(zVy)+ F(x Ay), where the i-th components of zVy and x Ny are (xVy); =
max{z;,y;} and (x Ay); = min{z;,y;}.

One may want to extend such a result to the bisubmodular or more general cases. In that
direction, we shall obtain some results such as Proposition [2.7] and Theorem [2.3]in Section

. . Lovéasz extension .
Discrete convex analysis Convex analysis

%see (S2) in Subsection



So far, research has mainly focused on ‘discrete convex’ functions, leading to ‘Discrete Convex
Analysis’ [52[53], whereas the discrete non-convex setting which is quite popular in modern sciences
has not yet received that much attention.

Non-submodular cases

Obviously, the non-convex case is so diverse and general that it cannot be directly studied by
standard submodular tools. Although some publications show several results on non-submodular
(i.e., non-convex) minimization based on Lovész extension [15], so far, these only work for special
minimizations over the whole power set. Here, we shall find applications for discrete optimization and
nonlinear spectral graph theory by employing the multi-way Lovasz extension on enlarged domains.
We shall also study the Lovasz extension on restricted domains, leading to a fascinating connection
between discrete and continuous Morse theory and Lusternik-Schnirelman theory. Both the enlarged
and the restricted version possess the basic feature of Lovasz theory, a correspondence between
submodularity and convexity.

In summary, we are going to initiate the study of diverse continuous extensions in non-submodular
settings. This paper develops a systematic framework for many aspects around the topic. We
establish a universal discrete-to-continuous framework via multi-way extensions, by systematically
utilizing integral representations. We shall now discuss some connections with various fields.

Connections with combinatorial optimization

Because of the wide range of applications of discrete mathematics in computer sciences, combina-
torial optimization has been much studied from the mathematical perspective. It is known that any
combinatorial optimization can be equivalently expressed as a continuous optimization via convex (or
concave) extension, but often, there is the difficulty that one cannot write down an equivalent con-
tinuous object function in closed-form. For practical purposes, it would be very helpful if one could
transfer a combinatorial optimization to an explicit and simple equivalent continuous optimization
problem. Formally, in many concrete situations, it would be useful if one could get an identity of the
form

min FAL -, A = inf M (5)
(Av,Ap)eAnsupp(g) 9(Ar, -+, Ag)  veD(A) g(¥)
where f,g: A — [0,00), D(A) is a feasible domain determined by A only, and f and § are suitable
continuous extensions of f and g.

So far, only situations where f : P(V) — R or f: Po(V) — R have been investigated, and what
is lacking are situations with restrictions, that is, incomplete data.

Also, to the best of our knowledge, the known results in the literature do not work for com-
binatorial optimization on set-tuples. But most of combinatorial optimization problems should be
formalized in the form of set-tuples, and only a few can be represented in set form or disjoint-pair
form. Whenever one can find an equivalent Lipschitz function for a combinatorial problem in the field
of discrete optimization, this makes useful tools available and leads to new connections. That is, one
wishes to establish a discrete-to-continuous transformation like the operator ~ in . We will show
in Section [3| that the Lovasz extension and its variants are suitable choices for such a transformation

(see Theorems and Proposition for details).

Connections with discrete Morse theory

Forman introduced a discrete Morse theory on simplicial complexes [36,(37]. This theory has some
deep connections with smooth Morse theory [32H34], as well as practical applications [35], and also
admits several slight generalizations. Both this discrete Morse theory and the classical smooth one are
simple, since they exclude some complicated cases such as monkey-saddle points. We will construct
the relationship between the Morse theory of a discrete Morse function and its Lovasz extension in
Section ] Note that the standard ideas and methods cannot be directly applied because the Lovdsz
extension is one-homogeneous and all local flows can go along the rays from the original point and
thus all possible critical points are trivial. Therefore, we should restrict the Lovisz extension f¥ to
a subset of its feasible domain. This will lead us to the following result.

Theorem A (Theorems and. For a simplicial complex with verter set V and face set IC,

let f: K — R be an injective discrete Morse function. Then the following conditions are equivalent:



(1) o is a critical point of f;

(2) 1, is a critical point of f¥| g | with index i in the sense of weak slope (metric Morse theory);
(3) 15 is a critical point of fL“SK‘ with index i in the sense of Kihnel (PL Morse theory);

(4) 1 is a Morse critical point of fL“S,d with index i in the sense of topological Morse theory;

Here the notation |Sk| indicates a suitable restriction (see Subsection for f¥ being well-defined.
Moreover, the discrete Morse vector (ng,n1,--- ,nq), representing the number n; of critical points
with index i, of f coincides with the continuous Morse vector of fL||SK‘.
Moreover, the Lusternik-Schnirelmann categorgﬂ theorem s preserved under Lovdsz extension:

min max f(o) = inf sup f¥(x).
LeCaty, (K) o€l f(o) SeCatm(\S)cl)wepSf (=)

[continuous Morse theory}

extension

Ldiscrete Morse theory Ttalian/Berlin/
talian/Berlin/...

Gallais
Benedett1

smooth Morse theory}

In summary, T heorem says that the Morse structures of K and |Sx| are coarsely equivalent, and
one can translate all the results about ‘Morse data’ of a discrete Morse function f on IC to its Lovasz
extension f% restricted on |Sk|. This also reflects the deep result from [33,134] that smooth Morse
theory on a manifold is almost equivalent to the discrete Morse theory on its triangulation. The
difference is that we don’t assume the complex |K| to be a topological manifold, so that topological
results on manifolds cannot be applied directly. Fortunately, our feasible domain |Sk| is a piecewise
flat geometric complex. Our proofs don’t draw heavily on the standard tools in discrete Morse theory.

Connections with Hypergraphs

The idea above allows us to establish a discrete Morse theory on hypergraphs, which helps us to
understand the structure of a hypergraph from a Morse theoretical perspective (see Section .

To reach these goals, we need to systematically study various generalizations of the Lovasz ex-
tension. More precisely, we shall work with the following two different multi-way forms:

(1) Disjoint-pair version: for a function f : Pa(V) — R, its disjoint-pair Lovész extension is defined
as

12|00
fE () = /0 F(VE (), VY ()t (6)

where Vi(z) = {i € V : +x; > t}, Vt > 0. For A C P2(V) and f : A — R, the feasible domain
D4 of the disjoint-pair Lovész extension is {z € RV : (Vi (z),V!(z)) € A, Vt > 0}.

(2) k-way version: for a function f : P(V)¥ — R, the simple k-way Lovdsz extension f:RM — R
is defined as

et b)) = /r_naxmf(vt(ml),..- VEi@M))dt+ f(V,--- V) mine, (7)

where Vi(z!) = {j € V : x; > t}, minz = minz’ and maxx = maxz

nin 25 1a ; For A C P¥(V) and

f: A= R, wetake Dy = {z € Ré’é D (Vi@l), - Vi(x¥)) € AVt € R} as a feasible domain of
the k-way Lovéasz extension f~.

3The definition of category classes for K is introduced in Subsection



All these multi-way Lovasz extensions satisfy the optimal identity Eq. :

Theorem B (Theorem and Proposition ~. Given two functions f,g : A — [0,400), let
f and g be two real functions on Dy satisfying f(1a, ... a,) = f(A1,---,Ag) and G(1a, .. 4,) =
g(Ai,---,Ag). Then Eq. holds if f and § further possess the properties (P1) or (P2) below.
Correspondingly, if f and § fulfil (P1’°) or (P2), there similarly holds

f(Ar, -, Ay) (¥)

max = sup =
(A1, Ap)eAnsupp(g) 9(A1, 5 Ak)  ywep rsupp@) 9(P)

—

Here the optional additional conditions off and g are:

(P1) f > fFand g < g (P1) f < f* and § > g~

(P2) f=pt((pof)Y) and § = p~*((po g)*), where p : [0,00) = [0,00) is a homeomorphism.
For example, one can take f = ((fo‘)L)é and g = ((go‘)L)é, where a > 0.

Here fL is either the original or the disjoint-pair or the k-way Lovdsz extension.

Theorem [B] shows that by the multi-way Lovdsz extension, the combinatorial optimization in
quotient form can be transformed to fractional programming. And based on this fractional optimiza-
tion, we propose an effective local convergence scheme, which relaxes the Dinkelbach-type iterative
scheme and mixes the inverse power method and the steepest decent method. Furthermore, many
other continuous iterations, such as Krasnoselski-Mann iteration, and stochastic subgradient method,
could be directly applied here.

The power of Theorem [B]is embodied in many new examples and applications including Cheeger-
type problems, various isoperimetric constants and max k-cut problems (see Subsections and
. And moreover, we find that not only combinatorial optimization, but also some combinatorial
invariants like the independence number and the chromatic number, can be transformed into a
continuous representation by this scheme.

Theorem C (Subsections and . For an unweighted and undirected simple graph G = (V, E)

with #V = n, its independence number can be represented as

> (@i =] + |wi + 2j) — 2 5 (deg; —1) i
a(G) = max thiyeE e
xeR™\{0} 2|20 ’

where deg; = #{j € V : {j,i} € E}, i € V, and its chromatic number is

n 3 (i — 2] + |z + 2jil) + 20|20 — 2n degy, ¥l — 2]l [0

v(G) =n’~ max Z tgyer
xeR"*\{0} hev

2|00 ’

where @ = (T;)kicv, xF = (1, ,2pn) and 2% = (214, ,20x)T. The mazimum matching

number of G can be expressed as

yll3
max 3 .
yeRP\{0} [[y[|{ — 2 no—p Yeler

Connections with spectral graph theory

Spectral graph theory aims to derive properties of a (hyper-)graph from its eigenvalues and
eigenvectors. Going beyond the linear case, nonlinear spectral graph theory is developed in terms
of discrete geometric analysis and difference equations on (hyper-)graphs. Every discrete eigenvalue
problem can be formulated as a variational problem for an objective functional, a Rayleigh-type quo-
tient. In some cases, this functional is natural and easy to obtain, since one may compare the discrete
version with its original continuous analog in geometric analysis. However, in other situations, there
is no such analog. Fortunately, we find a unified framework based on multi-way Lovasz extension to
produce appropriate objective functions from a combinatorial problem (see Sections [2[ and .



More precisely, for a combinatorial problem with a discrete objective function of the form %,

we might obtain some correspondences by studying the set-valued eigenvalue problem

V=) (AVe (=) # 2.

Hereafter we use V to denote the (Clarke) sub-gradient operator acting on Lipschitz functions.

o W Spectral graph theory ( ]
graph quantities J Lelgenvalue problem

We shall consider the following three versions:

e Eigenvectors and eigenvalues: We have the collection of eigenpairs { (A, z) [0 € V fL(z) — AVgE (=) }.
This enables the definition of the graph 1-Laplacian and its variants (see Section .

e Critical points and critical values: The set of critical points {:c ‘O € V£ igg } and the corre-

sponding critical values.

e Minimax critical values (i.e., variational eigenvalues in Rayleigh quotient form): The Lusternik-
Schnirelman theory tells us that the min-max values

)
Ha) )

Am = inf sup
Velm gew 9

are critical values of f¥(-)/g"(-). Here Iy, is a class of certain topological objects at level m,
e.g., the family of subsets with L-S category (or Krasnoselskii’s Zo-genus) not smaller than m.

There are the following relations between these three classes:
{Eigenvalues in Rayleigh quotient} C {Critical values} C {Eigenvalues}.

For linear spectral theory, the three classes above coincide. However, for the non-smooth spectral
theory derived by Lovasz extension, we only have the inclusion relation.

The following picture summarizes the relations between the various concepts developed and s-
tudied in this paper.

] 7 k-way Lovész extension ( ]
Submodularity J \ Convexity
Discrete multi-way extension ( Continuous
Optimization L Optimization

Combinatorial
Quantities

B ] Continuous
. Lovész (topological) Morse theory .
Discrete Morse theory - . . . Programming
extension | (metric) critical point theory )
& Algorithm

/

{ (Nonlinear) Spectral theory }

Figure 1: The relationship between the aspects studied in this paper.

Notification 1. Since this paper contains many interacting parts and relevant results, some notions
and concepts may have slightly distinct meanings in different sections, but this will be stated at the
beginning of each section.



2 Multi-way extension

We first formalize some important results about the original Lovasz extension.

Definition 2.1. Two vectors @ and y are comonotonic if (z; —z;)(y; —y;) >0, Vi,j € {1,2,--- ,n}.
A function F : R™ — R is comonotonic additive if F(x +vy) = F(x) + F(y) for any comonotonic
pair x and y.

The following proposition shows that a function is comonotonic additive if and only if it can be
expressed as the Lovdsz extension of some function.

Proposition 2.1. F : R" — R is the Lovdsz extension F = fF of some function f : P(V) — R if
and only if F' is comonotonic additive.

Recall the following known results:

Theorem 2.1 (Lovész). The following conditions are equivalent: (1) f is submodular; (2) fL is
convex; (3) f* is submodular.

Theorem 2.2 (Chateauneuf & Cornet). F' : R® — R is the Lovdsz extension F = f* of some
submodular f : P(V) — R if and only if F is positively one-homogeneous, submodular and F(x+1t1) =
F(z)+tF(1).

We should note that Theorem is not a direct consequence of the combination of Proposition
and Theorem We shall establish such results for the disjoint-pair version and the k-way
version of the Lovész extension.

2.1 Disjoint-pair and k-way Lovasz extensions

Since it is natural to set f(@, ) = 0, one may write (6) as

(@) = / V(@) V (@), (9)
0
n—1
FE@) = 3 (o) — oDV (), Vi (@), (10)
1=0

where o : VU {0} — V U {0} is a bijection such that |z,1)| < [T,2) < -+ < |24, | and o(0) = 0,
where xg := 0, and

+
o(s

)(:c) ={j eV Lz >r,ulh, =01 ,n—-1

We regard Po(V) = 3V as {—1,0,1}" by identifying the disjoint pair (A, B) with the ternary (indi-
cator) vector 14 — 1p.
One may compare the original and the disjoint-pair Lovasz extensions by writing @ as

max; | ;]|
[ p @) Ve @)+ il (V2 Vo), ()

min; |z;|
where Vi = {i € V : £z; > 0}. Note that is very similar to (2)).

Definition 2.2. Given V; ={1,--- ,n;},i=1,--- ,k, and a function f : P(V1) x --- x P(Vy) = R,
the k-way Lovdsz extension fL:RV1 x ... x RY* = R can be written as

fL(wlv”' 7wk) - /max f(Vlt(:L'l),--- 7th(wk))dt+f(vlv'” ’Vk> min

min &
0 +o0

:/ (f(‘/lt(wl)a 7Vl§(wk)) _f(‘/h 7Vk))dt+ 0 f(vlt($1)7 7V]§(:Bk))dt
where Vi(z') = {j € V; : x; >t}, mine = min:cé and max r = maxx

iA
Z7] 17] ]



Definition 2.3 (k-way analog for disjoint-pair Lovdsz extension). Given V; = {1,--- ,n;}, i =
1,--- .k, and a function f: Po(V1) x --- x Po(Vi) = R, define f*: RVt x ... x R"* = R by

|2 0o
@t 2k = /0 VD), Vig(h), - Vil (ah), Vi, (aF))dt

where V= (2') = {j € Vi : ixé >t} ||zl = max |l2¢||l0o- We can replace ||z||oo by +o00 if we set
’ =1,
f(@,---,2)=0.

Some basic properties of the multi-way Lovéasz extension are shown below.
Proposition 2.2. For the multi-way Lovdsz extension f*(x), we have
(a) fL(-) is positively one-homogeneous, piecewise linear, and Lipschitz continuous.
(b) AHL = XfE, VA€ R.
Proposition 2.3. For the disjoint-pair Lovdsz extension f&(z), we have

(a) fL is Lipschitz continuous, and |f*(z) — fX(y)] < 2 max  f(A,B)|z -y, Vz,y € R".
(A,B)eP2(V)
Also, |f¥(x) = ffr)l<2 ¥ (A B)llz —yllo, Yo,y €R™.
(A,B)eP2(V)
(b) fi(—z) =+f(x), Y& € RV if and only if f(A, B) = £f(B, A), V(A, B) € P»(V).

T, if |xl, = H33H007

(c) fE(xty) = fX(x)+ 15 (y) whenever Vi(y) C Vi(x), where @ has components T; = ‘
0, otherwise.

Proof. (a) and (b) are actually known results and their proofs are elementary. (c) can be derived
from the definition (|10)). O

Definition 2.4. Two vectors x and y are said to be absolutely comonotonic if x;y; > 0, Vi, and
(lzi| = la5[) (il = ly;1) = 0, Vi, j.

Proposition 2.4. A continuous function F is a disjoint-pair Lovdsz extension of some function
f:P2(V) =R, if and only if F(x)+ F(y) = F(xz+y) whenever z and y are absolutely comonotonic.

Proof. By the definition of the disjoint-pair Lovédsz extension (see ([10))), we know that F is a disjoint-
pair Lovész extension of some function f : Pa(V) — R if and only if AF(z) + (1 — N\)F(y) =
F(Az+ (1—\)y) for all absolutely comonotonic vectors x and y, VA € [0, 1]. Therefore, we only need
to prove the sufficiency part.

For € RV, since sz and tx with s,¢ > 0 are absolutely comonotonic, F(sz) + F(tx) = F((s +
t)x), which yields a Cauchy equation on the half-line. Thus the continuity assumption implies the
linearity of F on the ray RTx, which implies the property F(tx) = tF(x), Vt > 0, and hence
AF(z)+ (1-AN)F(y) = F(Ax+ (1 —\)y) for any absolutely comonotonic vectors z and y, VA € [0, 1].
This completes the proof. O

For relations between the original and the disjoint-pair Lovasz extensions, we further have

Proposition 2.5. Forh: P(V) — [0,400) with h(&) =0, and f : P2(V) — [0, +o0) with f(&, D) =
0, we have:

(a) If f(A, B) = h(

(b) If f(A, B) = h(A) + h(B) and h(A) = h(V \ A), ¥(A, B) € Po(V), then fL = h".
(c) If f(A,B) = h(A), V

(d) If f(A, B) = h(AUB), Y(A, B) € Py(V), then fE(z) = hl(zt +2).

A) + h(V\ B) — h(V), ¥(A, B) € Po(V), then f- = hL.

(A, B) € Po(V), then fL(x) = h-(x), Va € [0,00)V.

“In fact, if h(2) # 0 or f(2, D) # 0, one may change the value and it does not affect the related Lovédsz extension.



(e) If f(A,B) = h(A) £ h(B), Y(A, B) € Po(V), then fL(x) = ht(zt) £ hl(z7).
Here x* := (+z) vV 0.

In the sequel, we will not distinguish the original and the disjoint-pair Lovasz extensions, since
the reader can infer it from the domains (P(V') or Po(V)). Sometime we work on P(V) only, and
in this situation, the disjoint-pair Lovész extension acts on the redefined f(A,B) = h(AU B) as
Proposition [2.5] states.

The next result is useful for the application on graph coloring.

Proposition 2.6. For the simple k-way Lovadsz extension of f : P(V1) x --- x P(Vi) — R with
the separable summation form f(Ay,---,Ag) = Zle fi(Ay), V(A1 Ap) € P(V)*, we have
fL(mlv U 7mk) = 2521 sz(xZ)? V(wl7 e 7xk)'

For f : Py(Vi) x -+ x Po(Vi) — R with the form f(A1,By---,Ax, By) = Zle fi(Aq, By),
V(A1, By, , Ag, Br) € Po(V1) x --- x Po(V}), there similarly holds f*(x!,---  «¥) = Zle fE(=h).

2.2 Submodularity and Convexity

In this subsection, we give new analogs of Theorems and for the disjoint-pair Lovész
extension and the k-way Lovasz extension. The major difference to existing results in the literature
is that we work with the restricted or the enlarged domain of a function.

Let’s first recall the standard concepts of submodularity:

(S1) A discrete function f : A — R is submodular if f(A)+ f(B) > f(AUB)+ f(ANB),VA,B € A,
where A C P(V) is an algebra.

(S2) A continuous function F' : R"™ — R is submodular if F(z)+ F(y) > F(xVy) + F(z Ay), where
(z Vy); = max{z;,y;} and (xz A y); = min{x;,y;}, i = 1,--- ,n. For a sublattice D C R" that
is closed under V and A, one can define submodularity in the same way.

Notification 2. All discussions about algebras of sets can be reduced to lattices. Classical submodular
functions on a sublattice of the Boolean lattice {0,1}" and their continuous versions on R™ are
presented in (S1) and (S2), respectively, while bisubmodular functions on a sublattice of the lattice

{~1,0,1}" are defined in (12).
Now, we recall the concept of bisubmodularity and introduce its continuous version.
(BS1) A discrete function f : P2(V) — R is bisubmodular if V (A, B), (C, D) € P(V)
f(A,B)+ f(C,D) > f((AUC)\ (BUD),(BUD)\ (AUC))+ f(AnC,BnN D). (12)

One can denote AVB = ((A1UB1)\(A2UB2), (AQUBQ)\(AlLJBl)) and AANB = (AlﬁBl, AQﬂBg),
where A = (A1, A2), B = (By, B2). For a sublattice A C P2(V) that is closed under V and A,
the bisubmodularity of f : A — R can be expressed as f(A) + f(B) > f(AV B) + f(AA B),
VA, B e A.

If we were to continue the definition of submodularity stated in (S2), we would obtain nothing
new. Hence, the proof of Theorem cannot directly apply to our situation. To overcome this issue,
we need to provide a matched definition of bisubmodularity for functions on R™, and an appropriate
and careful modification of the translation linearity condition.

(BS2) A continuous function F' : R™ — R is bisubmodular if F'(z)+ F(y) > F(xVy)+ F(xAy), where

max{xi, y’b}) if Liy Yi 2 O) min{xi, y’b}7 if Liy Yi 2 O)
(ZL’ \ y)l = min{x’b y’L}7 if Ty Yi S 07 (:C A y)l = max{a:i, yZ}7 if T, Yi S 07
0, if x;y; <0, 0, if x;y; < 0.

Proposition 2.7. A function F : RY — R is a disjoint-pair Lovdsz extension of a bisubmodular
function if and only if F is (continuously) bisubmodular (in the sense of (BS2)) and for any = €
R, t >0,
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F(tx) = tF(x) (positive homogeneity);
F(x+tly+y-) > F(x) + F(tly+ y-) for somcﬂ VEDSVE@) with VUV =V.
Henceforth, 14 p is defined as 14 — 1p for simplicity.

Proof. Take the discrete function f defined as f(A1, A2) = F(14,,4,). One can check the bisub-
modularity of f directly. Fix an € R™ and let o : VU {0} — V U {0} be a bijection such that
o)) < |To2)] < -+ < 2oyl and 0(0) = 0, where zg := 0, and

Vi = Von@) ={j €V :tz; >z}, =01, ,n—1

Also, we denote Ty v, = * 1\/*( UV (i.e., the restriction of = onto V7 (i) Y V_( ) with other
components 0), where x * y := (2191, -+ , Tn¥n)-
For simplicity, in the following formulas, we identify o (i) with ¢ for all i = 0,--- | n
It follows from |$z+1’1v+ Vo vaz+1szl1 =Tyt - and
ziealty v Aoy v, = lialts, v
that
n—1
@) = (@il = i) F(V;F V)
i=0
n—1
= leinl (F0G7 Vi) = F(VEL Vi)
i=0
n—1
=3 {F (lowaltyear) = F (lzssalg, vz )}
i=0
n—1
> _ =
i {F <sz‘+’Vi ) E (:EV;Jrl’V;Jrl)} F(z).
1=

On the other hand,

—_

n— n—1

FH@) = S (el = [ FVE V) = 3P (o] = [y )
] =0

T
[l\ao

{F(wia] = 21y o) = F((wia] — i) 1y v-) }

<.
I
o

" {Z (21| - \ml)lvtv_)} 7 (ol = hon-aD1y v )

f
[\o}

IN

F (ﬂﬂvz.tv; - \xi\lvtvf) F (‘EVL v, ~ Tty v (] - \xi\)lvtvf)}

<.
I
o

n—2
; {z N S (G P,
=0

n—2
< Z (F Tyt - — | 23| 1+ v-) — F(mVHuV_ |azi+1|1v+7v_)> +F ((|3€n| _ |x”*1|)1Vnt17Vni1)
1=0
according to (|zi+1] — |xi’)1\/+,V* /\(‘”Vﬁ,vg — ‘$i|1v+7vf) = (|xiy1| — ‘xiDlVf,V[ and
(|x’i+1‘ - ’xi‘)lv+7V7 \/(wVZjL"/Zf - ‘$i|1V+7V7) - wv+1,V7 |ﬂ7i+1|1v+7vf —+ (|5Ui+1’ — |xi‘)1v+7V7

®This is some kind of ‘translation linearity’ if we adopt the assumption F( + t1y+ - ) = F(x) + F(t1y+ y-).
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fori=0,---,n—2, as well as Tyt oy —|zn—1ly+ v = (Jon| — ‘xn—ly)lvj Vo . Therefore, we

have F(x) = f¥(x). The proof is completed. O

Proposition 2.8. A continuous function F is a disjoint-pair Lovdsz extension of some function
[ Po(V) = Rif and only if F(x V cly+y-) + F(z —x Vcly+ y-) = F(x) (or F(xz Acly+y-) +
F(z —x Acly+y-) = F()), for some V> VE(z) with VT UV™ =V, Ve >0 and x € R".

Proof. We only need to prove that the condition implies the absolutely comonotonic additivity of F,
and then apply Proposition Note that the property F(z V1) + F(z — 2z V c1) = F(x) implies a
summation form of F' which agrees with the form of the disjoint-pair Lovédsz extension. Then using
the absolutely comonotonic additivity, we get the desired result. O

The k-way submodularity can be naturally defined as (S1) and (S2):

(KS) Given a tuple V = (V1,---,Vj) of finite sets and A C {(A1,---,Ax) : 4, C Vi, i=1,--- k},
a discrete function f : A — R is k-way submodular if f(A) + f(B) > f(AV B) + f(AA B),
VA, B € A, where A is a lattice under the corresponding lattice operations join V and meet A
defined by AV B =(A1UBy, -+ Ay UBg) and ANB= (AN By, -, AN Bg).

Theorem 2.3. Under the assumptions and notations in (KS) above, D4 is also closed under N\ and
V, with A and V as in (S2). Moreover, the following statements are equivalent:

a) f is k-way submodular on A;
b) the k-way Lovdsz extension f* is convex on each convex subset of D;

c) the k-way Lovdsz extension f* is submodular on D 4.

If one replaces (KS) and (S2) by (BS1) and (BS2) respectively for the bisubmodular setting, then
all the above results hold analogously.

Proof. Note that Vi(z) V Vi(y) = Vi(z V y) and Vi(z) A Vi(y) = Vi(z A y), where Vi(z) =
(Vi(xl), -, Vi(a¥)), ¥t € R. Since & € Dy if and only if Vi(z) € A, Vt € R, and A is a lattice,
D4 must be a lattice that is closed under the operations A and V. According to the k-way Lovasz
extension , we may write

N
~ / F(Vi(@))dt — NF(V)
-N

where N > 0 is a sufficiently large numberﬂ Note that 14 V1 = 14y and 14 A1 = 14.B.
Combining the above results, we immediately get

F(A) + f(B)> f(AVB)+ f(AAB) < fHz)+ fY(y) > fH(=Vy) + Az Ay),

which proves (a) < (c). Note that for x € Dy, f(z) = . Aaf(A) for a unique chain C(z) C A
AeC(x)

that is determined by @ only, and the extension f™(z) := > Aaf(A) is convex on
{)\A}AEAGA(:B AeA

each convex subset of Dy, where A(z) := {{\g}aca € RA: > Aalg = x, A4 > 0 whenever A #
AcA

V'}. We only need to prove fX(x) = f™*(g) if and only if f is submodular. In fact, along a standard

idea proposed in Lovasz’s original paper [1], one could prove that for a (strictly) submodular function,

the set {A : A # 0} must be a chain, where > X% f(A) = f™*(x) achieves the minimum over
AcA

A(x), and one can then easily check that it agrees with f%. The converse can be proved in a standard
way: f(A) + f(B) = fH(1a) + FF(1p) > 2/5(5(1a + 18)) = F(1a+ 1) = f(Lavs + Lang) =
f(lave) + f(1an) = f(AV B) + f(AA B). Now, the proof is completed.

For the bisubmodular case, the above reasoning can be repeated with minor differences. O

SHere we set f(@,---,2)=0

12



3 Combinatorial and continuous optimization

As we have told in the introduction, the application of the Lovész extension to non-submodular
optimization meets with several difficulties, and in this section, we start attacking those. First, we
set up some useful results.

Notification 3. In this section, R>q := [0,00) is the set of all non-negative numbers. We use fr
to denote the multi-way Lovdsz extension which can be either the original or the disjoint-pair or the
k-way Lovdsz extension.

Theorem 3.1. Given set functions fi,---, fn : A = R>o, and a zero-homogeneous function H :
RZy\ {0} = RU {400} with H(a +b) > min{H (a), H(b)}, Va,b € RY,\ {0}, we have
H < fa(A) = inf H(fF(x), -, fF 1
win H(fi(4), - fu(A) = inf H(fE@), - f(z), (13)

where A" = {A € A: (f1(4), -, fu(A)) € Dom(H)}, D' = {x € Dy HR‘Z/O C(fE (), fE () €
Dom(H)} and Dom(H) = {a € R, \ {0} : H(a) € R}.

Proof. By the property of H, Vt; >0,n € N*, a;; >0,i=1,--- ,m,j=1,---,n,

m m
H(Ztiai,la”';ztiai,n> = (Zta) >‘m1an(ta)
=1 =1

= min H(a')= min H(ai1, - ,ain)
i=1,,m =1, ,m

Therefore, in the case of the original Lovész extension, for any « € D/,

H (f{ (), fi(2)) (14)
=H (/ . fl(Vt(m))dt—i—fl(V(:n)) minx, - - - ,/. . fn(Vt(a:))dt—i-fn(V(a:)) minm)
:H<Z(tz 1 1)fl(VtZ ! 72 - z 1 fn th 1( )))

=1 =1
> i H (R @), oV )
> gégll,H(fl(A% T 7fn(A)) (15)
= Igréi;‘l,H(flL(lA)v T 7f7f(1A))
> inf H(f{(z), (@) (16)

Combining with (15]), we have inlf) H(fE), -, fE(z) > Igmjl H(fi(A), -, fn(A)), and then
xeD! eA

together with and , we get the reversed inequality. Hence, is proved for the original
Lovész extension fZ. For multi-way settings, the proof is similar. O

Remark 1. Duality: If one replaces H(a+b) > min{H (a), H(b)} by H(a+b) < max{H (a), H(b)},
then
max H(f1(A), -+, fa(A)) = sup H(f{ (), -, [ (@)). (17)

AcA’ xeD!
The proof of identity s similar to that of , and thus we omit it.

Remark 2. A function H : [0,+00)™ — R has the (MIN) property if

-, m

<Zta>> mm H(a"), Vt; >0,m € NT, a’ € [0, 4-00)".

The (MAX) property is formulated analogously.
We can verify that the (MIN) property is equivalent to the zero-homogeneity and H(x + y) >
min{H (z), H(y)}. A similar correspondence holds for the (MAX) property.
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Remark 3. Theorem shows if H has the (MIN) or (MAX) property, then a corresponding
combinatorial optimization is equivalent to a continuous optimization by means of the multi-way

Lovdsz extension.
Taking n = 2 and H(f1, f2) = % in Theorem ﬁ then such an H satisfies both (MIN) and
(MAX) properties. So, we get

(A L fEW) fi(4) S W)
D Ty T T L v X0y B O T

In fact, we can get more:

Proposition 3.1. Given two set functions f,g : A — [0,+00), let f.:Da — R satisfy f > fL,
g <g" f(1a) = f(A) and §(14) = g(A). Then

f(4)

-

(¥)

min = =
AcAnsupp(g) g(A) YED ANsupp(g) 9(1/})

If we replace the condition f > f~ and g <g" by f<fEand g > g", then

f(4) f(@)

max - = sup —,
A€Ansupp(g) g(A) YED 4Nsupp(g) 9(¢)

If p: [0,00) = [0,00) is a homeomorphism, then f:= p~'((po f)*) and §:= p~*((pog)*) satisfy
the above two identities.

Proof. 1t is obvious that

(¥) f(14) f(4)

inf — < min - = min —,
YeDansupp(d) §(¥) ~ AeAnsupp(g) §(14)  AeAnsupp(g) g(A)

~

On the other hand, for any 1 € DN supp(g)LgL(w) > g(1) > 0. Hence, there exists ¢ € (min Ew —
1, max 31 + 1) satisfying g(Vt(v)) > 0. Here 81 = 1 (resp., [10]), if f¥ represents either the original
or the k-way Lovasz extension of f (resp., either the disjoint-pair or the k-way disjoint-pair Lovasz
extension). So, the set W(v) := {t € R : g(V!())) > 0} is nonempty. Since {Vi(v)) : t € W(¢)}

. . . t . ¢ .
is finite, there exists tg € W (%) such that ggx‘;fg((:ﬁg; = tenv%/l&)) ]gcgtéi))g Accordingly, f(Vi(y)) >

f;EXfS %39(‘”(1&)) for any ¢ € W (), and thus

t S (L))
FVI®)) 2 Co(Vi(y)),  with C'= min =S

holds for any ¢ € R (because g(V*(¢))) = 0 for t € R\ W (¢) which means that the above inequality
automatically holds). Consequently,

>0,

It follows that
f(A)

—=>C> min
g() AedAnsupp(g) g(A)

and thus the proof is completed. The dual case is similar.
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For a homeomorphism p : [0, 00) — [0, 00),

min TA) oo fA) Ly pe f(A)
) < >>

Aed g(A) — AeAp~lopog(A

— o, inf (pof
P <w€DA(pog (

SN— [ ——
& =
S
N———
I
E
Lo
<
L
—~ |

This completes the proof. O
Similarly, we have:

Proposition 3.2. Let f,g: A — [0,+00) be two set functions and f := f1 — fo and g := g1 — g2 be
decompositions of differences of submodular functions.

_ Let fa, g1 be the restriction of positively one-homogeneous convex functions onto D 4, with f1(A) =
fi(1a) and g2(A) = go(14). Define f = f{" — fo and g = g1 — g5. Then,

fl4) : f(=)
min —_— = min = —.
AeAnsupp(g) (A) xeD ANsupp(g) g(x)

Remark 4. Hirai et al introduce the generalized Lovdsz extension of f : L — R on a graded set L
(see [39,40]). Since fE(x) = Y, Nif(p;) for @ = Y, Nip; lying in the orthoscheme complex K (L),
the same results as stated in Theorem and Proposition hold for such a generalized Lovdsz
extension fL.

3.1 A relaxation of a Dinkelbach-type scheme

We would like to establish an iteration framework for finding minimum and maximum eigenvalues.
These extremal eigenvalues play significant roles in optimization theory. They can be found via the
so-called Dinkelbach iterative scheme [18]. This will provide a good starting point for an appropriate
iterative algorithm for the resulting fractional programming. Actually, the equivalent continuous
optimization has a fractional form, but such kind of fractions have been hardly touched in the field
of fractional programming [19], where optimizing the ratio of a concave function to a convex one is
usually considered. For convenience, we shall work in a normed space X in this subsection.

For a convex function F' : X — R, its sub-gradient (or sub-derivative) VF(z) is defined as the
collection of u € X* satisfying F'(y) — F(z) > (u,y — x), Yy € X, where X* is the dual of X and
(u,y — x) is the action of uw on y — . The concept of a sub-gradient has been extended to Lipschitz
functions. This is called the Clarke derivative [5):

F th) — I
Jim sup (y +th) — F(y)

Yy—x,t—0+ t

VEF(z) = {u e X*

> <u,h>,\v’h6X}.

And it can even be generalized to the class of lower semi-continuous functions [11,(12].

Theorem 3.2 (Global convergence of a Dinkelbach-type scheme). Let S be a compact set and let
F,G:S — R be two continuous functions with G(x) > 0, Y& € S. Then the sequence {r*} generated
by the two-step iterative scheme

ohtl = argé)}q)ti{F(w) —rkG(2)}, (18)
1
= Gy 19)

from any initial point ° € S, converges monotonically to a global optimum of F(-)/G(-), where ‘opti’
s ‘min’ or ‘max’.

Corollary 3.1. If F/G is a zero-homogeneous continuous function, then the iterative scheme
from any initial point £° converges monotonically to a global optimum on the cone spanned by S (i.e.,
{tx:t >0,z € S}).
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We note that Theorem generalizes Theorem 3.1 in |7] and Theorem 2 in [10]. Since it is a
Dinkelbach-type iterative algorithm in the field of fractional programming, we omit the proof.
Many minimization problems in the field of fractional programming possess the form
convex F

min ————
concave G’

which is not necessary to be convex programming. The original Dinkelbach iterative scheme turns
the ratio form to the inner problem ((18)) with the form like

min (convex F' — concave G),

which is indeed a convex programming problem. However, most of our examples are in the form

convex F'
min —————
convex G’

i.e., both the numerator and the denominator of the fractional object function are convex. Since the
difference of two convex functions may not be convex, the inner problem is no longer a convex
optimization and hence might be very difficult to solve.

In other practical applications, we may encounter optimization problems of the form

convex F} — convex Iy
min

convex (G — convex Gg

This is NP-hard in general. Fortunately, we can construct an effective relaxation of .
The starting point of the relaxation step is the following fact:

Proposition 3.3. For any function f: A — R, there are two submodular functions fi and fo on A
such that f = f1 — fs.

Proof. Taking g to be a strict submodular function and letting

= mi A A)—g(AVA)—g(ANA )

5 Afg}gA(g( ) +g(A") —g(AV A) —g(ANA")) >0
Set fo = Cg and f; = f + fo for a sufficiently large C' > 0. It is clear that fs is strict submodular
and fi is submodular. So, f = fi; — f2, which completes the proof. O

Thanks to Proposition any discrete function can be expressed as the difference of two sub-
modular functions. Since the Lovasz extension of a submodular function is convex, every Lovész
extension function is the difference of two convex functions.

Now, we begin to establish a method based on convex programming for solving min % with
F = F, — F» and G = G; — G2 being two nonnegative functions, where Fi, F5, G1,Gs are four
nonnegative convex functions on X. Let {Hy(x) : y € X} be a family of convex differentiable

functions on X with Hy(x) > Hy(y), V& € X. Consider the following three-step iterative scheme

" e argmin{ F1 (z) + r*Ga(z) — ((uF, z) + ¥ (o*, ) + Hp(z)}, (20a)
TreB

rEt = P(h ) /G (2P, (20b)

uF Tl € VR (2hTY), of L € VG (2FTY), (20c)

where B is a convex body containing 0 as its inner point. Such a scheme mixing the inverse power
(IP) method and steepest decent (SD) method can be well used in computing special eigenpairs of
(F,G). Note that the inner problem is a convex optimization and thus many algorithms in
convex programming are applicable.

Theorem 3.3 (Local convergence for a mixed IP-SD scheme). The sequence {r*} generated by the
iterative scheme from any initial point x° € supp(G)NB converges monotonically, where supp(G)
is the support of G.

If X is further assumed to be finite-dimensional, Iy and Go are p-homogeneous with p > 1, then
the limit limy,_, 4 o0 7% is an eigenvalue of (F,G).
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Theorem [3.3|partially generalize Theorem 3.4 in 7], Theorem 6 in [8] and the first part of Theorem
3 in [10]. It is indeed an extension of both the IP and the SD method [3,4,/16].

Proof of Theorem[3.3. It will be helpful to divide this proof into several parts and steps:

Step 1.

Step 2.

We may assume G(z¥) > 0 for any k. In fact, the initial point x° satisfies G(2°) > 0. We will
show F(z!') = 0 if G(2!) = 0 and thus the iteration should be terminated at «!. This tells us
that we may assume G(z*) > 0 for all k before the termination of the iteration.

Note that
Fl(a:l) + TOGQ(CCI) — (<u0, a:1> + 7‘0<v0,m1>) + Hgo (wl)
< Fl(:no) + T’OGQ(:BO) — (<u0, :1:0> + 7‘0<vo,w0>) + Hyo (wo),
which implies
Fi(a') = Fi(2°) + °(Ga(a') — Ga(a")) + Hyo(x') — Hyo(a?)
< (WP 2t — 2% + 19000, 2! — 20) < Fy(2!) — By (2®) + 70 (Gi(2h) — G1(2?)),
F(z') — F(z°) + Hpo(2') — Hypo(2?) < r(G(z!) — G(a)) (21)
— —rOG(:cO) = —F(wo).

Since the equality holds, we have F(x!) = 0, Hyo(z!) = Hgpo(z?), (u? 2! — 2°) = Fy(z!) —
Fy(z?) and (v°, 2! — 2°) = G () — G1(2°). So this step is finished.
{rF }22, is monotonically decreasing and hence convergent.
Similar to in Step 1, we can arrive at
F(a"h) = F(a") + Hyr (2") — Hyi(a¥) < 77(G(2") - G(2)),
which leads to
F(wk+1) < TkG(warl).
Since G(z**1) is assumed to be positive, r**1 = F(£F*1)/G(«**1) < r¥. Thus, there exists

7 € [Pmin, 7°] such that lim r*
k—4o0

=r*.

In the sequel, we assume that the dimension of X is finite.

Step 3.

Step 4.

{x*}, {«*} and {v*} are sequentially compact.

In this setting, B must be compact. In consequence, there exist k;, r*, *, £**, v* and v* such

that ¥ — o*, 2" 1! - z**, W — u* and vF — v*, as i — +o0.

z* is a minimum of Fi(x) + r*Ga(z) — ((u*, ) + r*(v*,x)) + Hg-(x) on B.

Let g(r,y,u,v) = mig{Fl(m) +rGa(x) — ((u, z) + r(v,z)) + Hy(x)}. It is standard to verify
xe

that g(r,y,u,v) is continuous on R! x X x X* x X* according to the compactness of B.

ki yki ki) = kil taking i — 400, one obtains g(r*, z*, u*, v*) = r*.

By Step 3, ** attains the minimum of Fi(z) 4+ r*Ga(z) — ((u*,z) + r*(v*,z)) + Hg+(x) on B.

Suppose the contrary, that * is not a minimum of Fj(z) + r*Ga(z) — ((u*, x) + r*(v*, z)) +

Hy+(z) on B. Then

Since g(rki,

< Fi(z") +r*'Ga(z®) — ((u*, 2") +r*(v*, ")) + He- ("),
and thus F'(z**) < r*G(z**) (similar to Step 1), which implies G(«**) > 0 and F(z**)/G(«**) <

r*. This is a contradiction. Consequently, * is a minimizer of Fi(z) + r*Ga(z) — ((u*, ) +

r*(v*,z)) + Hg+(x) on B.
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Step 5. Fi(z) +r*Ga(z) — ((u*,z) + r*(v*,z)) > 0, Vo € B, and the equality holds when = = z*.

In fact, a small modification of Step 4 shows that «* is also a minimizer of Fj(x) 4+ r*Ga(z) —
((u*,z) + r*(v*,z)) on B, and the minimum value is 0.

We now add the further assumption that F} and G2 are p-homogeneous with p > 1.

Step 6. (r*,2*) is an eigenpair.

Since B contains 0 as its inner point, we have {az : ¢ € B,a > 1} = X. Keeping o > 1 and
p > 1 in mind, for any o > 1 and = € B,

Fi(azx) +r*Ge(az) — ((u*, az) + r* (v, az))

= a(Fi(e) + " Cale) — (u',2) + 7 (v",2))) + (o — a)(Fi(x) + r*Ga(x))
(by Step 5) > (a? — a)(Fi(2) + r*Ga(a)) > 0.

Consequently, * is a minimizer of Fi(z) + r*Ga(z) — ((u*, z) + r*(v*,z)) on X, and thus

0 € V]g=z+ (Fi(z) +1*Ga(z) — ((u*,z) + r"(v*, x)))
= VFi(z") +r*"VGa(z*) —u* —r*v”
C VF(z*) — VFy(z") + r*VGa(z™) — r*VG1(x¥)
=VF(z*) — r*VG(z"),

which implies that (r*,z*) is an eigenpair of (F,G).

O
Another solver for the continuous optimization min % is the stochastic subgradient method:
k+1 k k k k F (xk)
xr =X —Oék(y +£), vy 6Vm7

where {ay }x>1 is a step-size sequence and {¢¥};>1 is now a sequence of random variables (the “noise”)
on some probability space. Theorem 4.2 in [44] shows that under some natural assumptions, almost
surely, every limit point of the stochastic subgradient iterates {z*};>; is critical for F/G, and the
function values {£ (z*)}y>1 converge.

4 Discrete Morse theory and its Lovasz extension

Morse theory [20,21] enables us to analyze the topology of an object M by studying functions
f M — R. In the classical case, M is a manifold and f is generic and differentiable. There are,
however, many extensions of Morse theory in modern mathematics that do not require a smooth
structure, such as the metric and topological Morse theory by the Italian school |11H14], the PS
(piecewise smooth) or stratified Morse theory by Thom, Goresky and MacPherson [51], the PL
Morse theory by Banchoff [45], Kithnel [47,148] and the Berlin school, as well as the discrete Morse
theory by Forman [36,37].

In all such cases, a typical function f on M will reflect the topology quite directly, allowing one
to find CW structures on M and to obtain information about their homology. The following results
embody the abstract content of Morse theory, and they hold in continuous as well as in discrete cases.

Morse fundamental theorem. If f has n; critical points of index 7, 1 = 0,1,--- ,d, then M is
homotopy equivalent to a cell complex (called Morse complex) with n; cells of dimension i. One can
write it as

M =~ cell complex with n; cells of dim1
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Morse relation. Denote by P(X, A)(-) the Poincare polynomia][] of the pair of topological spaces
(X, A) over a given field F, where X D A. Then

Yo PUS S @Y AS < f@P\ {2 () = PUSF <bhAf < ah) () + (1 +6Q()

a<f(z)<b

where a < b, Q(+) is a polynomial with nonnegative coefficients.

The main aim of this section is to study the Lovéasz extension of a discrete Morse function on
a simplicial complex, and to provide equivalences between discrete Morse theory and its Lovész
extension.

For this purpose, we first clarify the notions and concepts and summarize the various Morse
theories mentioned above.

- Metric Morse theory: Let M be a metric space and F' a continuous function on M. For a
point a € M, there exists ¢ > 0 such that there exist > 0 and a continuous map

H : Bs(a) x [0,6] = M

satisfying
F(H(z,t)) < F(x) — et, dist(H(z,t),z) <t

for any € Bs(a) and t € [0,6]. The weak slope [12-14] denoted by |dF|(a) is defined as the
supremum of such € above. A point a is called a critical point of F' on M, if it has vanishing
weak slope, i.e., |dF|(a) = 0.

The local behaviour of F' near a is described by the so-called critical group Cy(F,a) := Hq({F <
c}NUq, {F < c}NUg\{a}), q¢ € Z, where H,(-,-) is the singular relative homology. So the Morse
polynomial p(F,a)(t) := ZZ:O rank Cy(F, a)t? can be defined. If Cy(F, a) is non-vanishing, then
we say ¢ is an index of a metric critical point a, and the number p(F,a)(1) is called the total

multiplicity of a.

- Topological Morse theory: Let M be a topological space and F' a continuous function on M.
A point a € M is a Morse regular point of F if there exist a neighborhood U and a continuous
map

H:Ux[0,1] - M, H(z,0) ==

satisfying
F(H(x,1)) < F(=),

for any z € U and t > 0. We say a is a Morse critical point of F' on M if it is not Morse regular.
The index with multiplicity of a critical point is same as in the metric setting above [11].

A symmetric homological critical value [49] of F' is a real number ¢ for which there exists an
integer such that for all sufficiently small € > 0, the map Hy({F < c—¢€}) — H,{F < c+¢€})
induced by inclusion is not an isomorphism [50]. Here Hj, denotes the k-th singular homology
(possibly with coefficients in a field).

A real number c is a homological regular value of the function F if there exists ¢ > 0 such that for
each pair of real numbers t; < t3 on the interval (c—¢, c+e€), the inclusion {F < t1} < {F < t5}
induces isomorphisms on all homology groups [50]. A real number that is not a homological
regular value of F' is called a homological critical value of F'.

- Piecewise-Linear Morse theory: Similar to the smooth setting, the PL (piecewise linear)
Morse theory introduced by Banchoff requires working with a combinatorial manifold which
is both a PL manifold and a simplicial complex. Here we will use the notions developed by
Kiihnel [47] and later by Edelsbrunner [48].

Denote by star_(v) the subset of the star of v on which the PL function F' takes values not
greater than F'(v). Similarly, one can define link_ (v).

Let M be a combinatorial manifold, and let ' be a PL (piecewise linear) function on M.

"Formally, P(X, A)(t) := > nsorank H™ (X, A)t", where H" (X, A) is the relative cohomology of the pair (X, A).
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Definition 4.1 (Kiihnel [47]). A vertez v of M is said to be a PL critical point of F with
index i and multiplicity k; if B;(star_(v),link_(v)) = k;, where (; is the i-th Betti number of
the relative homology group.

Equivalently, let ﬁ; be the rank of the reduced j-th homology group of link_(v). Using this
notation, we have

Definition 4.2 (Edelsbrunner [48]). A vertez v is a PL critical point of F with index i and
multiplicity k; if Bi_q = k;.

Clearly, a PL critical point may have many indices and multiplicities. A vertex v is called
non-degenerate critical if its total multiplicity Z?:o k; is equal to 1. The PL function F is
called a PL Morse function if all critical vertices are non-degenerate.

- Discrete Morse theory: A discrete Morse function on an abstract simplicial complex (V, K)
is a function f : K — R satisfying for any p-dimensional simplex o € K, #U(c) < 1 and
#L(o) <1, where

Uo):={m"™ >o: f(r) < f(o)} and L(o):={vP" Co: flv) > f(o)}.

Definition 4.3 (Forman [36,37]). We say that o € K), is a critical point of f on K if #U(c) =0
and #L(0) = 0. The index of a critical point o is defined to be dimo.

The main results in this section can be summarized by:

Discrete Morse data of a . Continuous Morse data of the
) : . equivalent i ) I
typical discrete Morse function f Lovasz extension f
on a finite simplicial complex IC restricted on a suitable domain

While the discrete Morse data are taken here in the sense of Forman, the continuous Morse data
can be in the metric, topological or PL category as described above.
Precise statements are presented in the following subsection.

4.1 Relations between discrete Morse theory and its continuous extension

A finite simplicial complex K with vertex set V' can be the power set P(V). But this case is
trivial. For simplicity, we always assume {{i} : i € V} C K & P(V) in this section.

Definition 4.4. The order complex of K is defined by
Sk :={C C K :C is a chain},

where C is a chain if for any 01,09 € C, either 01 C 09 or o9 C 01. It is clear that Sk is a simplicial
complex with the vertex set IC. Define the special geometric realization of Sk by

|Sk| = U conv(1l, : 0 € C).
CeSk

Fact: For any function f : K — R, the feasible domain Dy of its Lovasz extension f= is |J #|Sk|. It
>0

means that the Lovdsz extension f% is well-defined on |Sk|.

Observation:
|Sk| = Dx N Soo = U conv(1l, : 0 € C),

maximal chain CCK

where Soo = {z € R" : ||z||cc = 1} is the unit [*°-sphere. Maximal chains from K have a one-to-one
correspondence with facets of |Sk|.

Lemma 4.1. Given a discrete Morse function f on a finite simplicial complex IC, we have:
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(1) If o is critical, then f(1) > f(o) > f(v), whenever T D o D v.

(2) If f is an injective Morse function and (o,7) is a reqular pair (i.e., o C T with dim7 = dimo +1

and f(o) > f(1)), then

(2.1) for all 7" Do with " p7\o, f(') > f(o);

(2.2) for any o' C T with o’ D 7\ o, f(o') < f(7);

(2.3) for each 0" C o, f(c") < f(o).
Proof of Lemma[/.1 Let ¢ = f(o). Note that f(vP~!) < ¢ for all vP=! C 0. If there exists 1P~2 C o
such that f(vP2) > ¢, then f(vP=2) > f(o) > f(vP71) for all P~ D VP2 with P! C 0. Since
there are two vP~! in ¢ containing v?~2, this is not compatible with the definition of a discrete Morse
function. In this way, we can prove by induction on the dimension of faces of o that every face v C o

satisfies f(v) < c.
The other proofs are similar. O

Notification 4. We use & and ~ to express homeomorphism equivalence and homotopy equivalence,
respectively. The link and star of some o € K will be taken on Sx. The operation * is the geometric
join operator.

Lemma 4.2. Given an injective Morse function, we have:

Sdime=1"" 4f 5 s critical,

link_ (o) =~ {

pt, if o is reqular.
Proof. The link of o in the order complex |Sk| is the geometric join of

S_(15) :== U conv(l, : v € C) = sdimo-1
chain CCP(o)\{c}

and
U conv(1l, : 7 €C).

chain CC{T€K|T20 }

According to Lemma and the definition of link_ (o), we obtain that if o is critical, then
link_ (o) := link_(1,) = S_(1,) = Sdmo—1,
If (0,7) is a regular pair, we note that link_ (o) is the join of S_(1,) and

U conv(1l, : 7' €C) ~ 1,
chain Celo, 7]y

where [0, 7]7 := {7/ D 7: f(7') < f(0)}. That means, link_(0) ~ SHmo—1 1, = Bdimo ~ pe,
Similarly, one can check that link_(7) = B4™7—1 ~ pt. The proof is completed. O]

Lemma 4.3 (Kiihnel [46]). Given a PL function fF'* on a simplicial complex |K|, then the induced
subcomplex of IC on {v € Ko : fP1(v) <t} is homotopic to the sublevel set {fF1 < t}.

Lemma 4.4. Given an injective Morse function, denote by eg = min{|f(c) — f(¢')| : 0 # o'} > 0.
If o is critical, then

stme=tif f(o) —eo <t < f(0),

L ~
|S/C|ﬂ{f St}ﬂBla - {Bdima’ fo(O') §t<f(0')+60-

And 1, is a topological/metric critical point of fL||5K|, and f(o) is a (symmetric) homological critical
value.
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Proof. Denote by
|Se| = U conv(l, : v € C).

maximal chain CCP(o)

Then it can be checked that |S,| is homeomorphism to the closed geometric simplex || in ||, and
thus it is homotopic to the disc BY™?. Hence, |S,| "By, N {fX < t} is homotopic to S¥mo—1,
Together with the piecewise linearity of f, one gets that [Sx| N By, N {f < t} is homotopic to
|Se|NBy, N{f* <t} and thus the proof is completed.

For more details, we may apply Lemma to f¥ on |Sk|. Then we only need to check the
homotopy type of star_(o) in |Sk| for ¢ > f(o) and link_ (o) for t < f(o). According to Lemma
and similar to the proof of Lemma we obtain that for a critical point o, star_(o) is

U conv(1, : v € C) = BImo,
chain CCP (o)

and link (o) = S4me=1 The proof is completed. O
Lemma 4.5. If (0,7) is a regular pair, then }de“S,d‘ (1,) > 0 and ‘de“SIC“ (1;) > 0.

Proof. By the definition of weak slope, we should construct a locally decreasing flow from a neigh-
borhood of 1, to a neighborhood of 1.

Case 1. Locally decreasing flow near 1,: For any chain containing the pair (o, 7), consider the
decreasing vector 10_17> Then with the help of Lemma (2), the neighborhood of 1, on
|Sk| can be decreased uniformly along the direction 1,1, with a small modification. Slight
perturbations and concrete approximations in the construction of the locally decreasing flow
are necessary, but we omit the tedious and elementary process.

Case 2. Locally decreasing flow near 1,: The construction depends on Lemma (2), as in Case 1.

By the deformation lemma, 1, is Morse regular, and by the piecewise linearity of f¥, 1, is not a
critical point in the sense of weak slope. Moreover, points on |Si| other than vertices of |Sk| cannot
be critical points of fL if f is injective. O

Theorem 4.1. Given a finite simplicial complex with vertex set V. and face set IKC, let f : IC — R be
a discrete Morse function.

If o is a critical point of f, then 1, is a critical point of fL|‘SK| with the same index in the sense
of topological/metric/PL critical point theory, and the converse holds if f is further assumed to be
mjective.

Proof. The proof is a combination of Lemmas [4.4 and O

Definition 4.5. If a generic discrete Morse function f : KK — R has n; critical points of indezx i, we
say that K has discrete Morse vector ¢ = (ng,ny,--- ,ng). Similarly, for a generic Lipschitz function
on a piecewise flat metric space M having n; critical points of index i, we say that M has Morse
vector ¢ = (ng,ni, - ,Nqg)-

Now we verify that the discrete Morse structure on a simplicial complex is equivalent to the
continuous Morse structure on the restricted domain of its Lovasz extension. The key idea is to
translate it into PL Morse theory by barycentric subdivision. This discovers the relation between
the discrete Morse vectors of K and the Morse vectors of |Si|. Such a result is relevant for the main
results in [34], but we develop it here in a wider context.

Theorem 4.2. Given a finite simplicial complex with vertex set V and face set IC, let f: K — R be
an injective discrete Morse function. Then the discrete Morse vector of f agrees with the continuous
Morse vector of fL||SK|.
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Proof. 1t can be checked that the simplicial complex (K, Sk ) is simplicially equivalent to the simplicial
complex obtained by the barycentric subdivision of (V, K):

simplicially

(’Ca S/C) Sd(‘/v IC)

equivalent

where sd(V, K) is the barycentric subdivision of the complex (V, ). Here two complexes are called
simplicially equivalent (or combinatorial equivalent) if their face posetﬂ are isomorphic as posets.
Thus, one may redefine a discrete function f on the vertex set of the barycentric subdivision

{f V(K)o R} equivalent @

via f(vs) = f(0), Vo € K, where V(sd(K)) is the vertex set of sd(K).
Then the Lovdsz extension f is piecewise-linearly equivalent to the piecewise linear extension

fPL defined by ) )
FPEQ tww) =D tuf(v)

veEF veEF

for any face I' of the refined barycentric complex and any ¢, > 0 with ) %, = 1. Combining the
above observations, we get the following commutative diagram:

f f
Lovész extensionﬂ/ HPL extension
L P
¥ isel

PL equivalent

from which we derive that the Morse data of f7| 15| and f PL are entirely equivalent, and furthermore,
the (continuous) Morse structures of |Si| and [sd(K)| essentially agree with each other.
It is clear that {f%| ;s <t} is homeomorphic to {fPL < t}. Applying Lemma H {fPL <t} is

homotopic to the induced subcomplex on the sublevel set {f < t}. Note that the level subcomplex
induced by {f < t} could collapse onto the induced subcomplex on the sublevel set {f < ¢}. So we
have

IKH{f < th)] 2~ [Sdic({f < 1) = {F7F <t} = {f")150 < t}

and thus the statement is proved. O

Theorems and establish a correspondence between the geometric data of a discrete Morse
function and the geometric information of its Lovasz extension.

We shall now introduce the concept of a category in the sense of critical point theory on an
abstract simplicial complex (V, K) at level m. We recall the classical Lusternik-Schnirelman category

cat(S) := min{k € N* : 3k + 1 contractible sets Uy, U, - -- , Uy, with UK, U; D S},
where we call U; contractible if the inclusion map U; < |Sk| is null-homotopic. We then put
Catp,(K) ={L C K : cat(|Sk(L)|) > m}

where Sk (L) is the induced subcomplex of Sk on L. Note that this is a family of subsets of P(K)
(not P(V)!).  Similarly,
Catp, (|Sk|) = {S C |Sk| : cat(S) > m}

We are now ready to establish a Lusternik-Schnirelman category theorem relating a discrete Morse
function and its Lovész extension:

8The face poset of a complex is the set of all of its simplices, ordered by inclusion.
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Theorem 4.3 (L-S category theorem for a discrete Morse function and its Lovész extension). Let
f: KK = R be an injective discrete Morse function. Then we have a sequence of critical values:

min  ma = inf sup fL(z), m=0,1,---,dimK.
LeCatym (K) ael)/(f(a) chatmqs,d)wegf (@)

Proof. For any S € Cat,,(|Sk|), f* achieves a maximum on S at some point s, that is, f¥(s) =

sug fY(x). If s does not belong to the vertex set of |Sk|, then s is not an inner point of S according
xe

to the definition of f~. So s € 95\ Vertex(|Sk|), and thus we can take a small perturbation S’ of S
such that S’ € Cat,,(|Sk|) and sup f#(S') < f(s) = sup fL(S). Therefore, we only need to consider
such S with the property that maxgzecg f*(x) is achieved at some vertex points of |Si|. For such S,
there exists v € S satisfying fL(v) > fL(z), V& € S. Consider the sublevel set {fL < f(v)}. It is
clear that cat({f" < f(v)}) > cat(S) > m and max f=({f* < f(v)}) = f(v) = max f£(9).

Claim. cat({f" < a}) = cat(Skl{per:f(0)<a})s Where Sklirex:f(o)<a} is the induced closed
subcomplex of Sx on the vertices {o € K : f(0) < a} of Sk.

Proof. In fact, by Lemma there is a homotopy equivalence between { f* < a} and Skl{oek:f(o)<a}-

By the above claim, we establish the following identities

inf sup f(z) = inf sup [z
SeCatm (|Sk|) xes ( ) a€R s.t. {fLSa}ECatmﬂS;C\)we{nga} ( )
= min max f(o)

a€R s.t. SICl{aEIC:f(U)Sa}Ecatm(K:) UESKl{aEK:f(a)ga}

= min max f(o).
LeCat, (K) 0€L f(o)

O

We point out that our notion of discrete Lusternik-Schnirelman category for abstract simplicial
complexes is different from that of Definition 4.3 in [55]. We also remark that other recent Lusternik-
Schnirelman category theorems for discrete Morse theory do not lead to a result like Theorem

4.2 Discrete Morse theory on hypergraphs

In the preceding, we have established a correspondence between discrete Morse theory on a
simplicial complex K with vertex set V and continuous Morse theory on the associated order complex
Sic. Now, since the order complex Sg is still a simplicial complex when £ is only a hypergraph with
vertex set V', we can use the continuous Morse theory on that complex to define a discrete Morse
theory on £. That is what we shall now do.

A hypergraph is a pair (V, &) with € C P(V). In other words, £ is a general set family on V. We
consider the combinatorial structure of a hypergraph from a topological perspective.

Topologies on hypergraph. There are several ways to endow a finite hypergraph (V,£) with
a topology.

1) The finite topology (£, 7)) is generated by the base {U.}.ce, where U, = {¢’ € £ : ¢/ C e}.

2) The associated simplicial complex (V, K¢g) is the smallest simplicial complex K¢ D . Note that
each edge e corresponds to an open simplex |e| in the geometric realization |Kg|. Hence, we can

define the geometric realization |£| as |J |e| in the geometric simplicial complex |Kg].
eck

3) The order complex Sg and its geometric realization |Sg| are defined by replacing the simplicial
complex (V,K) by the hypergraph (V, ) in Definition

k
Fact: (£,7T) =~ |&| ~ |Sgl.
k
Here two topological spaces are weakly homotopy equivalent (denoted by s ) if there exists a
continuous map between these topological spaces which induces isomorphisms between all homotopy
groups. The Lovész extension f is well-defined on |Sg| for any f: & — R,
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Remark 5. Indeed, the original Lovdsz extension f* of f : € — R is always well-defined on

U t[Se| € RY,. Precisely, the domain of fX is \J t|Se| if the set V is not a hyperedge (other-
>0 - >0

wise, the domain of f* could be |J t|Sg| + Riy ).
>0

Definition 4.6. An edge pair (¢, e) is called sequential if ¢ G e and there is no other € with
e G e Ge A function f: £ — R is a simple discrete Morse function if it has the property
that for any e € &, #{sequential pair (¢',e) : f(e) > f(e)} < 1 and #{sequential pair (e,€é) :
fle) > f(@)} < 1. An edge e is called a critical point of a simple discrete Morse function f if
{sequential pair (¢',e) : f(') > f(e)} = @ = {sequential pair (e,€) : f(e) > f(€)}. We say that e
has height k if there are at most k edges, €',--- ,€*, in a chain of the forme' G e* S --- S eF G e.
A critical point e of f has index k if the height of e is k.

We have a preliminary result for special hypergraphs and the corresponding typical functions,
which is a straightforward generalization of Forman’s discrete Morse theory.

Theorem 4.4. For a finite hypergraph (V,E), assume that € has the properties that the geometric
realization |{e¢' € £ : ¢ G e}| is homotopic to a sphere for any e, and the geometric realization
He" e E:e" Ce, e & {€, e}}| is contractible for any sequential edge pair (¢/,e). Let f: € — R be a
simple discrete Morse function with a critical point of index k. Then the geometric realization |E| is
homotopy equivalent to a CW-complex with one k-cell.

Let
Cat,,(£) = {E' C &€ : cat(|Se(E")|) > m}

where Sg(E') is the induced subcomplex of Sg on E’. Other results like Theorems and
can also be generalized to this setting:

Theorem 4.5. For a hypergraph (V,E) under the assumptions of Theorem let f: €& — R bean
injective discrete Morse function. Then the following conditions are equivalent:

(1) e is a critical point of f;
(2) 1¢ is a critical point of fL]|Sg| with index i in the sense of weak slope (metric Morse theory);

(3) 1c is a critical point of f*| s, with index i in the sense of Kiihnel (PL Morse theory);

(4) 1. is a Morse critical point of fL]|SS| with index i in the sense of topological Morse theory;

Moreover, the discrete Morse vector (ng,n1,- - ,nq), representing the number n; of critical points
with index i, of [ coincides with the continuous Morse vector of fL]|Sg|.
Moreover, the Lusternik-Schnirelmann category theorem is preserved under Lovdsz extension:

min max f(e) = inf sup fX(z
E'eCaty, (€) e€E’ f(e) SeCatm(\Sg\)megf (@),
The details of a general Morse theory on hypergraphs and applications will be developed in [57].
The key idea is that the definition of critical points of a general function f on £ is translated into
the PL critical point theory of its restricted Lovasz extension fL|| Sel-

Definition 4.7. Given a finite hypergraph (V,&) and a function f : £ — R, we say that e € £ is a
critical point of f if 1 is a critical point of fL|‘S£‘ in the sense of PL Morse theory.
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Table 1: Original Lovédsz extension of some objective functions.

Set function f(A) = Lovész extension f%(x) =
#E(A,V\ A) > i —

{i,j}€E
C C max; z;
vol(A) >, deg; x;
min{vol(A4),vol(V \ A)} Itmﬂg |z — t1]]1

€

#A-#(V\A) > |wi—

ijev

V(E(A,V\A max x; — min x;

AVEAVA\A) | S(maxn; - min o)

Table 2: Set-pair Lovész extension of several objective functions.

Objective function f(A, B) =

Set-pair Lovész extension f¥(x)

#E(A,V\A)+#E(B,V\ B)

2w =

{i,j}€E
#E(A, B) 3 (Z deg;[zi| = > o Jr95j|)
eV {i.j1€E
c Cllzll
vol(A) + vol(B) > deg; |z
i€V
min{vol(A4),vol(V \ A)} + min{vol(B),vol(V \ B)} miﬁ (|x1], -« 5 |zn]) — al]]
ac

#E(AUB,AUB)
#(AUB)-#E(AUB,AUB)
#(AUB)-#(V\ (AUB))

Ziwj min{|z;|, [z;]}
ZkEV,iNj min{|xk|’ |1:l|7 “T]‘}

i il — ]|

5 Examples and Applications

Tables [I] and [2] and Propositions and [5.3] present a general correspondence between set or
set-pair functions and their Lovasz extensions. We shall make use of several of those in this section.
Note that the first four lines in Table |1 for the original Lovasz extension, and the first five lines in
Table 2| for the disjoint-pair Lovész extension are known (see [10L|15]).

Proposition 5.1. Suppose f,g : P(V) — [0,400) are two set functions with g(A) > 0 for any
AeP(V)\{@}. Then

7(4) _ . F(A) + 1(B) A+ (B)

min
AeP(V)\{2} 9(A)  (A,B)eP(V)2\{(2,2)} g(

A
S min ,
A)+9(B)  (AB)EeP(V)\{(2.2) g(A) + g(B)
where the right identity needs additional assumptions like f(2) = g(@) = qﬂ or the symmetric
propertfl¥| of f and g. Replacing f(B) and g(B) by f(V'\ B) and g(V \ B), all the above identities

hold without any additional assumption. Clearly, replacing ‘min’ by ‘max’, all statements still hold.

Proposition 5.2. Suppose f,g : P(V) — [0,400) are two set functions with g(A) > 0 for any
AeP(V)\{@}. Then

F(A) . S (A TR F(A)

. _ . L i (A
min 7 = min . —k . min . —E . min iy N
AGP(V) g( ) (A1, ,Ak)E'P(V) ZiZI g(Az) (A1, ,Ak)EP(V) Hi:1 g(Al) (Alv“' 1Ak )EPy, (V) Zi:l g(AZ)

9

where the last identity needs additional assumptions like (&) = g(@) = 0.

9This setting is natural, as the Lovasz extension doesn’t use the datum on @.
10A function f : P(V) — R has symmetric property if f(A) = f(V \ A), VAC V.
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Proposition 5.3. Suppose f,g : P2(V) — [0,+00) are two set functions with g(A, B) > 0 for any
(4, B) e P2(V)\ {(@,2)}. Then

/(A,B) i1 f(Ai Bi) , iy f(Ai By)

min ———= = min = = min T
AePa(v) (A, B)  (A1,Bi ApBePa(VIF S8 g(Ay, By)  (AuBue ABePa(V) YO8 (A4, By)

Y

where the last identity needs additional assumptions like f(@,0) = g(2,2) = qE

Together with Propositions [2.5] and one may directly transfer the data from Table[I]to Table
Similarly, by employing Propositions and the k-way Lovész extension of some special
functions can be transformed to the original and the disjoint-pair versions.

5.1 Submodular vertex cover and multiway partition problems

As a first immediate application of Theorem [B], we obtain an easy way to rediscover the famous
identity by Lovész, and the two typical submodular optimizations — submodular vertex cover and
multiway partition problems.

Example 5.1. The identity min f(A) = min f(x) discovered by Lovdsz in his original paper
AeP (V) xeo,1]V

/1] can be obtained by our result. In fact,
A L L

min f(A) = min F4) = min C) = min (@) = min L(x).
AeP(V) Aep(v) 1 xe[0,00)V MaxXx;  xel0,1]V Maxx;  xel0,1]V maxz;=1
eV 2% g
Checking this is easy: if f > 0, then min fi(x) = 0; if f(A) <0 for some A C V, then

x€[0,1]V max x;=1
K2

L

min fY(x) = min ().

x€[0,1]V max z;=1 xel0,1]V
2

Vertex cover number A vertex cover (or node cover) of a graph is a set of vertices such that
each edge of the graph is incident to at least one vertex of the set. The vertex cover number is
the minimal cardinality of a vertex cover. Similarly, the independence number of a graph is the
maximal number of vertices not connected by edges. The sum of the vertex cover number and the
independence number is the cardinality of the vertex set.

By a variation of Motzkin-Straus theorem and Theorem [C] the vertex cover number thus has at
least two equivalent continuous representations similar to the independence number.

Submodular vertex cover problem Given a graph G = (V| E), and a submodular function
f:P(V)—10,00), find a vertex cover S C V minimizing f(S).
By Theorem [B]

L
min{f(S): S CV, S is a vertex cover} = glé%{ |(’ac) = min fL ()
Tlloo  xeD

where D = {z € [0,00)" : V(z) vertex cover, Vt > 0} = {x € [0,00)" : z; + z; > 0,¥{i,j} € F, {i :
x; = max; z;} vertex cover}, and D ={x € D: ||z|c =1} ={ >0: 2, +2; > 1,V{i,j} € E, {i:
x; = max; x;j} vertex cover}. Note that

conv(D) ={z:z;+2; > 1,V{i,j} € £, x; > 0,Vi € V}.

Therefore, min _ fl(x) < min{f(S) : vertex cover S C V}, which rediscovers the convex
xeconv(D)

programming relaxation.

" This setting is natural, as the disjoint-pair Lovész extension doesn’t use the information on (@, @).
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Submodular multlway partition problem This problem is about to minimize EZ 1 f(V;) sub-
ject toV=ViU---UV,, VNV, =@,4i# j, v € Vi, i=1,--- k, where f : P(V) - Ris a
submodular function.

Letting A = { partition (A1, -+, Ag) of V: A; 2 a;,i=1,--- ,k}, by Theorem

k Lt )
min Zf inf i J7(@) = inf ZfL(:cl),
1

Al, Ak)E.A

where Dy = {z € [0,00)"" : (V¥(x!),---,Vi(xF)) is a partition, Vi(x!) > a;,Vt > 0} = {x €
[0,00)k" : &t = t14,,A; 3 a;, ¥t > 0}, and D' = {(z},--- ,2%) : 2’ € [0,00), 2’ = 14,,4; > a;}.
Note that

conv(D') = {(z!,--- ,z") Zl‘ =1,z =1,2' >0}

s Va,
veV

So one rediscovers the corresponding convex programming relaxation  min Z?,l ().
xeconv(D’) o

5.2 Max k-cut problem

The max k-cut problem is to determine a graph k-cut by solving

MaxCj (G E(A;, A; OA; 22
axCy(G) = max Ak)OfVZI (Ai, 4;)] = I i s Z\ L, (22)

partition (A1,Asz,...,

where Cy(V) = {(A1,..., Ap)|A4iN A; = @,U,’f:l A; =V}. We may write as
k—1

MaxCi(G OA;| +0(A1U---U Ar_1)|.
axCy(G) = Ao, ,E,}aﬁep“m2| |+ [0(As k—1)]

Taking fr(A1, -+, Ax) = Zle |0A;| + [0(A1 U--- U Ag)|, the k-way Lovasz extension is

et 2" ZZ|$ —xk|+z max x - nllaxka:], .

=1 i~j gyt

Applying Theorem [B] we have

max l‘]— max l‘/
Sk i=1,k 7

Zz IZZNJ |1: _xk| +Z jgt
MaxCp4+1(G) = max

wiERgo\{O},Supp(mi)ﬂsupp(mj)zg maxx

N

5.3 Relative isoperimetric constants on subgraph with boundary

Given a finite graph G = (V| F) and a subgraph, we consider the Dirichlet and Neumann eigen-
value problems for the corresponding 1-Laplacian. For A C V, put A = AU JA, where §A is the set
of points in A° that are adjacent to some points in A (see Fig. [2)).

Given S C A, denote the boundary of S relative to A by

048 ={(u,v) e E:ue SNAvedA\SoruecSve A\ S}

If S C A, then 945 = {(u,v) € E:u€ S,ve A\ S}
The Cheeger (cut) constant of the subgraph A of G is defined as

- |04S|
TA) = f@ncg min{vol(A N S),vol(A\ S)}

A set pair (S, A\ S) that achieves the Cheeger constant is called a Cheeger cut.
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- - -O- -
- - -0 - =

Figure 2: In this graph, lei A be the set of solid points, d A the set of hollow points. We only consider
the edges between A and A (solid lines). We will ignore the dashed lines in § A, and the dotted lines

outside A.
The Cheeger isoperimetric Constan@ of A is defined as
. |04S]

h(4) = SCA vol(S)’

where a set S achieving the Cheeger isoperimetric constant is called a Cheeger set.
According to our generalized Lovasz extension, we have

h1<G) _ lnf Z'L J | 1 ]| ZZEAPZ| 'L’ (23)
zer™\{0} 2iea dilzil
and
WG) = inf Zz‘mj,z’,jeA |zi — x5 + Ziwj,ieA,jeéA |z; —
xeR™\{0} infeer Y jea dilzi —
Note that the term on the right hand side of can be written as
inf Rl (.%')
|1\ 5=0, T#0
which is called the Dirichlet 1-Poincare constant (see [56]) over S, where
{ X}: i — ;]
ij}EE
Ri(z) = b
S A
is called the 1-Rayleigh quotient of .
We can consider the corresponding spectral problems.
e Dirichlet eigenvalue problem:
Az NpDSgne # &, in A
z =0, on 0A
that is,
(Aiz); — pd; Sgnx; 50, i€ A
z; =0, i€dA
whose component form is: 3 ¢; € Sgn(z;), z;; € Sgn(x; — x;) satisfying zj; = —z;; and

Z Zij + pici € pd; Sgn(x;), i € A,

j~i

in which p; is the number of neighbors of ¢ in d A.

1230me authors call it the Dirichlet isoperimetric constant.
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Figure 3: In this example, there are 3 nodal domains of an eigenvector corresponding to the first
Dirichlet eigenvalue of the graph 1-Laplacian. Each nodal domain is the vertex set of the 4-order
complete subgraph shown in the figure.

Figure 4: In this example, there are 4 nodal domains of an eigenvector corresponding to the second
Neumann eigenvalue of the graph 1-Laplacian. Each nodal domain is the vertex set of the 3-order
subgraph after removing the center vertex and its edges.

e Neumann eigenvalue problem: There exists ¢; € Sgn(z;), 2zi; € Sgn(x; — ;) with zj; = —z;
such that
iji,jez Zij — pdic; =0, i€ A
ZjNi,jeA Zij = 0, 1 €0A.

For a graph G with boundary, we use AP (G) and AN (G) to denote the Dirichlet 1-Laplacian and
the Neumann 1-Laplacian, respectively. Then

Proposition 5.4.
m(G) = M(AP(G) and h(G) = M(AY (G)).

For a connected graph, the first eigenvector of A{V (G) is constant and it has only one nodal
domain while the first eigenvector of AP (G) may have any number of nodal domains.

Proposition 5.5. For any k € NT, there exists a connected graph G with boundary such that its
Dirichlet 1-Laplacian AP(G) has a first eigenvector (corresponding to M\ (AP(G))) with ezactly k
nodal domains; and its Neumann 1-Laplacian AY (G) possesses a second eigenvector (corresponding
to Ao (AN (@))) with exzactly k nodal domains.

5.4 Independence number

The independence number a(G) of an unweighted and undirected simple graph G is the largest
cardinality of a subset of vertices in GG, no two of which are adjacent. It can be seen as an optimization

problem max #5S. However, such a graph optimization is not global, and the feasible
SCV st. E(S)=0

domain seems to be very complicated. But we may simply multiply by a truncated term (1—#FE(S)).
The independence number can then be expressed as a global optimization on the power set of vertices:

a(G) = max #5(1 — #E(S)), (24)

and thus the Lovéasz extension can be applied.
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Proof of Eq. . Since G is simple, #S5 and #E(S) take values in the natural numbers. Therefore,

<0, ifES)#2orS=2a,

#S(1 = #E(S)) {Z 1, ifE(S)=9and S # 2.

Thus, max #S(1—#E(S)) = sev sgl.a}%((s):@ #S = a(G). O

However, Eq. is difficult to calculate. By the disjoint-pair Lovasz extension, it equals to

lzlli — > min{|zgl, [z, [2;]}
kEV inj

a(G) = max
() = mes Tl

but we don’t know how to further simplify it.
So, we provide a simpler optimization which is a tight relaxation:

Proposition 5.6. The independence number a(G) of a finite simple graph G = (V, E) satisfies
a(G) = max (#S — #E(9)) . (25)

Scv
Proof. Let A be an independent set of G, then a(G) = #A = #A — #E(A) < max (#S —#E(9))
C

because there is no edge connecting points in A.
Let B C V satisfty #B—#FE(B) = max (#S — #E(S)). Assume the induced subgraph (B, E(B))
C

has k connected components, (B;, F(B;)), i = 1,--- ,k. Then B = U}_| B, and E(B) = UF_, E(B;).
Since (B;, E(B;)) is connected, #B; < #F(B;) + 1 and equality holds if and only if (B;, E(B;)) is a
tree. Now taking B’ C B such that #(B'NB;) =1,i=1,--- ,k, then B’ is an independent set and
thus

k k k k
a(G)>#B' =k=Y_1>> (#Bi—#E(B))) = > #B;— Y #E(B)
i=1 1=1 i=1 i=1
= #(UZ1Bi) — #(UL1 B(B)) = #B — #E(B) = max (#5 — #5(5)) .

As a result, Eq. is proved. O

According to Lovasz extension, we get

lllr = > min{|zi], [z;]}

i~vg

a(G) = max

26
i Tl (26)

By the elementary identities: }, ; [zi+x;+)2,; lvi—z;| = 23, s max{|zi|, |z;|} = 32, @] — [z;]]+
>_ideg;|zi| and 3, deg;|z;| = >, max{|zs[, |z} + 32, min{|z;], [2;]}, Eq. can be reduced to

20|zl + I (2) + 1" (2) — 2||z|1deg

a(G) = max , 27
=85 el 0
where [*(x) = > ing [ £ x| and [|z|1aeg = D_; deg;|xi|. One would like to write Eq. as
I“(z)+ It (z) = 2| /

0 2]|]|oo

where HCEHLdeg’ = 'Z‘:/(degi — 1)]ay].
1€

Chromatic number of a perfect graph Berge’s strong perfect graph conjecture has been proved
in [23]. A graph G is perfect if for every induced subgraph H of G, the chromatic number of H equals
the size of the largest clique of H. The complement of every perfect graph is perfect.

So for a perfect graph, we have an easy way to calculate the chromatic number. In a general
simple graph, we refer to Section for transforming the chromatic number.
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Maximum matching A matching M in G is a set of pairwise non-adjacent edges, none of which
are loops; that is, no two edges share a common vertex. A maximal matching is one with the largest
possible number of edges.

Consider the line graph (F, R) whose vertex set E is the edge set of G, and whose edge set is
R = {{e,e'} :ene # @, ee € E}. Then the maximum matching number of (V, E) coincides
with the independence number of (F, R). So, we have an equivalent continuous optimization for a
maximum matching problem.

Hall’s Marriage Theorem provides a characterization of bipartite graphs which have a perfect
matching and the Tutte theorem provides a characterization for arbitrary graphs.

The Tutte-Berge formula says that the size of a maximum matching of a graph is

I .
5 (IJHCH\} (#V + #U — # odd connected components of G]V\U) .

Can one transform the above discrete optimization problem into an explicit continuous optimization
via some extension?

k-independence number The independence number admits several generalizations: the maxi-
mum size of a set of vertices in a graph whose induced subgraph has maximum degree (k — 1) [41];
the size of the largest k-colourable subgraph [42]; the size of the largest set of vertices such that any
two vertices in the set are at short-path distance larger than & (see [43]). For the k-independence
number involving short-path distance, one can easily transform it into the following two continuous
representations:

) > (i — @il + wi 4 x5]) =2 > (degy (i) — 1)l
[Edlk dist(i.j) <k iev
o = max = max ,
zerV\(0} lzT -2 > mz;  wern\{0) 2[|2f| oo
dist(4,5) >k+1

where degy (1) = #{j € V : dist(j,i) < k},i=1,--- ,n.

5.5 Various and variant Cheeger problems
Several Cheeger-type constants on graphs have been proposed that are different from the classical

one.

Multiplicative Cheeger constant For instance

o 4B(AV\4)
"= R HA R\ A)

By Proposition (3.1} it equals to
. ij |wi — 2]

min .
(@, 1)=0.2+0 >, ; [T — zj]|

Isoperimetric profile The isoperimetric profile IP : N — [0, 00) is defined by

EA VA
1p(k)= g PEAVAAD
ACV#A<k #A
Then by Lovasz extension, it equals to
i Z{i,j}eE |zi — @ i Z{i,j}eE |lzi — 95j|’
TERY, 1<#supp(w) <k (1 LECHL(RY) [

where CH,, := {x € RV, #supp(x) < k} is the union of all k-dimensional coordinate hyperplanes in
RY.
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Modified Cheeger constant On a graph G = (V, E), there are three definitions of the vertex-
boundary of a subset A C V:

OextA:={j € V\A|{j,i} € E for someic A} (29)
OmtA :={ie A|{i,j} € Eforsome jeV\A} (30)
OverA 1= Ogut AU OintA = V(E(A,V \ A)) = V(OedgeA) (31)

The external vertex boundary and the internal vertex boundary are introduced and studied
recently in [30,31]. Researches on metric measure space [28] suggest to consider the vertex boundary
B1).

Denote by N(i) = {i}U{j € V : {i,j} € E} the 1-neighborhood of i. Then the Lovész extensions
of #0extA, #O0nt A and #0yer A are

n n

(max xj— E x; — min x]) and (max x; — min z;),
j JEN(i) — JEN(3) JEN(3)

respectively. They can be seen as the ‘total variation’ of  with respect to V in G, while the usual

edge boundary leads to ) |z; — x;| which is regarded as the total variation of & with respect to
{ijteE
E in G. Their disjoint-pair Lovéasz extensions are

n n n
max (4| — —Z min |z Z max |xr;| — min |x
> o oyl = el llell =3 i fosle 3 (m ol — i [25])-

i=1 =17 i=1
Comparing with the graph 1-Poincare profile (see [27-29])

> iy Max |z; — z;
1 : j~i
P (G) = inf ,
(@,1)=0,2£0 [Pt

we easily get the following

Proposition 5.7.

in H#O0ver A
AeP(V)\{o,v} min{#(A), #(V \ A)}

where hing(G), hext(G) and hyer(G) are modified Cheeger constants w.r.t. the type of vertez-boundary.

%max{hint(G) hext (G )} < p! (G) < hver(G) =

Cheeger-like constant Some further recent results [25] can be also rediscovered via Lovész ex-
tension.
A main equality in [25] can be absorbed into the following identities:

1
< 1 1 ) Z’UGV degv Eein:v input ’7(8111) - Zeout:v output 7(60‘113)

edgrerézgiw) degv * deg w - 7{%%1% Y ecr (€]
degp (v)
D P
—  max w’ (32)

['CT bipartite ‘ E(F) |

where the left quantity is called a Cheeger-like constant [25].
In fact, given ¢; > 0,7 € V,

Z{i j}eE/(Ci +¢)
o) = pay =g

and then via Lovéasz extension, one immediately gets that the above constant equals to

> Teleit+¢)
e={i,j}EE _ < D icv Ci Qeni Te —  max Dicv Ci ‘Zeai xe}

max == ma.
T€[0,00)7\ {0} Y ecE Te Te0,00)P\{0} D ocp Te TERF\{0} D .cp|Tel
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Thus, for any family € C P(E) such that E' € € = E' > {{e} : ¢ € E}, we have
ZiGV Ci |Zeai :L'e| Z{i,j}EE’ (Cz‘ + Cj)

max (¢; +c¢;) = max = max
{ivj}eE( ite) TERE\{0} > ecr | Tel Eeg #E ’

which recovers the interesting equality by taking ¢; = %gi and & the collections of all edge sets
of bipartite subgraphs.
A similar simple trick gives

NV (v) NN (w)| . Y oicv 2oesi|Te| - # triangles containing e
min = in
(vw) max{degv,degw}  xcrRF\{0} > e—(ijrer [Te| max{d;, d;}

5.6 Chromatic number

The chromatic number (i.e., the smallest vertex coloring number) of a graph is the smallest
number of colors needed to color the vertices so that no two adjacent vertices share the same color.
Given a simple connected graph G = (V, E) with #V = n, its chromatic number v(G) can be
expressed as a global optimization on the n-power set of vertices:

2
v(G) = (A mmepn(V) Z #E(A;) + Z&gn #A)+n (n — Z H#HA; > (33)

o i=1 i=1
and similarly, we get the following

Proposition 5.8. The chromatic number v(G) of a finite simple graph G = (V, E) satisfies

v(G) = " gimep e { Z #E(A;) + ; sign(#A4;) +n (n —# U Ai> } (34)

Proof. Let f:P(V)" — R be defined by

F(AL - An) =n) #E(A) + ) sign(#4;) +n <n -#J AZ-) :
i=1 =1 i=1

Let {C1,---,C )} be a proper coloring class of G, and set C(g11 = --- = Cp = &. Then
we have E(C;) = @, # U, C; = n, #C; > 1 for 1 < i < ~v(G), and #C; = 0 for ¢ > ~(G).
In consequence, f(Ci,---,Cy,) = v(G). Thus, it suffices to prove f(Ai,---,A4,) > v(G) for any
(Al, s ,An) S p(v)n

IF U, A £V, then f(Ar, -, Ay) > n+1> 1(G).

If there exist at least y(G) 41 nonempty sets Ay, - -+, Ayq)q1, then f(Ay, -+, Ap) > v(G)+1>
V(G).

So we focus on the case that J ; A4; = V and Ayay+1 = - = Ap = @. If there further
exists i € {1,---,7(G)} such that A; = @, then by the definition of the chromatic number, there is
JjgeA{l,--- ,v(G)}\ {i} with E(A4;) # @. So f(A1,---,A,) > n+1>~(G). Accordingly, each of
Ay, Ay must be nonempty, and thus f(Ay, -+, Ay) > 7(G).

Also, when the equality f(Ay, -, A,) = v(G) holds, one may see from the above discussion that
Ay, -+, Ay are all independent sets of G with (Ji; A; # V. O

Note that
n i -
# Ul Vi) =#{j eV :Jist x>t} = Zli%{’%?‘,n b=t = Zl e w0
1= = .

So the n-way Lovész extension of # (J;' ; 4; is

n n n max &

max &L
/ # U Vt(wl)dt + min CB# U V(ml) = Z ]_ rﬂ?i).(,nxi’j>tdt + min LE#V

min & i=1 i=1 j=1 minx T
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3

max xl — minx) +nminx
i=1, J

.
Il
—

max x”
=1, n

Il

1

J

|oo-

And the n-way disjoint-pair Lovasz extension of # (i, 4; is D7, max il =251 (|29
i=1,,n

The n-way Lovész extension of sign(#A4;) is
max & ] ) max "
/ sign(#V!(z"))dt + min z sign(#V (z")) = / 1dt + min z sign(#V)
min & min &
= max I;; —minz+ minx = max I ;
j=1,-.n j=1,n

and the n-way disjoint-pair Lovdsz extension of sign(#4;) is ||2’||c. Similarly, the n-way disjoint-pair

Lovdsz extension of #FE(A;) is 3, min{|z; |, [z; #|}. Thus

w»]

_"szm{\xzﬂ |xm |}+ZH:B1”OO+TL nllel|e — Z|

= IJNJ

—”Z

= nQHwIIoo + 1)@l 1deg,1 + ®lloos — 1l (@) — 0]

— (I (a") + 1 (2"))/2) +lew’lloo+n el — ZHm’jH

i=1 7j=1

According to Proposition on the multi-way Lovasz extension, we get

,Y(G) _ n2 _ Sup nIﬂ:J(w) + 77‘”:[’”0071 - nH“"Hl—deg,l - ”w”oo,l.

zeRrn?\ {0} |20

(35)

Clique covering number The clique covering number of a graph G is the minimal number
of cliques in G needed to cover the vertex set. It is equal to the chromatic number of the graph
complement of G. Consequently, we can explicitly write down the continuous representation of a
clique covering number by employing Theorem [C]
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